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Independent-Particle Model of the Nucleus. II. Weak Surface Coupling* 


Kennetu W. Forpt anp Cart Levinsont 
Indiana University, Bloomington, Indiana 
(Received May 9, 1955) 


The role of weak surface coupling is discussed for multiparticle nuclear configurations. Matrix elements 
are given for the standard form of the coupling of nucleons to nuclear surface vibrations. Energy spacings, 
configuration interaction, magnetic moments, quadrupole moments, and E2 transition rates are discussed, 
with emphasis on features independent of special details of particle configurations. Magnetic moments, in 
particular, become orderly when account is taken of variations of surface coupling strength together with 
a directly induced configuration mixing. Experimental evidence favors the idea that a true weak coupling 
situation exists for many nuclei near closed shells. In these nuclei, collective quadrupole effects may be 
appreciable while all other collective effects are negligible. 





I. INTRODUCTION 


HE possibly important role in low-energy nuclear 

phenomena of coupling of nucleons to the nuclear 
surface has first been pointed out by Foldy and Mil- 
ford' in connection with magnetic moments, and by 
Rainwater’ in connection with quadrupole moments. 
The existence of such surface coupling is inescapable 
if the nucleons within the nucleus behave in any way 
like independent particles: the nucleus is certainly 
deformable, and the (linear) variation of independent 
particle energy with nuclear deformation leads to sur- 
face coupling. In this sense surface coupling and the 
collective model of the nucleus are automatic conse- 
quences of the shell model. In view of the strong evi- 
dence for the independent particle behavior of nucleons 
in the nucleus, the relative importance rather than the 
existence of surface coupling is in question. Elementary 
calculation indicates that surface coupling energies 
may be appreciable relative to direct particle coupling 
energies for deformations of only a few percent, and one 
is led to expect surface coupling to play a dominant 
role in heavy nuclei with more than a few nucleons out- 





* Supported in part by a grant from the National Science 
Foundation. 

t Now on leave at Max Planck Institut fiir Physik, Gottingen, 
Germany. 
¢t Now at Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey. 

'L. L. Foldy and F. J. Milford, Phys. Rev. 80, 751 (1950); 
F. J. Milford, Phys. Rev. 93, 1297 (1954). 

sj. Rainwater, Phys. Rev. 79, 432 (1950). 


side closed shells. Very eloquent and complete dis- 
cussions of the properties of strongly deformed nuclei 
have been given by Hill and Wheeler’ and by Bohr and 
Mottelson,‘ the latter authors working from the very 
fruitful strong coupling approximation of Bohr.’ Cer- 
tain predictions of the strong coupling model, those 
regarding the nuclear rotational states,**’ have been 
startlingly well confirmed in two regions of the periodic 
table, comprising roughly neutron numbers 90 to 115 
and 135 or more. The agreement with experiment has 
come in energy level ratios,‘* in transition rates,*:** 
and in correlations among energies, quadrupole mo- 
ments,’ transition rates,‘ and atomic isotope shifts." 
Some important quantitative discrepancies remain," 
but it seems to be well established that nuclei in these 
regions are very substantially deformed from the 
spherical shape, which is most easily explained in terms 
of strong coupling of nucleons to the nuclear surface. 


*D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953); 
see also J. Griffin, Bull. Am. Phys. Soc. eg No. 3, 48 (1955). 

‘A. Bohr and B. R. Mottelson, K teers Videnskab. 
Selskab, Mat.-fys. Medd. by No. 16 (19. 

+A. Bohr, Kgl. Dansk Videnshab: Sclekab, Mat.-fys. Medd. 
26, No. 14 (1952). 

+A. Bohr, Rotational States of Atomic Nudei (E. Munksgaard, 
Cotes 1954). 
K. W. Ford, Phys. Rev. 90, 29 (1953). 

* A. Bohr and B. R. Mottelson, Phys. Rev. 90, 717 iad 

* A. Bohr and B. R. Mottelson, Phys. Rev. 89, 316 (1953) 

*” P. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1959); 
A. W. Sunyar, Phys. Rev. 98, 653 (i955); G. Temmer and N. P 
Heydenberg, Phys. Rev. 98, 1308 (1955). 

" Wilets, Hill, and Ford, a Rev. 90, 1388 (1953). 

@K. W. Ford, Phys. Rev. 95, 1250 (1954). 
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In contrast, there is little experimental evidence for 
the existence in any nuclei of a weak (but appreciable) 
coupling of nucleons to nuclear surface. Some rather 
successful applications of the shell model have been 
made" near double closed shells without reference to 
surface coupling. One motivation in undertaking the 
present work was the desire to learn whether the exist- 
ence of weak surface coupling near closed shells or in 
light nuclei could be detected. It is theoretically ex- 
pecied’ that the nuclear surface tension, and therefore 
the strength of particle-to-surface coupling, should 
show a marked dependence on the shell structure, the 
coupling being a minimum near closed shells. An 
analysis of quadrupole moments in terms of single 
particle effect plus collective deformation’® indicates 
that this is the case. More detailed studies'* near the 
double closed shell nucleus Pb”®* and, in a succeeding 
paper,'? Ca”, indicate that the effective surface ten- 
sions for these doubly-magic cores are at least several 
times the “hydrodynamic” values,‘ while deviations 
from pure rotational spectra indicate that the hydro- 
dynamic values are approximately correct in the region 
of strong coupling.'* Evidence so far, both theoretical 
and experimental, then leads to the interesting con- 
clusion that the strength of surface coupling is self- 
reinforcing, being very strong when strong and almost 
negligible when weak 


the variation 


Because of of nuclear surface tension 
with shell structure, it seems reasonable to expect that 
there will exist nuclei for which a treatment of weak 
surface coupling with only one or two phonons of sur- 
face excitation included will be adequate. Previous work 
on weak surface coupling’"*™ is extended to several 
extra shell nucleons in this paper, a numerical example 
is given of the role of weak surface coupling for con- 
2)*, and nuclear moments and 


figurations (7/2)* and (7 


transition rates are discussed. 


Il. MATRIX ELEMENTS OF SURFACE INTERACTION 


We follow the theory and notation of Bohr and 
Mottelson and Choudhury,” replacing the interaction 
constant times the radia] integral of the surface inter- 
action by an energy, k, whose order of magnitude is 
twice the kinetic energy of nucleons within the nucleus, 
and whose value should depend weakly on the angular 


“7. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229. 536 (1955 

“TD. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 
(1954 


‘*M. G. Mayer, Report of International Conference of Theo 
retical Physics, Kyoto and Tokyo, 1953 (Science Council of 
Japan, Tokyo, 1954). M. G. Mayer and J. H. D. Jensen, Ele 
mentary Theory of Nuclear Shell Structure (John Wiley and Sons, 
Inc . New York, 1955 

W. True (to be published) 

''C. Levinson and K. W. Ford, following paper [Phys. Rev. 
100, 13 (1955)] 

‘FE. L. Church and M. Goldhaber, Phys. Rev. 95, 626 (1954 

* A K. Kerman, Phys. Rev. 92, 1176 (1953 

* 1). C. Choudhury, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 28, No. 4 (1954) 
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quantum numbers of the extra nucleons. With this 
simplification, and the restriction to ellipsoidal surface 
vibrations, the particle-to-surface interaction becomes: 


Hint = — k{hiw/2C } LD (b,+ (—1)*b_,*) 
X V2,(6:¢3), (1) 


where tw=h(C/B)' is the phonon excitation energy, B 
is the mass constant in the surface kinetic energy, C is 
the surface tension constant in the surface potential 
energy, 5, and b,* are destruction and creation opera- 
tors for the phonons with spin two and Z-component 
of angular momentum yu, V2, is a normalized spherical 
harmonic, and the index i labels the particles. As is 
well known, the average of H;,, over a closed shell is 
zero, and in practice the sum extends only over those 
nucleons in unfilled shells. To simplify notation, we 
define, 
VYo,= (x/5)'¥ 2,, (2) 
and 
y= (Shw/2xC)'= (5h/2xBw)!, (3) 
whence 


Hin= —ky DiD(b,t+(—1)*b") Ya (Bies). (4) 


The zero order nuclear states are taken to be shell 
model states of configuration a and angular momentum 
J, vector-coupled to surface excitation states of NV 
phonons and angular momentum R, to yield total 
angular momentum J, which states we indicate by 


aJ;NR;IM). (5) 


Matrix elements of the interaction between such states 
can be evaluated according to the methods of Racah,”"* 
since both 6, and Yo, are tensor operators of rank 2 
according to the definitions of Racah. The result is: 


aJ; NR; IM | Hin|a' J’; N’'R’; IM) 
= (— 1)?’ +++ RH (ky) W(RR’I J’; 201) (NR) N’R’) 
X (aJ) Dd :Yo2(Gi¢,) a’ J’), (6) 


where the double bar reduced matrix elements are defined 
as in references 21 and 22. Selection rules are: AN=1, 
AR <2, AJ <2, configurations a and a’ differ at most 
in the quantum numbers of one particle, and for chat 
particle, Al=0 or 2, Aj<2. Values of (NR)}b) N’R’) 
are given in reference 20 up to N’=3 (Choudhury’s 
reduced matrix elements should be multiplied by 
(2R’+1)' to give ours). Values of the one-particle 
matrix elements (/sjY2//’sj’) have been given by 
Kerman” and Choudhury,” but their expressions can 
be very substantially simplified ; namely, 


(isj!) Yall t’sj’) = 4(274+1)*(j2 — 40) j2j’ —4), 
Al=0, +2, (7) 


where (jijgmym2\jijzjm) is a Clebsch-Gordan co- 





™ G. Racah II, Phys. Rev. 62, 438 (1942); IIT, Phys. Rev. 63, 
367 (1943); IV, Phys. Rev. 76, 1352 (1949). 

Simon, Van der Sluis, and Biedenharn, Oak Ridge National 
Laboratory ORNL~1679, 1954 (unpublished). 
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efficient. This result is found as follows: the expres- 
sions of Choudhury and Kerman are proportional to 
the product of a Racah and a Clebsch-Gordan coeffi- 
cient. By Eq. (2), p.x, in reference 22, this product 
may be set equal to a sum over three Clebsch-Gordan 
coefficients. But the sum has only two terms and two 
of the three coefficients can be written down explicitly 
since they involve spin 4. The reduction to (7) then 
follows easily. 

For two-particle configurations, Eq. (44) of Racah 
II" may be used to give the reduced particle matrix 
elements. Several cases are to be distinguished : 

(a) off diagonal : 

(jrjod |X Voli)! jy jd’) 
= (—1) 41-40 (2 +1) (2)’+1) }! 

KW (fit jr’ 5 922) (hil Yel jy’), (8) 
where j is used as shorthand for all particle quantum 
number, e.g., nlj; 

(b) diagonal, inequivalent particles: 

(jijet ? ‘Yo(i) jij") 

= (—1)*-#r-4[ (23 +1) (2J'+1) }! 

XO! Ya! iW Gi jiJ" 5 722) 

+ (je!| Yo! j2)W (jo je’; 712)]; (9) 

(c) diagonal, equivalent particles: 

(FILE VYo(i)|| PI’) = 2(— 1) [ (2 +1) (2’ +1) }! 
X (j!| Yell JW GIZI’ ; 92). 

For configurations of more than two particles, ex- 
pansions of the particle wave functions in terms of 
fractional parentage coefficients become necessary. We 
state the result for the reduced particle matrix elements 


only for the special case of the configuration (7)" of 
equivalent particles. Then 


(7° INE Voli)! 2 b= n(— 1)" [ (27 +1) (2 +1) }! 
K (7) Ye JX (-1)"" 
Ji 


(10) 


XJLI WGI: Ti2(NnY), (1) 


where (J,}/) is shorthand for the fractional parentage 
coefficient, i.e., 


AY)=( Lin). (12) 


Fractional parentage expansions of configurations of 
inequivalent particles have been discussed by Redlich™ 
and by Meshkov™ and are used in the succeeding 
paper." 

Fractional parentage methods may also be used to 
find the reduced surface matrix elements (NR/\b) N’R’). 


%E. U. Condon and G. H. Shortley, The Theory of Alomic 
Spectra (Cambridge University Press, London, 1951). 

™M. Redlich, Ph.D. thesis, Princeton University, 1954 (un- 
published). 

%*S, Meshkov, Phys. Rev. 91, 871 (1953), 
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Tasie I. Two-phonon to three-phonon fractional 
parentage coefficients. 











xX 

R\. 0 2 3 4 6 
0 (7/15)! 

2 1 (4/21) (5/78 = (11/21) 

4 (12/35)! (10/21) 


— (2/7) 


Between 0 and 1 phonon, 


(00) 6) 12) =5), (13) 
Between 1 and 2 phonons, 
(12|b) 2R’) 
= 247 5(2R’+1) ]!(00!! 5! 12) W (022R’ ; 22) 
=[2(2R’+1) }!. (14) 
Between 2 and 3 phonons, 
(2R}\b)3R’) 
= 34[ (2R+-1)(2R’+ 1) }§(00)|b)! 12) 
XW (OR2R’ ; R2)(RP(R)RoR PRER’) 
=[3(2R’+1) }\(Re(R)RoR' JRER’), (15) 


where Ro=2, the angular momentum of each phonon. 
The phonon fractional parentage coefficients may be 
found, following Racah III," by means of the relations 
(required to make the total wave function symmetric) : 


> 2(2R+1)!W (22R’2; RR”) (2°(R)2R’ JAR’) =0, (16) 


where R is summed over the allowed 2-phonon values 
0, 2, 4; R’ is the 3-phonon angular momentum; and 
R” is 1 or 3, the unallowed 2-phonon angular momenta. 
Table I gives the two-phonon to three-phonon parentage 
coefficients. 


III. DISCUSSION OF WEAK SURFACE COUPLING 
A. Effective Scalar Interaction 


The contribution of surface coupling to the nuclear 
energy takes a very simple form in the limit of strong 
coupling, giving the characteristic rotational states 
whose energies are independent of details of the particle 
structure. This is the limit of nuclear deformation 
large compared to amplitude of surface vibration, or of 
surface coupling energies large compared to inter- 
particle interaction energies, or of surface rotation 
frequency slow compared to particle motion, so that 
the particle structure adjusts adiabatically to the sur- 
face shape. The opposite limit of weak coupling is also 
of special interest and simplicity, although of course it 
has no such marked consequences as the strong coupling 
limit. The weak coupling limit may be defined by mean 
deformation small compared to amplitude of surface 
vibration, by phonon energy large compared to spacing 
of particle levels, or by frequency of surface vibration 
large compared to particle frequencies, i.e., the adia- 
batic adjustment of the surface shape to the particle 








4 g. oe. 


structure. By the nature of the surface interaction (its 
relation to the kinetic energy of the nucleons), a weak 
coupling situation with particle energy spacings larger 
than phonon energies is not reasonable, and therefore 
configuration interaction is an essential part of weak 
coupling.”* 

In a one-phonon approximation, the energy shift of 
the configuration aJ/(J=J) is, by second-order per- 
turbation theory, 


AE(aJ) 
aS ;00; 1M | Hine a’ J"; 12; 1M) * 


> -, (16) 
e’J’ hot E (al J)—E® (aJ) 


where fw is the phonon energy. In the weak coupling 
limit, | BE (a’J’)— E (aJ)|<hw, for many configura- 
tions. In the crudest approximation, the numerator in 
(16) is supposed to cut off before the denominator 
differs appreciably from hw. Then 


AE(a/) 
= — (hw) ¥ | (aS; 00; IM! Hina’ J’; 1,2; 1M)}? 
a’J 


— (hw) “aS ;00; TM | (Hin)? aJ;00;TM). (17) 
As has been previously pointed out,‘ the surface 
interaction then reduces in this approximation to an 
effective scalar two body interaction—where the surface 
phonon plays a role analogous to the meson in the 
ordinary nucleon-nucleon force. Integration over sur- 
face coordinates in (17) gives the effective scalar po- 
tential, due to surface interaction, 


Vi=—[(by)*/fo) DO Yon") Y2n(7), (18) 


where it is to be noted that self-energy terms (i=) 
are included. 

There are several flaws in these arguments leading to 
(18) coming from the assumed localization of the sur- 
face interaction at the nuclear surface, ie., Hin 
~> 4(r;—R) in a square well model. This means that 
the matrix elements in (16) depend so weakly on the 
radial quantum numbers of the nucleons that the con- 
vergence of the sum (16) is questionable. If the surface 
interaction is spread out over a reasonable edge thick- 
ness, then the principal quantum number dependence 
of the terms in (16) will produce the desired cutoff, 
but only at very high excited states. Thus the energy 
E® (a’J')—E® (aJ) in the denominator of (16) may 
not be ignored relative to fw. This difficulty may be 
avoided as follows. We note that for a given principal 
quantum number n, there are a finite number of con- 
figurations a’ which can mix with a, limited by the 
selection rules stated after Eq. (6). These form a 
complete set for the angular dependence of Hi.., and 

™* See, however, a recent t by G. Scharff-Goldhaber and 
J. Weneser [Phys. Rev. 98, 212 (1955) ], who suppose that direct 
particle coupling energies may be larger than phonon energies. 
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in the weak coupling limit, this set will occur within an 
energy region less than fw. If the weak dependence of 
the radial part of Hi, on angular quantum numbers is 
ignored, (16) may be approximated as 


AE(aJ)=—¥ f(n) 
|| (aS; 00; IM | Hine’ |e’ J’; 1.2; IM)? 


x » (19) 
a's’ hat E® (a’'J’)— E® (aJ) 





where the primes on Hj,, and on the sum indicate that 
the radial dependence and radial quantum numbers 
respectively are not involved. Then for each n, the 
closure approximation may be applied to the angular 
sum in (19) with a suitable average energy denominator, 
hiw+A(n), to give 


AE(aJ)=—{T[hw+A(n)}4(n)} 


XK (aJ ; 00; TM! (Hine’? aT ;00;TM). (20) 
This expression differs from (17) in having (fw) re- 
placed by the curly bracket, and in having the radial 
dependence of Hi, removed. The latter change is im- 
portant, since in the delta function approximation of 
the radial dependence of Hin, Eq. (17) leads to infinite 
self-energy terms in (18), while Eq. (20) leads properly 
to the relative magnitudes of mutual and self-energy 
given in (18). 

Neither of the possible uncertainties in the scalar 
interaction (18) is significant for energy levels. The 
over-all strength of interaction is uncertain, but should 
be regarded as an adjustable parameter of the theory in 
any case. The relative size of the mutual- and self- 
energy terms has no effect on level spacings of a given 
configuration, since the self-energy terms affect all 
levels of a given configuration equally. Thus for spac- 
ings within a given configuration, the self-energy terms 
may be ignored altogether. Then this limiting form of 
the surface interaction may be treated exactly as an 
ordinary two-body force, except that only diagonal 
elements are to be taken, since the surface induced 
configuration mixing is already included. 

For configuration (j)" of equivalent particles, the 
interaction (18) leads to simple expressions for the 
surface contribution to nuclear energy levels. We 
rewrite (18) as, 


V.=e >. 14+>d 21], (21) 
where 
%j= =D Von" (i) Yau ( J) 
=—>.(—1)*Y2-,(8) YJ), (22) 
r= —$ 2 .(—1)*Y2-.() Y2,(8), (23) 


and ¢ is the energy unit of the interaction, given 
roughly, as in (18) by +2(ky)*/fhw. 
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The mutual interaction term »,; has the form of the 
scalar product of two tensors of rank two, and can be 
treated by the standard Racah methods.” For the 
configuration (j)’, 

Ali) |"WGiii;2), 24) 
a result already given by Kerman.” We note from (7) 

1 are 
8 jUj+1) 


(PI | m2| PI)=! 


(71 Yall) = — 


The Racah coefficient in (24) is not in general a 
monotonic function of J (for J even), but it is mono- 
tonic if 7 is not too large. Two-particle configurations 
and level orders from (24) are: (3/2)*, 0, 2; (5/2), 0 
2, 4; (7/2)*, 0, 2, 4and 6 degenerate; (9/2), 0, 2, 4, 8, 6. 

The reduced one-particle matrix element of (23) is 


(j]| 21!) 7) =§(274+1)4. (26) 


Therefore the matrix elements of the self-energy term, 
> iti, are, for the configuration (/)", 


(7 |X 0:| j"J)=—n/8, 


independent of J. 
For more than two equivalent particles, the mutual 
interaction energy is,” in units of ¢, 


(jraJ |X v45| j"a’J) 


>j 
=[=/(e—2)] 2 


(27) 


(aJ fa” J’)(al" J’ }o’J) 


« j" ly! J’ p i Vij ji" Iq!" J’), (28) 
where an abbreviated notation is used for the fractional 


parentage coefficients: 
(a! J" JaJ) = (ja J) ja} j"aJ). (29) 


Surface contributions to nuclear energy in the weak 
coupling limit are given in Fig. 1 for all configurations 
(j)" of equivalent particles through j=7/2 and for 
(9/2). Configurations (j)~" are equivalent to (j)*. The 
required parentage coefficients were taken from Ed- 
monds and Flowers.”’ For the configuration (5/2)*, 
I = j=5/2 lies lowest, in contrast to the strong-coupling 
limit where J=j—1 lies lowest for all 7. For (7/2)*, 
I=j—1 also lies lowest in the weak coupling limit,”* 
although by a relatively small amount. Thus the 
occurrence in Ca®, with configuration (f7;2)*, of a 
ground state spin 7/2 must be attributed to inter- 
actions other than surface coupling (this nucleus is 
discussed in detail in a succeeding paper)."” 





27 A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952). Among the coefficients of fractional parentage 
needed in our work, we noted several ty; hical errors in this 
paper. In first line 'of Table III, change va (14)* to At and 
UG to 3/(14)%. In last line of Table V, change ( » to 
— (5/22). 

** A remark on p. 35 of reference 4 appears to be in error on 


this point. 
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Fic. 1. Surface-induced energy spacings for simple configura- 
tions in weak coupling limit, in units of ¢ [see Eqs, (18), (21), 
(24), and (28)]. For configuration (7/2), primes on spins 2 and 
4 indicate seniority 4 states. 


Among the configurations shown in Fig. 1, only 
(7/2)* has more than one level of a given angular 
momentum. These levels are most conveniently classi- 
fied according to seniority,” and, in fact, the inter- 
seniority matrix elements vanish for (7/2)*. These 
matrix elements may be expanded in terms of the two 
particle matrix elements as, 


(jl |X 245! jel) = 62 (ol Ls) 


>) J2 Js 


X (Js Joo!) | 2a) |?) (PJ 2] r12] PI), 


where »o is the seniority quantum number, and the 
parentage coefficients are abbreviated in an obvious 
way : J; is two-particle angular momentum, J; is three- 
particle angular momentum. For j=7/2, and m2 
(I =2 and 4), it has been verified” that the quantity in 
curly brackets vanishes. Therefore, for this configura- 
tion, seniority is a good quantum number for all scalar 
two-body operators. A more general result has not been 
found. 


(30) 


B. Configuration Interaction 


The appropriate surface-induced potential (18), 
which springs from the assumption that many particle 
levels lie within an energy fw, might appear inadequate 
in a particular nucleus, and one would be led to examine 
the perturbation expression (16) to see in greater detail 
the effect of specific configuration mixing induced by 
weak surface coupling. The interesting result is that for 
groups of equivalent particles, configuration mixing, 
like the self-energy contribution in (18), affects all 
levels of a given configuration equally, therefore the 
energy spacing’ calculated from (18) are exactly the 
same as those calculated from only the diagonal ele- 
ments in (16). That is, in the sum (16), all off diagonal 
(in angular quantum numbers) matrix elements give 
contributions independent of J. Moreover, this inde- 
pendence of J holds for the effect of each admixed 

® B. H. Flowers, Proc. Roy. Soc. (London) A212, 248 (1952). 

® C. Schwartz and A. de-Shalit, Phys. Rev. 94, 1257 (1954). 
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configuration separately. This irrelevance of configura- 
tion mixing applies, of course, only to energies, not to 
magnetic moments or other nuclear properties. 
Consider the mixing of a configuration, a 
configuration a! = j*"'7’ 
the selection rules). 


i", with 
the only possibility in view of 
Then that part of the perturbation 
sum (16) due to this mixing will be, 

1 

AE, (aSJ) — 
hus T AE 
"BI -00; TM | Hins| 77 (B" I") 7'J' 12; IM 


31) 


; 
aga 


where 8 represents other quantum numbers possibly 
required to specify the states, e.g., seniority. Note that 
no other quantum number #’ is required with J’. From 
the general formula (6) for 


Hint, one has 


at ;00; 1M! Hy. a'J’;12;1M 
5 2/+1 ky al > Yy 1 a J 


the matrix elements of 


Now one expands the antisymmetrized states, 


ag] 


34) 


parti les ver tor-coupled to tl S 


| 
and the subscripts » indicate tl 


combinations of (n—1 
nth particle, 1e depend- 
ence only on the coordinates of the mth particle. Equa 
tion (34) is a straightforward generalization of a three 


4 In this case the coefficients 


particle result of Redlich 


, 


a(p’’' J’) do not concern us. The reduced matrix ele 


ment in (32) bec 


omes 
(aJ || >) UY2(i) a’ I’) = nt jp BI Lj" (8 I”) ja 

KB) 7eBI Yo(n) 7°" (BI) 7, 
The right side of (3 
Eq. (44) in Racah II 


interaction, Eq. (31), then 


5) may be reduced by means of 
The shift due to configuration 


becomes 


(ky)? 
AF a ad J) 


aga) 


hiuw+Ak 


XY (2'+1)W(j7'II'; 27). (36 
J 


The sum over J’ in (36) is just (27+1)~, by the or- 
thogonality condition, while the normalization of the 
fractional parentage coefficients makes the sum over 
8” and J” Writing simply « for the 


energy contained in the square brackets in (36), we 


equal to unity 
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obtain finally, 


AEw (aBJ) = —5ne(27+1)| (7!) Ye! 7’)|*, (37) 


independent of J. It is to be noted that this result is 
not peculiar to the form of Hj,:, but holds for all scalar 
operators of the one-particle form, > ;f;. The result 
depends essentially on the inequivalence of j and 7’. 
If J’ could not take on all values consistent with vector 
coupling of J” and j’, then the sum over J’ in (36) 
would retain a dependence on J. Thus for more com- 
plicated initial configurations, a, the result that the 
configuration interaction energy shift is independent of 
J need not remain true. 


IV. NUMERICAL EXAMPLE: f;,. SHELL 


As an example of the influence of weak surface 
coupling on the energies of multiparticle configuration, 
the surface interaction energy matrices have been 
numerically diagonalized for the configurations (7/2)? 
* or equivalently, (g7/2)? and (g7/2)* | including 
1 or 2 phonons. Direct interparticle forces have been 
ignored, and configuration mixing has been ignored, in 
the example. As shown above, other configurations do 
not contribute to level splitting in the weak coupling 
limit, although they may become important when two 
phonons are important. 

The calculation may conveniently be carried out in 
dimensionless form. The energy unit is ky [Eqs. (3) 
and (4) ], the natural unit for expressing the inter- 
action energy, and we define a dimensionless measure 
of the phonon energy, &'= (hw/ky); & plays the role 
of coupling constant, and is related to the coupling 
constant x used in references 4 and 20 by 


and (f7,2) 


&= (87) ‘x. (38) 


The eigenvalues obtained by diagonalizing the energy 
matrices through one or two phonons are A= E/ky. 
These dimensionless results, A vs & are given, for 
configurations (7/2)? and (7/2) in Figs. 2 and 3 and 
Tables II and III. The translation to energy units de- 





p>, 

Fic. 2. Surface-induced energy shifts of levels of (7/2) con- 
figuration. Dashed lines: one phonon included. Solid lines: two 
phonons included. Vertical scale, energy in units ky [see above 
Eq. (38)]. Horizontal scale, coupling strength & [see above 
Eq. (38) ]. 
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pends somewhat on one’s assumptions about the pa- 
rameters of the collective theory. For example, one may 
assume that the interaction constant, k, and the mass 
parameter, B, are known, and that all of the variation 
of phonon energy comes from the variation of effective 
surface tension, C. Thus, if we choose k= 40 Mev, and 
B= (3/84)MR*, with R=1.40X10-"A! cm, or #°/B 
= 179A~-*® Mev, and if C is eliminated in favor of hw, 
we obtain the energy unit 


ky=478A-*'*(hw Mev)-, (39) 


and the coupling constant, 


§=478A-*'*(hw Mev)-! (40) 


Table II gives the energies in the weak coupling 
limit, good in the linear regions of Figs. 2 and 3, roughly 
for §<0.7. The results of exact matrix diagonalization 
are given in Table III, for one, two, and, for the special 
case J=(0, three phonons, and are plotted in Figs. 2 
and 3. Because of the difficulties of exact matrix 
diagonalization, the results are incomplete. The lowest 
levels of spin 0, 2, 4, and 6 for (7 4 are shown for one 
and two phonons included in Fig. 2. In order better to 
illustrate the range of validity, we ik: in Fig. 4 the 
energy shifts of the spin-zero state only, for one, two, 
and three phonons. It is evident from the figure that 
the one-phonon result is accurate for §50.8, and the 
two-phonon result for §<2. The weak coupling two 
particle result differs from the strong coupling result 
principally in having a small spacing of the 4+ and 
6+ states. Both weak- and strong-coupling results 
differ qualitatively from the results for short-range 
particle forces in having a smaller 0-2:2-4 ratio of 
spacings. The four-particle configuration, (7/2)* gives 
rise, in the weak-coupling limit, to the same surface- 
induced energy spacings as (7/2)?. 

The energy level order of the (7/2)* comments 
due to weak surface coupling is 5/2, 7/2, 11/2, 3/2, 
9/2, 15/2, while the lowest two states in strong coupling 
2. In Fig. 3, only the states of lowest 
have been calculated with two 


also are 5/2,7 
spin, 3/2, 5/2, 7/2, 


The surface-induced level spacings, for any 


phonons. 


~ 
~S 
~~ 


Fic. 3. Surface-induced energy shifts of levels of (7/2) con- 
figuration. Dashed lines: one phonon included. Solid lines: two 
phonons included. Scales as in Fig. 2. 
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Fic. 4. Surface-induced energy of spin-zero state of (7/2) 
configuration resulting from exact matrix diagonalization, in- 
cluding one, two, and three phonons. (Note: From top to bottom, 
the curves should read N=3, N=2, and N=1, respectively.) 


Tas_e II. Energies in weak coupling limit. 


Configuration (7/2) Configuration (7/2)* 
I »* I as 
0 — 15/63 : 
2 — 11/63 ~ 
4 — 5/63 / — 5/36 
6 — 5/63 ‘ — 71/588 
‘ — 157/1764 
5/84 


> = 99/252 
55/252 


*} is the energy shift due to the surf ace-induced interaction in the weak 
coupling limit, in units ¢(4y) = (ky) 


strength of coupling, differ from the direct particle 
force induced spacing in having the J]=5/2 state lower 
than the J=7/2. 

Energy matrices involving both surface coupling 
and direct particle coupling have been diagonalized for 
the same two and three particle configurations, but 
since special assumptions about the particle matrix 
elements were made, the results are primarily of quali- 
tative significance. The approximate method of adding 
together the separate particle and surface induced 
shifts differs from the result of simultaneous diagonaliza- 
tion principally in overestimating the shifts of the spin 0 
(for two particles) or spin 7/2 (for three) states. These 
results have been used in an attempt to set an upper 
limit on the strength of surface coupling in the calcium 
isotopes." 


V. MOMENTS AND TRANSITION RATES 
A. Magnetic Moments 


The existence of surface coupling contributes to 
nuclear magnetic moments by (1) mixing particle con- 
figurations, and (2) contributing directly due to the 
sharing of the particle angular momentum with the 
core.* For weak coupling, the first effect is likely to be 
of greater significance, but neither effect is important 
compared to the configuration mixing induced by direct 
particle forces. This is because weak coupling affects 
magnetic moments only in second order. Let the wave 
function be a superposition of the states given in Eq. 
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Taste III. Energies resulting from matrix diagonalization for pure particle configurations, (7/2)* and (7/2)*, through one or two 
honons (or three phonons for special case / = 0). £, defined above Eq. (38) and approximated by (40), measures the strength of coupling. 
"he lowest eigenvalues for each angular momentum, 4, are given in units of ky, which is defined by Eq. (3) and approximated by Eq. 

(39). The number of phonons included is indicated in parentheses at the right of each row. 








A. (7/2)* configuration 


0.1667 


0.25 


0.75 


1.00 2.50 


2.36 


5.0 





— 0.0396 


—0.0590 


—0.0291 — 0.0432 


— 0.0132 —0.0198 


—0.0132 —0.0198 


—0.1594 


—0.1201 
—0.0570 


—0.0570 


—0.3274 


— 0.2233 
— 0.2249 


—0.1679 


—0.0812 


—0.0789 


— 0.2632 


—0.1455 


—0.1455 


— 0.4643 
—0.5001 


—0.3792 
— 0.2320 
— 0.1888 


—0.3981 
—0.5737 
—0.6517 
—0.3297 
— 0.4896 
— 0.1989 
—0.3414 
—0.1989 
— 0.2622 





0.1667 0.25 


0.75 


‘2)* configuration 


1.00 


2.50 


5.0 





~~ (),0390 — 0.0580 —0.1570 


—() 0364 —(} 0538 —0.1473 


—(.0232 — (0.0344 — (0.0970 


—().0201 - 0.0300 -0.0850 


— 0.3235 


—0.3081 


— 0.2230 


— 0.2009 


— 0.1232 


—().0148 —0.0220 —() 0636 


0.0099 —(.0148 — 0.0432 


(5). Then for weak surface coupling but no direct 
coupling, there will be only one component with ampli- 
tude of order unity, which will have V=0. Amplitudes 
of N=1 states will be of first order in the coupling 
strength, while V=2 states and other V=0 states will 
be of second order. The magnetic moment operator, 


Be= Lijit grk,, (41) 


is diagonal with respect to V, the number of phonons. 
Therefore the off diagonal contributions and the V=1 
contributions, both diagonal and off-diagonal, are of 
second order. With direct particle coupling, however, 
other V =0 states and correspondingly the off-diagonal 


Taste IV. Magnetic and quadrupole moments of (f72)y’, 
J =7/2, for various strengths of surface coupling. The coupling 
parameter, £, is defined in Eq. (38) and approximated in Eq. (40). 
Surface-induced mixing is ignored 


Age m Q (barns 


0 —1.91 0 
+-0.03 — 1.88 0.0280 
+0.10 —1.81 0.0695 
+0.17 —1.74 
+2.21 +0.30* (1/15)Qo* 


strong coupling 
limit 


+0.90 —1,01* (5/14)Qe* 


strong coupling 
limit 





* The first value given in the strong coupling limit is for Q=K =<5$/2 


1 «7/2, but this is not the lowest state. The second value is for Q=K =] 
~3$/2, the lowest state. / «7/2 is also not lowest in weak coupling unless 
direct particle coupling is included. 


— 0.1692 


— 0.3253 


—0.3941 
—0.5739 
—0.3777 
—0.5215 
—0.2859 


—0.2615 
— 0.4448 
— 0.2146 


—0.1154 — 0.1636 











contributions to yw, are introduced in first order in the 
strength of direct coupling. 

We conclude that for weak surface coupling, devia- 
tions of nuclear magnetic moments from the pure state 
values (in some cases the Schmidt lines) are due princi- 
pally to configuration mixing induced by direct particle 
forces. In strong coupling, surface induced deviations 
from the (+4) Schmidt line may be of the same order 
as the shifts due to configuration mixing, but even in 
strong coupling, shifts away from the (/—4) Schmidt 
lines are expected to be due primarily to configuration 
mixing. The smallness of the collective corrections to 
magnetic moments has been confirmed by calculations 
in weak coupling with various assumptions about the 
strength of coupling and the degree of mixing.** Pre- 
dicted deviations from this source amount generally to 
less than a tenth of a nuclear magneton. Table IV, for 
example, shows magnetic moments predicted for Ca® 
on the basis of weak and intermediate strengths of 
surface coupling. (In this case, surface induced mixing 
was neglected, so that predicted deviations are only 
correct as to order of magnitude.) 

There is experimental evidence for the general ideas 
expressed above. On the basis of other evidence (quad- 
rupole moments, £2 transition rates, rotational energies, 
etc.), one can estimate the strength of surface coupling. 
In particular, one can distinguish two groups of nuclei 
for each of which the magnetic moment is insensitive to 


" K. W. Ford, Phys. Rev. 92, 1094 (1953). 
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Fic. 5. Magnetic mo- 
ments of odd-proton nuclei 
with A>16. Each point 
labeled by Z—N of the 
nucleus. Open circles denote 
“spherical” nuclei, triangles 
denote “highly deformed” 
nuclei, and solid circles are 
nuclei which do not fit 
either extreme (see text for 
definitions). Outer solid 
lines are the Schmidt lines, 
giving the magnetic mo- 
ments for pure configura 
tions of equivalent protons 
Inner solid lines are the 
“Blin-Stoyle Perks lines,” 
drawn arbitrarily through 
the moments of spherical 
nuclei. Dashed lines are the 
“Bohr lines” giving the pre- 
dicted position of the mo- 
ments of highly deformed 
nuclei if the extra-particle 
g-factors are the same as for 
the spherical nuclei. Mo- 
ments are taken from H. E 
Walchli [Oak Ridge Na 
tional Laboratory Report 
ORNL-1469, April 1, 1953 
(unpublished) ] and from 
the subsequent card file of 
the nuclear data group of 
the National Bureau of 
Standards. 


3/2 
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the exact strength of surface coupling: I, the “highly 
deformed” nuclei, for which the collective contribution 
is given by the strong coupling limiting formula,” 


Agicottective= [I (1+1) }(ge—gz), (42) 


where ge and g, are, respectively, the collective and 
particle g-factors; and II, the “spherical” nuclei, for 


# A. Bohr, Phys. Rev. $1, 134 (1951). 


which the surface coupling is sufficiently weak that 


Abcotiective<u- (43) 


The moments of the latter group should be determined 
almost entirely by the particle structure and the di- 
rectly induced configuration mixing. The first group 
should show in addition the shift given by (42). If the 
shift (42) is larger than the fluctuations in the Blin- 
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but two of the remaining moments lie between the weak- 
coupling and strong-coupling lines. For the /—4 mo- 
ments in Fig. 5, a similar procedure is carried out. An 
empirical weak-coupling line is drawn through the 
moments of the spherical nuclei (solid line), and a 
strong-coupling line is then constructed (dashed line) 
using the weak-coupling line to define gy. The “dy” 
moments are then more widely s« anne than one would 
expect on this picture. At spin 7/2, however, one ob- 
tains agreement with experiment in that the spherical 
nuclei have the largest moments, and the highly de- 
formed nucleus, ;;Ta'*, has the smallest moment (i.e., 
is displaced outward), while other nuclei lie between. 
Similar data and analysis are shown for the odd- 
neutron nuclei in Fig. 6. Again the moments of spherical 
nuclei are closest (l+-4) Schmidt line at every 
spin value and are used to define a weak coupling line 
A strong-coupling line is defined as in 
dashed line) and the two lines enclose most of 
the moments. At spin 5/2, the highly deformed nucleus 
3Yb!” close to the strong-coupling line. The 
moment of »:U™* is not close but is not known with 
The moment of sO" lies very near the 
Schmidt ons this has been explained by the fact that 
kind of configuration 
contribution to the 
same should be true 
yet been measured. 
} moments in Fig. 6 
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This agrees with the fact that Eq. (42) 
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As emphasized by Bohr and Mottelson,* one should 
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the effect of configuration mixing to vary considerably 
among nuclei of the same spin and parity, and especially 
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B. Quadrupole Moments 
For weak surface coupling, quadrupole effects may 
still be relatively great, since the surface coupling inter- 
action energy is itself of quadrupole form. The collective 
quadrupole operator, 


0,= (3/5) (5/2)'ZeR*ao 
= (3/5)yZeR*(bot+bo*), (44) 


contributes in first order, giving in the weak coupling 
limit, a quadrupole moment, 


O= (6/5)ZeR*y 
[7 (27 —1)/ (+1) (214-3) }'A ar00A arte, 


(45) 


where y is defined by (3), and Aaswr is the amplitude 
of the state with particle configuration a/J coupled to 
N phonons of spin R to give the total spin J. Thus in 
lowest order, admixed particle states do not contribute.* 
Typical collective quadrupole moments predicted for 
Ca* by this formula are shown in Table IV. The 
amplitudes in (45) are given in the weak coupling 
limit by Agroo= 1, and 


Aetn= (Ry hw) 5* (al > Vali) al). (46) 


Some of the reduced particle matrix elements required 
in (46) are given in Sec. I]. The qualitative picture is 
that collective quadrupole moments may, be com- 
parable to or greater than the direct particle moments 
of extra-shell protons for a strength of coupling so weak 
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Fic. 7. Deviations of magnetic moments of odd-proton nuclei 
of 1+-4 type from the “Blin-Stoyle Perks line” (see Fig. 5) in 
units of predicted deviation for strong surface coupling vs the 
nuclear deformation 8 as deduced from the observed quadrupole 
moment (using the strong-coupling projection factor). 
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that energies and magnetic moments are only very 
slightly affected. 

Various authors“ have noted a correlation between 
the magnitude of magnetic moment shifts and the 
magnitudes of quadrupole moments. For weak surface 
coupling, Ay, should vary as Q*, while for strong coup- 
ling, Au. should be independent of Q, where Ay, is the 
magnetic moment shift due to collective nuclear motion. 
For the odd proton moments of /+4 type, we define 
Au. as the difference between the observed moment and 
the moment of a “spherical” nucleus at the same spin 
value (see Fig. 5), and Ayiim as the predicted value of 
Au. in the strong coupling limit. For the nuclei in this 
group, we plot in Fig. 7: Ape/Apim vs the nuclear 
deformation 8 calculated from the observed quadrupole 
moment as if sirong coupling were valid in every case. 
If it were true that the g factor of the extra shell par- 
ticle structure were a constant for given spin and parity, 
then the points in Fig. 7 should be along a curve which 
starts parabolically away from the origin at small 8 
and approaches unity at large 8. Indeed the best fit to 
the points is of this form, although an appreciable 
scatterer enters due to experimental errors in the 
quadrupole moments and to fluctuations in the particle 
g factors. In particular, two points fall far off the 
curve—those of 33As’® and g5;I"". In both cases, the 
anomalously great magnetic moment deviation can be 
understood in terms of an unusually great mixing of 
nearly degenerate particle states—/fyo-Pyy2 at Z=33 
and dsj2-g7/2 at Z=53. A third anomaly is ;,3Eu'™, whose 
magnetic moment deviation appears to be far larger 
than that of any other nucleus, and is unexplained. 


C. E2 Transition Rates 


For weak surface coupling, the collective £2 transi- 
tion rate may compete favorably with the direct par- 
ticle rate for extra-shell protons, and may be entirely 
dominant for extra-shell neutrons. The rate is governed 
by the reduced probability, 


B,(2)=(2I'+1)? > 


M M'm 


(f| Qam|t) |?, (47) 
where J’ and / are spins of initial and final states. The 
collective quadrupole operator is, 


Oom = JOten, (48a) 
where 
q= (3/49)ZeR’, (48b) 
and 
aim = (hio/2C)* bn + (— 1)*b_.n* J. (48c) 
This leads, in lowest order to 


B,(2)= (x/5)7'¢ 
XK [ AorrAurr + (20 +1 2I'+1)§AyrAorr F, (49)- 
where Aw s; is the amplitude of the state with N 


“H. Kopfermann, Naturwiss. 38, 29 (1951); H. Miyazawa, 
Progr. Theoret. Phys. (Japan) 6, 801 (1951) 
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phonons coupled to particle configuration J to give 
total spin J. 

As an example we consider the lowest levels of Ca®, 
7/2—, 5/2—, 3/2—, as shown in Fig. 8. According to 
the work of Lindqvist and Mitchell** the 3/2— state 
decays predominantly by crossover rather than cascade. 
(a) Assume the particle states are f7/2, fsy2, Pay2 (all neu- 
trons). Then in the absence of collective effects, the 
cascade should be more probable than the crossover 
by about 10°. Even for protons instead of neutrons, the 
cascade should be favored by at least 10°. The observed 
favoring of the crossover would require a strong surface 
coupling of unreasonably large magnitude. (b) Assume 
that the particle states are all (/7/2)*J. Then for pure 
states, the M1 cascade is forbidden, and the £2 cross- 
over is greatly inhibited (going only by recoil of the 
core). The M1 cascade will be greatly speeded up by 
small configuration mixing (although still small com- 
pared to the one-particle cascade of (a) above), and the 
E2 crossover will be greatly speeded up by weak sur- 
face coupling. We calculate crudely that the M1 rate, 
including particle mixing, is, 


T i(3/2 — 5/2)~3X 108 sec", t30) 

while the £2 rate is, 
T g2(3/2 — 7/2)=0.9X 10" (Rky?/hw)* sec. (51) 
If we choose the “standard” values for the interaction 
constant k and the mass constant B of the collective 
model in order to reduce the number of parameters to 


one, the phonon energy (or the effective surface ten- 
sion), we obtain 


T g2(crossover) /T yi(cascade)~(17 Mev/fw)*, (52) 


i.e., the crossover will dominate for phonon energy less 
than about 17 Mev. This value corresponds to a very 
weak surface coupling. These arguments are crude, but 
provide the following information: (1) The observed 


*T_ Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 444 
(1954) and Phys. Rev. 95, 1535 (1954 


dominance of the crossover transition is evidence for 
(fr2)* configurations rather than one-particle con- 
figurations; (2) only a very weak surface coupling is 
sufficient to account for the dominance of the cross- 
over; (3) the transition rates are perhaps slow enough 
to be measured—in particular, the 5/2 state might have 
a measurable lifetime.** 


VI. CONCLUSION 


In claiming success for any nuclear model, one must 
be wary of those results which are model-independent, 
or at least given by more than one model. For example, 
almost any alteration of the pure jj coupling shell 
model improves the calculated ft values of unfavored 
beta transitions, since the pure jj coupling ft values 
are nearly minimal, and almost any change of coupling 
scheme will increase the predicted ft value. Similarly, 
in assessing the evidence for collective phenomena in 
low-energy nuclear properties, it is important to note 
that many of the effects of surface coupling can be 
duplicated by direct interactions among extra shell 
nucleons moving in the field of a rigid core. For 
example, energy level orders as shown in Fig. 1 are 
qualitatively close to those predicted for direct short 
range attractive forces; and deviations of nuclear mag- 
netic moments from the pure state value are in the 
same direction, due to surface coupling or due to 
direct interaction. Large quadrupole moments and the 
striking regularities of the properties of the strongly 
deformed nuclei receive at least much simpler and more 
direct explanation from the collective model—but the 
important large anomaly in the nuclear moments of 
inertia leaves uncertain the explanation of even this 
class of phenomena. 

For the nearly spherical nuclei, quadrupole effects 
afford the best empirical test of the strength of surface 
coupling. This evidence favors a coupling strength near 
closed shells considerably less than the “hydrodynamic” 
value, but still large enough to give important quadru- 
pole effects, as discussed, for example, for the E2-M1 
competition in Ca®. 
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The isotopes of calcium of mass number 41, 42, and 43 are analyzed using the methods given in papers 
I and II of this series. It is found that the experimental data on Ca“ and Ca® is sufficient to predict the 
low-lying odd-parity levels of Ca as well as the magnetic moment. Detailed agreement between theory 


and experiment is obtained for the levels of Ca® of spin and parity 7/2°, 


§/2-, 3/27, and 9/2> and the 


experimental Schmidt line magnetic moment deviation of 0.595 nm is in agreement with a predicted devi- 
ation of 0.60 nm. The relative importance of particle forces and surface forces due to collective motion is 
investigated and it is concluded that for the isotopes investigated the surface forces are so weak as to have 
a negligible effect on the level spacings. As a measure of the upper limit of the strength of the surface forces 
the magnitude of hw (the surfon energy) is set at 215 Mev. An effective two-particle interaction potential 
is derived which differs to some extent from the two-particle scattering potential in that it has a longer 


range and is more shallow. 





INTRODUCTION 


N this paper, we shall apply the methods outlined 
in papers I' and IT? to the nuclei Ca“, Ca®, and Ca®. 
The empirically determined single-particle levels of 
Ca“ determine the zero-order scheme and define the 
relevant cofigurations in Ca® and Ca® and their energy 
spacings. The experimental level scheme of Ca® then 
serves to determine the necessary information about 
the two-body interaction which allows us to calculate 
the level scheme, wave functions, and magnetic moment 
of Ca*. In order to apply these methods it is essential 
rom the low-lying “single-particle” levels (i.e., fr2, 
v2, fern, Pre, Sore) Of Ca” be well represented by 
tow shy -particle wave functions. If the Ca® core 
were truly inert and rigorously replaceable by a single- 
particle potential well, then the method described above 
would be exact. As a matter of fact, Ca has its first 
excited state at 3.75 Mev and core excitation states in 
Ca“ seem to appear at 2.6 Mev and higher. Since 
empirical information concerning the levels of Ca and 
Ca* is used it is clear that some corrections due to core 
excitations are automatically included. For example, 
all corrections to the level spacirig of Ca® which can be 
interpreted as corrections due to core excitation that 
should be present for one of the extra core particles 
alone are already included since the empirical levels of 
Ca“ are used in setting up the problem. Similarly a 
large class of core excitation corrections to the level 
scheme of Ca® are included since the potential has been 
adjusted to the empirical levels of Ca“ and Ca®., This 
problem has been investigated in detail by Brueckner, 
Eden, and Francis* who find that in adjusting a two- 
* Supported in part by a grant from the National Science 

Foundation. 
t Now at Palmer Physical Laboratory, Princeton University, 


Princeton, New Jersey 

$ Now on leave at Max Planck Institut fir Physik, Géttingen, 
Germany. 

1C. A. Levinson and K. W. Ford, Phys. Rev. 99, 792 (1955). 
Referred to as I in the balance of this paper. 

? K. W. Ford and C. A. Levinson, preceding paper [Phys. Rev. 
100, 1 (1955) ]. Referred to as II in the balance of this paper. 

* Brueckner, Eden, and Francis, Phys. Rev. (to be published). 
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body interaction to the empirical levels of Ca® the core 
excitation corrections are automatically included for 
this problem. In the case of Ca®, the approach again 
includes most of the corrections and one can expect a 
high degree of accuracy in the final results. If core 
excitation corrections are indeed small, then the 
empirically derived matrix elements for the Ca® prob- 
lem should be derivable from a two-body potential 
which fits the nucleon-nucleon scattering data, If, on 
the other hand, these corrections are appreciable then 
the effective potential may be somewhat different from 
the scattering one. 

The only easy way to take explicit account of core 
excitations is through the collective model of coupling 
to nuclear surface oscillations. We have attempted to 
include such coupling in the calculations as a pertur- 
bation to the more detailed shell model treatment, but 
with the result that the closest agreement to experiment 
is obtained with zero additional surface coupling. This 
does not rule out, of course, that effects of a deformable 
core on the energies are already included in the semi- 
empirical approach outlined above. Diagonal contri- 
butions of weak surface coupling and of direct particle 
interaction are in fact indistinguishable in this ap- 
proach. Off-diagonal contributions (configuration mix- 
ing) are, however, somewhat different. 


I. LEVELS OF Ca" 


Ca“ consists of a doubly magic Ca® core and a single 
neutron. According to the shell model, this neutron has 
an fz. ground state and excited states of pays, fora, Pry, 
£02, Ase and gz in that order.‘ The first seven excited 
states of Ca“ are according to Braams at 1.947, 2.015, 
2.469, 2.582, 2.611, 2.675, and 2.8904-0.010 Mev.* The 
ground state of Ca“ has an experimental shell model 
assignment of f7/2.6 The 1.95- and 2.47-Mev levels have 
experimental spin and orbital angular momentum 


ep. F. A. yey Revs. Modern Phys. 24, 63 Phe 
Pi 5 M. Endt and J. C. Kluyver, Revs. Modern Ph: 95 
954). 
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values of ps2 and py/2.* These levels bracket the 2.01- 
Mev level which from shell model considerations we 
take to be the fs. state. The gs/2 level assignment is 
the hardest to make. In »Y™, the p1;2—g9/2 spacing is 
experimentally fixed at 0.913 Mev.’ Y® has a magic 
neutron core and closed proton subshells up to but 
not including 2.2 and one 21/2 proton. The levels are 
therefore close to single-particle levels and the spin of 
the excited state is fixed by the fact that it is isomeric. 
It is hard to say what this spacing corresponds to in 
Ca" since the mass number A is so different. Two 
effects that are certainly present are: (a) the oscillator 
level spacing increases for Ca“ thus tending to increase 
the pi2— go (b) the spin-orbit interaction 
increases* thus tending to decrease the pij2— 9/2 sepa- 
» is pushed down further and py/2 
As a guess the 2.89 Mev level in 
» State, thus corresponding 


» Separation ; 


ration in Ca" (i.e., go 
is pushed up further). 
Ca“ was taken to be the gy 
to a Pie £92 Separation of 0.42 Mev. The gy;2 level is 
probably not lower than 2.89 Mev. It resulted that 
level taken at this value the spin 6, 4, 
and 2 states of Ca® appreciably influenced by 
The effect of the go/2 level on the spin-zero 
state, while did not vary appreciably if 
the g level were raised up by one Mev. With the go/2 
state at 2.89 Mev the spin-zero ground state in Ca® 
contained a 9% admixture of the g9;.? wave function. 
In order to fix the position of the gz/2 level in Ca“, 
it was thought best to compute the g»/2—g7/2 doublet 
splitting from theoretical considerations and experi- 
ments designed to measure this splitting. Harvey® finds 
the energy discontinuity in neutron binding energy at 
magic number 50 (i.e., the go/2—g72 splitting) to be 
2 Mev for cores of 86 and 84 particles. We wish the 
splitting for a core of 40 particles. Assuming the spin- 
orbit splitting goes as A~1,’ we get a splitting of 3.2 Mev 
Alternately, taking the 2-Mev /-state 
splitting for Ca“ as given and assuming a (2/+1) 
dependence on the splitting for fixed A, we get a 
£oy2— £72 Splitting of 2.6 Mev. These values are suffici- 
ently close for the purposes of this calculation, so we 
arbitrarily assigned a value of 3 Mev to the g92—g7/2 
splitting and thus took the gz_ state of Ca to be at 
5.89 Mev. The 2ds,. state has 2 nodes to one node for 
the 1 fr. state, thus giving a small overlap. In addition 
it is assumed to be far away in energy, and we therefore 
its contribution to the calculation. Although 
the gzryp State is just as far away in energy from the ft. 
state, it has only one node and almost exactly overlaps 
the f see Fig. 1). Hence we keep it in the 
calculation. Higher excited single-particle states of the 
Ca“ odd neutron were neglected because they were 
supposed to be too far away in energy or else overlapped 


with the gy 
were not 
its presence 
considerable, 


for the Ca* core. 


neglect 


state 


* J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London 
A66, 565 (1953 
’ Evidence summarized by M 
Revs. Modern Phys. 24, 179 (1952 
* 1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953 


* J. A. Harvey, Phys. Rev. 81, 353 (1951 
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the fr. state badly. Parity considerations also decrease 
the coupling between the f configurations and those in 
the next shell. Consider Ca® with a zero-order f? 
configuration. In order to couple with /*, the configur- 
ations in the next higher shell must have plus parity. 
This immediately dispenses with the fg, fs, and fd 
configurations and leaves the configurations g’, gd, etc., 
which lie two times higher in energy then the odd-parity 
levels and in general have small interaction matrix 
elements with the. f? configuration. 

The states in Ca“ corresponding to core excitations 
have been discussed in the introduction and are neg- 
lected for the reasons referred to there. 


Il. LEVELS OF Ca* 


Schiffer" finds levels in Ca® at 1.51+0.03, 1.95+0.07, 
2.29+0.05, 2.5940.07, 3.02+0.05, and 3.75+0.07 
Mev." The 1.51-Mev level has an experimental spin 
assignment of 2 from beta-gamma angular correlations.” 
To zero order the lowest states of Ca® should correspond 
to an f? configuration with spins 0, 2, 4, and 6. (No 
odd spins due to the Pauli principle.) Any reasonable 
assumption for the interparticle forces together with 
any strength of surface coupling will give the level 
order 0, 2, 4, 6.% The third and fourth excited states of 
Ca® were accordingly assumed to have spins 4 and 6. 
The identification of the spin-six level is the least 
certain since the lowest levels of the f7/22;2 configur- 
ation must lie nearby. However, the position of this 
level is sufficiently uncritical for the purposes of pre- 
dicting the levels of Ca® that an error of a few tenths 
of a Mev will not change the computed Ca* levels 
appreciably. The experimental relative level spacings 
are shown in Fig. 2. In order to fix the absolute value 
of the ground-state energy of Ca®, information on 
binding energies"* was used. On the basis of the model 
used here, the two neutrons in Ca® core are each bound 
to the core by the energies of the Ca“ nucleus. These 
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Fic. 1. Radial wave functions for the f, p, and g states of Ca® 
where the central potential is constant and the nuclear wall is an 
infinite barrier. 

7 P. Schiffer, Phys. Rev. 97, 428 (1955). 

 Braams and Buechner find levels at 1.53, 1.84, and 2.43 Mev. 
This information reached the authors after the calculations had 
been performed. They would not change the results appreciably. 

# D. T. Stevenson and M. Deutsch, Phys. Rev. 84, 1071 (1951). 

“ Dieter Kurath, Phys. Rev. 91, 1430 (1953). 

“ Summarized in reference 13. 




















INDEPENDENT-PARTICLE MODEL OF NUCLEUS 15 


bonds we call core bonds. In addition there is an extra 
binding due to the interparticle force. This binding is 
due to the particle bond. The ground state binding 
energy due to the core and particle bonds in Ca® is 
simply the difference between the binding energies of 
Ca® and Ca® which is 19.8 Mev. Hence we take 

o= — 19.8 Mev for Ca®. Then the Hamiltonian Ho+V 
for the Ca® problem has a lowest state at — 19.8 Mev. 
It is more convenient to write Hy>= —16.6 Mev+AH, 
since the f;. neutron in Ca“ has an 8.3-Mev binding 
energy. This makes AH)=0 for the f7)2* configuration 
and positive for all other configurations. Our problem 
is then to find the eigenvalues of AH »+V with lowest 
state at —3.2 Mev. The —3.2 Mev can be looked at 
as the contribution to the energy due to the particle 
bond alone. 


III. SOLUTION OF THE TWO-BODY PROBLEM 


As a first approximation we shall consider the effects 
of the fs2, gs/2, and gr2 states on the zero-order f7/2" 
configuration in Ca®. As shown in Fig. 1, the radial 
dependence of the g state is almost identical to that of 
the f state. We shall assume they are identical and thus 
all radial integrals will be independent of /, the orbital 
quantum number. 

We now make substitutions into Eq. (11) of I. The 
values of /,, J, of interest are only /*, and g’, since the 
state fg has odd parity. It is easier to work with the 
expression 


(LileT | jx ja'lile) |?) 
B(Jh ls) = rid 


a(Jile) is'e’ Ey— Ho(hilejy' je’) 
Then, by a slight manipulation of Eq. (11) in I, we get 
P| V| Py—BJf*) (f7J\ Vi gJ) 
\=0. (2) 
(gJ\V! f7J) (gJ | V | gJ)—B(Sg*)| 
From the data given in Secs. I and II plus the values 
of LS-jj transformation coefficients,’® one can easily 
evaluate the 8’s. Equation (2) represents four equations, 
one for each value of J. In order to get unique answers, 
we express our unknown matrix elements in terms of 
the four matrix elements Vs, where 


(PIV f=Vy (3) 
and | f*J) is a two-particle wave function in an LS 


TaBLe I. Values of A,,s to three decimal places. P*=Zy Ay Vs 








J 
«> 0 2 4 6 
0 —0.103 0.204 0.367 0.529 
2 0.766 — 1.457 — 3.448 4.147 
4 2.017 — 5.034 1.845 1.181 
6 2.276 4.716 0.940 — 7.948 








6G. Racah, Physica 16, 651 (1950). 
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Fic, 2. The first three level diagrams on the left give the level 
spacings and spin assignments of Ca“, Ca®, and Ca® which are 
taken as the “empirical” levels. The diagram on the right repre- 
sents the predicted level spacings of Ca® based on the empirical 
levels of Ca® if configuration interaction is neglected. 


representation for /,=/,=3, S=0, L=J. Now each Vy 
can be expressed in terms of four Slater parameters'* 
and inversely the Slater parameters F*, (x=0, 2, 4, 6) 
can be expressed in terms of Vy. The F*’s are the radial 
integrals of the problem and are independent of /,, /, as 
pointed out above. These relations can be written: 


Vy=>. By F*, Fee Dy AaVs. (4) 


B,, is given in Condon and Shortley'* and A,, is given 
in Table I. We also need expressions for F* for x= 1, 3, 
5, 7, 8. In general, F* is a smooth function of «x. In fact, 
for zero-range forces, F*= (2x+-1)F*. Examples of Slater 
parameters appear in Kurath’s® work. We therefore 
take the values of F* for x=1, 3, 5, 7, 8 to be given by 
linear interpolation or extrapolation on the F*’s for 
x=0, 2, 4, 6, ie., 


FPi=}(P+F), Fe=}(F44F9, Fe=2F*—F, 


5 
Fa}(P+F), Fl=4(3F*—P9), ©) 


Now all the relevant Slater parameters can be 
expressed in terms of the four V y’s. The matrix elements 
(g*J | V | g*J) can be expressed in terms of F%«=0, 2, 4, 
6, 8. The matrix elements (g*/ | V | f°) can be expressed 
in terms of F*%«=1, 3, 5, 7. Hence we finally write all 
matrix elements in terms of Vy, J=0, 2, 4, 6 and then 
solve for Vy. The expressions for (g*J| V | g2J) in terms’? 
of F* and the other diagonal matrix elements'* are 
given in the literature and the off-diagonal elements 
are given in Table II. Equation (2) can now be solved 
in a straightforward manner and one finds for the values 


‘*E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951). 
17 G. H. Shortley and B. Fried, Phys. Rev. 54. 739 (1938). 
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Off-diagonal matrix elements of a singlet central 
R‘ (lila; lda) is defined as on p. 175 of 


Taste II 
force in LS coupling 
Condon and Shortley 


(P| Vy| fp) = — (2/5)(42)9W (3331; J2)R™(P?; fp 
—4(7/33)9W (3331; J4)R@(P?; fp) 


(f?| Vs! #2) = (9/5)W (3311; J2)R®(f?; p*) 
+(4/3)W (3311; J4)RO(P; P 
(iV = —4W (4433; J1)R(f?; o) 
— (18/11)W (4433; J3)R@(f?: A 
— (180/143 )W (4433; J5)R® (72; 
— (245/143)W (4433; JT)R iP; 
(p?| Val fp) = — f6v3W (1131; J2)R® (p?; fp 


= 12(3/77 )9W (4431; J3)R™ (2: fp 
+ 30/11 (6/13 )W (4431; JS)RO(e2; fp 
(12/7)W (4411; J3)R®(¢; 


— (15/11) W(4411; J5)R(?; # 


of Vy and BU? 


V>=—3.33 Mev, 8(0,/%)=—4.20 Mev, 
V.=—249 Mev, 8(2,f?)=—2.50 Mev, 
V.=—-2.10 Mev, 6(4,%)=—-2.16Mev, © 
Vs=—2.20 Mev, 8(6,f?)=—2.22 Mev. 


We note that only Vo differs much from the corre- 
sponding 3(0,/*). The 8(J,f*)’s are the Vy’s one would 
find if only the fs). state were taken into consideration. 
In other words, it is the spin-zero ground state of Ca® 
that is most affected by the presence of the states go,» 
and g7/2. The other states are hardly influenced at all. 
In order to find the effect of the p states we need to 
know the radial integrals involved in the matrix ele- 
(PI\V\ fps) and (PJ\V\ pJ). An upper 
limit on these matrix elements can be established by 
that the p state radial wave function is 
identical to the f state radial wave function. In this 
case, the matrix elements can be expressed in terms of 
the Vy’s by the methods described above. In this limit, 
the p states still leave V4 and V. unchanged and change 
V> from —2.49 Mev to —2.47 Mev. Since the overlap 
is only the order of 50 percent [ see Fig. 1], we will 
take V; 2.48 Mev. The general accuracy of our 
calculation is such that more detailed investigation of 
this point is not necessary. In a similar fashion, it was 
estimated that V» is changed from —3.33 Mev to 
3.25 Mev. The fact that V» sustained the greatest 
change again reflects the fact that the spin-zero ground 
state of Ca® is the most strongly affected state by 
configuration interaction. Finally we list here our 
semiempirically determined values of V ,. 


ments like 


assuming 


>= 3.25 Mev, 
V.=—2.10 Mev, 


V2= —2.48 Mev, 
Ve= —2.20 Mev. 


(7) 


It is interesting to compute the diagonal matrix ele- 
ments for the Ca® configurations fr; (J=0, 2, 4, 6) 
since the difference between these values and energies 
for these states is the energy due to configuration 
interaction. This comparison is shown in Fig. (3). 
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We can also fit a potential well to our empirically 
derived diagonal matrix elements. Let Dy, be the 
diagonal element for spin J in a jj representation. 
We then have: 


Dy= —1.86 Mev, D,=—1.27 Mev, 


8 
Dy=—0.77 Mev, Deg=—0.31 Mev. 8) 


We have given graphs of D, for various assumed 
potentials in I. It is important to notice that (D,—Do)/ 
(Di— D2) =1.18 while (E,—Ep)/(E,— E2)=3.43. We 
see that we must fit to two almost equa! spacings and 
not to a ratio of 3.43 which would be the case if con- 
figuration interaction were neglected. In Table III 
are listed the best fits for potentials of the form 
V,expl—r*/r?]. These tables were computed from 
Kurath’s” evaluation of the Slater parameters for the 
above potential using oscillator wave functions which 
go as r exp[ —r*/r,” ]. The parameter \=ro/r,, measures 
the ratio of the force range to the spread of the nuclear 
wave function. The best value of A lies between 1.11 
and 1.25. A good fit is obtained with Vo= —14.4 Mev, 
\=1.18. If in addition we demand that this well have 
a bound state at zero energy thus approximating the 
singlet well binding strength we obtain an effective 
range 'r.¢=410-" cm and r9=2.79X 10-" cm. 

On the other hand it seems more realistic to fix 7, at 
some value consistent with the radius of Ca. Kurath” 
has proposed a value of r,=2.9X10-" cm on the basis 
of best approximating a square well wave function 
whose constants are determined from the experimental 
evidence in the mass number 40 region. This value of 
r, gives for the mean square radius, (r*)!, 4.35 10~" 
cm, which is to be compared with an “outside” radius 
of 4.95 10-" cm for A =43, based on R=#XA}, with 
*#=1.41X10~-" cm. Since \= 1.18, we find the range of 
the interparticle Gaussian potential is ro>=3.4210™ 
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Fic. 3. The level diagrams on the outside represent the contri 
bution due to diagonal matrix elements alone to the observed 
levels. The difference between these energies and the total energies 
is due to configuration interaction. The levels labeled by spin 
values are the observed levels. 




















cm. Combining this with the well depth of 14.4 Mev, 
we find a well depth parameter'® s=1.5 (i.e., this 
potential is strong enough to bind two particles) and 
effective range of 3.82X10-" cm. Fitting a Gaussian 
to low-energy singlet scattering data one finds Vo=35 
Mev, 'ret¢=2.7X10-" cm, and ro=1.78XK10-" cm. If 
our results are correct we must conclude that the 
effective nuclear interaction potential in Ca® is indeed 
not well represented by a Gaussian constructed to fit 
the low-energy scattering data but is better represented 
by a Gaussian which is about one-half as deep and two 
times longer-ranged. There are two possible explana- 
tions for this result: 


(1) The presence of the core excitations which were 
neglected in the calculation cavse the modifications. 
This effect is predicted theoretically* but it remains to 
be calculated for the case of Ca®. In particular, collec- 
tive core excitations should be in the direction to 
produce an effectively longer-range interaction. (Com- 
pare figures showing energy shifts in papers I and II.) 

(2) The relative energies involved between the extra 
core particles are so great that a potential which fits 
low-energy scattering only is inappropriate. 


It is a simple matter to investigate this second point 
further since, as shown by Talmi,” the independent- 
particle two-body wave functions corresponding to a 
harmonic oscillator central potential can be easily 
expressed in terms of the relative (r) and center-of-mass 
(R) coordinates of the two particles. The two-particle 
wave function can always be written in the form 


0 (01,82) => n andn(R)xa(r), (9) 


where ¢ and x are themselves harmonic oscillator wave 
functions. If x corresponds to a Is state of relative 
motion, then one finds a probability distribution of 
relative energies given by: 


p(e\de=4(2/r)! (hw)! exp[—2€/hw lelde, (10) 


where ¢ is the center-of-mass kinetic energy of the two 


TaBLe III. Diagonal matrix elements predicted for an (7/2) 
configuration with J=0, 2, 4, 6 using a Gaussian potential of the 
form V>exp[—r*/re] and an oscillator wave function of the 
form y~r' exp[—r*/r,7]. The best value of Vo is listed for the 
given values of A (A=ro/r,) such that the predictions agree most 
closely with the matrix elements deduced from the empirical 
analysis. All numbers but the dimensionless values of A are in 
— Mev. 


11.9 


Empirical V 18.6 15.8 3 

analysis A 1.00 1.11 1.18 1.25 1.33 
0.31 Ds 0.35 0.37 0.38 0.38 0.39 
0.77 dD, 0.59 0.66 0.70 0.74 0.78 
1.27 Dy 1.14 1.22 1.27 1.30 1.33 
1.86 Do 1.92 1.88 1.87 1.84 1.82 


J. M. Blatt and V. F. Weisskopf, Theorelical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 55. 
* 1. Talmi, Helv. Phys. Acta 25, 185 (1952). 
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Fic. 4. Radial inte 
grals Fe“ and Fy“ for 
Gaussian and Yukawa 
interparticle potentials 
with infinite scattering 
lengths as a function of 
effective range. 











particles and hw is the characteristic energy spacing of 
the single-particle central oscillator well. The average 
energy is @=j}/w. Equating the energy of the top 
particle in the well to a Fermi energy of 30 Mev, we 
find Aw=8.6 Mev for O" and tw=6.7 Mev for Ca®. 
(Elliott and Flowers® use 7 Mev and Redlich* uses 
10 Mev for O'’.) The average relative scattering energy 
then amounts to 6.45 Mev in O" and 5 Mev in Ca", 
These numbers are lower limits on the average scattering 
energy since they are based on a 1s state of relative 
motion. Since the shape-independent analysis of pp 
scattering breaks down around 10 Mev, some shape 
dependence for the effective nuclear interaction is to 
be expected. 

The shape dependence of the matrix elements can 
also be demonstrated by computing them with a 
Gaussian and a Yukawa potential, both adjusted to 
give the same effective range and scattering length. 
This calculation was performed for the 1p’ radial inte- 
grals. The scattering length of both potentials was 
chosen to be infinite, thus corresponding to a bound 
state at zero energy, and the results are plotted as a 
function of the effective range in Fig. 4. The integrals 
plotted are given by Swiatecki™ The parameter r, 
giving the range of the nuclear wave function was taken 
to be 2.3310-" cm. (r,=V2ao in Lane’s notation”) 
following the results of Elliott in fitting Coulomb energy 
data in the 1p shell as reported by Lane.” Table IV 
gives the diagonal matrix elements for the states 
1 psy? =0,2 which are derived from the corresponding 
radial integrals. It is immediately seen that F° is not 
very shape dependent while F* has a considerable shape 
dependence for the larger effective ranges. For a very 
slowly varying potential all F*’s are very much smaller 
than F*, and for a delta function potential /F* 
= (2«+1)F*. Thus, roughly speaking, the values of F* 
for x>0 should be expected to increase as the potential 
is made to vary more rapidly with r. The trends in 
Fig. 4 can be interpreted as reflecting this. Longer 
effective ranges correspond to less rapidly varying 


» B. H. Flowers, lecture at University of Chicago, March, 1955 
(unpublished). 

" M. Redlich, Phys. Rev. 95, 448 (1954). 

= W. J. Swiatecki, Proc. Roy. Soc. (London) A205, 238 (1951). 

= A.M. Lane, Proc. Phys. Soc. (London) A68, 197 (1955). 
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Taste IV. Diagonal matrix elements in Mev for the spin zero 
and two states of the 1.7 configuration using Gaussian and 
Yukawa potentials with infinite scattering lengths and effective 
ranges in 10™ cm as shown in the first column. The wave func- 
tions used are described in the text. Ag and Ay are the first-order 
energy spacings for the Gaussian and Yukawa wells and the last 
column gives the percent difference in these spacings. 








rot DG) DY) DG) DAY Ao by difference 
2s 408 4) 48 448 06«%36C<C SCO 
3.0 4.26 4.45 1.53 1.35 2.73 3.10 13 
3.5 3.81 4.32 1.50 1.36 2.31 2.96 25 
40 3.48 4.25 1.46 1.39 2.02 2.86 44 


potentials and a Yukawa well varies more rapidly than 
a Gaussian. Configurations involving higher angular 
momenta also require radial integrals F* for higher 
values of « in order to express their matrix elements. 
Hence energy levels corresponding to higher configur- 
ations should show an increasing shape dependence. 
From Fig. 4 and Table IV one sees that if the effective 
two-body singlet potential acting between 1p nucleons 
has an effective range near 2.7X10~-" cm (the singlet 
scattering effective range) then one can expect a slight 
shape dependence for the matrix elements. However, 
if for some reason the effective range of the internucleon 
potential in nuclear matter is closer to 4X10~-" cm, 
then the problem becomes considerably shape-de- 
pendent. 

Comparing the empirical values of Dy, with the 
predictions of the modified Gaussian wells in I, we see 
that the “singulated Gaussian” cannot possibly fit the 
data and the “hard core Gaussian” gives a best fit 
around \=0.79. Especially for high /, the shape de- 
pendence of the results is sufficient to raise the hope 
that studies of nuclear energy levels may yield infor- 
mation on the shape of the potential. This point is 
under further study. 

The wave functions for the four states of Ca® can be 
written out in the L-S or jj coupling representations. 
The mixture parameters [defined in Eq. (16) of I for 
the case of jj coupling] resulting from the semi- 
empirical values of V» given above are given in Tables 


V and VI. 
IV. Ca” AND THE THREE-BODY PROBLEM 


The level energies and spin assignments given by 
Lindqvist and Mitchell* supplied the necessary infor- 


Taste V. Mixture parameters for the spin 0, 2, 4, and 6 states 
of Ca® in the L-S coupling representation based on the semi 
empirical analysis of the levels of Ca“ and Ca® 


fous ~1) fears 41) ev eis +t 





fry 





J 

0 0.884 ose —0.315 — 0.335 0.098 
2 0.896 0.351 —0.276 0 0 

4 0.872 0.455 —0.194 0 0 

6 0.864 0.503 tee 0 0 








™T. Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 1535 
(1954). 


mation about Ca“. They find levels at 0.369, 0.627, 
and 0.81 Mev with spins 5/2, 3/2, and 9/2 in that 
order. The ground state spin of 7/2 and magnetic 
moment of —1.3152+0.0002 nm come from the work 
of Jeffries”* Levels at 0.38 and 0.61 are seen by 
Braams.”* 

A very general test of the presence of configuration 
interaction independent of the exchange properties or 
space dependence of the two body potential was 
described in Sec. IV of I. If configuration interaction 
is small the relations between the levels of Ca® and 
Ca® should be simply given in terms of fractional 
parentage coefficients. One might name the levels of 
Ca® predicted from those of Ca®, assuming pure con- 
figurations, “projected” levels. As shown in Fig. 2, 
the projected levels of Ca® are not in good agreement 
with the observed levels (although the level order is 
the same). This proves that there exists no two-body 
potential which can predict the observed level spacings 
of both Ca® and Ca* and give negligible configuration 
interaction within the framework of the independent 
particle model. 

The two-body analysis of Sec. III of I can be general- 
ized to include three bodies so that Ca® could be 


Tasie VI. Mixture parameters of the states of Ca® in a jj 
representation based on the semiempirical analysis of the levels 
of Ca® and Ca®. 





’ go? gus? 
0 0.87 vee 0.34 —0.31 —0.15 
2 0.948 —0.212 0.238 0 0 
0.915 — 0.369 0.170 0 0 
6 0.794 —0.610 ee 0 0 


treated in a manner similar to Ca®. There result four 
equations for the same unknowns Vo, V2, V4, and V6. 
In this case the coefficients in these equations involve 
the empirically given energies of the excited states of 
Ca“ and Ca® instead of the states of Ca and Ca®. 
One can solve for the V,y’s and compare with those 
found from the Ca® analysis. Alternatively one can 
eliminate the Vy’s from the equations and obtain 
relations between the ievels of Ca® and Ca*. These 
relations would then include the effects of configuration 
interaction. This approach will not be reported on 
further in this paper but instead a less elegant but 
more straightforward one is used. 

Since all the two-body matrix elements are given as 
linear functions of V », we can apply Eq. (15) of I and 
obtain all the three-body matrix elements as linear func- 
tions of Vy. It then remains to diagonalize the resulting 
Ca® matrices of the Hamiltonian. Upon calculating 
the various matrix elements, it was found that most of 
the nondiagonal elements were quite small with some 
notable exceptions. A series of transformations was 


* C.D. Jeffries, Phys. Rev. 90, 1130 (1953). 
* C. M. Braams, Phys. Rev. 95, 650 (1954). 
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then applied to the matrix in question to reduce the 
magnitude of the larger nondiagonal elements below a 
certain preassigned value. When this process was com- 
pleted the eigenvalues were obtained by using second 
order perturbation formulas. The results of this calcu- 
lation and comparison with the experiments are shown 
in Table VII and Fig. 3. The spacings and spin assign- 
ments agree remarkably well with the experimental 
results. The difference in binding energy between Ca® 
and Ca is 27.8 Mev. Subtracting out the 3.57 Mev 
calculated for the particle forces and dividing by three 
leaves 8.08 Mev for the single-particle bond rather 
than the 8.3 Mev used for Ca®. This can be interpreted 
to mean that the single-particle bond has a dependence 
on the number of nucleons A. If we assume the 1/A 
dependence discovered by Kurath” in his analysis of 
the binding energies in the f7/2 shell, then the 8.3-Mev 
bond in Ca® would be an 8.1-Mev bond in Ca® which 
agrees quite well with the calculated results. 

The almost exact agreement between experiment and 
theory is probably fortuitous. First, the perturbation 
method of obtaining eigenvalues is only accurate to 
about 0.02 Mev. Secondly, some errors in the “em- 


TABLE VII. Comparison of calculated and experimental energies 
for Ca* in Mev. The experimental energy for the J=7/2 state is 
normalized to the calculated result. The diagonal matrix elements 
are given in order to illustrate the effect of configuration inter- 
action. 





Experimental* Calculated Diagonal matrix 





J energies energies elements 
7/2 — 3.57 —3.57 — 2.84 
5/2 —3.20 —3.19 —2.77 
3/2 — 2.94 — 2.96 — 2.63 
9/2 —2.76 —2.77 —2.13 


* See reference 24. 


pirical” levels of Ca“ and Ca® are probably present. 
(Position of go/2 state in Ca", spin 6 state in Ca®, etc.) 
Thirdly, the odd-state tensor force discussed in I has 
been neglected. This error is considerably reduced by 
the small triplet admixtures in the final wave functions 
as shown in Table V. Consider the spin-zero state of 
Ca®. In zero order (pure f7):*) it contains a 43 percent 
triplet admixture but this decreases to a 10 percent 
admixture in the final wave function. Since the tensor 
force is a triplet interaction and gives no contribution 
in singlet states, its effect is greatly diminished com- 
pared to its effect on a zero-order state which is given 
in Fig. 4 of I. 

In order to investigate further the influence of 
triplet forces, the following idealized problem was 
solved: The Hamiltonian was taken to be 


H=H,+aPs+bPr, (11) 


where Ps and Pr are singlet and triplet projection 
operators, a and b are numbers measuring the singlet 
and triplet potential strengths, and H» has two single- 


% TRIPLET ADMIXTURE 
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Fic. 5. Percent of triplet component (P) in the lowest spin 
zero wave function corresponding to the Hamiltonian of Eq. (11). 
p is defined just under Eq. (11). 


particle levels /7/. and fs;2 separated by an energy 4/2. 
The two-body two-by-two energy matrix for the spin- 
zero state was set up and the percent of triplet state 
admixture P was computed. P is a function of one 
parameter p, where p= (b—a)/A. P(p) is shown in Fig. 
5. In the case of Ca® we take a=6(f*70)~—4 Mev 
where 8(/*0) is given in Eq. (6). A is 4 Mev and 6=0 
which gives a 12% triplet admixture. Now if a repulsive 
triplet force is added, the amount of triplet admixture 
decreases. For instance, if b= 2 Mev we get a 7% triplet 
admixture. As mentioned in I, scattering data implys 
that the triplet odd-state force (triplet even forces do 
not occur between neutrons due to the Pauli principle) 
is indeed repulsive. We conclude that the neglect of 
triplet forces in the calculation is a good approximation, 
owing to the fact that the predominantly singlet forces 
tend to create predominantly singlet wave functions. 

The ground state of Ca“ was further investigated in 
order to find its magnetic moment. The general formulas 
for calculating three-body magnetic moments are given 
in Sec. V of I. The admixtures f7)?(2) fsy2, fry (4) Sova 
and f7/:*(6)fs2 (the number in parentheses gives the 
value of J to which f,,2* is coupled before being coupled 
to fs/2 to make a total J of 7/2) are the only ones which 
are coupled to the f7,;;? dominant mode by the magnetic 
moment operator defined in Eq. (19) of I. These 
admixtures are mainly responsible for the shift of the 
magnetic moment from the Schmidt line value given 
by (fr2°7/2' | fr27/2)= —1.91 nm because they con- 
tribute a value linear in the mixture amplitudes while 
other states can only give a contribution quadratic in 
the mixture amplitudes. The state /s/2*(0) fz. was the 
only state not directly coupled to the /7,:° state that 
gave an appreciable contribution to the magnetic 
moment. The magnitudes of the relevant mixture 
parameters and the contribution of each admixture to 
the magnetic moment (both diagonal and off-diagonal) 
are given in Table VIII. 

We also include a small correction due to the motion 
of the core about the common center of mass of core 
and extra core particles, because it is easy to include 
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Taste VIII. Magnetic moment contributions of the various 
admixed states to the ground state of Ca® in nuclear magnetons. 
The empirical value is — 1.315 (reference 25 


Mixture etic moment 


Admixed state am plitude ontribution 


7/72 +-().033 
+0.211 
+0).271 
—0.117 
~1764 
+0061 
— 1.305 


7 —0.025 
7/24 —0. O81 
7/26 —0.108 
5/20 — 209 
( 


su 
NwNmNN 


2 0.961 
enter-of-mass motior 
Total 


approximately, although other omitted effects may 
contribute corrections of the same order of magnitude. 
The magnetic moment of a system composed of an 
extra core particle structure and a core is given by 


u=gell.)+gs(1 3), (12) 


where g, and gy, are the gyromagnetic ratios for the 
core and particle structure respectively and 7, and J, 
are their total angular momenta about the center of 
moment can be 


mass of the system. This magnetic 


split up into two parts uw; and Ay,, where 


My egy 1+, Gal otal, Ayu.= (g, gy T.). (13) 


Now y; is the part computed when one assumes the 
total angular momentum is associated with the particle 
structure and Ay, is the correction term associated with 
a nonvanishing value of J.. g, is taken to be Z/A and 
gy is taken to be —0.377. (,) we approximate as 3h/ A, 


since the dominant state (*F 7,2, seniority 1) represents 
an orbital angular momentum of three units carried in 
effect by one particle. In this way, we obtain the crude 


estimate for Ag-: 


Au. =0.061 nm (14) 


The agreement of the predicted and observed magnetic 
moments is nearly perfect and surely better than one 
that the 
configuration mixing obtained for the ground state 
must be of the right order of magnitude. 

Two low-lying levels in Ca®, so far unobserved, may 
be predicted by using the same empirically determined 
matrix elements. These have spins 11/2 and 15/2, and 
predicted energies above the ground state, 


Exs 2 


could have expected. It shows, however, 


Eyyy2=0.835 Mev, = 1.00 Mev. 


V. SURFACE COUPLING 


The results of II were employed to try to obtain a 
fit to the data with a combination of direct coupling 
and surface coupling. Best fits to energies and magnetic 
moment were obtained with zero surface coupling. A 
rough upper limit to the strength of coupling is ex- 
pressed by 

hw 215 Mev, (15) 


where fw is the surfon energy, and the mass parameter 
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B and coupling parameter & are defined as in IT. With 
stronger surface coupling, one can still approximately 
(but not well) fit the energies, but in order to do so it 
is necessary to reduce the strength of direct particle 
coupling. This in turn reduces the directly induced 
configuration mixing and causes the predicted magnetic 
moment shift to be appreciably less than the observed 
shift, in spite of the surface contributions to this shift. 
This argument applies in the region of weak surface 
coupling. Still stronger coupling has not been investi- 
gated closely, but intermediate coupling would predict 
such a large 0-2 spacing in Ca® that the additional 
particle forces required would be unreasonably small. 
In the region of strong surface coupling, the surface 
induced 0-2 spacing would decrease again, but diffi- 
culties would arise in accounting for the relative 
spacings in Ca® and for the level order in Ca*. There 
is in any case no theoretical reason to expect strong 
surface coupling in these nuclei. 

We conclude that the Ca® core is an unusually rigid, 
undeformable, structure, like the analogous O'* core, 
for which the properties of O"’ lead to the same conclu- 
sion.** The “hydrodynamic” value” of the surfon energy 
in Ca® is about 4 Mev, to be compared with the limit 
in Eq. (15). As discussed in the introduction, however, 
it is not ruled out that some weak surface coupling is 
already included in our effective two-body potential, 
because of the semiempirica] nature of the analysis. 
The only experimental test of the role of surface 
coupling in the calcium isotopes will be afforded by 
measurements of electric quadrupole effects, e.g., the 
E2/M1 ratios in y decays in Ca® or the ground-state 
quadrupole moment of Ca®*. Such data is not yet 
available. The problem of cascade versus crossover in 
the 3/2--+7/2> transitions in Ca® is discussed in II. 


VI. CONCLUSION 


A remarkably accurate prediction of level spacings 
and magnetic moment of Ca® has been made on the 
basis of the shell model perturbed by central two-body 
forces. Zero-order level spacings and interparticle inter- 
action matrix elements were obtained empirically from 
Ca“ and Ca®. The force was assumed to be central, 
two-body, and singlet for equivalent particles. The 
empirically determined potential appeared to be shal- 
lower and of longer range than that required to fit 
low-energy scattering. A study of the dependence of 
results on the radial shape of the potential suggests in 
a preliminary way that potentials with central repulsion 
may give a better simultaneous fit of scattering and of 
interparticle matrix elements in the nucleus than the 
Gaussian or Yukawa shapes. The analysis leads to the 
conclusion that surface coupling is not playing an 
important role in the calcium isotopes investigated. 
Configuration interaction is quite significant. 

We have emphasized only energies and magnetic 
moments. Other important properties of the nuclear 
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states ‘considered which will be significantly affected 
by configuration mixing are gamma decay rates and 
(p,d) or (d,p) cross sections, in addition, of course, to 
beta decay. These properties will need to be calculated, 
and similar analyses made of other nuclei in the vicinity 
before it can be concluded that the successful calcu- 
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lations reported here indeed represent an adequate 
description of the nuclear state. 

It is a pleasure to acknowledge the many enlightening 
conversations we had with Professor Keith Brueckner, 
Dr. Richard Eden, Dr. Norman Francis, and Dr. 
Leonard Kisslinger. 
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Gamma-Ray and Neutron Yields from the Proton Bombardment of Boron 


J. K. Bair, J. D. Kincron, anp H. B. Wittarp 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received June 21, 1955) 


Yield curves of the gamma rays and neutrons resulting from the proton bombardment of boron have been 
measured for proton energies from approximately 2 to 5 Mev. Both the 0° and 90° yields for the B"(p,y)C® 
reaction have been measured for the ground state transition and for the transition to the 4.43-Mev state 
in C™, as has the yield of the 2.14-Mev y ray resulting from the inelastic scattering of protons on B". The 
neutron yield from B"(p,n)C™ is given at 0° and for almost 2x solid angle in the forward direction. New levels 
were observed in the C" compound nucleus at 18.3, 18.39, 18.84, 19.2, 19.41, 19.66, 19.87, 20.25, 20.48, and 
20.64 Mev. Preliminary data are given for the B”(p,n)C” and B”(p,7)C™ reactions. 


I. INTRODUCTION 
AMMaA-ray yield curves for B" bombarded by 
protons have been reported by Huus and Day,! 
by Cochran, Ryan, Given, Kern, and Hahn,’ and by 


Gove and Paul,* who give references to earlier data. 
In the present work, the y-ray yields have been ex- 
tended from the previous limit of 2.8 Mev to about 
5-Mev proton bombardment energy for the reactions 


Bu +p —+ C#+4¥o, 

B'+p— C44, C®+414+-72, 
and 

B'+ p— B"*+ p’ > BY+ p’+7;. 
Measurements were made at both 0° and 90° with 
respect to the bombarding proton beam. 

Richards, Smith, and Browne‘ have 
threshold for the reaction 
BY+p— C'+n 

to be 3.015+0.003 Mev. Blaser, Boehm, Marmier, and 
Scherrer® have reported observation of the yield of C"™ 
by a stacked foil technique. Neutron yield curves are 
given in the present paper for proton energies from 
threshold to approximately 5 Mev. 

Il. EXPERIMENTAL PROCEDURE 


Protons from the ORNL 5.5 Mv Van de Graaff 
were magnetically analyzed by a 90° magnet whose 


found the 


1 Torben Huus and Robert B. Day, Phys. Rev. 91, 599 (1953). 

? Cochran, Ryan, Given, Kern, and Hahn, Phys. Rev. 87, 672 
(1952). 

7H. E. Gove and E. B. Paul, Phys. Rev. 97, 104 (1955). 

‘ Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 

* Blaser, Boehm, Marmier, and Scherrer, Helv. Phys. Acta 24, 
465 (1951) 


slits were adjusted to about 0.1 percent energy resolu- 
tion. A proton moment device was used to measure the 
magnetic field. Energy calibration is believed to be 
accurate within +0.2% relative to the Li’(p,#)Be’ 
threshold at 1.882 Mev.® An electrostatic strong focus 
lens system was used to focus the beam on targets 
located 15 to 25 feet from the magnet. 

Thin boron targets were prepared by evaporating 
elemental boron of natural isotopic ratio on tantalum 
backings. Target thicknesses used for the data given 
here were about 30 kev at 3 Mev, although thinner 
targets were at times used. Target thicknesses were 
determined by measurements on the geometrical peak 
of the neutron yield from a very thin target, and then 
comparing the yield of this and the unknown target 
at a proton energy where the neutron yield was slowly 
varying. Similar targets of 96% B"” were available* 
and were used to check that the reactions measured were 
due to B". Although the B"™ targets were free from serious 
impurities, considerable effort was necessary to produce 
suitable B" targets. In addition to the usual fluorine 
contamination on the backing material, the first boron 
used contained an impurity, probably aluminum, which 
gave rise to a number of narrow resonances yielding 
high-energy y rays and a rather intense low-energy 
+ ray of about 1 Mev. Targets made from natural boron 
of greater than 99°, purity’ were finally used for the 
y-ray work and were quite satisfactory. 


* Herb, Snowden, and Sala, Phys. Rev. 75, 246 (1949). 
* Elemental B” was obtained from the Stable Isotopes Division 
of this Laboratory. 
4 * Varlocoid Chemical Company, 116 Broad Street, New York 
ity. 
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Fic. 1. B®(p,p')B” and B"(p,p’)B" y-ray spectrum as seen 
by Nal crystal spectrometer. E,=2.8 Mev. The peak at a pulse 


height of 29 corresponds to the 0.72 Mev 7 ray from scattering 
on B The remaining three peaks are the usual single crystal 
peaks corresponding to the 2.14-Mev y ray from scattering on B™ 


Ill. GAMMA-RAY MEASUREMENTS 


A large 3-in. diameter, 3-in. high sodium iodide 
crystal in conjunction with a 3-in. photocathode photo- 
multiplier tube, DuMont type K1197, was used as a 
detector for the proton-capture and inelastic-scattering 
y rays. This combination has a resolution of 8% (full 
width at half maximum) for the Cs’ photopeak. 
Pulses from the photomultiplier were amplified using 
standard electronic techniques and recorded with a 20 
channel pulse-height analyzer.’ For the yield curves 
shown, the 20 channel analyzer was adjusted so as to 
cover only the region of the y-ray spectrum of immedi- 
ate interest, the datum plotted for a given proton 
bombarding energy (uncorrected for target thickness) 
is the reading in the channel corresponding to the 
maximum of the full energy peak corrected, if necessary, 
for the effect of any higher energy y rays. This tech- 
nique not only minimizes the effects of small changes 
in the over-all gain of the system, but simplifies meas- 
urements of the capture y-ray yields since as the y-ray 
energy changes due to changes in the bombarding pro- 
ton energy, the peak in the spectrum merely moves from 
one channel to the next and can be easily followed. 

Figure 1 gives a differential pulse height spectrum 
for the low-energy y rays resulting from the bombard- 
ment of natural isotopic boron with 2.8-Mev protons. 
The peak at a pulse height of 29.5 is the 0.72-Mev 
y ray from the reaction B'(p,p')B"*. The remaining 
peaks are the usual single crystal spectrometer peaks 
produced by the 2.14-Mev y rays from the reaction 
B'(p,p’)B"*, although the two-quantum escape peak 
(at a pulse height of 43) shows some effect of the 
target impurity previously mentioned. Energies were 
obtained by calibrating the crystal spectrometer with 
the known Cs’ and ThC” y rays, and agree with the 
previously measured level energies of 0.718 and 2.138 


* Kelley, Bell, and Goss, Oak Ridge National Laboratory 
Quarterly Progress Report ORNL-1278, 1951 (unpublished 
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Mev in B"” and B", respectively,’ and with the gamma- 
ray energies determined by Huus and Day.' It is to be 
noted that the full energy peak, at a pulse height of 86, 
is considerably accentuated over that obtained with the 
usual 1} in. diameter crystal. The count rate corre- 
sponding to this peak (pulse height of 86) was plotted 
as a function of proton energy to obtain the B" inelastic 
scattering y-ray yield curves. 

The lower curve (open circles) of Fig. 3 is the yield 
of the 2.14-Mev y ray from the reaction B"(p,p’)B"* 
and was measured at 0° with respect to the proton beam 
and with the detector approximately 100 cm from the 
target. A similar curve taken at 90° differed in no 
essential respects and is not shown. Measurements 
of the 2.66-Mev resonance as well as higher energy 
resonances show the y ray to be emitted isotropically. 
Neutron effects in the crystal could safely be neglected 
due to the intense yield of the inelastic scattering 
y rays. Table I includes in Column 7 the energies of 
these y-ray resonances, corrected for target thickness. 
No attempt was made to determine absolute y-ray 
cross sections. However, the proton bombarding energy 
overlaps that of Huus and Day' sufficiently to permit 
normalization to their values. 

Figure 2 shows a differential pulse-height curve of 
the B" capture gamma rays for a bombarding proton 
energy (1.4 Mev) well below the threshold for neutron 
production. The maximum in the region of 17 pulse 
height units is due to the y ray from the 4.43-Mev 
excited state in C” and, when observed with narrower 
channels in the pulse-height analyzer, the usual three 
peaks were resolved. Peaks at 50 and 67 pulse-height 
units correspond to the capture transition to the 4.43- 
Mev state in C™ and to the ground state respectively. 
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Fic. 2. B"(p,7)C™ y-ray spectrum as seen by 3 in.X3 in. Nal 
crystal spectrometer. E,=1.4 Mev. The maximum at a pulse 
height of 17 is due to the y ray from the 4.43-Mev excited state 
of C". The three peaks usually obtained with a single crystal 
spectrometer are not resolved due to the wide channel width. The 
maxima at pulse heights of 67 and 50 are due respectively to the 
ground state transition and the transition to the 4.43-Mev excited 
state. No structure was observed in these maxima even with con- 
siderably narrower channels 


*F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952), and Revs. Modern Phys. 27, 77 (1955). 
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TaBLe I. Characteristics of the observed levels in the C® compound nucleus. Columns 2 through 7 give the proton energies at which 
maxima were observed in the yield respectively : of neutrons; y rays to the 4.43-Mev level, as measured at 0°; the same 7 ray as meas- 
ured at 90°; the y ray to the ground state, as measured at 0°; the same y ray as measured at 90°; and the inelastic scattering y ray. 
Column 8 gives an estimate of the width of the level at half maximum. Column 9 lists the energy of excitation in the compound nucleus. 
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Measurements on these peaks with narrower channels 
did not resolve additional structure. Although the 
peaks are broad for these high-energy y rays and one is 
uncertain as to their interpretation, they are in agree- 
ment with the energies expected from mass values and 
the kinetics of the reaction (15.95 Mev+11/12 £,), 
and with this energy less that of the 4.43-Mev excited 
state in the C” residual nucleus. 

Due to the low intensity of the capture y rays, neu- 
tron capture effects in the crystal itself are very trouble- 
some above the neutron threshold. These effects can 
be minimized by neutron shielding between the source 
and crystal, provided such shielding does not seriously 
effect the gamma rays. A useful shield can be made by 
stirring as much finely divided lithium fluoride as 
possible into melted paraffin and casting the mixture 
into suitable shapes. For all the capture y-ray yield 
curves given here, the crystal was located 3 in. to 5 in. 
from the target, the intervening space containing the 
neutron shield. Even with this neutron shielding, the 
number of neutron produced pulses, corresponding to 
y-ray energies below 8 or 9 Mev, was sufficiently high 
to effectively prevent measurement of y rays from the 
4.43-Mey state in C™. The background for the higher 
energy capture y rays was negligibly small. 

The yield of the capture 7 rays as measured at 0° 
to the proton beam is given by the top two curves of 
Fig. 3. Measurements made at 90° are shown in the 
middle two curves. Open points indicate the transition 
direct to the ground state of C™, whereas the solid 
points are essentially for the transition to the 4.43-Mev 
excited state. The data plotted for the “16” Mev 
gamma ray is the reading in the channel corresponding 
to the maximum in the pulse-height distribution. Data 
for the “12’’ Mev gamma ray have been corrected for 
the presence of the “16’”” Mev gamma ray by a method 
similar to that used by Gove and Paul.’ For the large 
crystal used in this work, the “12” Mev gamma-ray 
data was corrected by subtracting 4 of the count in 
the “16” Mev peak. Table I includes in columns 3, 4, 5, 
and 6 these data. A preliminary run (E,=2 to E,=5 
Mev) on the B® capture gamma rays at 90° to the 
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18.39 
18.84 
19.2 

19.41 
19.66 
19.87 
20.25 
20.48 
20.64 


proton beam, made for the purpose of checking any 
possible effects of the B” content of the natural boron 
targets, indicated only a single, broad (one-half Mev) 
level at a proton energy of approximately 4 Mev. 


IV. NEUTRON MEASUREMENTS 


A conventional long counter was used to measure the 
neutron yield. Figure 4 shows typical curves of neutron 
yield as a function of bombarding proton energy, un- 
corrected for target thickness. The top curve (open 
points) was taken with the long counter at zero degrees 
with respect to the proton beam and 5 cm from the 
target; therefore, it gives the yield into somewhat less 
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Fic. 3. Top pair of curves give the y-ray yield from B"(p,7)C* 
in the forward direction. The middle pair of curves give similar 
data at 90°. Solid points represent the transition to the 4.43-Mev 
state in C" and the open circles represent transitions to the ground 
state. The bottom curve is the 0° yield of 2.1-Mev rays resulting 
from the reaction B"(p,p')B" 
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reaction was measured to be 5.4+0.5 millibarns per 
steradian. { Nole added in proof.—The value of this cross 
section is about one-third that observed by the group 
at Rice Institute (T. W. Bonner, private communica- 
tion). It is quite possible that our targets were actually 
B,O; instead of metallic boron, as suggested by Dr. 
Bonner. A check on the cross section will be made. ] 

Table I lists the proton energies of the observed 
levels, the corresponding excitation energies in the C” 
compound nucleus, and an estimate of the width of the 
levels. Resonant energies are taken from the large solid 
angle yield curve (top of Fig. 4), since such a procedure 
minimizes any apparent energy shifts due to the angular 
distribution of the neutrons. Energies are corrected for 
target thickness. 


Vv. DISCUSSION 


In addition to the known resonance at 2.66 Mev, 

maxima are found in the B"(p,p’y)B" yield at 3.15, 

3.4, 3.78, 4.28, 4.68, and 5.13-Mev proton bombarding 

energies. These levels are observed in both 0° and 90 

yield curves with the same intensity. This isotropy, 

independent of energy and hence of the levels formed 

o,n)C" reaction. Top in the compound nucleus, could lead to the conclusion 

target Mi me CUTE that the spin of the first excited state in B" is $. Due to 

* yews ‘cx yo tg theme og bo ,. the curious accidental degeneracy of the Racah co- 

4.55 Mev only efficient relating an L=2 transition between two states 

of J=}, there is some ambiguity in this assignment. 

an 2x solid angle in the forward direction »middle However, in the case of } — }, some admixture of the 

curve (solid points) was taken at es but with /L=1 transition might be expected, which would re- 
the long counter 60 cm from the target hought move the isotropy. 

that the flat portion of the yield curve yveen Capture y-ray yield curves show resonances at proton 

14 Mev might conceal more than one level in the energies of 2.6, 3.14, 3.6, 4.94, and 5.12 Mev. This 

compound nucleus. Early crude angular distribution lowest energy resonance was not apparent in the work 

1 also indicated such a possibility, with the most Of Huus and Day’ since they give 90° yield curves only, 

pronounced effect ing observed in measurements 2d at this angle their maximum proton energy was 

ngles near 15°. The bottom curve (crosses) of  4rely above the maximum yield. There is no disagree- 

long counter at 15° and 40cm ent in the data. Gove and Paul’ discuss a level at 


, , about this energy 
ner investigate the existence of a 
—— Neutron yield curves, Fig. 4, indicate resonances at 


ee ee a. ss 

conciuacead | it Oniy one maxi , 24" > - - ' - 

" proton energies of 3.17, 3.65, 4.05, and 4.70 Mev. 
region. That the neutrons ob ; ose : 

Blaser® ef al., using a stacked foil technique and de- 


tecting C", have found maxima at 3.7, 5.18, 5.87, and 
6.37 Mev. Their levels at 3.7 and 5.18 Mev evidently 


was verified by 


96°, B” targets. Althoug! 


orrespond to our level at 3.65 Mev and to the rise 


recent photographic plate work 
} 


nzen,"' and the threshold meas 


at the upper energy of our data, respectively. The low 
resolution of the stacked foil technique undoubtedly 
explains why our resonances at 3.17, 4.05, and 4.70 
Mev are not apparent in their work. 

threshold observed through the B''(p,n)C" background Table I summarizes the data on the resonances in 
due to » 2 B" content of the B® targets. At ‘2 as obtained from the present work. 


3.55 Mev the absolute 0° cross section for the B" (p,m) The authors would like to express their thanks to 


Marion, and Bonner’ lead to 
threshold at about 4.8 Mev, preliminary 


ip to proton energies of 6 Mev showed no B 


B. Gerhart. Phys. Rev. 91, 909 (1953 Dr. Normal H. Lazar of this Laboratory for the large 
rernar©t, nyvs € < { 5S ‘ , 
Franzen, Phys. Rev. 95, 1531 (1954 Nal crystal used in the y-ray work. 
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The contributions to (n,d), (p,d) reactions and their inverses 
from the pickup and stripping mechanisms are considered as cor- 
rections to the compound-nucleus or R-matrix theory of nuclear 
reactions. In an (n,d) reaction, for example, the R-matrix theory 
neglects the interaction of the incident neutron with the target- 
nucleus proton “tails” which extend beyond the nuclear radius. 
The pickup correction to the collision-matrix component, or reac- 
tion amplitude, appears as the matrix element of the neglected 
interaction involving an exact wave function and the approximate 
wave function of the compound-nucleus system not having the 
interaction; a distorted-wave Born approximation is used in which 
the former exact wave function is replaced by one of the latter type 
with the appropriate radiation condition. An explicit expression 


I, INTRODUCTION 


HE theories of deuteron stripping and formation 

by pickup, which were first formulated by Butler! 
and by Bhatia, Huang, Huby, and Newms* for appli- 
cations at intermediate energies where it is possible to 
observe the angular distributions of the individual 
particle groups,’ have been the subject of numerous 
theoretical studies.‘ However, it does not appear that 
any of these investigations have revealed how the 
compound-nucleus contribution to these deuteron reac- 
tions can be fitted into a genera] theory in a manner 
which is also useful for interpretations. The purpose of 
this note is to show formally how this can be done and 
to give an explicit form of the stripping or pickup 
contribution to the collision matrix which, together 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission 

'S. T. Butler, Phys. Rev. 80, 1095 
(London) A208, 559 (1951); Phys. Rev. 88, 685 


1950); Proc 
1952 

? Bhatia, Huang, Huby, and Newms, Phil. Mag. 43, 485 (1952) 

3 The earlier work on deuteron reactions was primarily con 
cerned with the excitation functions or with the angular distri 
butions at high energies where the resolution of the individual 
particle groups is not of concern. See J. R. Oppenheimer and M 
Phillips, Phys. Rev. 48, 500 (1935); H. A. Bethe, Phys. Rev. 53, 
39 (1938); R. Serber, Phys. Rev. 72, 1008 (1947); D. C. Peaslee, 
Phys. Rev. 74, 1001 (1948); G. F. Chew and M. L. Goldberger, 
Phys. Rev. 77, 470 (1950). 

*P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952); 
R. Huby, Proc. Roy. Soc. (London) A215, 385 (1952); N. Austern, 
Phys. Rev. 89, 318 (1953) ; E. Gerjuoy, Phys. Rev. 91, 645 (1953); 
F. L. Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953); 
J. Horowitz and A. M. L. Messiah, Phys. Rev. 92, 1326 (1953) 
and J. phys. et radium 14, 695 (1953); N. C. Francis and K. M. 
Watson, Phys. Rev. 93, 313 (1954); S. Yoshida, Progr. Theoret. 
Phys. (Japan) 10, 1, 370 (1953); Fujimoto, Hayakawa, and 
Nishijima, Progr. Theoret. Phys. (Japan) 10, 113 (1953); R. D. 
Dalitz, Proc. Phys. Soc. (London) A66, 28 (1953); M. Gell-Mann 
and M. L. Goldberger, Phys. Rev. 91, 398 (1953); E. Clementel, 
Nuovo cimento 1], 412 (1954); S. T. Butler and N. Austern, 
Phys. Rev. 93, 355 (1954); W. Tobocman, Phys. Rev. 94, 1655 
(1954); J. Yocoz, Proc. Phys. Soc. (London) A67, 813 (1954); 
I. P. Grant, Proc. Phys. Soc. (London) A67, 981 (1954) and A68, 
244 (1955). A review of the experimental material and of the 
theoretical work has been presented by R. Huby, Progr. Nuclear 
Phys. 3, 177 (1953 
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is given for the collision-matrix component which, together with 
the compound-nucleus contribution, can be substituted directly 
into the formulas of Blatt and Biedenharn for total reaction cross 
sections and angular distributions. In general, the angular dis- 
tributions contain interference terms in addition to the straight 
pickup and compound-nucleus contributions. If the distorted 
neutron and deuteron spherical partial waves are assumed to 
depend only on the angular momenta, and not explicitly on the 
total spin and the channel spins, the formula of Tobocman is 
obtained for the pickup contribution, while Butler’s formula is 
obtained if plane waves are used instead of distorted waves. 
There are discussions of the various approximations, the exchange 
terms, and the question of the nuclear radius. 


with the compound-nucleus contribution, can be sub- 
stituted directly into the formulas of Blatt and Bieden- 
harn® for the total reaction cross sections and angular 
distributions. The present derivation of the stripping 
or pickup contribution is also simpler than some of the 
previous ones in that the desired collision-matrix com- 
ponents are obtained directly by an application of 
Green’s theorem to the wave equations involved, rather 
than by introducing Green’s functions, such functions 
not being necessary for the usual approximate pro- 
cedures (plane-wave or distorted-wave Born approxi 
mations). With the present results it is possible, for 
example, to interpret a stripping reaction in the vicinity 
of an isolated resonance of the compound nucleus,‘ 
which resonance may also contribute an appreciable 
number of reaction products, and it is possible to con- 
sider the distortion by the nucleus of the wave functions 
involved in the evaluation of the stripping contribu- 
tion.’ The present formulation should also be applicable 
to a more detailed interpretation of other “surface” or 
“direct” interactions, such as the (,p) and (n,n) 
reaction mechanisms proposed by Austern, Butler, and 
McManus.* 

Wigner, Eisenbud, and Teichmann’ have developed 
a general theory of nuclear reactions, the R-matrix 
theory, which is particularly useful for considering 
reactions which proceed through one or two isolated 


* John M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952 

* Berthelot, Cohen, Cotton, Faraggi, Grijebine, Levéque, 
Naggiar, Roclawski-Conjeaud, and Szteinsznaider, Compt. rend 
238, 1312 (1954); Holmgren, Blair, Simmons, Stratton, and 
Stuart, Phys. Rev. 95, 1544 (1954); Jones, McEilistrem, Douglas, 
Herring, and Silverstein, Phys. Rev. 98, 241(A) (1954). 

7 Numerical evaluations of the effects of such distortions have 
been made by W. Tobocman and M. H. Kalos, Phys. Rev. 97, 
132 (1955) 

* Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953) 

*E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947); 
T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
Additional references on the development of this theory are cited 
in these papers. 
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levels of the compound nucleus. This theory is also 
readily applicable to the region of nuclear excitations 
where many leveis overlap, provided that the signs of 
the reduced-width amplitudes +,., for the levels \ and 
channels c, are uncorrelated," such a lack of correlations 
presumably being the case if the interactions in the 
internal, or compound-nucleus region, are relatively 
strong. In this application the compound nucleus is 
found to manifest many of the reaction properties 
which have been well known from the work of Weisskopf 
and his collaborators." The salient features of such 
compound-nucleus reactions are the symmetry of the 
angular distributions and the Maxwellian nature of the 
energy distributions. In contrast, the stripping and 
pickup angular distributions are generally peaked 
forward and the energy distributions are concentrated 
at the higher energies. These departures could of course 
be attributed to correlations of the signs of the yac. 
However, in an examination of the derivation of the 
R-matrix theory one notices that the derivation assumes 
that the nuclear interactions are confined to an internal 
or compound-nucleus region of the configuration space 
and thereby neglects, for example, the interaction of an 
incident neutron, while it is in the external neutron 
channel, with the “tail” of the wave function of a 
proton from the target nucleus, which tail extends to 
infinity though in an exponentially decaying manner. 
The present theories of pickup (or stripping) do indeed 
suggest that it is just such interactions which give rise 
to the deuterons in an (n,d) reaction. Since the total 
neutron cross sections are satisfactorily described by 
the compound-nucleus theory and since they are ob- 
served to be an order of magnitude larger than the 
total (n,d) reaction contribution, it seems reasonable 
to use the R-matrix theory for the interpretation of the 
interaction of the incident neutron with the bulk of 
the nucleus and then to correct for the external inter- 
action with the proton by a first-order perturbation 
calculation using the compound-nucleus wave functions 
as first approximations. The collision-matrix com- 
ponent U’,.4 referring to an (n,d) reaction appears then 
asa sum Uy.¢=Un,at+AU,, 4, where U,;4 represents the 
compound-nucleus contribution and AU ,.4 the external 
pickup correction term. The cross section therefore 
U..4|? for the straight 
compound-nucleus contribution, to |AU,.4|\* for the 
pickup contribution, and to interference terms of the 
form U,. AU». 4*+c.c. At nuclear excitations where the 
levels overlap, the interference terms will vanish if 
averaged over a sufficiently wide energy interval, 
provided that the signs of the y,, are uncorrelated.” On 


contains terms proportional to 


* R. G. Thomas, Phys. Rev. 97, 224 (1955 

"VY. F. Weisskopf, Phys. Rev. 52, 295 (1937); V. F 
and D. H. Ewing, Phys. Rev. 57, 472, 935 (1940); H. Feshbach 
and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949) ; and, in particu 
lar, J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chaps. VIIT and 
IX. 
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the other hand, these terms may be important in the 
vicinity of an isolated resonance level. 

The pick-up term AU ,.. 4 appears as the matrix element 
of the perturbing mp interaction of the external region. 
This matrix element involves the wave function of the 
complete Hamiltonian which includes the perturbing 
interaction, and the wave function of the Hamiltonian 
with just the internal or compound-nucleus interactions. 
An approximation for its evaluation is the replacement 
of the former type wave function by one of the latter 
type with the same radiation condition, as in a Born 
approximation. Since the “distorted” waves of the 
compound nucleus are used rather than plane waves, 
this evaluation is expected to be more accurate than the 
usual “‘plane-wave” Born-approximation calculation. 
The distorted-wave method has been presented for 
general applications by Mott and Massey”; it has also 
been discussed and applied in various forms to stripping 
and pickup reactions by Horowitz and Messiah,‘ by 
Francis and Watson,‘ by Tobocman,‘ and by Kalos and 
Tobocman.’ It was first noted by Francis and Watson,‘ 
that at nuclear excitations where the levels overlap, the 
complex potential representations of the nucleon- 
nucleus interaction’ may be useful for constructing 
the external wave functions which are involved in the 
correction matrix element. 


II. DERIVATION BY MEANS OF GREEN’S THEOREM 


The derivation proceeds by considering the two wave 
equations 


HY=EN, 
KO= EP. 


(1a) 
(1b) 


Here H is the complete Hamiltonian and #=H—AV 
is the Hamiltonian for the system not having the inter- 
action AV between the neutron and proton in the 
external region, that is, in the region where both are 
situated at distances from the center of the residual 
nucleus which are larger than the nuclear radius a; 
WV and @ are the respective wave functions with the 
hereinafter specified radiation conditions. By applica- 
tion of Green’s theorem to the integral over the con- 
figuration space r of the difference of (1a) multiplied 
on the left by ®* and the complex conjugate of (1b) 
multiplied on the right by ¥, one obtains" 


J eavvar- f (h?/2M.) 


t 


X (W grad,@*—* grad,W)dS, (2) 


'2N. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 
lisions (Oxford University Press, London, 1949), Chap. VIII, 
sec. 3 

4 N.C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953); 
Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954): 
Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955) 

“G. Breit, Phys. Rev. 58, 1068 (1940); E. P. Wigner, Phys 
Rev. 70, 15 (1946). ; 
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provided that the surface S is far enough out so that the 
nuclear systems can be regarded as decomposed into 
groups of two-particle subsystems of reduced masses 
M.; groups involving three or more subsystems are 
ignored. 

For the consideration of an (n,d) reaction, the ex- 
ample to be used throughout, spherical waves of the 
following asymptotic form are substituted in (2): 


Wa=>-(bcaI9-— U..40.), 
P, => -(5enOc— Ue n* Ie), 


(3a) 
(3b) 


where 9, and ©, are wave functions for the various 
channels c representing unit-flux incoming and oulgoing 
waves, respectively; LU’ and U are the collision matrices 
associated with the Hamiltonians H and XK, respec- 
tively. The radiation condition imposed on the solution 
WV, is that only the deuteron channel d has an incoming 
wave, while the condition imposed on ®, is that only 
the neutron channel m has an oulgoing wave. The ®, 
of (3b) is thus a solution which is the time-reversed of 
the usual type, such as (3a), having an incoming wave 
in only one channel.:'® The expansion of ®, is valid 
throughout the entire external part of the configuration 
space, whereas the expansion of W, is the asymptotic 
form which is valid only at distances far from the origin 
where even the interaction AV is negligible. 

As in the work of Wigner and Eisenbud,’ 9, and 0, 
wave functions are constructed for each channel c 
having a definite value of the channel spin j, which is 
a vector sum of the spins of the two particles of the 
group, and of the total spin J, which is a vector sum 
of j and the relative angular momentum Al of the two 
particles, and of the total spin component M along the 
beam direction; the channel subscript ¢ thus refers to 
the set of quantities a jl/M, where a denotes the nature 
of the pair and their respective states of excitation. 
These wave functions are therefore of the form 


S ajtM = d.rm( jlvm| JM) (ajr) 


x (iV tm (Qe) Va (4a) 


iy, 'Tai(%a), 


OajtamM = Dorm( jlum JIM (aj) 
% (0! V im (Qa) 0a a "Oailta). (4b) 
Here ¥(ajv) is the sum of the products of the wave 
functions of the two members of the pair a, which sum 
has a definite channel spin 7, component v; Y;,, is the 
spherical harmonic with the usual property Vin* 
=(—1)"¥,;_,; and », is the relative velocity.'* The 
~ is See K. M. Watson, Phys. Rev. 88, 1163 (1952); G. Breit and 
H. A. Bethe, Phys. Rev. 93, 888 (1954 
16 The behaviors under the time-reversal operation K of the 
wave functions in (4) are 
Ky ajy) = (—1)! v aj—*)> 
This representation was suggested by L. C. Biedenharn and M. E 
Rose, Revs. Modern Phys. 25, 736 (1953), and differs from the one 
used by Wigner and Eisenbud. As noted by R. Huby, Proc. Phys 


Soc. (London) A67, 1103 (1954), the use of the present repre 
sentation requires that the Z coefficients in Eq. (4.6) of Blatt and 


K (4° V wm) = (—1)*-* Fi). 


(n,d) 


AND (p,¢d) REACTIONS 


radial functions in (4) are taken to be 
Tai= (Gai—iF ai) exp(ipar) 
~exp[— i(pa—Na log2pa— jlr+oa0) }; 
Oa= hid’, 


(Sa) 
(Sb) 


where ogo=argI'(1+in.) and ~a:=>,.;' tan~'(9,/s) 
are Coulomb phases, na=ZieZ2a¢*/ ht. is the Coulomb 
field parameter, and pa= M atefa/h=kara; F and G are 
the usual regular and irregular external radial wave 
functions. 

By substituting the expansions (3) into the right side 
of (2) with the surface S at infinity and by noting that 
the Wronskian /(dO/dp)—O(dI/dp)=2i, one immedi- 
ately finds that 


AU g,a= Un, a—Unja= (8 »f ®,*AVWV adr. (6) 


r 


The matrix element on the right gives the correction 
AU ,;4 which is to be added to the compound-nucleus 
contribution U,.¢ in order to obtain the total collision 
matrix component U’,,4. As noted by Watson and by 
Breit and Bethe,'® the use of a wave function having an 
incoming wave in only one channel, rather than the 
®, of (3b), would not give AU,,a, but a sum over 
channels ¢ of the products of the components U,,,4 and 
Wa: o 


Ill. APPROXIMATIONS AND EVALUATIONS OF 
THE COMPONENT SUMS 


As mentioned in the Introduction, the basic ap- 
proximation of the present approach is the replacement 
of the exact wave function Vy in (6) by a solution with 
the same radiation condition to the partial Hamiltonian 
K. It is also assumed that the contributions to the 
matrix element (6) from the reaction channels of the 
WV, and #, solutions can be neglected; that is, these 
wave functions are approximated in the external region 


by 
(7a) 


(7b) 


WVa=Ga— Ua; 40a, 
P= On—Un:n® In: 


The second approximation neglects, for example, the 
possibility that a neutron, which is inelastically scat- 
tered by a compound-nucleus process, could on 
emergence pick up a proton to form a deuteron.'’ The 
inclusion of such contributions does not present any 
forma! difficulties, but does make the final formulas 
more cumbersome. A third approximation is the neglect 
of the tensor np force which gives rise to the *D com- 
ponent of the deuteron wave function ; this neglect may 
be justified by a plane-wave, Born-approximation cal- 


Biedenharn for the differential cross sections be replaced by the 


coefficients 2 (1S laJ2; L) =i! 9 *Z (LJ hada; fL). 

According to calculations by B. H. Bransden, Proc. Phys. 
Soc. (London) A65, 738 (1952), such processes are likely to be 
important at energies above 200 Mev. See also W. N. Hess and 
B. J. Moyer, Phys. Rev. 96, 859(A) (1954). 
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culation which shows that the contribution from this 
component is incoherent and therefore negligible com- 
pared with the *S contribution.’* As in the work of 
Horowitz and Messiah,‘ it is assumed as a fourth ap- 
proximation that the interaction AV between neutron 
and proton can be replaced by a zero-range (central- 
force) interaction”; if x(r) is the wave function for the 
relative motion of the neutron and proton in the ground 
state of the deuteron, then 


h?/M)(89ra)'d(r), (3) 


AV (r)x(r)=—- 


where a'= (#*?/MB)'=4.4X10-" cm is the “radius” 
of the deuteron associated with its binding energy B, 
6(r) is the three-dimensiona! delta function, and M is 
the nucleon mass 

The final bit of information needed for the evaluation 
of (6) is an expansion of the wave function of the target 
conniguration 
space where the that is, it is 


necessary to know the form of the proton “tails” which 


nucleus ¢ in the external region of the 
contributions occur; 
». This wave function appears as one 


can be picked uy 


of the factors in the ¥(ajv) of (4) when the latter its 
ised in (7b). The expansion is taken to be 
L (phi ip Jp¥p) (Ie pvpmy Tar 
XWlayl sip phip)u ay i bus To)Vp : 
an Y ” 2.) 


ie aed 


W(t! ay) 


(9) 
the sum being with respect to ayjpvp/ pm pisiy. Here J, 
t, and J;, 1 
of the target and final nucleus, respectively ; ¥(a,/ /i,) is 
the wave function of the final nucleus in the excitation 
state ay and ¥ (phi, 
the pickedup proton in the spin state 1,; 
designate the orbital angular momenta and components 


are the spins and components of the states 


is the wave function representing 
l, and m, 


of the proton tails; the channel spins 7, are the vector 


sums of the proton spin } and /,, and their components 


are vy; the (q'} pr are the angular parts of the proton 


wave functions and the u(r,) are 7,-times the radial 
parts, the latter being considered as real because they 


may be defined as scalar products.” It is convenient to 


express the radial parts as 
|) (2M ea/h*) 


; 


Se, bs 


, 


“ia 
1 . , 

+4; 2k, 

W(—n,, 1p>+4; 2k,a 10) 


Here y(a;j,/,) is the reduced-width amplitude for the 


separation in the external region of the ground state of 
the target nucleus into a proton and a state ay of the 
final nucleus; M is the nucleon mass; W(—y, /+4; 2kr 
is the exponentially decaying Whittaker function; 
k (2MeB,,/ h*)' is the 

*R. D. Dalitz, reference 4; R. G. Thomas (unpublished 

* See G. Breit, Phys. Rev. 71, 215 (1947) where the validity of 
such an approximation is investigated in detail in connection with 
the problem of the interaction of slow neutrons with bound 


wave number associated with 


p 


protons 


® See Eq. (4) of Wigner and Eisenbud, reference 9 
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the binding energy B,, of the proton in the ground state 
of the target to the state ay of the final nucleus; 
np=Z@Me/W*k, is the corresponding Coulomb field 
parameter; «= A,—1/A, is the ratio of the masses of 
the final and target nuclei.” 

With the above information and approximations the 
matrix element (6) can readily be evaluated, the 
methods of Racah™ being used to perform the sums over 
the various spin components. The result is that 


AU (njabn; djala; J) 
= 2if(—1)!-!*4 (27,41)! > (-1)" 


iplp 


1»(27,+1)! 


Xyv(jA)W Aj pia; 41)W Udphja; jpin) 
XZ (ln jnlaja; Ilp)RUjuln,jala; lp), 


f= (3aa/Mer,0a)}, 


(11) 
where 
and the (dimensionless) radial integral is 
R( jal n,jaba; lp) 
oa * dr W(—np, lp +}; 2k) 
ae ‘J r W(—np lp th; 2k,2) 
X(Tin()—U(n jalan; Mjnln; JVOtn(er) | 
(11a) 


x [Tta(r) —U(djala; djala; J )Ota(r) }; 


W is the Racah coefficient and the relation between the 
Z coefficient and the Z coefficient of Blatt and Bieden- 
harn is given in reference 16. The angular distributions 
may be obtained by substitution of these collision- 
matrix components, together with those for the com- 
pound-nucleus contribution, into the formulas given by 
Blatt and Biedenharn,’ and polarizations may be 
deduced from the formulas of Simon and Welton.” 
Since AU is symmetrical, this result applies also to 
(dm) reactions; the modifications required for (p,d) 
and (d,p) reactions should be obvious. 

The presence of the Racah and Z coefficients in (11) 
implies that there are selection rules. In addition to the 


*! The dimension of the reduced-width amplitude used here is 
the square root of energy (see Sec. II of reference 10); it is 
normalized with respect to all configuration space, rather than just 
the internal region as in the resonance applications, the difference 
usually being negligible. In the expansion for a pickup neutron, 
which is involved in a (?,d) reaction, 7,=0 and W(0,1+4; 2: 
== (22/r)'Ki.4(2), where K;,4(s) is the modified Bessel function 
[see Sec. II-B of R. G. Thomas, Phys. Rev. 88, 1109 (1952) ]. 

* Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 
1952 

% A. Simon and T. A. Welton, Phys. Rev. 90, 1036 (1953); 
Albert Simon, Phys. Rev. 92, 1050 (1953). The remarks in footnote 
16 concerning the modification in the convention for time reversal 
also apply to these papers; the i factors involving angular mo- 
mentum exponents should be deleted and the Z coefficients 
replaced by Z coefficients. Polarizations in stripping and pickup 
“gry have been investigated by W. B. Cheston, Phys. Rev. 

, 1590 (1954), by J. Horowitz and A. M. L. Messiah, J. phys. 
radium 14, 731 (1953), and by H. C. Newms, Proc. Phys. Soc. 
(London) A66, 477 (1953) 
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expected ones: jat+l,=J; jat+th=J;%+%=1;4%+hL 
=jp; 14+ b=je; %+1.=j,; 1,+j,= 1; there are also 
the relations j.+ju=1,; Y%e+je=jy; 1.+l=1,. There 
is also the parity rule /,+/,+/,=even. 

At intermediate and high energies where many partial 
waves /, and /, contribute to the pickup process, the 
cross section evaluations will in general be very tedious. 
Fortunately, some simplification is possible if it is 
assumed that the diagonal collision-matrix components 
in the radial integrals of (11) are independent of the 
total spin and of the channel spins, in which case the 
radial integrals depend only on /,, /4, and /,. This sim- 
plification is quite reasonable for applications at exci- 
tation energies where the levels overlap. Indeed, at 
such excitations it is the practice to represent the 
neutron-nucleus or deuteron-nucleus interactions by 
models which depend on only the angular momentum, 
such as the strong-coupling or complex potential models 
(without a spin-orbit coupling dependence). With this 
simplification the sums over the total spin J and the 
channel spins j,, ja in the formulas of Blatt and 
Biedenharn can be evaluated using the unitary proper- 
ties of the transformation coefficients and the Racah 
sum rules. One finds that the pickup contribution to 
the (n,d) differential cross sections is given by 


[do n: a(9a), ‘dQa pic kup 
=1h,-*f2 (2,41) *y(lp)0(l), (12) 


where 
(lp =L vies)’, 
ip 
and 
la | (la— |m!)!y) 
el,)= > iL (+1) (2l+1)| - -| 


m=—d| Inld (lat |m')! 
X (1,100 1,0) (110m l,m) 
X Ri1,,la; lp) Pta'™ (cos6a) |?, 
= (—1)'»(2/,4+1)30 1(—1)"P1(cosba) 


xd 


lala’ lala’ 


(21,.+1) (21,’+1) (2la4+1) (2la' +1) 


(1.4400 | 1,0) (1,'1400 | 1,0) (1,l,’00| LO) 
X (lala'00| LO) W (1,1 ,'lala’ ; Lp) 
X Rada; lp) R(la’ ba’; lp)*. 


Apart from a slight difference entering the factor /, this 
cross-section formula with the first alternative ex- 
pression for the quantity Q(/,) is the same as the one 
derived by Tobocman.‘? The second alternative form 
of Q(I,) is obtained by forming the absolute square in 
the first and carrying out the sum over the deuteron 
angular momentum component m; for numerical work 
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it is probably not as useful as the first. Note that the 
incoherence of the various contributing j, and /, terms 
is a consequence of the simplification. 

The compound-nucleus contribution to the differen- 
tial cross section can be obtained directly from the 
formulas of Blatt and Biedenharn. The interference 
terms can also be simplified if the pickup radial integrals 
are again assumed to be independent of J. By carrying 
out the J sum in the pickup factor, one finds that for a 
single compound-nucleus collision matrix component 
U(njn'la’; dja'la’; J’) these terms are given by 


’ 


[ don, a(8a) dQ4¢ jinterferenc: 
= — hh (2041) i — 1) (24-1) 


X¥1(—1)"P(co,) ¥ 
Iplp 


XyUelp) & C+D) (Ql +1)/ (21+ 1) (21/+1))! 


Inld 


X (Lal a'00! LO) (1,100) 1,0) (12,1400 | 1,0) 


(—1)*#(27,+1)! 


KZ (ln jn'la jal I'l) 2 ladabe'la’ j lpL) 


XW AL jpja’ 5 41) W Td ph ja’ 5 jpjn’) 


XR nla; lp) *U(m jalan’; dja'la’; J )+c.c. (13) 
One-level formulas for the collision-matrix componenst 
have been given by Wigner and Eisenbud* and by Blatt 
and Biedenharn.® 

Much simpler expressions are obtained for the 
straight pickup and the interference contributions if 
the plane-wave Born approximation is used rather than 
the distorted-wave Born approximation. These expres 
sions are given in the Appendix. 


IV. DISCUSSIONS 


The reader may have noticed that the above develop- 
ment contains a flaw in the assertion that the R-matrix 
theory can be used to obtain the compound-nucleus 
contribution to the collision matrix component U',.4 
for a nuclear system not having the interaction AV 
between the neutron and proton when they are in the 
external region. For if AV were completely neglected 
in the R-matrix formalism the deuterons which appear 
at the nuclear surface would cease to interact there and 
consequently would appear at infinity as free neutrons 
and protons. This contribution to U4 would thus 
vanish, and the “compound-nucleus” deuterons which 
appear at the nuclear surface would contribute instead 
to the component U,, ,». This difficulty may be resolved 
by noting that the effect of the interaction AV is not 
only to give the AU’,,4 contribution of (6) but also to 
convert the above compound-nucleus component U », n» 
to a compound-nucleus component U’,,4, as implied in 
the development. It is evident then that the derivation 








pm 


#0 


of the R-matrix theory does not entirely neglect AV 
but only that contribution from it which was used to 
calculate AU’ ,. 4. 

There is also an exchange contribution to U,.4 from 
the interactions of the external region. This contribution 
arises from additional terms in the expansion (9) cor- 
responding to the dissociation of the target nucleus in 
the external region into a deuteron and a core of A,;—2 
particles. The perturbing interactions are those between 
the incident neutron m; and both the neutron nz and 
the proton p of the deuteron when the deuteron is in 
the external region. As a result of these interactions 
the deuteron can be ejected and the recoiling neutron 
nm, captured by the core. (The incident neutron could 
also pick up the core, forming the residual nucleus and 
leaving the deuteron behind.) A similar mechanism was 
considered by Austern, Butler, and McManus’ for the 
contribution to (,p) reactions from the external region, 
in which the incident neutron ejects a proton from the 
target and the recoiling neutron is subsequently cap- 
tured by the core. Because of the fact that in the (n,d) 
exchange calculation there are essentially four inter- 
acting particles involved (the core and the nucleons 
my, M2, p), rather than just the three particles of the 
direct term, the exchange term is considerably more 
difficult to compute. Fortunately, it may be negligible 
for a number of reasons: First, and perhaps the most 
significant, is that the reduced width (or probability) 
for the dissociation of the target into a deuteron and a 
core may be expected to be small compared with the 
proton reduced width since two particles are involved. 
Secondly, the radial wave function for the dissociation, 
which is involved in a “radial” integral similar to (11a), 
will decay rather more rapidly than a proton function, 
which is involved in the direct term, because deuteron 
binding energies are generally larger than proton binding 
energies and because a deuteron has twice the mass. 
Finally, the ‘‘radial” integral will also be relatively 
smaller because it involves two, rather than just one, 
exponentially decreasing function and because the mo- 
menta transfers involved are relatively larger. 

In the calculation of the pickup contribution we have 
neglected the contribution from the interaction between 
the incident neutron and the core which takes place 
when the proton of the target and the core are separated 
by distances greater than the channel radius. One can 
associate with this interaction a mechanism in which 
the incident neutron ejects the core with the result that 
the freed proton can combine with the neutron to form 
a deuteron. This mechanism is essentially the same as 
the above-mentioned one considered by Austern ef al.* 
However, there is an important difference in detail in 
that in the (m,p) case the ejected particle is a light one 
whereas in the (,d) case it is a heavy one, that is, the 
roles of the proton and core are reversed ; and it is this 
difference which leads one to believe that although the 
former mechanism is apt to be important, the latter is 


_ 
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not. Unfortunately, we cannot give a really satisfactory 
justification for this remark, although the impulse type 
of approximation, such as the one used by Austern et al., 
suggests that in an (m,d) reaction, the core ejection 
mechanism is apt to be less important than the pickup 
mechanism. First, the radial integral of the former 
involves two, rather than just one, exponentially 
decaying radial function and, secondly, the momentum 
transfer involved in producing forward deuterons is 
much larger in the ejection process than in the pickup 
process. In fact, according to such a calculation, the 
deuterons from the ejection process are concentrated in 
the backwards directions (as one would expect for a 
process which ejects the core in the forward directions), 
rather than in the forward directions, as in the pickup 
process. 

It is well to emphasize that although the present 
approach utilizes distorted partial waves in the matrix 
elements, it is still a Born approximation evaluation and 
subject to the limitations of that approximation. In 
particular, the absolute magnitude of the calculated 
collision-matrix component U,,4 of (11) can exceed 
unity in certain circumstances, thus violating the 
unitarity or flux-conservation requirement. If the waves 
involved in the radial integrals are not distorted by a 
sharp resonance, it is not likely that the absolute mag- 
nitude of those integrals will exceed unity, and it would 
then be sufficient to require that the factor fy(j,J/,) of 
(11) be less than unity. Since the factor aa of f is of the 
order unity, this requirement is essentially that the 
geometric mean of the neutron and deuteron energies 
be greater than the reduced widths y(j,/,)*, these 
having an upper limit of a few Mev according to the 
sum rule. On the other hand, near a sharp resonance, 
the absolute value of the radial integral can become 
very large compared with unity because the irregular 
functions G, which are generated by the resonance, 
would be large. However, in such a case it is probably 
not necessary to include an external contribution to 
U’,,4 because the internal contribution dominates and, 
anyway, the channel radii for the resonant partial 
waves could be taken large enough to include in the 
“internal” region most of the “external” interaction so 
that there is effectively no “external” contribution to 
U,,4 for those partial waves. The radial integrals could 
also be large if the binding and barrier of the picked-up 
proton are very small; the Whittaker function would 
then decay very slowly and contributions to the integral 
could arise from a large radial interval. The Born 
approximation will also be invalid if there is appreciable 
polarization of the deuteron by the Coulomb field, as 
expected at low deuteron energies. 

Finally, it is appropriate to remark on the important 
matter of what value of the nuclear radius should be 
used in the external calculation. In order that the 
above Born approximation have some validity, it is 
clear that the radius should not be too small. On the 

















other hand, for the applicability, in the case of over- 
lapping levels, of the compound-nucleus theory to the 
interna] region, it is necessary that the radius be small 
enough for the signs of the reduced-width amplitudes 
to be uncorrelated, thus indicating that the interactions 
of that region are strong right up to the surface. In 
other words, the interactions of the internal region 
must be strong enough so that the multiple processes 
dominate, whereas those of the external region must be 
sufficiently weak so that multiple processes can be 
ignored (Born approximation). Clearly these require- 
ments are not compatible with a unique boundary, and 
there is probably an intermediate region, or shell, which 
is not properly accounted for by either the compound- 
nucleus calculation or by the external perturbation 
calculation. Although there may be no simple way of 
dealing with this region, the observed near equality of 
the nuclear radii inferred from total neutron cross 
sections and stripping processes” is an indication that 
it may be small or not very important. 
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APPENDIX 


The results of the text are, of course, much simpler if 
undistorted rather than distorted waves are used, that 
is, if the U,;, and Uy, 4 of (7) are assumed to be unity, 
and if, in addition, the Coulomb fields are neglected. 
With these simplifications the various neutron and 
deuteron partial waves combine to form a simple ex- 
ponential function, and the radial integrals correspond- 
ing to (1la) become simply the Fourier transforms of 
the radial functions u(a,j,J,;7,) of (9). By application 
of the wave equation and by an integration by parts, 
these transforms may be expressed as wronskians 
evaluated at r=a. Furthermore, if the compound- 
nucleus contribution is neglected, the cross section 
formula reduces to the relatively simple one which was 
originally given by Butler. Although these approximate 
methods do appear to give fairly accurate predictions 
of the angular distributions in circumstances where the 
Coulomb barriers are not strong, they are found to 
predict absolute yields that are much too large.’ 


™* J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 1032 (1953). These authors show that the stripping radii are 
actually larger, as one would expect 

* R. G. Thomas, Phys. Rev. 91, 453(A) (1953); Horowitz and 
Messiah, reference 4; Fujimoto, Kikuchi, and Yoshida, Progr. 
Theoret. Phys. (Japan) 11, 264 (1954); G. Abraham, Proc. Phys. 
Soc. (London) A67, 273 (1954). The proportionality of stripping 
and pickup cross sections to the reduced widths +(/,)*, which is 
also evident in (12), is brought out in these papers; see also A. M. 
Lane and D. H. Wilkinson, Phys. Rev. 97, 1199 (1955). 
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In the plane-wave Born approximation, the pickup 
contributions AA to the (n,d) reaction amplitudes 
A=@+A<A for initial and final channel spin states 
Jn¥n and j4,¥a, respectively, are 


AA (njn¥n; java) 
= — 4a! fha(2jn+1)'(2ja+1)1(27,+1)! 
x (—1)4 Tr jdt inton(q?-+-h,,.*)-! 


xX Y (—1)"(27,4+1)'(21,4+1)-* 


Iplpmp 
XW Td ph jas JndndW (ALi pia; 41y) 
(14) 


X (jnjavn— val lymy)y (jp) W tp¥ ipmy(O,%). 
In addition to the quantities already defined in con- 
nection with (11), there are the following: The charac- 
teristic stripping momentum transfer wave numbers are 
Bon = k,— ky and k,, = ka— ek,,, so that 


Ron =khet+tke— kaka cosba, 
ky? = @k,2 +k — kaka cosba; 


© is the angle between the direction of k,, and the 
incident beam and may be obtained from the relation 
sin© = (ka/ kp») sindg. The Wronskian is 


W = F.4(x)— (1+-A)x"F (x), 


where += k,,a, and A is the radius a times the logarith- 
mic derivative at @ of r times the radial part of the 
wave function of the proton bound to the target nucleus; 
when the Coulomb field is neglected, the expressions 
for (+A) in terms of z=k,a for the proton angular 
momenta / are 


i I+A 

0 —2 

1 —2*/(1+2) 

2 — (2°+2%)/(34+32+2") 

3 — (32° +-62"+-2*) / (154-1524 62" +2") 

4 |— (1522+ 152*+-G6e*+-2°) / (105+ 10524452? + 102*+-2*) 


Butler’s formula for straight pickup is obtained by 
summing the absolute square of the amplitudes (14) 
over all final channel spin states and averaging over all 
initial ones; it is 


[do n, (9a) ‘d Qa \pic kup= hd f? (Ron? +a") 


XE v(ly)Wig', (15) 
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Note that the angular dependent factors Y i,»,(0,®) 
in the amplitude expressions do not appear in (15). 

The contributions to the reaction amplitudes from a 
particular collision-matrix component 


U(njn'le’; dja'la’; J’) 
are given by 


Q(njn'vn';dja'va) 

= —intk,'(21,’+1)5(j,'1,’v,'0'\ J'v,") 

XK (jalla’va' vn = Va J’y,") 

x U! Nj nly’; dja'la ; J’) Vig vn’ ~¥d ({24). (16) 
By summing the absolute squares of the sum of terms 
from (16) and (14) over all possible »,’, vg’ and by 
dividing by the number of initial spin states, one obtains 
in addition to the straight pickup and resonance con- 
tributions, the interference contribution to the differ- 
entia] cross section which is 
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[do n.a(Ba) /dQ4 jinterference 
= hi fhkak,(—1)'st! #2’ (a? +h,,”) (2) +1) 

XK (20 +1) a(n jan’; d jaa’; J’) (—1)” 

XK (2jgt+1)y (jo) WipW Tidy) ja’; join) 

KWL jp ia’ s AL) Z (ha ja’ ja’; J'ly) 

XEmf (ln’La'Om | 1pm) /(Ln’le’00|1,0) ] 

X[(La’— ||) 1(Lp— |m|)!/(La’ +m} ) 1+ | m|) 1} 

X Pia’'™! (04)Pi,'™'(O)+c.c. (17) 

The m sum extends from —/, to /,, or from —/,' to 1’, 
whichever range is smaller. 

The pickup reaction amplitude (14) was calculated 
for the deuteron '\S wave function of the zero-range 
potential. For a Chew-type wave function of the form 
exp(—ar)—exp(—r), where 8~7a, (14), (16), and 
(17) should be multiplied by 8'(a+ )!/(#@+&,,”), and 
(15) should be multiplied by its square. 
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Reactions C'*(d,n)N** round state and C**(d,t)C" up to E,=20 Mev* 
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The course of the partial cross section for the direct formation of N™ in its ground state only in the reaction 
C*(d,n)N™ has been followed up to Ey= 20 Mev by observing the N™ activity induced in a stack of poly- 
ethylene foils (only the ground state is stable against proton emission). The cross section falls appreciably 
less rapidly than would be expected for compound nucleus formation and also less rapidly than predicted 
by simple stripping theory. The cross section at Eg=8 Mev is 100 mb which is not so large relative to that 
for the mirror (d,p) reaction as is predicted by simple stripping theory. The reaction C"(d,f)C™ has been 
detected and its total cross section measured from its threshold (E,= 14.5 Mev) to Ey=20 Mev where it 
is 10 mb. The magnitude of this cross section indicates that this is a pickup reaction. 


INTRODUCTION cavalier approach to the problem of the nuclear radius), 
it is abundantly clear that neither the details of the pat- 
terns predicted by simple stripping theory nor the theo- 
retical absolute cross sections are reproduced by ex- 
periment and that considerable refinements to the 
theory are needed. Examples of such refinements are 
the taking account of Coulomb effects, scattering of the 
incident deuteron wave, exchange effects, and boundary 
conditions for the outgoing particle.? As soon as such 
refinements are introduced the fit with experiment may, 
of course, be much improved since it is not usually clear 
which of many alternative procedures should be fol- 
lowed at each stage, and advantage may be taken of 
this uncertainty. Thus, although some empirical work- 
ing recipe may emerge for the fitting of experimental 
angular distributicns and reduced widths, we cannot 
feel confident that the particular constellation of param- 


HE many measurements of “stripping” angular 

distributions in recent years have given ample 
grounds for believing that (d,p) and (dn) reactions 
induced by deuterons of energy greater than three or 
four Mev do not as a rule involve the strong formation 
of a compound nucleus but that the reactions proceed 
most frequently by a direct interaction in which a 
nucleon of the impinging particle simply severs its 
“deuteron bond” at the nuclear surface and attaches 
itself to the existing (and undisturbed) structure of the 
target nucleus thereby forming one or other of those 
states of the residual nucleus of which the target nucleus 
is a parent.' Although fair to good qualitative agree- 
ment between experimental and theoretical stripping 
patterns can usually be obtained (albeit by a somewhat 


* Performed under the auspices of the U. S. Atomic Energy 


Commission 
¢ On leave from Cavendish Laboratory, Cambridge, England 


'S. T. Butler, Proc. Roy. Soc 


* See, for example, W. Tobocman and M. H. Kalos, Phys. Rev. 


(London) A208, 559 (1951). 97, 132 (1955) 
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eters represented by that recipe necessarily reflects the 
physical conditions obtaining in the reaction. We must, 
therefore, look around for some other aspect of the 
experimental situation that will, in the first place, dis- 
tinguish between reactions proceeding via a compound 
nucleus and via direct interaction and, secondly, provide 
another datum against which the refinements of strip- 
ping theory, adduced to explain angular distributions 
and reduced widths, may be tested. 

When we consider the variation with deuteron energy 
of the partial cross section for the formation of the 
residual nucleus in a particular state, another way of 
distinguishing between compound nucleus formation 
and direct interaction becomes apparent since the con- 
siderations governing the energy dependence of the 
partial cross sections are entirely different in the two 
cases. If we have compound nucleus formation, a given 
residual state will be populated as the result of statisti- 
cal competition between that state and all other 
energetically-accessible states of the residual nucleus, 
and so the energy-dependence of the partial cross section 
will be governed largely by more and more competing 
states becoming available as the excitation increases. 
In the case of stripping, there is a fixed set of really or 
potentially available residual states, namely those states 
which have appreciable fractional parentage coefficients 
for the target nucleus; whether a particular state is 
energetically accessible or not does not affect its potency 
as a “competitor” of the particular residual state in 
which we are interested. The various partial cross sec- 
tions to the various residual states are now independent 
of each other. The “competition” between the states is 
fixed once and for all, in a manner essentially independ- 
ent of the energy of the deuteron, by the fractional 
parentage coefficients that describe the relationship 
between the target and residual nuclei. The statistical! 
aspect of the competition that characterizes decay fol- 
lowing compound nucleus formation is wholly absent. 
In the stripping reaction the energy dependence of the 
partial (differential) cross section is governed largely 
by the instantaneous availability in the incident deu- 
teron of a nucleon with the correct momentum for 
tacking onto the target nucleus so as to leave the re- 
sidual nucleus in the desired state when the emergent 
nucleon leaves in a particular direction. (To compare 
with compound nucleus theory, we of course integrate 
the theoretical differential cross section over all angles.) 
Since the mechanisms governing the energy dependence 
of the partial cross sections are so different in the two 
cases, we may hope to distinguish quite sharply between 
the two possibilities, particularly when we bear in mind 
that the theoretical energy dependence derived from 
compound nucleus theory must be normalized to experi- 
ment at low deutron energies, since it is certainly there 
that the theory is valid if anywhere, while the normaliza- 
tion between stripping theory and experiment should be 
made rather in the region of high deuteron energy. 

The reason why no such test has been made hereto- 








fore is probably that the taking of angular distributions 
on a particular group of product particles over a wide 
range of deuteron energies would be a most tedious 
business. An alternative approach is to study the 
excitation function for the production of a radioactive 
product nucleus. This as a rule is uninformative since 
the observed radioactive ground state may be reached 
not only directly in the particle transition but also by 
gamma-ray transitions from excited residual states. We 
do not know the relative populations of the several 
residual states to which the actual particle transitions 
take place ; and these relative populations depend on the 
energy of the deuterons. 

There is, however, one case at least, though possibly 
it is unique, where the residual radioactivity measures 
transitions to one state only of the product nucleus, and 
that is in the reaction C"(dn)N". N™ is a positron 
emitter of half-life 10 minutes, and since all excited 
states of N" are energetically unstable against proton 
emission, we may be sure that the N" positron activity 
measures only those neutron transitions that lead 
directly to the ground state except for the negligible 
fraction of cases where gamma-ray emission to the 
ground state of N™ successfully competes with proton 
emission following a neutron transition to an excited 
State. 

It was therefore thought profitable to study the 
production of N" in the deuteron bombardment of 
carbon over as wide a range of deuteron energy as possi- 
ble. Since detailed measurements already exist up to 
Ea=3 Mev,’ particular attention has been given to the 
region of higher deuteron energy up to 20 Mev available 
with the Brookhaven 60-in. cyclotron. It is known from 
isolated measurements of angular distributions in the 
reaction C"(d,p)C" at 3.3 Mev‘ and 8 Mev’ that the 
stripping process predominates in the region of present 
investigation, and it was therefore hoped that our re- 
sults would display a clear discrimination against the 
form of cross section variation with deuteron energy to 
be expected on the compound nucleus model. It was 
also hoped that the results would show deviations from 
expectations based on the simple form of stripping 
theory that neglects the refinements detailed above, so 
that the results might provide a test of the applicability 
of those refinements. 

The reaction C"(d,n)N® is endothermic by only 281 
kev and so proceeds almost throughout our range of 
deuteron energy ; but a second reaction that produces a 
radioactive end product becomes possible above a 
deuteron energy of 14.5 Mev, to wit C"(d,)C" which 
has a Q value of — 12.45 Mev. This reaction has not been 
reported in the literature and it was thought to be of 
interest to see whether it could be detected, since if it 


* See F. Ajzenberg and T, Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

‘ Holmgren, Blair, Simmons, Stratton, and Stuart, Phys. Rev. 
95, 1544 (1954). 

* J. Rotblat, Nature 167, 1027 (1951). 
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Fic. 1. Decay curves of polyethylene foils irradiated with 
deuterons of 14.1 Mev and 20.5 Mev. The former shows a pure ex 
ponential decay characteristic of N“ formed in the reactior 
C"8(dn)N™; the latter shows mixed NY and C" decay, the C' 


coming from the reaction C"(ds)C" which has its threshold at 


deuteron energy of 14.5 Mev 


proceeds by a direct or pickup mechanism it provides 
a measure of the probability that a deuteron on coming 
near a nucleus should snatch out a nucleon from that 
nucleus rather than lose a nucleon to it. It was also 
hoped that in this case also the results might discrimi- 
nate between a mechanism involving compound nucleus 
formation and one of direct interaction—in this case 
pickup. The situation is not so clear-cut as in the (d,n) 
reaction, because several excited states of C" are stable 
against heavy particle breakup and by E,=20 Mev 
three of them have become energetically available. C 
is a positron emitter of half-life 20 minutes, and so its 
separation from the 10 minute N® would not be possible 
unless the (d,/) reaction possessed a fair cross section. 
Che production of C" in the bombardment of carbon 
with deuterons may be safely attributed to the (d,/ 
reaction below E,=21.8 Mev, at which energy the 
C"(d,dn)C 
tion of C" by several contaminant reactions such as 
N'*(pa)C" was also considered. Chemical analysis of 
the foils together with the known proton (H;*) content 
of the deuteron beam showed them to be wholly 


reaction becomes possible. The produc- 


negligible 
EXPERIMENTAL METHOD 


The experiment was performed by bombarding stacks 
of 4-mil polyethylene foils with about 1/100 microam- 
pere of 20-Mev deuterons for periods of the order of 30 
minutes, during which time the beam current was held 
constant to better than 10°. The diameter of the beam 
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was about 4 mm. After the bombardment the individual 
foils were trapped between aluminum sheets of thickness 
adequate to absorb the positrons of N“ and C", and the 
decay was followed over many half-lives by counting 
the annihilation quanta with an NalI(TI) crystal. 
(Neither body gives nuclear gamma rays.) 

Those foils for which the deuteron energy was below 
the threshold for C" production showed an accurately 
exponential decay with a half-life of 10 minutes; others, 
above the threshold, showed an initially nonexponential 
decay, rapid at first but leveling off to a half-life of 20 
minutes. Exampies of such decays are shown in Fig. 1. 
The half-life displayed by the foil bombarded with 
deutrons of mean energy 14.1 Mev® is 10.08+0.04 
minutes, which figure accords well with the best recent 
value for N“ of 10.05+0.03 min.’ The foil bombarded 
with deutrons of mean energy 20.5 Mev clearly shows 
the mixed periods and eventually decays with a half- 
life of about 20 minutes; the values in the literature for 
for C" are about 20.5+0.1 minutes.’ 

All decay curves were analyzed to find the relative 
amounts of N" and C" present in each foil at the end 
of the irradiations, and these quantities were in turn 
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Fic. 2. Excitation functions for the reactions C"(d,n)N™ and 
C®(dt)C". The dashed-dotted curve shows the expected course 
of the (d,s) reaction if the reaction proceeds via compound nucleus 
formation (normalized at Ez= 5 Mev); the full curve is the predic 
tion of simple stripping theory (normalized at E,= 14 Mev). The 
dashed curve is the prediction based on compound nucleus forma 
tion for the reaction C"(d,1)C" under the assumption that the 
reduced width for triton emission is as great as that for nucleon 
emission 


* We have used the range-energy relations of M. Rich and R 
Madey, University of California Radiation Laboratory Report 
UCRL 2301 (unpublished) 

? Churchill, Jones, and Hunt, Nature 172, 460 (1953). 
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corrected for the finite duration of the bombardments. 
The surface densities of the polyethylene foils were 
determined by weighing smal! triangles cut from the 
bombarded region of each foil; they were constant to 
within 2 percent from foil to foil and no correction was 
necessary on account of variations in surface density. 
With these data, relative cross sections for the (d,n) 
and (d,f) reactions were computed. The absolute sensi- 
tivity of the detecting apparatus was computed and 
this enabled an absolute cross section scale to be estab- 
lished. This scale, however, was not set up with great 
care and may be in error by as much as 50 percent; 
the relative cross sections are established with very 
much better accuracy. 

The results for the energy dependence of the two 
cross sections are displayed in Fig. 2. Little attention 
should be given to the two points of lowest energy for 
the (d,n) cross section since straggling is undoubtedly 
of importance here at the end of the deuteron range. 


DISCUSSION 


The chief feature of both cross sections is that they 
change smoothly with deuteron energy. It is known that 
the (d,n) cross section for low deuteron energies shows 
strong resonances’; none is revealed at high energies, 
although even for our higher energies the thickness of 
a foil represents about 500 kev of deuteron energy so 
the energy resolution is always very poor. 

The most interesting feature of the cross section for 
the (d,n) reaction is that it varies so little with deuteron 
energy. The experimental variation has been compared 
with what may be expected on the basis of compound 
nucleus theory and simple stripping theory. 

Although N" is too light a nucleus for us to attempt 
to describe realistically by the usual thermodynamic 
methods, it is possible to construct an expression that 
represents fairly well the empirically observed level 
densities in odd-mass nuclei in this region; this is: 


w(E)=0.3 exp[2(0.3£)*], 


where w(£) is the level density (per Mev) at an excita- 
tion of E Mev. We use this expression and the usual 
formalism, and assume that the total cross section for 
compound nucleus formation is independent of deuteron 
energy in order to compute the variation with deuteron 
energy of the cross section for formation of N™ in its 
ground state. A fit was made at low deuteron energy for 
the reason given in the Introduction, and the result is 
shown as the dashed-dotted line of Fig. 2. It is clear that 
the theoretical falloff with deuteron energy is initially 
much faster than indicated by experiment. 

The energy variation expected on stripping theory has 
been computed using the simple Born approximation 
formulation’; that is, we have taken 


o(9)= (ky ka)G*j7 (RR). 


* Bhatia, Huanz, Huby, and Newns, Phil. Mag. 43, 485 (1952) 


Here the symbols have their usual meaning as used in 
stripping theory ; we use j,; since we work entirely in the 
p shell. The slightly more complicated Butler formula! 
gives essentially similar predictions. The prediction of 
the above formula, after integration over angle, is com- 
pared with experiment as the full line of Fig. 2. Normali- 
zation has been performed in the higher-energy region 
since we expect stripping theory more nearly to hold 
for high deuteron energies. It is seen that the prediction 
of the simple stripping theory fits experiment fairly 
well over a rather wide range of deuteron energy, 
whereas the deviation of the prediction of compound 
nucleus theory from experiment is immediate. 

However, the experimental cross section seems to 
fall less rapidly than simple stripping theory would 
suggest. This may be due in part to the influence of 
Coulomb effects which will oppose the entry of the 
proton into the nucleus at low energies but allow it free 
entry at high. It is clear that refinement to stripping 
theory is needed to explain the detailed course of the 
present cross section and, as remarked above, the same 
refinements must suffice for this task as are postulated 
in order to improve agreement between theory and 
experiment in other aspects of the stripping process. 

It is interesting to compare the absolute cross section 
for the (d,n) reaction with that for the mirror reaction 
C"(d,p)C" which has been measured by Rotblat® at 
E.,=8 Mev. Under the assumption of the charge 
symmetry of nuclear forces we may use the comparison 
of these two “mirror cross sections” as a further test 
of simple stripping theory. The total cross section for 
the (d,p) reaction was computed from Rotblat’s data 
(which run from 6=15° to 6= 160°) by using simple 
stripping theory to extrapolate his differential cross 
section to small angles and assuming a constant cross 
section between 6= 160° and @= 180°. We then find that 
our measured (d,n) cross section at Ey= 8 Mev is greater 
than the (d,p) cross section by a factor of 1.2. The ratio 
predicted by simple stripping theory is 2.0. In view of 
the possible error of about 50% in the (d,n) cross 
section, this discrepancy cannot be said to be very great. 
It may, however, be due in part to the presence of a 
“compound nucleus” component in the reactions. If 
we interpret the differential cross section at backward 
angles in Rotblat’s data as due to such compound 
nucleus formation and assume a consonant contribution 
in the (d,n) case, the experimental stripping cross sec- 
tion ratio becomes 1.5 instead of 1.2. Another possible 
explanation is in terms of the differing importance 
for the two mirror reactions of the refinements to 
stripping theory referred to above. It might be naively 
argued that the (d,n) to (d,p) ratio predicted by simple 
stripping theory should be diminished owing to the op- 
position of the Coulomb barrier to the entry of the 
proton into the nucleus in the (d,n) case, and this change 
is in the sense indicated by experiment. If a suitably 
refined stripping theory correctly accounts for the form 
of the variation of cross section with energy, and if 
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after these corrections and that for compound nucleus 
contribution a similar discrepancy yet remains, it is in 
the sense to correspond to a greater reduced width for 
than for protons (in N™); ie., “the 
neutrons stick out further than the protons.” Suct 
effect has been suggested for heavier nuclei, though it 


neutrons (in C™¥ 
1 an 


would be very surprising to find it holding for so light 
13 

An estimate of the course of the cross section for the 
dJ Cc _ 
nucleus formation by assuming, as before, that the 


a nucleus as A 


reaction C was made on the basis of compound 


whole of the cross section for C"(d,n)N™ at low deuteron 
energies involves compound nucleus formation. On the 


assumption that the reduced width for triton emission 


is aS great as that for neutron emission the assumption 


of “preformed” tritons), we predict the dashed line of 


Fig. 2—in which the coming into play of successive 


residual states of ( has been allowed for and the 


associated irregularities smoothed out. It is seen that 


even under the very unplausible assumption of the 


tritons, compound nucleus 
' 


magnitude 


existence of preformed 


theory fails by an order of to explain the 
We are forced then t« 


reaction proceeds by some pickup mecha- 


observed C"' formation assume 


that this (d,/ 
measuring the relative 


nism and that we are indeed 
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probability of the deuteron’s losing a nucleon to the 
nucleus and removing one from it. As yet no sufficiently 
reliable theory of (d,f) pickup exists to warrant a 
comparison being made with these results. It is interest- 
ing to note that, at E,=3.3 Mev, the angular distribu- 
tion of the reaction C(d,t)C” is such as to suggest that 
a direct mechanism already predominates.‘ 

It is interesting to compare these results with those 
of Cohen and Handley’ on (p,/) reactions. These authors 
suggest that triton emission from a compound nucleus 
state has an inherent probability comparable with that 
for single nucleon emission. They base this argument on 
the rather flat angular distributions sometimes obtained 
which, they remark, tell against a pickup process. How- 
ever, this conclusion is no longer valid when the energy 
of one or both the charged particles concerned is of the 
order of or below the Coulomb barrier; here a direct 
mechanism can give a sensibly isotropic angular dis- 
tribution. It appears that considerable interest attaches 
to the resolution of this question of the mechanism by 
which tritons and similar complicated particles are 


emitted from nuclei in events of moderate to high 
energy. 
B. L. Cohen and T. H. Handley, Phys. Rev. 93, 514 (1954 
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examine further detail. It is shown that the series giving the interaction energy is a development in a 
sequence of linked or irreducible ster s each which gives a contribution to the energy proportional 
he al number of particles. Conseque th ‘ dent of the total 
nu « articles. The orig of this s ¢ leature is ] hi r situation exists 
the expansion of standard perturbation theory. The erical convergence of the expansion is quanti 
ative scussed for the nuclear problem wher is ywwn that the correction arising from the first cluster 
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I. INTRODUCTION of clusters of patticles and in so doing exhibit the gen- 
, ; eral st » of the expansion involved. This will als 
N a previous paper’ (to be referred to as 1) we have al structure of the expansion involved. This will also 


given a method for reducing approximately the many 
body problem for strongly interacting particles to a 
problem of self-consistent fields. Some of the physical 
content and origin of the method were discussed there 
and the nature of certain correction terms which can 
be neglected for very many particles was discussed 
We shall in this paper examine the structure of another 
type of correction term which arises from interaction 


* Supported in part by a grant fron National Science 
Foundatior 
'K. A. Brueckner and ( 4 Levinson, Phys. Rev. 97, 1344 
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allow us to draw some general conclusions about the 
convergence and accuracy of the method. 

In Sec. IH, we shall briefly summarize the relevant 
formulas from I and describe some difficulties which 
appear in high-order terms in the expansion for the 
energy which can be removed by a simple modification 
of the many-body propagation function. In Sec. III, we 
show how similar terms appear to arise in the usual 
perturbation theory but that they cancel identically, 
in a manner simply related to the cancellation discussed 
in Sec. II. In Sec. IV, we summarize these results and 
show how they may be generalized into a simple pre- 














MANY-BODY PROBLEM FOR 
scription for evaluating matrix elements or, equiva- 
lently, used to redefine the many-body propagator for 
the system. In Sec. V, we take as an example the nuclear 
case and discuss quantitatively the convergence of the 
method. In Sec. VI, we discuss the equation for the 
two-body reaction matrices which provide the leading 
approximation to the energy. Finally in Sec. VII, we 
summarize our results and make some concluding 
remarks. 


Il. FORMALISM 
A. Structure of the Expansion for the Energy 


In this section, we shall summarize the results of I 
and discuss some of the formal properties of the ex- 
pansion. We use the formalism developed in I for 
dealing with identical particles. We shall compress the 
notation used there by introducing the following 


definitions : 
Ti=Tanfns, 

Vij n= ni n;*e ij, KM Mk, 

ti; =n nt; 

Li w= t 


LINM:; 


nim tj Oicdjr— by, Dib je. (1) 


In this notation the equation for the operator / is 


(2) 


where 1/e is the propagator for the many-body system. 
We have previously defined ¢ to be the operator 


wa 


e=E-> Ti-%D te is, 


i i 
where 
T tis, 54), 4) 


which we shall still use for the present; in Sec. IV we 
shall show how a different definition may be advantage- 
ously introduced to simplify the structure of the ex- 
pansion for the energy. In terms of these operators, the 
energy of the system is 


E= ($0, © Ti+t. oo) +} ¥ (o,]iy uc eebo), (5) 
where 

fy ae 

F=1+ yD I Px: 
2 € iski 
OB aii 

Fi..=14 p ae ES (6) 
Je we 


Equation (5) for the energy may be written more 
explicitly as an expansion in the incoherent or non- 


diagonal operators /. We use Eq. (6) for the F’s and 


INTERACTING PARTICLES 


find for the leading terms in the expansion 


E- (@o, z. T do) = > (do, te iho) 


) 


1 
+4> (ots arlan, +») 
€ 


1 1 
+4 a Coe as rd) 


e € 


: 1 1 1 
+H © (oot Ba 


(4 e e 


| wt). (7) 


In all of these terms the condition must be imposed on 
the summations that consecutive pairs of indices not 
be matched, this condition arising from the similar 
condition in the defining equation for F,,;. Let us now 
examine these terms in detail. The first term on the 
right hand side of Eq. (7) is that previously evaluated 
in detail elsewhere; it gives by far the largest contribu- 
tion to the energy of a highly degenerate Fermi gas. 
We shall return to a discussion of its structure in more 
detail in Sec. VI. The second term vanishes identically 
since the product of the two nondiagonal operators with 
mn#ki has no diagonal matrix element. The third 
term is the first correction term to the energy as given 
by the first term alone; it involves a cluster of three 
particles. A typical pairing of indices gives a term 


1 1 
AEF;= bE (sols vj a jk’ Liv vt»). 
e 


e 


(8) 


This term has what we shall call a typical linked or 
irreducible structure; each J is linked to the other two. 
As a consequence of this structure, this term cannot 
be written as a product of simpler terms; this result is a 
general feature of all linked terms. As we shall see it is 
criterion of linkage which characterizes the expansion 
and determines its convergence. 

To determine the order of magnitude of these typical 
terms, it is convenient at this stage to introduce a 
method of counting the dependence on the total number 
of particles, V. We observe that the operators J con- 
tain a factor of v'~N~! which comes from the nor- 
malization of the wave functions. Each free summation 
over momentum states gives a factor of N since 


ee fawn. 
« = (2x)? 


In determining the number of free summations we 
must of course take proper account of the Kronecker 
delta function on the total momentum contained in 
each operator 7. Thus we can determine the N-de- 
pendence of a given term by a simple counting pro- 
cedure. Application of these rules to the terms so far 


9) 
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discussed gives 
E,=>, (do, t. igo)~ N01 /N)=N (10) 
YF 
as we expect. Similarly 
E,~NY/N=N, (11) 


with three factors of N coming from the summation 
over i,j,k and one factor of N from the summation 
over 7’. 

In the next term of fourth order in the J’s, we first 
find terms of a new structure arising.? In addition to a 
variety of linked cluster terms, we now find reducible 
or unlinked terms. These have the form 


“Seg! Me 
Ey > a CS i i re | 17 I, rast). (12) 
é é € 


If ij and &/ are summed independently, application of 
the counting rule gives 


E,o~N’. (13) 
On the other hand, for a typical linked term such as 


1 1 
I, vj I, wt), (14) 


e e 


1 
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= (ool j 
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the counting rule shows a linear dependence on N. This 
result holds generally for a linked cluster; these are 
always of the order N or lower and hence depend at 
most on the"same power of N as the leading term. 
Consequently the convergence of this series does not 
depend on N (as long as N is very large) except through 
the appearance of unlinked clusters. Before examining 
these in more detail, we write down some typical un- 
linked clusters of higher order which also depend on 
higher powers of N than the first. These are, for example, 


1 1 
E,"’ do, I, vj | er ws 


e € 


1 1 
x l., kj & n ~-6)~A . 
e e 
1 l 1 
E," -(oot Lan. w'e’—ley’, or 
é é e 
1 1 
> ee | t)~N 15) 
e e 


B. Reducible Clusters 


The terms which cause difficulty since they are not 
linear in N all have a similar unlinked structure. Conse- 
quently they do net represent actual interaction energy ; 
for example, in the fourth order term, the two pairs 


* The author is indebted to Professor J. Bardeen for pointing 
out the lack of a satisfactory treatment of these terms in other 
theories of the many-body systen: 
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ij and ki are independent of each other with no inter- 
action term linking them. They therefore arise in the 
expansion only because of an inadequacy in this 
approximation scheme. It is easy, however, to show 
that they may be eliminated by a very simple and 
natural redefinition of the propagator 1/e. To see this, 
let us look elsewhere for similar unlinked terms in the 
energy. It is easy to see that these first appear in the 
second order term /,; ,;. Let us examine a typical term 


1 
ty, ij = Viz, gt Viz, v7 ty; 0 
é 


= Vij gt Vy, 07 (E-S T.-> te a1) ter, ij: (16) 
k kl 


We can evaluate the propagator by making use of the 
fact that to a good approximation 


E=> T.%+¥ ten, 
kl 


where by the superscript zero we mean evaluated in 
the ground state. Consequently the energy denominator 


(17) 


1S 
E-> T.-Xt. m=evet Do (be ei tee), (18) 
kl kl#ij 
where 
ev =T4+T,+V()+V-()) 
—T,—T;- V.(i’)—V-.(7’), (19) 
and 
(20) 


V (i) => te 6, 
7 


etc. The terms in /..4:, which do not refer explicitly to 
the excited particles i’, j’ have changed because of an 
implicit dependence of the operator for the &l pair on 
the excitation state of the unlinked ij pair. Explicitly, 
neglecting the second-order change in f, 


1 1 
0 ~— . 
tea — te cr= Vener none tery, ei 
Cer Cn rij’ 


1 1 
= Vitel anaes (ey vary Cer tery, et 
Cet Ce vi’; 
1 1 
= Vere’ tev, cev;'. (21) 
Crt’ Cx i'j’ 


Inserting this change into the propagator for the ij 
pair and expanding the propagator, the expression for 
ty, 4 breaks up into two terms 


1 


ty Gg Vij gt Vu “jy 


(22) 


Tele : apie be v, eilry? tj: 
Cj" Cryer xi 


— Vis aj 


The last term is identical except for sign with E,‘” 
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except that two of the J operators have been replaced 
by » operators. These, however, are equal to first order; 
thus we see that the N® terms cancel, leaving only the 
linked terms for irreducible clusters which are of no 
higher order than V. The two-body operator defined by 


the equation 


K,, Gg Vij gt Vij. FF 


Cs" 5" 
which differs from ¢;; ;; in that the unlinked terms are 
omitted from the propagator, is thus, although much 
simpler, a much better approximation to the leading 
term in the energy. It is similar to the result used in 
applications of these methods to the nuclear problem.'* 

Before going on to show that is possible to generalize 
this definition of the propagator for a general matrix 
element, we shall show how a similar simplification 
occurs in ordinary perturbation theory. 

III. RELATION TO PERTURBATION THEORY 

For simplicity in this section, we shall assume that 
the particles are distinguishable; the more general dis- 
cussion closely follows the treatment we give here. 

In the usual perturbation theory‘ the Hamiltonian is 
separated into the unperturbed Hamiltonian 


Hy=>-T;, 


and the perturbation 


h=>00,; 


(for simplicity we absorb a factor of 4 into the 1’s). 
We take for the zeroth order wave functions a product 
of the eigenfunctions of Ho, for example plane waves 
normalized in a large box of volume v. The perturbation 
series for the energy then is 


E=ZE,. 


(26) 


We introduce a compact notation to simplify the form 
of the perturbation expansion; we define 


(0,00) = (0 (27) 


for any operator. We also let 


1 1 1 
(6. 6) = (6. 6) = (+. 6), (28) 
€o— En eo— Ho a 


where the operator 1/a is 

1/a=1/(e9—Ap). 
Using this notation it is then easy to show that the 
perturbation series for the energy is given by the 
development 


(29) 


n 


7 ‘E 


2, tal Onn-m)> 


E,=(hS,-1)- (30) 


mon] 


4K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 
* See, for example, L 
Hill Book Company, Inc., 


I. Schiff, Quantum Mechanics (McGraw- 
1949), Chap. VII 
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where 
1 1 1 
S,=-hS1-- > EnS.-a- (31) 
a ad ==! 


The diagonal elements of S, are not needed explicitly; 
they can, however, be fixed by the unit normalization 
condition 


> SwSan=0 nO (32) 
together with 
So= 1. (33) 
We also introduce 
=h— (h , (34) 


which has vanishing matrix elements in the ground 
state. The expansion can then be written 
E y= €9= (Ho), 


E\=(h > 


B= (i Y= (uw ), 
B= (he u “), 
ada 
E, aC {« u—(w ) |), h 
a 
Es 7G [ u “(we u “uw (wn) u 
a aa ada 
A. Se 
~(1 “) «| h). (35) 
a a a 


The structure of these terms is extremely simple; we 
can obtain them by taking the mth order iterate of u 


((») 

a{ —u ) 
a 

and subtracting all matrix elements of the same order 

in which matrix elements in the ground state of any 

subset of the u’s appear, always remembering that a 

matrix element of the form 


1 1 
( or ) 
a a 


is to be set equal to zero. This simple prescription suffices 
to define the fuil perturbation series for the energy. 

We next note some simple properties of the expansion 
by examining the first few terms; we shall later general- 
ize the results. Inserting the series for 4 and for w, the 


(36) 


(37) 
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expression for E, becomes 


M 
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=M 


d 


> 
— 


In the double sum over ij, kl, since matrix elements to 
the ground state are omitted, the matrix element will 
ki. This result also is apparent if we 
is in effect an operator exciting the pair &/ 


vanish unless 1j 
note that r, 
be returned by 


from the ground state; this pair must 


Vij. 1 hus 
ai a 1 F 1 

E:=L & (0,2. (bn, iho) £4: t ) 39 
ntl ‘ é. a 


second term in the expansion for ft We 


I 
rma) 10) 


can combine the in 


which 1s the 


break down the third term 


1 
Ex= E (ou (ou 


in a similar way. In this term we 


dices ij, kl, mn in several ways. The simplest 


poss! 


bility is with all pairs the same, giving 


1 1 


We can also pair ij and mn and leave &i free; this gives 


(, 


This can be further reduced since unless & or iS € la 
totor 7, only the diagonal elements of f wit! 
respect to the ground state enter, giving zero. Thus we 
have a restriction on &/ so that 
1 1 
I E¢« Cis 24 ) 43 


X (2,0 i 44 


We now note that this term in £; can be combined with 


the second order term £; to give 
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E+ E;° wt Gases! Tr 
ijn Pore. €o— €» 


a 


XE (G.,0:0, )\— ($0,0:b0) +4 — j | 


x (Pn, Piso) 


€o— €n 


SD (G0,0:hn){ €o+L e(Go, (vin +0jx)h0) 
"7 


—€n— L(Gn, (Vin t+0j2)n)}"'(GnjPigho). (45) 


Thus the effect of E,° is to give the first correction 

term in the nonperturbation propagator 1/e in Eo. 
The remaining term in E; arises from combining 

three different indices, corresponding to the involve- 


ment of three particles. This term is 


1 1 
E;° E¢: tutus), 46 


which is the first term in the expansion of the three 
body cluster term. 


Che next term in the energy £, contains a variety 


of types of combinations of the matrix element of the 


consider here in detail only those terms 


which are similar to the unlinked clusters discussed in 


‘ 
Lo 
Sec. II. The general reductions are given in the Ap- 


terms of fourth order which we shall not 


pe 
discuss here are the following: 
1) fourth order interaction of for a single pair). 
2) changes in the propagators of lower order terms. 
3) linked 4-body cluster 
rhe unlinked or reducible terms in Ey, are 
{ l 1 1 1 
ki | a Liki a aki 
if a, 
| a;? ay) 
where 
ete é € 48) 
etc. This we simplify using the identity 


(49) 


Since 
Oij41= Oyj+Cus, 50) 


We note that this is possible 
only when all of the matrix elements of the same general 
unlinked structure, Thus the unlinked 
of order N*) give zero, as we expected from the 
a similar cancellation in Sec. I]. We 
the cancellations of the unlinked 


: 
these two terms canceéi 
are combined 
terms 
consideration of 


shall not discuss 
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terms of higher order; the proof has been explicitly 
constructed in fifth and sixth order and always involves 
a lengthy but trivial sequence of algebraic identities 
such as those of Eq. (49). 

We proceed next to a more general statement of this 


result in the following section. 


IV. LINKED PROPAGATOR 


The results of the last two sections strongly suggest 
that the appearance of unlinked cluster terms in the 
energy expansion is everywhere spurious in that they 
are exactly canceled by similar terms appearing else- 
where in the expansion. Consequently the expansion is 
in each order linear in the total number of particles in 
that the contributions to the energy depend on NV. The 
unlinked terms which cancel are always unphysical in 
that they cannot represent actual interaction energy ; 
this situation is similar to that which exists in the S- 
matrix expansion of quantum field theory where similar 
unlinked terms can always be identified as contributing 
only to the phase of the wave function without giving 
real effects in the scattering. 

In discussing these terms in Secs. II and III, we have 
shown that their omission results in a simple and 
reasonable definition of propagator or energy 
denominator. The criterion of dropping unlinked terms 
is perhaps sufficient to apply to any given term in the 
energy expansion since the spurious terms can be easily 
recognized and dropped. It is however convenient to 
show that these conditions may be formulated more 
formally by defining what we shall call a linked pro- 
pagator. We introduce a modified propagator p with 
the following properties. Consider a typical expres- 
sion involving the nondiagonal J operators and the 


the 


propagator; 


Qo," * I, j | ere Dy). (51) 


We define the matrix element of p in this case to be 


p=[D>(E,— Ey) FZ (52) 
‘ 
where the sum over 1 is to run over all terms linked to 
the left to the pair &’,/’. For the energies E; and E;’ we 

shall take 
/ do, T+ ¥.t. :60), 


Ev = (ov, Tv + Et. vv). 53) 
? 
If the energy difference is zero, then the matrix element 
of p is to be set equal to zero. Since the states we con- 
sider are discrete, the omission of the single term in the 
matrix element this 
definition leads to the desired changes; first, it is obvious 
that the equation for K,; 4; now appears directly. In 
addition, in a typical unlinked term of fourth order, 

for example, we now have the matrix element 


Vanewp kl’) 
«KI; 


is unambiguous. To show that 


(do, [,,, ; pi 


pig Vv. eo). (54) 
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The propagator (ij) is for the ij and all linked pairs 
(in this case the i’j’ pair) in the ground state; hence the 
energy difference is zero and by the previous definition, 
this matrix element of the propagator is equal to zero. 
Thus this term is identically zero; this will be true for 
any such unlinked interaction. 

This completes the specification of the expansion; it 
now has a quite simple form since it is a series in the 
linked or irreducible clusters alone. The great simplifica- 
tion of this result in comparison with the perturbation 
expansion, for example, is due to the immense com- 
pression of the series which is accomplished by the 
introduction of the K and J operators. The equation 
for K is nonlinear; it is the perturbation expansion of 
this operator which leads to the very complicated series 
of perturbation theory. It is worth noting, however, 
that the convergence of the perturbation series itself 
does not depend on J, each term in the series depending 
only on N linearly. 


V. CONVERGENCE OF THE LINKED CLUSTER 
EXPANSION 


To determine the extent to which the linked cluster 
expansion is sufficiently rapidly convergent to make it 
a useful approximation method, we shall examine the 
leading cluster terms. Since the convergence does not 
depend on N, we expect that the expansion will be 
characterized by other parameters of the system such 
as the density and the interaction strength and range. 
Thus we shall attempt to determine the dimensionless 
expansion parameter which governs the rate of con- 
vergence of the series; if this is sufficiently small, we 
expect that the leading term in the expansion will be 
an accurate representation of the many-body energy. 
As an explicit example we shall consider the nuclear 
system which has been studied elsewhere'*:*~7; the 
convergence of the method has been investigated in 
these papers but only in a semiquantative way with the 
intent of establishing a rough upper limit on the magni 
tude of the correction terms. 

We consider in detail the first cluster term involving 
more than two particles; this is 


AE; i > (do, 1, ty Plaewv, wipl ivy, ego). (55) 


In evaluating this we shall neglect all exchange terms; 
these are in general much smaller and also of opposite 
sign to the main term so that we over-estimate AE; by 
making this approximation. In evaluating MZ, we shall 
take a simple form for the nondiagonal operators /, i.e., 


24Vo 
| rat Cf (kK i— ky) + f(y + ky) | 
ul 5 
Kb ky +ky, ke +k), (56) 
* Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 219 


(1954 
*K. A. Brueckner, Phys. Rev. 96, 908 (1954 
’ Brueckner, Francis, and Eden, Phys. Rev. (to be published) 
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where 
(57) 


f(z) =1/(w’*+2*), 
and V»/y=0.25, »=total normalization volume. This 
result is a reasonable approximation to the actual 
nondiagonal operators /; it is the Born approximation 
matrix element given by a Yukawa well with Serber 
exchange mixture. In the propagator we use the 
approximate result for the energies 


E,;=k?/2M*, (58) 


where M*=0.54M is the effective mass of a nucleon 
moving in the velocity-dependent nuclear potential.’ 
Making these substitutions into Eq. (55), the energy 
shift AE; is 


2rVo\? 
3F=42M")( ) =v k,)+ f(k.+k,) 
ut . 


K (ke2+kP— ky? — ky?) f (hi — kv) + f( ki t+ky) J 


K (RP +k — ky? — ky’) 
x f(ki— ky) + f(2k +k,—k,-) 1. 59) 


The sum over ijki’ is not only over the momentum 
states but also over spins and isotopic spins. Since the 
operator J does not involve spin operators, the sum 
over the two spin and two isotopic spin values for the 
states ijk introduces a factor of (4)* (the summation 
over the spin states of 7’, 7’, k gives unity). The sum- 
mations over momenta can be replaced by integrations, 
using 


(60) 


k,—k, =x, 61 


f ak. f ak, fi aks fas 
dr)’ Vk ky ky 


x }"{x?— (ky+k,)- x] (62) 
where we have dropped some small exchange terms de- 
pending on f(x)*f(x+k,), etc., 
(for large &,) than the main term. In this integral the 
restrictions arising from the exclusion principle are that 


which are much smaller 


k,’ k,—x|/2k,, 
k,’ k -— >k > 63) 
k,’ k,—x| 22, 


Let us now examine this 12-dimensional integral to see 
how simplifications can be made to reduce the problem 
of evaluation. We note that f(x)’ is a very rapidly 
decreasing function of x for x>vw, falling off as x~* 
Therefore, since the rest of the integrand is also largest 
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for x small, it is reasonable to evaluate the integrals 
over k,, k;,k, making the approximation that x is 
small. This integral is 


dk dkdk, 1 1 
x (Rigs tRyuj—x) (Kyujt+ Rite) 


where yu,==k;-x/kx, etc. The restriction from the 
exclusion principle restricts the angular range of 
integration; the condition is 


(64) 


wy (k2+2°—k/)/2kx, (65) 


and similarly for the other angular variables. Keeping 
only the leading terms in x, the integral over &,, for 
example, is 


2» f kdb, f 
ty—z , 


For small x, we set k,=k, except for the upper limit of 
the angular integration where we set 
k?+xr—k? (kitk)(ki—ks) kik, 
> 


= — ’ 


2kix x 


2 Tid 2kiz 


dy, 
(66) 
Rigi t kyu; —x 


/ 


(67) 


1] 


2kx 


with these approximations, we find for the &, integration 


“ POmUES iy 
dak, f ar. f 
ken~z all Myr wy 


—2rk;x[ 1+; In(1—1/p,) ]. (68) 


The integral over &, gives a similar result; the remain- 
ing integral over &; gives 


A= (2rk,)*2ek/7 


ky kjk z 
xf at, f [i+p,;In(1—1/p,) Pdy;. 
kf-2 1 


A change in the order of integration and a change of 
variable in the yw; integration leads finally to 


1 S 2 
A (nk, kya f ds +s In | 
0 1+s 


(69) 


= (2xk, )*k -x (0.078). (70) 
Collecting these results we find 
2aVo\'f ov TF 
AE;=8 uy - (2xk,)* 
ut (2x)* 
x 
0.078, f 4x? f*(x)dx. (71) 


0 


Using Eq. (57) for f(x), the integral over x is 


fre Jatdx= hy? (72) 
Taking 40(4/3xrk 7) /(2x)*=N, the final result is 
M*V,1\? rm 
AE;= ( ) 0.468 ky. (73) 
woud M* 
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For typical values of the parameters, i.e., M*/y~4, 
Vo/u=—}, ky=1.6y, this gives 


AE>—0.0071 Mev, (74) 


which is to be compared with the leading term in Ky, 
which is about equal to 30 Mev per particle. 

The very small effect of the correction term on the 
energy is due to the smallness of the effective expansion 
parameter 

M* V> 1 
B= = 0.072. 
Bom or 


(75) 


It can be fairly easily shown that the four body cluster 
term is also given by an expression very similar to that 
for AE; except that it depends on 8*; consequently it is 
again the size of 8 which determines the next higher 
order correction. The smallness of the expansion pa- 
rameter 8 is due in part to the size of (Vo/u)(M*/y) 
which is in this case of the order of unity. It is of course 
obvious that convergence cannot be expected for large 
values of this combination of constants. Even more 
important, however, is the factor of 1/(4r) which 
always appears paired with the mass and potential 
constants. This factor appears as the result of the 
restriction of the angular integrations by the exclusion 
principle; this restriction is important because the 
typical momenta near the Fermi limit are rather large 
compared with momenta for which the matrix elements 
of the interaction are large. We have made use of this 
fact in evaluating the integrals for AE;. For much 
stronger potentials, however, this result would no 
longer hold and for the same Fermi momentum the 
angular integrations would be less affected by the 
exclusion principle. 

Another important and striking feature of the result 
for the three- (and more-) body cluster is its linear 
dependence on the Fermi momentum. It is easily shown 
that the leading term in the energy depends on &/; thus 
the relative importance of the higher-order cluster 
terms decreases as the Fermi momentum increases or, 
equivalently, as the density increases. The origin of 
this effect is obvious; as the Fermi momentum in- 
creases, the momentum transfers required to bring 
particles out of the Fermi gas to excited states increase. 
Since the matrix elements of the interaction decrease 
as the momentum transfers increase, excitations in- 
volving the multiple excitation of particles are inhibited. 
The effect is most pronounced for the high-order clusters 
for this reason. 


VI. METHODS OF SOLVING THE K,; ,, EQUATION 


We have shown that the linked cluster expansion 
converges very rapidly for forces of typical nuclear 
strength so that it is a very good approximation in this 
case to evaluate only the leading term in the expansion. 
The convergence may not be as rapid in other systems 
of physical interest; even in such cases, however, the 
leading term will give very useful semiquantitative 
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information about the system. The equation for the 
matrix elements of Kyi as given by Eq. (23) is, in 
the ground state, 


Ris, gh = Vu, ot Vu, vy (E+ Ej— Ev — Ey) Key, (76) 
where 
E\= (0, (Ti+ etece)oo) 77) 
(/i 
= (¢0, [Ti+} X. (Ku. at Ku vi) bo), 
and 
Ev = (¢(7), [Ti+4 Ye (Kew vat Kire, av) 16(0)). (78) 


To a good first approximation, we can suppose that the 
coherent potential 


V (i= >. (Ka atKa ki) 


acting on the ith particle depends only on the mo- 
mentum state of the particle i and evaluate V,(i) as if 
particle i were always propagating on the energy shell. 
This is equivalent to the assumption that the potential 
acting on a particle is the same in virtual states as in 
real states. If we make this simplifying assumption, 
then we can write 


K,, y= Vu gt Vy vel Tit T;- Ty Tje+ V .(t)+ V.(y) 


(79) 


—V.(¢)—V.j) }' Key, 3, (80) 
and 
V (i) = [ do, >. (Ki iat Kur evdbo 1, 
V.(¢)= [ o, (Ke vat Ky ri’ o |}. (81) 


Equations (80) and (81) form a coupled system for the 
determination of V.(i); they are equivalent to a non- 
linear integral equation for V.(i). In this approximation 
they have been solved as a self-consistency problem in 
applications of the methods to the nucleus.’ 

A more accurate treatment of the propagator in 
intermediate states is possible if account is taken of the 
fact that propagation off the energy shell is occurring. 
According to our rules for defining p, in an intermediate 
state with i’j’ excited, the equation for a typical term 
in V,(i’) is 
R rk ce = View vRE Vin 


« (E+ E+ Ey Ey — Ey — Evy Ker ve. (82) 


This differs from the equation for K y,-, “x on the energy 
shell in that 


K., va 


= Vik, ith 


+6 en (Ev t+ Ey— Ey — Ey) Rye, vn. 


The neglect of the difference between Ky. and 
K’ vx. leads to a high order correction term in the 
energy. If the energy difference in the propagator is 
expanded out as a perturbation, ie., if we take 


1 
Kya. k= Virk eet Vern, ‘_ 
Cat ASEk 


(83) 


KR’ yew, ' k 


1 | 
AE Vs Ky i ky 


Kee va Vern ve 
Cik Cit 


(84) 











44 ee 





then the equation for the ground-state matrix element 
of Ky, 4 is altered by the amount 


BK 5, 055, Dirk. ih 


Since the effect appears in such high order, the actual 
quantitative change is probably quite small. If greater 
accuracy is desired, this effect can be included at least 
approximately. It adds the complication that a self 
consistent solution must be obtained for the effective 
potential V. acting on a particle both off and on the 
energy shell. It is probably an excellent first approxima- 
tion to neglect this effect and make the static approxi- 
mation for V.; this has been done in the actual applica 


tions of this method 


VII. CONCLUSIONS 


considered in detail an 


We have 


method which 


approximation 
has been developed to deal with the 
problem of determining the interaction energy of a 
many-body system when the particle-particle forces 
are not weak. The usefulness of the method is 
determined by the convergence of an expansion which 
determines the interaction energy. We have primarily 
interested ourselves in this paper in a study of the 
structure of this expansion, particularly in the de- 
pendence of the convergence on the total number of 
particles (which we wish to take to be very large). We 
have shown that the convergence of the method does 
not depend on .V, any dependence on higher powers of 
V than the first being spurious and exactly canceled 
by similar spurious terms appearing elsewhere in the 
expansion. This cancellation has been shown to occur 
in a precisely similar manner in the expansion of con- 
ventional perturbation theory, any nonlinear depend- 
total number of particles being again 


As a consequence the 


ence on the 
spurious resulting expansion is 


in every order proportional to the total number of 
particles the total number thus appearing as a common 
factor for the entire series. The expansion is in a series 
of irreducible or linked clusters which involve a succes- 
sion of transitions brought about by the nondiagonal 
transition operators of the theory. The convergence for 
the nuclear system has been investigated by a detailed 
examination of the first irreducible cluster (involving 
three particles) and shown to be extremely rapid, with 
the exclusion principle playing an important role in 
determining the rate of convergence. 


Finally the problem of evaluating the two-body 
interaction operators has been briefly discussed; it is a 
sum over the diagonal part of these operators which 
provides the leading term in the interaction energy. It 
is shown that in the approximation the potential acting 
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on a particle is the same in virtual as real states, the 
problem of solving for the potential reduces to the 
problem of self-consistency used in other applications. 
The accuracy of this approximation is discussed briefly 
and methods of improving on the approximation are 
described. 
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APPENDIX 
Reduction of Fourth-Order Perturbation Term 


We shall show how the fourth-order perturbation 
term can be broken up into a variety of terms which 
can be identified either as modifications of the pro- 
pagators of lower order clusters or as irreducible cluster 
terms. To make this identification possible we first 
expand the reaction matrix K,; as given by Eq. (23) 
with the notation simplified for the case of distinguish- 
able particles: 


1 
K 5;,)= (0, +(« Ku), (Al) 
Cy 
where to second order the modified propagator is 
e eit €; 
at , 
+> ad (0; +o. tu) ta Mi viet (#7). (A2) 
a a 


Expanding the equation for K,; we find for the fourth- 
order term 


oF ne . 
K,;)“ £¢:, V4; tu) 
. aaa 


1 1 I 
+¥o SC o-(ta—(s }-(t1—(ea))-tu), (A3) 


eb a a a 


omitting some terms which result from interchange of ij. 
We shall also need for comparison the expansion of the 
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modified propagator for the three-body cluster which 
is, to fourth order, 


1 1 
bs {Ce (Vie (Ouz )? jan tai) 
ijmk a a 
te 1 
+0 Vim (Vj~— (Djx)) >); (A4) 
aa a 


The perturbation expansion as given in Sec. III gives 
for the fourth-order term in the energy 


ae ae 1 1 
Bem ( u-u “Cu Ku “) (A5) 
aaa a’ a 
Inserting the expansion for wu, this is 
. 1 4 
E= > (u. UmnUrs uw) 
ijmaraty a a a 
1 1 
aC tan YK te 7) | (A6) 
a’ a 


The first simplification is that already noted in Sec. 
ITI, i.e., 


1 1 
> (1, nn) } i (1 Hs Bad 
ymin a ymin a 
a 1 
¥(m, Hi). (A7) 
i a 
Consequently the second term of Eq. (A6) is 
; 1 1 
Dd ¢ mis wi) Urn >) 
ymin a* a 
‘ 1 1 
= > (¥ 10) thas tne) 
ptmn a’ a 
7 1 1 
+O, is Kt wa), (A8) 
ih a’ a 


the first term of which is of order N?. Before reducing 
the first term of Eq. (A6), we note a simple property of 
the matrix element. An expression in which a term than 
is not linked to any other term is zero, since in this case 
the expectation value of the product reduces to the 
product of the expectation values, and the expectation 
value of %,, in the ground state is zero. This rule greatly 
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simplifies the possible terms; they can be classified 
according to the number of pairs of indices which are 
set equal. The simplest term is that with all pairs of 
indices equal, i.e., 


S Rees 
E,“ =E( ws Uj; “). 
" a a a 


This is the fourth-order iterate of u,; which appears in 
the expansion of Kj. The next term with one tn,» 
different is 


E ah. J 
E,@ =E| (m Mijn w) 
ijk a a a 
Le Sa 
+( Ws Ui Uy; “> (A10) 
a a a 


together with terms in which wu, is replaced by uj. 
These two terms are the first-order modification in the 
propagator of the third-order iterate of u,; in the equa- 
tion for K,;. The next term has two w’s the same: 


7 ae ‘ee 
E®= ¥ te Up Ux Hs (Hs Up r-My, “| 
ijMml a a ‘a a a a 
ie ee i Se 
+3 ws Up Uys u) + E(u Uy ry ). (All) 
ijk a a a ijkl a aa 


In E,® we have not included terms which vanish be- 
cause they involve matrix elements of u in the ground 
state or because they require intermediate transitions 
to the ground state. The various terms in FE,” «have 
the following interpretation; the first two cancel with 
the unlinked term of Eq. (A8) as shown in Sec. II] 
The last two terms combine with the linked term in 
Eq. (A8) to modify the propagator of the second term 
in the expansion for K,;. Finally we have the term with 
no «’s the same but all linked; these are for example 


(A9) 


oe he oe 
Dd € 55-64 jes nt), 


ijmal a a a 


(A12) 


which is the modification of propagator of the three- 
body cluster term, and 


ee are 
LD € hija teat ms), 


ijkl a a a 


(A13) 


which is a term typical of the fourth-order irreducible 
clusters. 
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The technique of observing neutron thresholds in (p,) and (d,n) reactions has been applied to the reactions 


O*(d.n)F" and N“(dnj)O" 


A nuclear resonance absorption magnetometer, in conjunction with a 90 


magnetic analyzer, was used to accurately measure the bombarding energies. The Li’(p,n)Be’ threshold 
was used as the primary calibration. The energy of the first excited state of F’’ was found to be 0.499+0.003 


Mev; excited states in O" were found at 6.20+0.03, 6.841+0.009, and 6.909+0.009 Mev 
neutrons from the reaction O'*(d,n)F"’ have been found in the range of 


resonances in the forward yield of 


bombarding energies from 1.8 to 4.3 Mev. The cross section f 


Ten broad 


or the N“(d,n)O"* reaction increases with the 


deuteron energy in the range 1.1 to 4.5 Mev; a sharp rise in the cross section begins at a bombarding energy 


of 2.1 Mev 


I. INTRODUCTION 


HERE is at present considerable interest in the 

similarity of the level structure of pairs of mirror 
nuclei, since the hypothesis of the charge symmetry 
of nuclear forces predicts that these structures should 
be identical, except for Coulomb effects. Theoretical 
analysis of the energy shifts of mirror excited states has 
met with success only in a qualitative manner.’ Both 
theoretical and experimental difficulties are present: 
the magnitude of the energy shifts are critically 
dependent on the nuclear radius, and the radius varies 
with excitation energy in an unknown manner. Also, 
accurate determinations of the energy levels of both 
members of a mirror pair have been made in only a 
few cases. Magnetic analysis of inelastically scattered 
charged particles and of charged-particle groups from 
nuclear reactions allow accurate measurements of the 
energies of excited states. The levels of many nuclei, 
however, are inaccessible with this technique, and in 
most cases present information is derived 
from measurements of the energies of neutron groups 
or of y rays from various reactions. Since these types 
of measurements difficult to make with great 
accuracy, the level structures of some nuclei are known 


the best 


are 


only to an order of magnitude less accurately than those 
of the mirror partners. 

By measuring, as a function of bombarding energy, 
the ratio of the number of slow neutrons to the number 
of fast neutrons emitted in (p,n) and (d,n) reactions, 
it is possible to detect neutron thresholds corresponding 
to the ground states or to excited states of the residual 
nuclei. This technique* has been supplemented with a 
means of precisely determining the bombarding energy. 
In this manner, it is possible to accurately measure the 


t Supported by the U. S. Atomic Energy Commission 

* National Science Foundation Predoctoral Fellow. Now 
Postdoctoral Fellow, Kellogg Radiation Laboratory, California 
Institute of Technology, Pasadena, California 

$ Humble Oil and Refining Company Fellow in Physics. Now 
at Phillips Petroleum Company, Atomic Energy Division, Idaho 
Falls, Idaho 

! J. B. Ehrman, Phys. Rev. 81, 412 (1951); R. G. Thomas, Phys 
Rev. 88, 1109 (1952 


*T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954 
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The absolute cross sections for the O'*(d,n)F*? and N“*(d,n)O"* reactions were measured 


excitation energy of the residual nucleus and thus 
provide information which may be used in the com- 
parison of the level structures of pairs of mirror nuclei. 

The method of measuring the ratio of the number of 
slow neutrons to fast neutrons with two _paraffin- 
moderated BF; counters, one sensitive preferentially 
to slow neutrons (‘‘slow counter’’) and the other almost 
energy-insensitive (“‘modified long counter’’), is called 
the “counter ratio” technique, and it is applied here in 
the measurement of neutron thresholds in the reactions 
O'*(d.n)F"* and N“(d,n)O"~ 


“ 


II. PRECISION MEASUREMENT TECHNIQUE 


In order to establish the level structures of nuclei 
with considerable accuracy by measuring neutron 
threshold energies with the ‘“‘counter ratio” technique, 
it is necessary to know precisely the energy of the 
bombarding particles. Since magnetic analysis of the 
charged-particle beam is used with the Rice Institute 
6-Mev Van de Graaff accelerator, measurements of 
the radius of curvature of the particle orbit and the 
magnetic field strength suffice to determine the particle 
energy. A Pound magnetometer’ is used to measure the 
field strength. This instrument utilizes a proton reso- 
nance absorption signal for field strengths up to about 
7000 gauss and a lithium signal for higher strengths. 
The oscillator unit supplies a signal that is beat against 
the signal from a frequency meter,‘ and the beat 
frequency is displayed on an oscilloscope along with 
the resonance absorption signal in the conventional 
manner. The probe, which is fitted between the pole 
pieces of the analyzing magnet close to the accelerator 
vacuum tube, is connected by short leads to the 
oscillator. The frequency tuning and the operation of 
the frequency meter and the oscilloscope are carried 
out at the accelerator’s remote control station. 

The radius of curvature was determined by measuring 
the field strength at the threshold for the reaction 
Li’(p,n)Be’. The threshold energy for this reaction is 

* Manufactured by the Laboratory for Electronics, Inc., Boston, 
Massachusetts; Mode! 101. 

* Manufactured for the U. S. Army Signal Corps by the Zenith 
Radio Corporation, Chicago, Illinois; Model BC-221-K. 
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1.8811+-0.0005 Mev.® Over a period of several days, 
no change in the calibration could be detected which 
corresponded to an energy shift of more than 0.5 kev 
at the Li’(p,)Be’ threshold. A typical calibration 
threshold is shown in Fig. 1. The deviation from 
linearity on the low-energy side of the threshold is 
due to the energy spread of the beam. 

Since the average field strength experienced by a 
particle is not exactly that measured by the magne- 
tometer, a systematic error could be introduced by 
using the calibration deduced from the Li’(p,n)Be’ 
threshold measurement over a large range of field 
strengths. In order to determine the magnitude of this 
systematic error, a number of well-known (p,m) 
thresholds*-? were measured. The difference between 
the known and the observed threshold energy [based 
on the Li’(p,n)Be’ calibration] was found to be an 
increasing function of field strength. Six (p,») threshold 
measurements were made, which are listed in Table I, 
and the energy difference was plotted as a function of 
Hp. For a given field strength, the energy correction for 
protons is twice that necessary for deuterons. The 
correction curve - protons determined in this manner 
is shown in Fig. 2. The correction at the highest field 


TABLE I. (p,") Threshold calibration points. 


Approximate 





Target Threshold Refer- Hp (Kilo- Mass No. Correction 
nucleus energy "(Mes ence gauss-cm of be am kev 

A Li? 1.8811 +0.0005 5 198 t standard 

B Be* 2.059 +0.002 6 208 1 2 

( Bu 3.015 +0.003 6 250 1 6.5 

D cu 3.236 +0.003 6 260 1 6 

E H? 1.0203 +-0.0015 7 295 2 12 

F Li? 1.8811 + 0.0005 5 398 2 16 


strengths used amounted to about 17 kev for protons, 
9 kev for deuterons. 

Small errors in the application of this correction, 
together with the energy spread of the beam and the 
uncertainty in extrapolating the leading edge of a 
threshold to determine the threshold energy, limits the 
accuracy of the absolute measurement of energies to 
about +4 kev. Energy differences of less than a few 
hundred kev may be measured somewhat more 
accurately. 

Each of the measurements of the threshold energies 
reported herein was carried out on at least two different 
occasions, with separate calibrations of the radius of 
curvature. In no case was an energy spread of more than 
3 kev noted among the runs, and in most cases non- 
systematic shifts of about 1 kev were observed. 


Ill. O'*(d,n)F 


The energy of the first excited state of F'’ has been 
measured with an accuracy of about 15 kev by two 


5 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 

* Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 

*T. W. Bonner and J. W. Butler, Phys. Rev. 83, 1091 (1951). 
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different methods. Ajzenberg* obtained an energy of 
0.536+0.010 Mev for this level from the observation 
in a photographic plate of the ranges of the recoil 
protons from the reaction O'*(d,n)F"’ at a bombarding 
energy of 8 Mev. Warren ef al.,° observed the y radia- 
tion from this state in the reaction O'*(p,y)F"’, and 
obtained a value of 0.487+0.015 Mev. In view of the 
rather large discrepancy between these two measure- 
ments, the O'*(d,n)F"’ reaction was investigated with 
the “counter ratio” technique. 

An oxygen target of about 25-kev thickness at a 
deuteron energy of 2 Mev was prepared by heating 
a clean tungsten blank at a temperature of 600°-800°C 
in an induction heater in the presence of tank oxygen 
at a pressure of about 25 mm of Hg. The counter ratio 
and the neutron yield in the forward direction were 
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Fic. 2. Experimentally determined curve of the 
energy correction for protons. 


*F. Ajzenberg, Phys. Rev."83, 693 (1951). 
* Warren, Laurie, James, and Erdman, Can. J. Phys. 32, 563 
(1954). 
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Counter ratio and yield of neutrons in the 
bombarding energy 


Fic. 3. O'*(d,n)F 
forward direction as a function of 


measured in the range of deuteron energies from 1.8 
to 4.3 Mev. The results are presented in Fig. 3, which 
shows the two thresholds that were observed and a 
number of resonances in the neutron yield. At a bom- 
barding energy of 1.830+0.004 Mev, threshold neutrons 
corresponding to the ground state of F'’ were observed, 
and a sharp rise in the counter ratio results. The curve 
rises until the target thickness is reached and then 
decreases in the expected manner. The second sharp 
increase in the ratio, at a bombarding energy of 2.393 
+0.004 Mev, is due to the threshold 
neutrons leaving F"’ in the first excited state 


emission of 


For cases in which the number of neutrons emitted 
at an excited state threshold is large, it 
use either the counter ratio curve or the plot of the 
counting rate in the “slow counter” to determine the 
threshold energy. Figure 4 shows the extrapolation of 
the leading edge of the 2.393-Mev threshold observed 
with the “slow counter” to determine the threshold 


is possible to 


energy. These two thresholds establish the energy of 
the first excited state of F"’ to be 0.499+0.003 Mev 
The calculated Q-value for the ground state threshold 
is — 1.626+0.004 Mev, which is to be compared with a 
1.622+0.004 Mev, obtained by Bonner and 
their value is corrected for the 


value of 


Butler,’ when most 


OLUTERON ENERGY 


Fic. 4. O'*(d.n)F". Counting rate in the “slow counter” as a 
function of bombarding energy, showing the extrapolation of the 
leading edge of the 2.393-Mev threshold to obtain the threshold 


energy 


BRUGGER, 


AND BONNER 

recent determination of the Li’(p,n)Be’ threshold. The 
threshold energies, 0-values, and the excitation energies 
in F*? are summarized in Table II. 

The slow decrease of the counter ratio above the 
second threshold is probably due to the emission of 
slow neutrons with /=1. The yield of such neutrons 
continues to rise for a greater energy interval than 
that for s-wave neutrons. Since the first excited state 
of F"’ is 3*, s-wave neutron emission to this state would 
be possible only if the states of the compound nucleus 
were either 0* or 1+. The resonance structure of the 
yield curve suggests that compound nucleus formation 
plays an important role at these low bombarding 
energies. Therefore, if O* or 1+ states are present in 
this energy region of the compound nucleus, they must 
be weak. At the peak of the ratio curve, at 2.42 Mev, 
a dip in the ratio occurs. That such a shape of the ratio 
curve should not be interpreted as an additional 
threshold may be seen by noting that only a single 
level occurs in the mirror nucleus, O", in this energy 
region. This dip is probably not the result of a decrease 
in the number of slow neutrons emitted, but of an 
increase of the number of fast neutrons at the corre- 


Taste II. Neutron thresholds in the reaction O'*(d,n)F"’. 


Mev 
Other 
measure- 
ment Q-value 


Excitation in F!? (Mev) 
Other 
measure- 
ment 


Threshold energy 
Present Present 
work Mev work 
+0.004 1.83540.005* ~—1.626+0.004 
+ 0.004 —2.125 +0.004 


0 
0.536 0.010% 
0.487 +0.015¢ 


0.499 +0.003 


* See reference 7. T} 
See reference 8. 
See reference 9 


v1¢ published value has been corrected; see text 


sponding resonance in the yield of neutrons in the 
forward direction. This dip in the ratio is taken to 
imply that neutron emission to the ground state is 
favored over emission to the excited state at the 2.42- 
Mev resonance. This would occur if s-wave emission 
were possible to the ground state at resonance, while 
it were not favored to the excited state. Since the ground 
state of F"’ has spin 5/2*, this effect would result from 
the compound nucleus being in either a 2+ or a 3* 
state, with an additional assumption that deuterons 
with 124 are ineffective. Therefore, it is probable 
that the 9.7-Mev state of F'*, which is formed at the 
2.42-Mev resonance, is a 2+ or 3* state. 

Figure 5 shows the level schemes of the mirror 
nuclei, O" and F", up to excitations of 2 Mev. The 
O" energies are from Sperduto ef al.,” and the F” 
energies are the values of Table II. The extreme 
downward shift in energy of the first excited state of 
F'’, compared with that of O", is probably associated 
with the change in boundary conditions on the wave 


” Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 
96, 1316 (1954). 
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functions at the nuclear surface as a result of the 
anomalously low particle dissociation energy in F'7." 
The neutron yield in the forward direction from three 
separate runs, is shown in Fig. 3. The background, 
obtained by bombarding a clean tungsten blank, has 
been subtracted. The percentage background counting 
rate in the modified long counter decreased from 37% 
at 2.4 Mev to 6% at 4.0 Mev. Ten broad reso- 
nances were found between threshold and 4.3 Mev, 
some of which agree with those observed in the 
O'*(d,p)O"” reaction.”"* The flattening of the yield 
curve immediately above the threshold for the F"” 
ground state was also observed by Bonner and Butler.’ 
This effect is probably due to the resonance at 1.7 Mev, 
below the threshold for neutron emission, which is 
known from the O'*(d,p)O" reaction.” A summary of 
the resonances found, together with the corresponding 
excitation energies in F'* is given in Table III. 


IV. N'*(d,n)O" 


The reaction N"(d,n)O'* has been studied with the 
“counter ratio” technique described above. The target 





Fic. 5. Energy level dia 
grams for the first 2 Mev of 
excitation of the mirror nuclei, 
O” and F", 























was prepared by absorbing nitrogen gas in tantalum. 
This was accomplished by heating a 40-mil tantalum 
disk in an induction heater to about 1300°C for several 
minutes in the presence of 1 atmosphere of nitrogen. 
This target was approximately 60 kev thick at a 
deuteron energy of 1.9 Mev. 

The counter ratio and the forward yield of neutrons 
is given in Fig. 6 for deuteron energies from 1.1 to 4.5 
Mev. The counter ratio curve indicates thresholds at 
bombarding energies of 1.24+0.02 and 1.967+0.004 
Mev. A closer examination of the region near 2.0 Mev 
was made with a 20-kev target and the results are 
shown in Fig. 7. An additional threshold was observed 
at 2.044+0.004 Mev. The threshold energies, Q-values, 
and excitation energies in O" are listed in Table IV. 
The large error in determining the energy of the 1.24- 

" T. Lauritsen, Ann. Rev. Nuc. Sci. 1, 67 (1952). 

2N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 
(1948). 

“Van Patter, Simmons, Stratton, and Zipoy, Phys. Rev. 96, 
825(A) (1954). 
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Taste IIT. Resonances in O'*+d. 


pu 
(Mev) 


O(d,p) 
Ea (Mev) 


9.0 
95 
9.6 
97 
99 
10.1 
10.2 


10.3 
10.4 
10.6 
10.8 
11.0 
11.2 


* See reference 12. Resonances in the integrated cross section 
See reference 13. Resonances in the cross section at 50 


Mev threshold was due to the large background 
counting rate at this low bombarding energy. 

The threshold at 1.24+0.02 Mev implies an energy 
level in O' at 6.20+0.03 Mev. This is in agreement 
with the determination of Evans, Green, and Middle- 
ton“ using photographic plates (6.19+-0.16 Mev), and 
with that by Bent ef al.,"* obtained from a pair-spec- 
trometer investigation of the y radiation from the 
deuteron bombardment of N™ (6.12+0.06 Mev). With 
the photographic plate method it was not possible to 
resolve the neutron groups corresponding to the 
6.841- and 6.909-Mev states. The pair-spectrometer 
measurements indicated a single line at 6.81+-0.04 Mev. 

Table V lists the relative intensities of protons, 
neutrons, and y rays from the deuteron bombardment 
of N“. The bombarding energy at which the intensity 
was measured is given in each case. The relative 
intensities will be influenced by differences in angular 
distribution since the intensities are taken from 
measurements made at a single angle. Also, comparison 
of relative intensities from reactions produced at 
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Fic. 6. N“(d,n)O". Counter ratio and yield of neutrons in the 
forward direction as a function of bombarding energy 
4 Evans, Green, and Middelton, Proc. Phys. Soc. (London) 

A66, 108 (1953). 

1% Bent, Bonner, McCrary, Ranken, and Sippel, Phys. Rev. 99, 

710 (1955) 
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state. This is consistent with the intensity measure- 
ments of Evans, Green, and Middleton,“ made at a 
bombarding energy of 7.7 Mev. 


V. MEASUREMENT OF ABSOLUTE CROSS SECTIONS 


~ 


Since very little information is available concerning 
the absolute cross sections for the emission of neutrons 
in nuclear reactions, measurements were made to 
obtain this information for the reactions O'*(d,n) and 
N'*(d,n). It was necessary to determine the absolute 
tion for each reaction at one or more 
bombarding energies, thereby calibrating the relative 
yield curve. This entails a knowledge of two factors: 


d.n)(*. Counter rat as a functior 1) t} 


Jo M | O67 the absolute number of neutrons emitted from the 
4) ev wing I dd 


UNTER RATIO 


cToss Se. 











pt 
200 
DEUTERON ENERGY (MEV) 


target per unit solid angle and microcoulomb of beam 
current, and (2) the number of target nuclei per cm? 
different bombarding energies is probably not valid on the target. 
in a quantitative sense, but the comparison s! rhe first factor was determined by comparing the 
be at least qualitatively correct counting rate from the target with that from a cali- 
The N"® level at 7.314 Mev and the vel brated'® Ra-Be source with a “long counter” of the 
6.841 Mev appear to be the most 
levels in these reactions. Because of this fact, it may 
reasonable to associate these tw ate mirror 
e case, the N level at 5 Mev 
level at 6.909 Me 


he Tasie V. Relative reaction intensities in 


Ss tr 


level correspol ding t ul 7.165-Mev state 


has not yet been detected. Such a level to w>i 
emission near threshold is less than about 0.3 


he 2.044-Mev tl } d (6.909-Nevyv 


] 
a 


obtained by bombarding a clean tantalum type described by Hanson and McKibben.” The 
k, has been subtracted. The background w 33 current integrator was calibrated by measuring the 
tal counting rate in the modified long count time necessary to record an integrating pulse when a 


Mev and decreased to a 5 1¢ known current was passed through the circuit. The 
g 


section increases smoot! ip to 2 lev where amount of current was determined by measuring the 

here is a sharp rise in the yiel pr thi voltage drop across a precision, wire-wound resistor 
energies above 2.1 Mev a lar f * neutrol with a Leeds and Northrup potentiometer. 
ns leaving in 6.841-Mev The determination of the number of target nuclei per 

cm? was simplified by using a gas target for the absolute 

cross section measurements. The target chamber was 

inch in diameter and 1.5 inches in length and was 


constructed of iron; a 2. 


0.5 
58 mg/cm? nickel foil covered 

Me ent work the entrance hole to the chamber. Gas pressures of 
s aeee on 20m ' BP about 4 atmosphere were used. Since the deuteron 
~~ obs a bombardment of nickel produces an appreciable 
967 +0.004 1.719+0.004 ¢ number of neutrons, backgrounds were taken with the 
2.0444-0.004 78740.004 6.909+.0.0008 gas removed from the target chamber 


The absolute cross sections were determined at a 


* Calibrated to an accuracy of 4% by the U. S. Bureau of 
Standards. September, 1954 


\. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947 
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deuteron energy of 3.33 Mev. The yield curves shown 
in Figs. 3 and 6 were normalized to the absolute values 
at this energy. The curves have not been corrected for 
the variation of the sensitivity of the modified long 
counter with neutron energy. The efficiency of the 
modified long counter in its position behind the “slow 
counter,” is a maximum for neutrons with an energy of 
about 1.5 to 2 Mev and it has a lower efficiency for 
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both lower and higher energy neutrons. The decrease 
in efficiency is about 40°) for 5-Mev neutrons and is 
slightly greater for neutrons of energy less than about 
0.3 Mev. Since the correction is complicated by the 
existence of more than a single neutron energy group, 
such a correction has not been attempted. 

The estimated accuracy to which the absolute cross 
sections have been determined is +50°). 
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Isotopic Spin Impurity in Light Nuclei. I. Core Impurity 
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(Received April 25, 1955 


he introduction of isotopic spin impurity by the Coulomb mixing of different nuclear eigenstates of 7? 


can occur both through the perturbation of the wave function for nucleons in a J, 7 
lomb interaction of nucleons in the core, and through the perturbation of the wave function for nu 
outside the core by their Coulomb interaction with nucleons in the core an 
the core impurity, the sum of the squared amplitudes of higher isotopic spin eigenstates 
lated for the ground state of V = Z even-even nuclei on the Fermi gas model 


0 core by the Cou 
leons 


1 with each other. In this paper 
#0), is calcu 


lhe core impurity is found to 


exceed by a large factor the isotopic spin impurity in the wave function for nucleons outside the core 


I. INTRODUCTION 
HE total isotopic spin quantum number 7” exists 
“charge-independent” 
interaction between nucleons of the form }>’(a+5¢,-,), 


under the assumption of a 


where a and 6 are functions of space and spin and ¢; is 
the isotopic spin vector for the ith nucleon. The primed 
summation indicates that one sums over i#/j. The 
present active interest in the isotopic spin quantum 
number for nuclei began primarily among the experi- 
mentalists and among those interested in cataloging 
and understanding the large amount of experimental 
information on light nuclei which is being accumulated 
at an increasing rate. For this purpose the isotopic spin 
quantum number provides selection rules on each of 
reactions involving 


absorption and emission of heavy particles, (2) 8-decay, 


three types of nuclear reactions: (1 
and (3) isomeric transitions. Selection rules for processes 
of type (1) are usually simple and forbid such reactions 
as (d,a) going from the ground state of an N=Z 
nucleus to the T= 


Selection rules for the second process were given by 


1 states of the final VN=Z nucleus. 


Wigner! and are different for the Fermi and Gamow- 
Teller matrix elements 

AT=0, 
AT=0, +1, 


Fermi: 


Gamow-Teller: 0+ 0. 
Finally selection rules for electric dipole transitions 
were recently derived by Trainor® in supermultiplet 


* Present address: Department of Physics, University of Wis 
consin, Madison, Wisconsin 

' E. P. Wigner, Phys. Rev. 56, 519 (1939) 

?L. E. H. Trainor, Phys. Rev. 85, 962 (1952). 


theory and more generally by Christy,’ Radicati,* and 
Gell-Mann and Telegdi.* We have discussed this selec- 
tion rule in some detail and have shown it 
sensitive test of the validity of the isotopic spin quan 
tum number.® 

The validity of the selection rules is affected only by 
a nuclear interaction which does not commute with 7°; 
i.e., by a “charge-dependent”’ nuclear potential, or by 


to be a 


the Coulomb interaction. Consequently, before any 
conclusions can be drawn about the nuclear potential, 
the quantitative effect of the Coulomb force on the 
isotopic spin quantum number must be determined 
The possibility of accounting for any observed viola 
tions of the above selection rules by ascribing them to 
the Coulomb potential would strongly suggest a nuclear 
interaction of the form }°’(a+b,- Conversely, the 
observation of large departures from the isotopic spin 
selection rules which could not be explained by the 
Coulomb force would certainly imply the existence of 
charge-dependent nuclear interactions. Of course, in 
case Coulomb forces should be shown to give rise to 
considerable mixing of the states of different isotopic 
spin, the usefulness of the isotopic spin quantum number 
would be destroyed. 

We are therefore interested in the extent to which 
one can assign a total isotopic spin quantum number T 
to the states of light nuclei for which A < 20. Specifically 


we want to know how much admixture (sum of the 


*R. F. Christy, Pittsburgh Conference on Medium Energy 
Nuclear Physics, 1952 (unpublished 

*L. A. Radicati, Phys. Rev. 87, 521(L) (1952) 

*M. Gell-Mann and V. L. Telegdi, Phys. Rev 

*W. M. MacDonald, Phys. Rev. 98, 60 (1955 


91, 169 (1953 
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squared amplitudes) of states of different isotopic spin 
is introduced into a total isotopic spin eigenstate by the 
Coulomb interaction. We shall call the amount of 
admixture—“the isotopic spin impurity of the state.” 


In the shell model, the simplest nuclear state is the 
ground state of a nucleus consisting of closed shells in 
neutrons and protons. Although only a few of the 
nuclear states are of this kind, the ground state and 
certain low-lying states of a nucleus with one or more 
particles in open shells can be regarded as the states of 


a system consisting of a “core” of particles having 
J, T=0 and one or more particles in open shells. Since 
the isotopic spin states of the same spin and parity 
are separated by a rather large energy ~15 Mev, in 
lowest approximation the effect of the Coulomb inter- 
action between core nucleons in promoting the isotopic 
spin impurity of the ground state of the core can be 
treated separately from the effect upon the isotopic 
spin state of the Coulomb interaction of the outside 
nucleons with each other and (The 
effect of the outside nucleons on the isotopic spin eigen- 
state of the core can be taken into account approxi- 


with the core.’ 


mately later, if necessary 

In the present paper we shall determine the core 
impurity for the ground state of an V=Z even-even 
nucleus on the Fermi gas model. The results we obtain 
consequently will be less dependent on the details of 
nuclear structure than later calculations on the shell 
model. The second source of isotopic spin impurity, 
in the wave function for nucleons in open shells, will be 
treated in a later paper using the jj-coupling model with 
harmonic oscillator wave functions. A recalculation on 
this model of core impurity for C", which in an N=Z 
even-even nucleus and also has closed shells in neutrons 
and protons, will be in agreement with results to be 
found here. 

The conclusion which we shall reach in these calcula- 
tions on light nuclei (A < 20) is that the core impurity 
is much more important than the impurity of the 
state of the outside nucleons.* This result invalidates 
the basis for some earlier somewhat less rigorous calcu- 
lations on the mixing of the isotopic spin states by the 
Coulomb potential.’ 


Il. DECOMPOSITION OF THE COULOMB OPERATOR 


The so-called Coulomb perturbation is usually under- 
stood to contain not only the Coulomb potential be- 
tween protons but also the neutron-proton mass differ- 
ence. In the isotopic spin formalism the perturbation is 


Ho=he I! (1— ry) (1—rp))r + (ma—m, eT; 


a 


+4A(m,+m,) 
where r; has the eigenvalue (+1) for a neutron and 
(—1) for proton. The {-component of isotopic spin 
then has the eigenvalue 7;=4(N—Z) for a nucleus 
*L. A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953); 
A67, 39 (1953). 


*W. M. MacDonald, Phys. Rev. 98, 234(A) (1955 
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with N neutrons and Z protons. The last two terms of 
Eq. (1) commute with 7? and, in fact, can produce no 
mixing of states of either the same or different isotopic 
spin if these states are orthogonal. These two terms 
merely will produce relative displacements of the levels 
of different isobars. To determine the effect of the 
perturbation produced by the first term, which is the 
Coulomb potential, one must perform a decomposition 
into irreducible tensors in isotopic spin space. Each of 
these tensors has different transformation properties 
under rotations in isotopic spin space, and there will 
exist different selection rules on the matrix elements of 
these tensors. The decomposition can easily be made 
and the selection rules stated which are relevant for our 


discussion. 

He=S+-T™+T™, 

S=fe OO’ (14+-4ei-2) ri, 

Vector: TO =—}fe Y-' (re: 475,17: 
AT=0,+1,.0+0 (2) 

TO = he DO (reirgi— bee tris, 


AT=0, +1, +2,0+4 0, 1. 


Scalar: AT=0 


Tensor: 


The quantity 7‘ is the jth component of a tensor 
of rank 7.° The scalar part S commutes with 7? and can 
be included in the nuclear Hamiltonian without affect- 
ing the validity of the isotopic spin. The tensor T™ 
can only mix the T=0 with the 7=2 state, and the 
large energy separation of these two multiplets will 
enable us to neglect T™ in computing the impurity of 
T=0 states. One has to consider only T=0 states for 
the normal states of N=Z nuclei for A <20, and only 
the vector of He therefore need be 
considered. 

According to perturbation theory the‘perturbation 
H, introduces into an eigenstate VW» the impurity #, 
defined as the sum of the squared amplitudes of different 


component 


eigenstates 

(W,,H »Vo) 

(Eo— E,)* 
By closure, an upper limit on p is 

(Wo, PWo)— | (Wo,H Vo) 
PSs 
\ Eo- EB, )? 

Since the perturbation which we shall use, 


C=7 —te >’ Tr Te ‘ (5) 


has zero expectation in the T= 7;=0 ground state Wo, 
the maximum impurity is 
Pu = (Wo,C*Wo)/ (Eo— E;)’. (6) 


*E. P. Wigner, Gruppentheorie (Friedrich Viewag and Sohn, 
Braunschweig, 1931). 
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The energy difference Ey— E, which appears in Eq. 
(6) should be the energy separation of the ground state 
T=0 from the first excited state of the same spin J and 
parity but having T=1. The importance of the dis- 
tinction between this energy and the separation of the 
T=0 and 7=1 multiplets is obvious for the odd-odd 
nuclei where the first state of the T=1 multiplet is 
only a few Mev above the 7=0 ground state. In most 
cases, however, the first T=1 state of the same spin 
and parity as the ground state is not known. We are 
now interested only in the nuclei with N=Z and A =4n, 
however, and for these the first T=1 level lies quite 
high. In this case we can use the energy separation of 
the T=0 and T=1 multiplets since the first T=1 
state with same spin and parity as the ground state 
cannot lie much higher. The energies E(T=0) 
— E(T=1) are estimated from the energy separation of 
the ground state of the 7;=0 member of an isobaric 
triad from the ground states of the 7;=1 components. 
(See Table I.) 


Ill. SIMPLE ESTIMATE OF ISOTOPIC SPIN IMPURITY 


The matrix element of @? can be estimated by a 
method which is similar to that used for deriving sum 
rules. The squared sum @? can be written 


é 

(2 0’ (reitery) ri? t+2 DL’ (reste res) (rete) 
64 i.) i,j,l 
X rij Ip i, 1+ :s 


4,9,4,1 


e= 
(retry) (teeters nr}, (7) 


where the primed summations indicate that different 
indices never assume the same value. The approxima- 
tion is now made that the expectation values of the 
reciprocal separations 7;;~*, rij", and rij—ver are 
the same for every term of each of the three sums 
appearing in Eq. (7) and are respectively (r:3~*), 
(rio ri37'), and (ri:27'347'). Each of the three sums over 
the isotopic spin coordinates can be carried out ex- 
plicitly to yield 
(@?) = peed (A — 1) { (riz) + (A —4) (riz nis) 

—(A—3)(nis ly 34 he (8) 
This expression vanishes for all r;; constant and equal, 
as it must since then C= —}e*r,;'T;=0. 

The averages appearing in Eq. (8) will be calculated 
by taking the nucleus to be spherical and of uniform 


density. 
(ny ?)=V *f drideans re 


; * f desdredes Wig; (9) 


1 A\ oe 
2 713 = 


(nig rs = V ‘f arsdradtedras ‘va, ', 


where V = (4/3)xR® is the nuclear volume and the 
integrations are performed by allowing the points 
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TaBLe I. Energy separation in Mev of isotopic multiplets 
in Ts=0 even-even nuclei. 


A 8 (Bet) 20 (Ne*) 
E(T=1)—E(T=0) 16.7 15.1 10.1 





12 (C%) 16 (O*) 


12.9 





fi, f2, fs, and ry to move through the volume of a 
sphere of radius R. These integrations yield 


(ny?) = (9 /‘4)R-*=2.25R &. 
(Tie Iyygt)= (51 ‘35)R 2=1.457R $. 


(ris vag!) = (36 25)R?= 1.44R-°. (10) 


Inserting these average values in (8), we have finally 
eé 


(C?) = A(A—1)(0.76+-0.017A). 
16R? 


(11) 


This result is very interesting in its dependence on 
atomic number. From Eq. (7) one might have expected 
(@*) to be proportional to A*R™ but this result is pro- 
portional to A(A—1)R™ for A less than ~100. If one 
writes the impurity limit py in the form, 
A(A—1) (e/R)* 
Pu= (0.76+-0.017A), 
2 8(Eo— E;)? 


(12) 


an obvious interpretation is that the core impurity is 
just the effect of the perturbation of a single-nucleon 
wave function by another nucleon multiplied by the 
number of interacting pairs. Stated in this way, no 
account has been taken of the differences in interaction 
between nucleons in different orbits. For example, the 
Coulomb interaction between nucleons in an s orbit is 
obviously greater than that between nucleons in a p 
orbit and the perturbation of the single-particle orbits 
is consequently greater in the first case than in the 
second. Nevertheless, the qualitative idea suggested by 
Eq. (12) is correct as will be seen in the shell model 
calculations, 


IV. THE FERMI GAS MODEL 


This simple evaluation is completely independent of 
the symmetric structure of the nuclear wave function 
and does not even approximately take account of the 
fact that the ground states of A=4n nuclei where 
A <20 are of a four-structure with four nucleons in 
each space state. This feature of Eq. (8) is a conse- 
quence of the separation of the space and isotopic spin 
dependence of the operator C@? in Eq. (7) by the intro- 
duction of (r:97*), (rig nig), and (ris'¥7a¢7'). Although 
the use of such an approximation means that the co- 
efficients of these averages in Eq. (8) are not really 
correct, one might expect that the value of (@*) given 
by (11) has not been affected much by this error. The 
reason is that Eq. (11) is mostly a consequence of the 
necessary condition that C=0 for all the ri; of Eq. (5) 
equal to the same constant (r;;=a) and of the near 
equality of (r17-*), (riz nis), and (riz vag 


) 
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In order to obtain a more correct evaluation of (C? 
which includes the four-structure of the ground state 
wave function, we shall work with the single-particle 
model and use a formalism similar to that of Rosen- 
feld.” The expression for the density matrix 
found there, however, omit terms which are important 


(ti gif) 


for this problem. The extension of these methods to the 
evaluation of three- and four-particle operators has 
not been necessary previously 

We begin by describing the nuclear ground state by 
‘,QOa) which is antisymmetric 
three space 


the wave function ¥(QO,,-- 
in the which 
coordinates, a spin coordinate, and an isotopic spin 


coordinates (), represent 
coordinate. In the single-particle model, the antisym- 


metric ground state wave function can be represented 


by 
¥i(0)) WilOx4) 
v ; 13 
Wa l(Q)) WalOn 
where y,(Q,) is a single-particle wave function of the 
form 
¥,(0,)=¢,(1,)u,(@,,%> 14 


spin state 


rhe function u,(e,,¢,) is a spin and isotopi 
The i 


while ¢,(r,) is a space state. whole development of 
three 


the expectation values of two-, _ and four-nucleon 


a point where the 


evaluated, but from 


operators is quite general up to 
are actually 


“density matrices’ 
this point we use for the space states 
| all momentum 
This cl 
stitutes the use of the Fermi gas model. 
V. MATRIX ELEMENTS OF MULTIPLE-NUCLEON 
OPERATORS 


Two-Nucleon Operators 


late plane waves nor- 
malized in the nuclear volume and fil 


states up to some wave number &,, oice con- 


the collective 


Consider an operator W.(Q;,02) on 
coordinates Q,; and Q». The expectation value of Wy, 


will be 


Wi O10 f- f y* Or, Ou 
Q1 QA 


XW 12(Q:,02)¥ (Or, 


This equation can be rewritten by separating the space 
and spin coordinates (intrinsic spin and isotopic spin 
total” 


in QO, and Qs». Let s denote the “ spin state of both 


nucleons and r;, r, denote their space coordinates. Then 


dr,dr.v* 


“GA 


W(Q1,02))= 3 


Ef 


X (81,8 2,5; Vs,°- OOW 01,02) 


x he \'k 


XW (01,082,855 Os,-- + ,Qa) 16) 


The summation over s is simply the operation of taking 
a trace over the 16-dimensional spin and isotopic spin 
“L. Rosenfeld, Nudear Forces (Interscience Publishers, Inc., 
New York, 1948) 
"! H. Bethe and R. Bacher, Revs. Modern Phys. 8, 82 (1936 
See also reference 10. 
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space of the two nucleons. We can make a unitary 
transformation in this space to the representation in 
which the states are eigenstates of rr; and rr2, the 
¢ components of the isotopic spin of the nucleons, and 
of ¢.; and o,2, the intrinsic spin. The Eq. (17) can be 
written then 


W(O:,02))=d | dridr(s! g(11,22) | s’)(s’| We! s), (17) 


where s and s’ are now quantum numbers for the total 
spin state of the two nucleons and (s/ g(1,r2) | s’) is the 
density matrix defined by 


(s! (11,82) “=f of W*(r1,72,5; Oa, + *,Qa) 
Q3 QA 


XW (r1,72,8’; Os,---,Qa). (18) 


In the state W given by Eq. (13), we shall take every 
space state to be completely occupied by four nucleons, 
two neutrons, and two protons, with each pair of like 
nucleons having opposite spins. We shall thus be 
treating the normal states of nuclei with A=4n, T=T; 

-). In writing the exchange terms which appear in 
(s\ g(t1,82) |s’), we shall make use of the total spin ex- 
change operator (intrinsic spin) : 
P,, =} (1+e;-0;)(1+2- 


spin and isotopic 
. The density matrix is 


then 
(s g( 41,82) s’) [A(A—1) ] 
x (5| > o*(1),* (2) [4(1),(2) — Por, (2)6-(1) ] 
+-5(s,512) >, |, (1) |?! ,(2)|2(1—P,,"")!s’), (19) 
a 


where 5:2 denotes the total spin state (spin and isotopic 
spin) of nucleons 1 and 2 for which the two nucleons do 
not both have the same spin and isotopic spin. The 
restricts the sum over spin states.s to those 
states compatible with the requirement that the same 
single particle state cannot be occupied by both nu- 


5(S,8y9 


cleons 1 and 2. 
At this point, we introduce for the ¢, of Eq. (19) 
plane waves normalized to volume V = (4/3)xR’, 


¢,= V~ exp(ik,-r), (20) 


with the free particle states being taken as dense in 
k-space. We can replace sums over k,, therefore, by 
integrals up to a maximum wave number &,, given by 
kh, = (99)§/2ro=1.523/ro, where R=roAt. The sums 
which appear in (19) are then easily evaluated: 


¥ |, (1)!2!6,(2)|2= A (A—1)/16V?, 


” 
a? 


™” 


¥ $,*(1)6,*(2)o,(2),(1) = (A (A —1)/16V7)G(r12), 


3 T\! J;( Rar) 
G(r)= Jil Rmr) = 3 ) ; 
| 2 (Rw)! 


-” 


(21) 
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The function G(ri2) is designated as the equivalent 
nucleon correlation function since it gives the proba- 
bility of a certain relative separation of two nucleons of 
the same spin and isotopic spin. 

If we insert the sums of Eq. (21) into Eq. (19), we 
obtain 
1 


“ [1i—P,.G*(ri2) ] 


(s| g(r1,82)/s’)= (« 
116V? 


4 
x{1 +- (51) ’). (22) 
A-—1 


Three-Nucleon Operator 


The derivation of the density matrices for three and 
four particle operators is very straightforward. Denote 
the permutations P of the symmetric group by 


a 
P 
---§P... P 
where the a,” designate only the numbers which are 
not permuted into themselves by P. Further, let dp be 
the sign of the transposition so that 6p>=-+1 according 


as P is even or odd. Then, if the expectation value of 
W 123 is given by 


W 193 E far drodr; 


X (s | g(r1,82,83) | 5’)(s’|Wiss|s), (23) 


the density matrix is just 


(s g(t1,82,8s) 5s’) (: (1+ 30 bpPoe? (1G (rairai7)) |} 
rd 


16 , 
+ 5(s,S123) +8(s,5132) ]]/s’ J, (24) 
(A—1)(A—2 | 


where S23; is a permissible total spin state for three 
nucleons occupying the same space state. The permuta- 
tions P,,” on the spin and isotopic spin are all the 
permutations belonging to the symmetric group on 
three symbols. 


Four-Nucleon Operator 


The matrix element for the four-nucleon operator is 
just 


Wi) =3 J ardrdesdr 


* (s| g(11,82,8s,84) | s’)(s’| Wasa) 5), (25) 
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an 
wn 


where the proper density matrix is 


(s| g(t1,82,0s,84) | 8’) = (: 1+. dpP..? (1G (ravrayr)) ] 
P 


4 
[1+ [5(s,S12) +4(s,513) +8(s,514) 
A-—1 
16 
+-5(5,523) +8(s,504) +8(s,534) | Tr 
(A—1)(A—2) 
16 
[6 (s,s124) +-5(S,S234) +-5( $,Si23) r 
{—1)(4—9) 


These expressions are rather lengthy, but the calcula- 
tion of expectation values with these density matrices is 
greatly simplified in two ways. First, it will be noticed 
that all the permutations which are equivalent under 
the normal subgroup which leaves the operator invari- 
ant, contribute equal integrals to the expectation value. 
Therefore only one of the terms which are equivalent 
under this group need be considered, multiplied by the 
number of such terms. Secondly, a large number of 
terms will be found to contribute nothing to the ex- 
pectation value when the sum over total spin states 
is evaluated. 


VI. EVALUATION OF (c*) FOR T;=0, A=4n NUCLEI 


From Eq. (7), the squared Coulomb operator can be 
written as 


( a, Wiaitd! Wirt XO! Wiser) (27 
16 i ig ij.kt 
where 
W = (ret 7 3;)’r, W i= (teeter (ratrarg ra, 
W cei (restees) (treet rears re A (28) 


and primed summations indicate that different indices 
never assume the same value. From the complete anti- 
symmetry of the nuclear wave function, it follows that 
W is +A(A 1)(A 2 W jo 
-1)(A—2)(A—3)(W234)). 


C*) = fge(§A (A—1) 


+}4A(A (29) 


The expectation value of each of the multi-nucleon 
operators is to be found using Eqs. (22), (24), and (26). 
In finding these expectation values, we shall omit the 
exchange terms containing integrals over the correlation 
function G(r) and defer consideration of their magni- 
tude and effect. 
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To terms of order 1/A, the expectation value of W : is 


(Wy)= (30) 


1 
Ps dx, dx,(s Wi. s’)(s’ 1 $). 
16V? «0 


The sum over the total spin states can be evaluated 
TrW 32> 329,37, 
and the result found: 
(Wy2)= (nis (31) 
Neglecting only terms of order A~ in (W,2) implies 


that (W y2;) must be correct up to terms of order A~* 


1 
(Wiss yr f dxdredx, +| Wasal s’) 
O4V? ae’ 


4 
x(s)14 f 
A-—2 


In evaluating (26), the sums over total spin states give 


5( 5,512) +6(5,513) +8(5,523) ‘) (32) 


TrW 33 = O47 Wis . Tri W 1238(s,512) ]= 329i lyi3 . 


Trl W 1298(s,513) ]=0. 


The expectation value is then 


A+4 
Wis ( ) Ti2 iis), 
A-2 


Finding the expectation value (Wy234) is slightly 
more trouble since one must now carry all terms up to 
order A~*. In this calculation some peculiar features 
arise from the fact that in some isotopic spin states for 
four nucleons W j2s4 is positive, and in others it is nega- 
tive. In the case of Wy. and Ws, only positive values 
were possible. A consequence of this fact is that 
TrW t214=0. The expression which would give rise to a 
term in (C*) proportional to A‘ therefore vanishes here 
just as it did in the sum rule calculations. 

The expectation value of (W234) is found from Eq. 
(26) to order A~* to be 


(33) 


1 
SS | dridrodrydry(s W294 8°) 


2560V* «* 


(W 2a 


4 
x(v 1+ [5(s,812) +6(s,513) +6(s,514) 
A-1 


16 
+-8( 5,593) +-8( 5,524) +8(8,534) |+ 
A—1)({A—2) 
X ([8(s,5124) +-5(S,S124) +45(S,5294) +4(5,5123) | 


16 


of 


' [8(s,512)5 (8,834) +8(8,513)8(S,S24) 
(A—1}(A—2) 


| 
+8(s,08(550)]}s). (34) 
| 





MacDONALD 


When the traces over spin and isotopic spin have been 
performed, the result is just 


4(A+5) 
(W 2% OE ep eeeenseen (nis rag ). (35) 
(A—2)(A—3) 
Using now Eqs. (29), (31), (33), and (35), the ex- 
pectation value of (@*) is just 


(@?) = Peed (A—1){ (riz) + (A +4) (nis 4a) 


~(A+5)(niz4s)}. (36) 


When the average values from Eq. (10) are inserted, 
this becomes 


e 


(@?)=——A(A—1){0.878+0.017A}. (37) 


16R’ 


As we expected, although the expression for (@*) in 
Eq. (36) appears to be rather different from the result 
given in Eq. (8), the insertion of numerical values for 
the averages yields results given by Eqs. (11) and (37) 
which are nearly the same. 


VII. CORRELATION EFFECTS 


The effect of correlations introduced by the Pauli 
principle on (@*) can be seen easily. The averages 
(riz*), (ris nig), and (ry 7347") which we have calcu- 
lated by assuming a uniform distribution of nuclear 
matter completely neglects the effects of correlation 
embodied in the Pauli principle. For example, two 
nucleons in the same spin and isotopic spin state can 
never come into coincidence, and for such pairs of 
nucleons (r;3-*) should be smaller. The effect of this 
correlation should be greatest on (r:2*) i 


*) in fact, since 
contributions from the singularity are sharply reduced. 
The average (riz"'r:3°') is affected somewhat less be- 
cause a correlation of nucleons 2 and 3 does not reduce 
the contributions from singularities of 7:77! and 1437". 
Since there is very little reduction of (7:27 '¥3¢"') pro- 
duced by any correlation of nucleons 1, 3 with nucleons 
2, 4, this average is affected least of all. 

A more physical way of seeing the effect of correla- 
tions on the averages proceeds from the physical inter- 
pretation of these quantities. The significance of (r:2~*) 
lies in providing a measure of the density fluctuations 
in the nucleus. The quantity (r:2-'7:37') on the other 
hand correlates the “density” in one direction from a 
point with the “density” in another direction from that 
point. We may interpret (r:.~'7,;~') as a measure of the 
“angular” uniformity about a point. The last quantity 
(riz“vaa"") correlates the density at one point with that 
at another point. In this sense (r:7-'7,4~') measures the 
uniformity in density of the nucleus. From the physical 
considerations one sees, therefore, that the effect of 
correlations will be greatest on (r:3~*), less on (r127'"137"), 
and least of all on (r:37*7347*). 

Using this knowledge of the relative effects of correla- 
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tions on the averages appearing in Eqs. (8) and (36), 
one sees from these equations that the effect of correla- 
tions is to decrease the magnitude of (@*). This result 
is reasonable when one realizes that the perturbation 
produces an apparent attraction of neutrons and an 
apparent repulsion of protons. Since we actually evalu- 
ate (@*), the effect of @ on any pair of neutrons or 
protons can be regarded as a mutual repulsion. Now if 
the original wave function contains any correlation of 
this kind, the perturbation produced by @€ will be 
reduced. The Fermi gas model does provide a correla- 
tion between any pair of neutrons or protons which 
have the same spin. To the extent that this correlation 
coincides with the mutual repulsion produced by @ will 
the effect of € in bringing in higher isotopic spin states 
be reduced. 

The correlation terms in (@*) will appear as a linear 
combination f(A) of integrals involving G(r), so that 


(e*) = pse'{ (ris?) + (A+ 4) (ris ns) 
~~ (A +5) (nis lps 1)\— f(A )}. 


Clearly f(A) cannot exceed the value of other terms in 
curly brackets even if G(r) were unity for r<R. The 
short range of G(r) causes the correlation integrals in 
f(A) to decrease as &,,R increases. The integral which 
decreases most slowly with increasing &,,R is the corre- 
lation integral for r;.~*, as we expected, and is 


—V *f drsdess 2G (ry). 


The ratio of (r:.*) to this integral is approximately 
(mR) = (1.52344), and even: for A~8 the correlation 
terms would only reduce (@*) by about one-third at the 
very most. Our values for maximum isotopic spin 
impurity are not presumed to be more accurate than 
this in any case. 


(38) 


VIII. IMPURITIES IN THE T=0 GROUND STATE OF 
T=0 EVEN-EVEN NUCLEI 


The expression for (@*) which has just been found 
may be used in Eq. (6) with the energy differences 
listed in Table I to find py, the upper limit on the 
isotopic spin impurity for the ground state of nuclei 
with A=4n and T;=0. (See Table II.) To be useful 
these values of py should be quite close to the actual 
value of the isotopic spin impurity for these states 
found from Eq. (3). We have actually verified that 
p=~pw for the statistical model by explicitly writing 
the perturbation expansion of Eq. (3), using for the 
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TaBLe ITI. Statistical model estimate of isotopic spin impurity for 
ground states of nuclei with A = 4” and T;=0. 
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state Wo that given by Eq. (13), and for the excited 
states WV, a Slater determinant of free-particle states 
with one nucleon excited to the continuum above the 
Fermi sphere.” In addition, the perturbation of a 
single-particle orbit found in this way agrees with that 
suggested by Eq. (12). 

These values of core impurity, while small, are not 
negligible and should be detected, for example, in 
violations of the isotopic spin selection rule for electric 
dipole transitions. The core impurity is in fact much 
larger than the isotopic spin impurity produced by 
Coulomb distortion of the wave function for nucleons 
outside the core." 

We wish to remark that although the neglect of 
correlations in (@*) gives a py which is an upper limit 
on isotopic spin impurity, one must not conclude that 
Eq. (37) represents an upper limit on the predictions of 
more detailed single-particle models. For even though a 
nuclear wave function of the form of Eq. (13) contains 
certain correlations, the individual-particle wave func- 
tions are smooth (|¥!/*=V-") and do not provide a 
positive internucleon correlation. A wave function, or 
set of wave functions, which describes a state of pro- 
nounced maxima or minima of the nuclear density in 
certain regions could increase (7,3?) and (ry97'%137') 
relative to (r:2-'v34"') and thus increase p. At the same 
time such a set of wave functions will not provide so 
large an overlap for all pairs of nucleons so that p 
can also decrease. This latter result is what we shall 
actually find when we calculate the isotopic spin im- 
purity of the normal state of C” on the jj-coupling 
model with harmonic oscillator wave functions. 
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MacDonald, Princeton dissertation, 1954 (un 











PHYSICAL REVIEW VOLUME 


100, 





NUMBER 1 OCTOBER 1, 1955 


Deuteron-Model Calculation of the High-Energy Nuclear Photoeffect* 


K. G. Depricx 
Stanford University, Stanford, California 
Received May 6, 1955) 


The high-energy nuclear photoeffect has been calculated according to the “deuteron model” of Levinger. 
In this model, the photoprocess occurs when a neutron and a proton which are scattering one another inside 


the nucleus absorb the energy 


laboratory 


above process over all possible neutror 
tribution 
proton are inchided, and 


perf: 


J 
conveniently be de 


ed 


y 





or a Gaussian distribution. Numerical resu 





photo the case of 


and 125 Mev 


protons are presented in 


I. INTRODUCTION 


EVINGER’S! deuteron model for the high-energy 
nuclear photoeffect has been sufficiently successful 
| to further 


i warrant 
s model assumes as a photon absorp- 


in interpreting experimental data 


calculations. Thi 


tion process, the photodissociation of a neutron and a 


proton within the nucleus which interact through a 


short range potential and are scattering one another.’ 
Th 

may then escape from the nucleu 
effect cross section is obtained by averaging the cross 


section for the photodissociation of the quasi-deuteron 


e neutron and proton absorb the photon energy and 
The nuclear photo- 


_ 


over all possible neutron-proton pairs in the nucleus. 
Corrections may be made to this result for the scattering 
of the prospective photoparticle by other nucleons in 
the nucleus and consideration given to the effects of the 
Coulomb and centrifugal barriers at the nuclear surface. 

Levinger' shows that the cross section for the photo- 
dissociation of the quasi-deuteron can be related to the 
cross section for the bound deuteron, and makes use of 
the deuteron photoeffect cross sections calculated by 
Schiff and by Marshall and Guth.‘ We calculate instead 
the photodissociation cross section of a neutron and 
proton which are scattering one another and confined 
\ich is later taken to be the volume of 


to a volume ?v wl 


the nucleus under consideration. For initial and final 


state wave functions, triplet m-p scattering wave func- 
tions are fabricated to provide agreement with the 
phenomenological low-energy n-p interaction. Only the 
electric dipole and electric quadrupole contributions are 


calculated. The magnetic terms are neglected because 


they are expected to be small, and furthermore their 
neglect does not distort the angular dependence of the 


* Supported in part by the Office of Scientific Research, Air 
Research and Development Command 
J. S. Levinger, Phys. Rev. 84, 43 (1951 
In Levinger’s terminology, such a neutron and proton 
referred to as a “ re 
*L. I. Schiff, Phys. Rev 
‘J. F. Marshall and E 


are 
yuasi-deuteron 

78, 733 (1950 
Guth, Phys. Rev. 78, 738 (1950 
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of the incident photon and escape from the nuclear potential well into the 
The nuclear photoeffect cross section is then obtained by averaging the cross section for the 
proton pairs in the nucleus, assuming a nucleon momentum dis- 
The electric dipole and quadrupole interactions of the radiation field with the neutron and 
the magnetic terms are neglected. The averaging over all neutron-proton pairs is 
by means of a random flight formulation of the problem. The analytical work involved may 
ne using either a zero-temperature Fermi ground-state nucleon momentum distribution 
Its for the energy and angle distributions of photoneutrons and 
he Gaussian distribution, for four photon energies between 50 


cross section in that there is no interference with the 
electric terms. 

Deuteron-model calculations in the past'*® have 
handled the averaging over all quasi-deuterons in a 
manner which does not yield an analytical result. This 
average is dependent on the nuclear ground-state 
neutron and proton momentum distributions. Levinger 
assumes Fermi distributions with a temperature of 8 
Mev, and Weil and McDaniel’ use zero-temperature 
Fermi distributions. 

The averaging is handled here by interpreting the 
kinematics as a random-flight problem involving the 
sum of four momentum vectors. It is necessary to choose 
ground-state nucleon momentum distributions that will 
submit to the repeated integrations which arise in the 
random-flight theory. The zero-temperature Fermi dis- 
tribution and the Gaussian are satisfactory in this re- 
spect, and the averaging is performed for both. The 
analyses of other types of nuclear experiments like the 
“pickup” process® and the nuclear scattering of 320- 
Mev protons’ suggest that the Fermi distribution does 
not give as good agreement with experiment as do 
smoother distributions. The distribution proportional? 
to (p*+-a*)~*, where p is the nucleon momentum and @? 
corresponds to 18 Mev, is found to give reasonable 
agreement with the “pickup” process experiments,’ but 
does not give as good agreement with the proton scatter- 
ing experiments’ as does a Gaussian distribution with 
a 1/e value of 16 Mev. In view of this, numerical evalua- 
tion of the photoeffect calculation presented below has 
been done only in the case of the Gaussian momentum 
distribution. 

Corrections for the collisions of the photoparticles 
with other nucleons inside the nucleus have not been 
included here. This effect mainly influences the low- 


5 J. W. Weil and B. C. McDaniel, Phys. Rev. 92, 391 (1953). 

* G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
? Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952) 

* This is the ““Chew-Goldberger” distribution. See reference 6 
*H. York, Phys. Rev. 75, 1467(A) (1949), 
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energy photoparticles as the mean free path of a nucleon 
in nuclear matter is shorter for low-energy nucleons." 

In Sec. IV, account is taken of the reflections of 
photoneutrons from the edge of the nucleus where we 
expect a rapid change in nuclear potential and also a 
centrifugal barrier corresponding to the angular mo- 
mentum of the photoneutron. In the case of photo- 
protons, the effect of the Coulomb barrier in reducing 
the penetration probability is also considered. 

Tables of the numerical work are presented for 
photon energies of 50, 75, 100, and 125 Mev. These 
tables are not corrected for nuclear surface barrier 
penetrability, as it is necessary to specify a particular 
nucleus in calculating the penetrability. Directions for 
using the tables for a particular nucleus are presented 
in Sec. V. 

II. QUASI-DEUTERON PHOTODISSOCIATION 
CROSS SECTION 

The neutron and proton comprising the quasi- 
deuteron are assumed to interact through a short- 
range static potential of the kind usually assumed in 
explanations of the deuteron ground state and the low- 
energy n-p scattering. By virtue of this interaction, the 
neutron and proton can recoil against one another and 
absorb the energy of the photon. A direct calculation 
shows that without the m-p interaction, the cross sec- 
tion for the photon absorption is zero. 

This calculation is very similar to the deuteron photo- 
effect calculations where one calculates the transition 
probability per unit time per unit incident photon flux 
from the deuteron ground state to a final state where 
the neutron and proton are nearly free, but still inter- 
act through the n-p potential. Just as in the deuteron 
photoeffect calculation, we obtain: 

sin’? 
a(6)=— [3o4at+6\ 5So40 »)! cos cosé,+ 150, cos*é |, (1) 


tg 
4x? /e\ MRE 
cll (2) En 
3 \he h? 


w/e. Mk,(E,’) 
60 \he hic? 


6 is the angle of the photoparticle with respect to the 
direction of the incident photon, og and o, are respec- 
tively the total electric dipole and electric quadrupole 
cross sections, M is the nucleon mass, &, is the final 
nucleon momentum, E,’ is the photon energy seen in 
the center-of-mass system, and 


where 


(2) 


© 


n= f R;*(r)ryi(r)dr, 
. (3) 
«x 
t= [ R:*(r)r,(r)dr. 
%® Weil and McDaniel’ show how collisions affect the photo- 
particle energy spectra 


In these expressions for 7; and J», R;(r) is the radial 
part of the p state contribution to the final state wave 
function and R,(r) is the same for the d state. These 
final state radial functions are normalized to have 
the asymptotic form R;(r) —> cosd, 7:(k wr) — sind; n:(k er), 
where the 6; are the phase shifts." In calculating the 
Ri(r), we shall use the Serber force’ which yields an 
interaction only for even values of /. This gives us the 
result that R,(r)=7,(kw) for odd /. In calculating J., 
the r* factor in the integrand makes the details of R.(r) 
unimportant near r=. Because of this, we use the 
asymptotic form™ 


R2(r) — cosd: j2(kr)—sinds ny (kr). 


The phase shift 6) is calculated by the Born approxi- 
mation." 

For the initial state wave function ¥,, we use the 
i=0 part of the n-p wave function in the triplet n-p 
potential. Neglect of the singlet interaction is not felt 
to be serious and considerably simplifies the calculation. 
Rather than start with the n-p potential where in 
general it is impossible to solve the wave equation, we 
make a choice for y; which correctly gives the low- 
energy m-p scattering and in the limit of a negative 
value for the relative energy, becomes the deuteron 
bound-state solution for the Hulthén potential. This 
wave function is: 


vi(r) A/r)u,(r) 
where 
sin(kar+y) 
u,ir) —¢ hr, 
sindo 


From the “effective range” theories of Bethe'® and 


Schwinger,'* we use 


k; coté¢=— 1/a,+- bok 2. 


The effective range is ro, and a; is the triplet scattering 
length. The parameter @ is given by'’"’ 


3 16 Toe j 
8 1+(1 _- ) } 
2r oe 9 a 
Following Levinger, we choose the normalization factor 
A so that y; is the s wave part of a plane wave VW, 


which is normalized so that it yields one n-p pair in a 
volume 2 which is later taken to be the volume of the 


“L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc , New York, 1949), Chap. V, Sec. 19, 

2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 179. 

48 This approximation is used in references 3 and 4. 

™ Reference 11, p. 165. 

4H. A. Bethe, Phys. Rev. 76, 38 (1949). 

6 J. Schwinger, Phys. Rev. 72, 742(A) (1947). 

17 A justification for using this formula for 8 is presented in the 
dissertation by the author, copies of which may be obtained from 
University Microfilms, 313 N. Ist St. Ann Arbor, Michigan. 
(Cat. No. 11171) (unpublished). 

* Recent experiment shows ro,.= 1.7 10 cm, a; 5.39K 10 
cm. (See reference 12, p. 71.) 
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Fic. 1. The vector 
composition of the 
photoparticle mo 
mentum Q 





nucleus under consideration. This gives the result 
A=wv"' sindo. 

The results of calculation of J; and J, by Eq. (3) are 
lengthy algebraic expressions and are not included 
here.” The cross sections ¢4 and a, follow directly 
through Eq. (2). 


Ill. AVERAGING PROCESS 


The averaging over-all quasi-deuterons is compli- 
cated by the dependence of the quasi-deuteron photo- 
dissociation cross section on the relative momentum of 
the neutron and proton, and on the photon energy that 
appears in the quasi-deuteron center of mass. This 
photon energy is given by a Doppler shift from the 
energy of the incident radiation and is dependent on 
the motion of the quasi-deuteron center of mass in the 
nucleus. The averaging is performed by interpreting 
the situation as a random flight problem involving four 
vectors. The momentum vector Q of a photoparticle 
in the laboratory is given by” 


Q= P+}(p,+p,)+ rk. (4) 


The vector (p,+p,) in Eq. (4) or Fig. 1, is the mo- 
mentum of the center of mass of the quasi-deuteron, 
where p, is the neutron momentum and p, is the proton 
momentum. One-half of this must be added to P, the 
momentum of the photoneutron or photoproton taken 
in the center-of-mass frame. In addition, each photo- 
particle receives a contribution jak. We are interested 
in obtaining a distribution function which gives the 
probability W(Q)dQ that Q lies in the range d0.40,40, 
=dQ about Q. 

The center-of-mass frame for the quasi-deuteron 
photodissociation will be taken as the quasi-deuteron 
center of mass. This means that the effect of the photon 
momentum in establishing the frame of reference is 
being neglected. ‘ 

The random flight formulation consists in treating 
the momentum vectors in Eq. (4) as random variables. 
Chandrasekhar gives the solution to random flight 
problems in a form convenient for our use. The calcula- 
tion has been carried out in two steps. Let us take 

™ See reference 17, pp. 37-38 

™ Equation (4) is not quite correct for relativistic particle 
energies (i.c., for photon energies that are a sizable fraction of the 
nucleon rest energy). The approximation made in using Eq. (4 
is consistent with others made in this work. A detailed develop- 


ment is presented in reference 17, in the Appendix, Sec. B 
®S. Chandrasekhar, Revs. Modern Phys. 15, 8 (1943) 
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Q=Q’—4hk, where Q’= P+4(p,+p,). We first calcu- 
late W’(Q") according to the random flight formalism, 
and then calculate W (Q) by a reapplication of the same 
formalism. W’(Q’) is given by™ 


1 
w’(Q’)= —f exp(—io-Q’)A’(e)do, (5a) 
8x? 
where 


ae)=f ff expLie- (p+qnt+q,) Jrr(Ey,4n,4y,P) 


x Tn(Qn)Tp(Gy)dPdq,dqy, (Sb) 


with q,=4}p, and q,=4p,. Similarly, W(Q) is ob- 
tained from W’(Q’): 


1 
W(Q)= ff exp ie QA o)de, (6a) 
8x? 


A(o)= f exp(ie-p:) (wap. 
x f exvlie- OW" (OWU0, (6b) 


where we have introduced p,= }hk. 

Knowledge of W(Q) gives us not only the angular 
distribution of photoparticles but the energy distribu- 
tion as well. Let us take © and @ as the polar angles 
for the vector Q. Then dQ is given by d0=(*dQdQ, 
where dQ=sin@dd© is the element of solid angle in 
Q space. Further, since the energy of the photoparticle 
above the bottom of the nuclear well is given nonrela- 
tivistically by E.=(Q?/(2M), we have 


W(Q)dQ=W(Q)(2M*E,)'dE,dQ. (7) 


The cross section ¢(0,%,E,.) per unit solid angle per 
unit energy of the photoparticle is then 


@(0,4,E..)=W(Q)(2M*E,,)!. (8) 


If the depth of the nuclear potential well is V, the 
energy of the photoparticles in the laboratory is given 
by E,=E.—V. After the cross section ¢(0,%,E,) is 
evaluated according to Eq. (8), the photoparticle 
energy scale must be shifted by an amount V which 
may be chosen from the analysis by Adair” of the 
results of neutron scattering experiments or on some 
other basis. 

In calculating W’(Q’) according to Eq. (5), we 
require the probability density rp(E,,q,,q,,P), given 
the values of E,, q,, and q,, that P will lie in the range 
dP about P. The quasi-deuteron photodissociation 
cross section calculated in the previous section accord- 
ing to (1) and (2), may be written 


Tnp( P.— Pp 9 E,' Op) 
* Robert K. Adair, Phys. Rev. 94, 737 (1954). A well depth of 
40 Mev is suggested by this analysis. 
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where 6p is the angle of the photoparticle in the quasi- 
deuteron center-of-mass system and E,’ is the photon 
energy in the center-of-mass system. The cross section 
is dependent on the magnitude of (p,—p,) and not on 
the direction since only the /=0 partial wave is included 
in the initial state wave function (moderate nucleon 
momenta). On multiplying ¢,, by a delta function 
normalized to unity, which expresses conservation of 
energy in the photoprocess, we obtain rp. 


TP=Onyd(| P| —Po)/ Pe’. (9) 


Po is the magnitude of the photoparticle momentum 
in the center of mass and is given by energy conserva- 
tion between E,’ and the initial relative energy between 
the neutron and proton. If we use the nonrelativistic 
Doppler formula to express EZ,’ in terms of E, and 
introduce 


r= 42, qp, 
R= Gn tp, 


R ; . 
po=[ ae, (1- - cose) + || . (11) 
Mc 


Since o,, depends on r through |r|, and on R through 
the Doppler formula, it is seen that 


Tp= Tp(| r »R,E,,0p). 


This suggests that the integrations indicated in (5) 
over q, and q, would be more easily performed if a 
transformation were made to the variables r and R as 
is Eq. (10). To do this, 7,(q,)rp(q,)dq,dq, must be 
replaced by r,(r)re(R)drdR. If 7, and 7, are of simple 
analytic form, this latter transformation is readily 
performed. r, and r, are closely related to the ground- 
state nucleon momentum distributions. The cross sec- 
tion ¢,, may be expressed as a series of Legendre poly- 
nomials of order from zero to five in the angles of P. 
The integration indicated in Eq. (5b) over these angles 
is readily carried out,” as is also the integration over P. 
The integration over the angles of R is complicated by 
the dependence of P» on 4g as in Eq. (11) and the de- 
pendence of ¢,, on E,’ which is also a function of Oz. 
A series expansion is made in powers of (R cos@g) of 
onp and j,(pPo) where the quadratic and higher terms 
are neglected.* Integration over 6g then proceeds 
according to the same method used in the case of the 
angles of P. Integration over the angles of r and 9 is 
done by using the results quoted in footnote 23. 


(10) 


we find 





* This integration, and many others to be done, make use of 
J " exp(ik-1)P.(cos6,)d2, = 4eri* P, (cos) j. (kr). 
Of occasional use also is 
f* ju(ap)jn(o\e'do= 53 (a—8)+(—1)"*8(a+8)]. 


* A justification for this approximation is given in reference 
17, Appendix D. 
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Fic. 2. Geometrical 
relation between © and 
6”. 








tfik 


The resulting expression for W’(Q’) has yet to be 
integrated over r, R, and p, but first, specific forms for 
the ground state nucleon momentum distributions 
must be assumed. The integrations over R and p may 
be done by using the zero-temperature Fermi dis- 
tribution and the Gaussian distribution. The result for 
W'(Q’) is expressible in a series of Legendre poly- 
nomials. The coefficients in the case of the Gaussian 
distribution contain Gauss functions and Bessel func- 
tions of half-odd-integer order with an imaginary 
argument; in the case of the Fermi distribution, the 
coefficients are lengthy algebraic expressions. The 
integration over r is not done exactly, but is conveni- 
ently approximated numerically. 

W’(Q’) may be written 


5 

w’(Q’)=¥ B,(| Q’|)P(cos@’). (12) 
nod) 

Next, W(Q) must be obtained according to Eq. (6). 


For rx (px) in Eq. (6b), we use 5(pes)d(pey)d(pes— §hh), 
and readily obtain: 


b 
W(Q)=E B,( Q—}hk!)P,.(cos0”), (13) 


where 
|Q— thk| =QO[1+ (4hk/Q)?—2(4hk/0) cosO}', (14) 
and 
cosO— (4hk/Q) 
cos9” = — —— - 15) 


[1+ (jhk/Q)*—2(4hk/Q) cos@) 


Figure 2 shows the geometrical relation between these 
quantities. Equation (13) states that to calculate W(Q) 
for a given laboratory angle © and laboratory mo- 
mentum Q with an associated energy E,., we must 
calculate cosO” and |Q—4hk| according to Eqs. (14) 
and (15) and substitute them into Eq. (13). The cross 
section ¢(@,E,,) is then given by multiplying this result 
by (2M°E,,)' as in Eq. (8). Numerical results in Table I 
are discussed in Sec. V. 


IV. COULOMB AND CENTRIFUGAL BARRIER 
PENETRABILITIES 


We assume that if a prospective photoparticle does 
not get through the Coulomb and centrifugal barriers 
on its first encounter, it does not get a second chance 
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but is likely to collide with other nucleons 


result that the nucleus as a whole is excited 
we neglect refraction of the pl otoparticie 
the change in nuclear potential. This 
neglect 
tribution 


the energy spectrum will 


ol the photoparticie 


distortion | 


developed in the last section 
be modified 
The nuclear model considered is a sphere of 


distributed nuclear fluid which gives 
potential well. In Fig. 3, we show such a nu 
path of a photoparticle whose origin is at the point A 


This photoparticle has an angul: nomentum Mop 


ts square 


7 
(Mvp 1(l+1)h’, 


pl otoparti 


is given by 
For 100 Mev 


largest value of / 


partic les with energies £,, measured above t 


of the nuclear well 


4} 


escape Irom ther 


where P, is the probability of occurren 
1s the probabili 


particles with energy £, and angular mom«e 


ty of escape from the! 


tum number /. The 


fos * maximum value of 
E., and nuclear radius R 


rhe probability 7 
7 
K is 


NUCICUS ASSOK 


ipper limi 


where > wave 


iated wit! 
the logarithmic derivative 
photoparti le evaluated a 


S; are terms oO 


given in 


Coulomb wave function 


expressions lor F, and G; are 


imaginary parts of** 


kr—n in(2kr 


*® Reference 12, p oD 
™ Reference 11, p. 116 


niformly 
rise to a square 


eus and the 


integer. 


EDRICK 


and 
n= arg! (/+-1+in). 

The parameter m is defined by Ze*/hv, where » is the 
velox ity of the partic le outside the nucleus and & is the 
associated wave number. Three terms of the above 
series for g(—l—in, 1+1—in, —2ikr) are sufficient for 
our use as the expansion parameter z= — 2ikr evaluated 
at the nuclear radius R is large for the values of k 
encountered. Numerical substitutions in the resulting 
expression for 7; may be compared with the results 
obtained using the tables of Coulomb wave functions 
of Bloch et al.” In a particular case which provides a 
severe test of our formula for 7), it is found that our 
results are a few percent high** for /=0 and /=1. 

Since several values of / occur in the sum in Eq. (16), 
the sum may be approximated by an integral over p, 
(Mvp)?=1(1+1)h? is used. Eg ation (16) becomes 


R 
(Ey = f P(p)T (p,E~)dp, 


where 7'(p,E,,.) is T)(E,) 
placed by (Mzp/h)*. The function P(p)dp is the proba- 
bility that p lies between p and p+dp. 

Since the nucleons comprising the nucleus are as- 
sumed to be distributed uniformly within a sphere of 
adius R, we see that P(p 3/R*)p(R?—p*)'. There is 
a value po of p at which the total Coulomb plus cen- 
trifugal barrier is equal to the laboratory energy 
E.=E V of the photoparticle. For R>p>po, the 


penetrability 7(p,E..) is small, and it can be shown” 


Aiit 


where 
(17) 


in which /(/+-1) has been re- 


that for cases of interest, the contribution of the in- 
tegral (17) from this region is small also and may be 
neglected. The integration may be done exactly and 
gives the average transmission probability for photo- 
neutrons and photoprotons formed in the nucleus. 
Numerical work based on the resulting formula is given 


r ; 
1 by using a nuclear potential well 


eus calculated 
3.2 10-" cm for the radius of the carbon 


Tasie IT. Average proton barrier penetration probabilities for 


the carbon nuc 
epth of 40 Mev and 


rage pene atior 


‘ babil ty 


0.5953 
0.7924 
0.8675 
0.9052 
0.9280 
0.9425 
0.9525 
0.9600 
0.9654 
0.9661 


7? Block, Hull, Broyles, Bouricius, Freeman, and Breit, Revs 
Modern Phys. 23, 147 (1951 
* There is an error in Fig. 5.3 (p. 363 


in reference 12. The 7; 


are showTt 


® See reference 17, p. 66. 


much too small 
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Fic. 4. The theoretical angular distributions of photoprotons 
and photoneutrons with laboratory energies Ex, = 23.6 Mev, from 
carbon irradiated by 75-Mev photons. 


in Table II in the case of the carbon nucleus with a 
nuclear potential well depth of 40 Mev. 


V. NUMERICAL RESULTS 


The cross section ¢(@,£.) given by Eqs. (8) and 
(13) has been evaluated numerically in the case of the 
Gaussian ground state nucleon momentum distribution, 
where the 1/e value occurs at 16 Mev. The numerical 
work® is done for four photon energies, viz., 50, 75, 100, 
and 125 Mev. For each photon energy, the cross section 
is evaluated at 10° intervals in the laboratory coordinate 
system and at a variety of values of the photoparticle 
energy E,, which is the energy taken with the bottom 
of the nuclear potential well as a reference. The results 
are presented in Table I and give the value of 17 (0,E.), 
where v is the nuclear volume. These results are not 
intended to be descriptive of the photoeffect for a par- 
ticular nuclide except where the Gaussian ground-state 
nucleon distribution parameters chosen (1/e value at 
16 Mev) represent to a better approximation the 
momentum distributions in some nuclides than others. 

In applying the results of Table I to a particular 
nucleus, we must divide by the nuclear volume 2 which 


20uo™ 


OF (0,E.) — cufsmev 








LaponaTonY PROTON ENEROY — wEV 
Fic. 5. The theoretical energy spectrum of photoprotons from 
carbon irradiated by 75-Mev photons. The yield is taken at a 
laboratory angle of 60°. 


*® The numerical work was performed on the I.B.M. Card- 
Programmed Calculator of the Stanford Computation Center 


may be taken as (49/3)R*, where we may use R= 7A ‘ 
in which ro=1.4X10-" cm and A is the mass number. 
It is then necessary to multiply by VZ, the number of 
quasi-deuterons in the nucleus, since the calculation 
of Sec. III was done for one quasi-deuteron. Finally, 
the result must be multiplied by the escape probability 
calculated in Sec. IV. 

As an example of the use of the tables, consider the 
photoeffect in carbon irradiated by 75-Mev photons. 
We calculate the angle distributions of 23.6-Mev photo- 
protons and photoneutrons and the energy distribution 
of photoprotons at the laboratory angle of 60°. The 
results are given in Figs. 4 and 5, respectively. To ob- 
tain the angle distributions of Fig. 4, we enter Table I 
with a photon energy of 75 Mev, and with an Ey value 
of (40+ 23.6)=63.6 Mev for both photoprotons and 
photoneutrons. The tabulated values are then multi- 
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Fic. 6. Experimental data of Johansson™ showing the yield of 
photoprotons with energies greater than 14 Mev obtained from 
carbon irradiated by the bremsstrahlung beam from a betatron 
operating at 65 Mev. The smooth curve is the calculated yield 
of 13.3-Mev photoprotons from carbon irradiated by 50-Mev 
photons. The normalization is at 60° 


plied by (VZ/v)=2.61K10"* cm“. In the case of 
protons, we then multiply by the value of the proton 
barrier penetration probability (0.825) which is ob- 
tained by graphically interpolating between values 
given in Table II. For neutrons, we multiply by (0.875) 
which is the appropriate barrier penetration proba- 
bility. The energy distribution of 60° photoprotons of 
Fig. 5 is obtained from Tables I and IT in essentially 
the same way. 
VI. DISCUSSION 


Experimental data which allow a detailed check of 
the calculations presented here are not available at 
present. In most experiments, the bremsstrahlung beam 
from a betatron or electron synchrotron is used and so 
the photoparticle yield is from many photon energies. 
The experimental apparatus of Weil and McDaniel* 
counts only those events due to 190-Mev photons out 
of a bremsstrahlung beam, and any data that may be 
taken in the future using a method such as theirs should 





66 K. G 
be very helpful in making a critical evaluation of our 
photoeffect calculations. 

No numerical work was done at photon energies as 
high as 190 Mev and so comparison with the data of 
Weil and McDaniel is not possible. The bremsstrahlung 
experiment of Johansson®™ at 65 Mev is of interest 
since both photoneutrons and photoprotons which had 
reasonably well defined laboratory energies were ob- 
served, The angular distribution of the yield of photo- 
protons having energies greater than 14 Mev from 
carbon as observed by Johansson is shown in Fig. 6. 
By way of comparison, there is shown also on Fig. 6, 
our calculated results for 13.3-Mev photoprotons from 
carbon irradiated by 50-Mev photons. The two curves 
are normalized at 60° laboratory angle. In t! 

a 97, 434 (1955 
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photoneutrons, Johansson obtained no data for carbon, 
but did notice in the cases of Be, Al, Ta, and Tb, that 
neutrons were emitted preferentially at 90° in the 
laboratory. This agrees qualitatively with our results 
for photoneutrons, as may be seen in Fig. 4. 

As more experimental data become available, it 
might be of interest to test deuteron-model calculation 
using a variety of ground-state nucleon momentum 
distributions and then see if the same momentum dis- 
tributions that give the best agreement in the case of 
the nuclear photoeffect also give the best agreement for 
proton scattering’ and the “pickup” process.* 
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kev > ascade in Ba™ has been measured with a 


etectors. For a dilute cesium chloride aqueous solution 


0.090 +0 UDS6 


1972 kev le ve 
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I. EXPERIMENTAL RESULTS 
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cesium chloride. 
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The data were obtained as discussed previous! 


were analyzed following the paper of Rose.’ The y-ray 


spectrum of the cesium chloride source is shown in 


Fig. 1. 


of 810 units contains 4096 counts, : 


Each point on the curve out to a pu 


greater pulse height 


windows of the di 
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full 


n in Fig. 1, 
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0.004 4 


g for the finite angular resolution of the detectors 


0.013) P,(cosé 


lin Ba’, from which the cascade originates 


From this result it is not possible 


internal conversion coefficient data for the 


has spin 3 and odd parity. 


lation of the 1367-605 kev cascade is a clean one and 
1 for by the other 


needs no correction interference 
cascades. 

The true coincidence counting rate for the present 
was of the order of 3.5X10-? count/sec 
and the random rate was 15% of this. The correlation 
function obtained, after correcting for the finite angular 


a, f +] - 3 
resolution of the detectors, is 


experiment 


W 1+ (0.090+0,.0086) P.(cosé 


- (0.004+0.013) Py (cos). 


e errors given above are the standard deviations as 


Th 


defined by Eq. (30) of Rose’s* paper. 


Il. ANALYSIS OF RESULTS 


The most recent decay scheme proposed for Cs™ is 
given in Fig. 2.4 In contrast with the ones previously 
advanced, it agrees with coincidence data obtained at 
this laboratory and with the relative intensities of the 
y rays as measured by scintillation spectrometry here.‘ 


* Keister, Lee, and Schmidt, Phys. Rev. 97, 451 (1955). 
‘R. C. Davis, private communication 
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Fic. 1. Gamma-ray spectrum of the cesium chloride source 
The brackets represent the positions of the windows of the differ- 
ential pulse-height analyzers for the present experiment. 


In the analysis of the present data, we consider 
spins 2, 3, 4, and 5 for the energy level at 1972 kev. 
We do this because there is no spin and parity assign- 
ment for this level which is consistent with all the 
experimental information, and we wish to point out 
what possible spins can be eliminated on the basis of 
angular correlation measurements alone. The 605-kev 
transition is known to be predominantly £2 radiation.* 
The lifetime of the 605-kev intermediate state of the 
cascade has been measured to be less than 3X 10~* sec.*7 
Thus, it is probably a good assumption that the corre- 
lation is not affected by external fields and that 
the measurement yields the unperturbed correlation 
function. 

The correlation functions expected theoretically, as 
calculated from the tables of Biedenharn and Rose,® if 
the 1367-kev transition is a pure multipole are shown 
in Table I. It is seen that the only one of these which 
cannot be ruled out by the present data is the one for 
the sequence 4(()2(()0. If one assigns even parity to 


* B. L. Robinson and L. Madansky, Phys. Rev. 84, 604 (1951). 
*R. E. Bell and H. E. Petch, Phys. Rev. 76, 1409 (1949). 
? Note added in proof.—A recent measurement by V. Z. Winter 
steiger, [ Bull. Inst. Nuclear Sci. “Boris Kidrich” (Belgrade) 4, 79 
1954) | has shown the half-life to be less than 5X 10~™ sec 
*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
3 


ANGULAR CORRELATION 


IN Bat#é 67 


Taste I, Angular correlation coefficients A, and A, in 
W (0) =1+-AsP2(cos#)+A,.P,(cos#) for the various sequences 
indicated. 


Sequence As As 
2(D)2(Q)0 0.2500 0 
2(Q)2(Q)0 —0.0766 0.3264 


—0.0714 0 
—0.2041 —0.0816 


3(D)2(Q)0 
3(Q)2(Q)0 


4(Q)2(Q)0 
4(0)2(Q)0 


0.1020 
—0.2678 


0.0091 
0.0317 


0.1786 0.0043 


5(0)2(Q)0 


the 1972-kev level, the 1168-kev transition would be 
E3 or E3+ M4 and the expected conversion coefficient 
for this transition would be far from that measured 
experimentally, as shown in Fig. 5 of reference 3. The 
569-kev transition would be M1 or £2+M1. Its ob- 
served conversion coefficient is slightly outside the 
limits of those for the pure £2 and M1, but the value is 
nearly that to be expected for M1. The 1367 transition 
would be £2, and the observed conversion coefficient is 
somewhat different from the expected value. 

The assignment of spin 4 and odd parity would make 
the 569-kev transition £1 or £1+ M2, and its observed 
conversion coefficient lies between these limits. How- 
ever, the 1168-kev transition would be M3 or £4+-M3, 
and its observed coefficient is far outside of those ex- 
pected for this case. Thus it is quite unlikely the above 
sequence is the correct one, and we next consider the 
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Fic. 2. Proposed decay scheme for Cs™ as given by Keister, 
Lee, and Schmidt, Phys. Rev. 97, 451 (1955). The present data, 
taken with internal conversion data given in the above paper, 
indicate that the 1972-kev level very probably is 3-, 
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mixing ratio giving the square root of the ratio of the 
3(D+-Q)200. (a) 6= +; (b) = 


1367-kev transition to be mixed with spins 2 or 3 for 
the 1972-kev level. 

For the sequence 2(D+()2(Q)0 with 4 positive, 
where 6 is the ratio of the intensity of the quadrupole 
radiation to the intensity of the dipole radiation, a value 
of A», the coefficient of P:(cosé) in W(@), of +0.09 
corresponds to a value of A, of 0.31, and this possibility 
can be ruled out. For 6 0.210_ 009*°°", correspond- 
ing to Az=0.090+0,0086, we have A,=0.015+0.002. 
This assignment cannot be ruled out on the basis of 
the angular correlation measurement. However, if we 
make the assignment 2+ for the 1972-kev state, the 
intensity of the beta decay to it would be ex; 
be far lower than that which is measured experi- 
mentally, as shown in Fig. 1. If we assign 2, the 1168- 
kev transition would be M1 or E2+ M1; its conversion 
The 
kev transition would be M2, and its coefficient is con- 


ected to 


coefficient is somewhat outside these limits 569- 
siderably different from that expected for this case. 
The 1367-kev transition would consist of E1 or E1+ M2, 
and its coefficient falls within these limits 

We next consider the sequence 3(D+()2(()0. The 
curves of A» and A, as a function of 6 for this case are 
shown in Fig. 3. One sees that for positive 4, A» is never 
positive. For 6= — 2.45, A2= —0.090 and A, 0.070, 
and again this possibility may be ruled out on the 
basis of the angular correlation measurements. For 
$= —0.222 657°", corresponding to 1,=0.090 
+0.0086, we have Ay= —0.004+0.001. If one assigns 
even parity to the 1972-kev level, the conversion coeffi- 
cient for the 1367-kev transition corresponding to 
6=—0.222 6 (1.1639_» core??? ™™) & 10 The 
, 


standard deviation given above includes only that of 


40.011 ic 
6 is 


D. 


KLEMA 

















(b) 


fficient of P:(cos@) and A,, the coefficient of P,(cos@), as a function of 5, the 
intensity of the quadrupole radiation to that of the dipole, for the sequence 


the measurement of Az; the conversion coefficients for 
the pure multipoles have been interpolated from the 
tables of Rose, Goertzel, and Perry® and have been 
taken as exact. The difference between the above value 
and the measured coefficient of (0.55+0.10)10- is 
6 times the standard deviation of the measurement, 
and this assignment can be ruled out. 

Finally if one assigns spin 3 and odd parity to the 1972- 
kev level, the sequence is given by 3-(£1+M2)2*(E2)0. 
For this case the conversion coefficient of the 1367- 
kev transition corresponding to 6= —0.222_6.o:5*°"' is 
(0.482_6.o107°"*) X10-*. This agrees with the measured 
value of 0.55+0.10K10~*. On this assignment, the 
569-kev transition is El or an E1+M2 mixture, and 
the value of 6 that corresponds to its observed con- 
version coefficient’ of 10.5+1.610~* is 0.520+0.093. 
The 1168-kev transition is £2 for this assignment. Its 
observed conversion coefficient is quite close to that 
expected for £2 radiation, the difference between the 
observed value and the theoretical value being less than 
twice the standard deviation of the measurement. 

The above assignment of 3~ for the 1972-kev level 
and an E1+M2 mixture with 6= —0.222_o 9;5+°"' for 
the 1367-kev transition fits best all the experimental 
evidence, and it is concluded that it is probably correct. 
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Neutron-Induced Reactions in Fluorine* 


Jerry B. Mariont AND Ropert M. Bruocert 
The Rice Institute, Houston, Texas 
(Received June 13, 1955) 


By measuring the radioactivity produced when F¥ is bombarded with monoenergetic neutrons, the 
excitation functions and absolute cross sections have been obtained for the F"(n,a)N™ and F¥(#,p)O” 
reactions from energies at which the respective activities were first observed to 8.0 Mev. The occurrence of 
the (n,a) reaction was first observed at a bombarding energy of 3.1 Mev; the (#,p) reaction was first observed 
at 4.7 Mev. Several resonances were found in the (m,a) excitation function, while the (m#,p) excitation 
function showed a single maximum at 7.5 Mev. For neutron energies up to 8.0 Mev, the (n,«) reaction 
cross section is larger than that for the (#,p) reaction by a factor of 2 or greater. 





INTRODUCTION 


EASUREMENTS of the neutron total cross sec- 

tions of most elements have been made in the 
neutron energy range from thermal energies to several 
Mev. These experiments are usually of the transmission 
type, and, consequently, it is not possibile to deduce 
the process by which removal from the beam has 
occurred. Therefore, it is of interest to obtain the magni- 
tudes of the individual contributions to the cross sec- 
tion. The total cross section is the sum of the elastic, 
inelastic, and reaction cross sections. For neutrons of 
energies less than about 20 Mev, the reaction cross 
section is composed of processes of the type (n,y), 
(nj), (n,p), and (n,2n). Radiative capture is important 
only for low-energy neutrons, and (n,2n) reactions are 
usually energetically impossible for neutrons of energies 
less than about 10 Mev. For neutrons in the energy 
range of a few Mev, (n,a) and (m,p) reactions are the 
most common neutron-induced reactions. 

The excitation functions and absolute cross sections 
have been obtained'~* for the (n,p) reactions on N", 
O'*, AP, P*, and S®, and for the (n,a) reactions on 
Li’, Be’, B”, N“, Ne”, and S®. A preliminary report 
has been given” on the excitation function for the 
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F™(n,a)N** reaction. Paul and Clarke" have measured 
the cross sections for (,p), (n,a), and (,2m) reactions 
on many elements at a neutron energy of 14.5 Mev. 
Lillie® has studied the (m,p) and (n,a) reactions in 
oxygen and nitrogen at 14.1 Mev. 

A common method of obtaining (,p) and (n,a) 
reaction excitation functions is by observing, as a 
function of neutron energy, the pulse-height distribu- 
tion in a gas counter filled with a gas that contains the 
nucleus to be used as a target. In some cases this 
is not convenient, and the reactions O'(n,p)N", 
Al?’ (n,p)Mg?’, P®™(n,p)Si", and F(n,a)N'* have been 
studied by observing the induced radioactivity as a 
function of neutron energy. 

Resonances in the reaction F'*(n,a)N’* were first ob- 
served by Wilhelmy,” who bombarded an SF--filled 
ionization chamber with Po-Be and Rn-Be neutrons _ 
and observed the pulse height spectra. Peaks due to 
reactions on S and peaks caused by maxima in the 
energy distribution of the neutron sources were identi- 
fied by performing the same experiment with the 
chamber filled with SO,. The continuous nature of the 
energy spectra from these neutron sources made the 
interpretation of the results difficult; however, peaks 
were observed which, when corrected for the most 
recent determination of the Q-value for the F"(n,a@)N™ 
reaction," can be attributed to resonances in the cross 
section at neutron energies of 4.4 and 4.9 Mev. 

The F(n,p)O” reaction has been studied only to the 
extent that the cross section has been measured at 
14.5 Mev. At this energy, Paul and Clarke" obtained 
a value of 1352.50 mb. 

Since the half-life of N** is 7.35 sec,?"* the observation 
of the induced radioactivity as a function of neutron 
energy provides a convenient means of examining the 
excitation function for the F"(n,a)N" reaction. The 
Q-value for this reaction is ~ 1.49 Mev and that for the 
F"(n,p)O” reaction is —4.00 Mev.“ Therefore, the 
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(na) reaction can be investigated up to a neutron 
energy of about 4.2 Mev before the (n,p) reaction 
becomes possible. The half-life of O is 29 sec.* This is 
close enough to that for N"* so that precautions must 
be taken when attempting to determine the amount of 
N** activity present at neutron energies above 4.2 Mev, 
and yet it is sufficiently long to make possible the 
separation of the two activities with little difficulty. 
The (n,2n) reaction is not possible for neutron energies 
below 10.7 encountered in these 
experiments. 

By observing the N'* and O” activities produced 


Mev and was not 


when F" is bombarded with monoenergetic neutrons 
from the p-7 and d-d reactions, it has been possible to 
excitation functions and absolute 


sections for the F(n,a)N"* and F¥(n,p)O" reactions 
from energies at which the activities were first observed 
up to 8.0 Mev. 


obtain the cross 


SAMPLE AND DETECTOR 


In the investigation of neutron-induced reactions, it 
is desirable to have as large a neutron flux as possible 
and the greatest possible detection efficiency for meas- 
uring the effects of the reactions. If a charged-particle 
reaction is used as a neutron source, the size of the 
neutron flux is limited by the energy spread that can be 
tolerated and by the available charged-particle beam 
intensities. In order to obtain the largest possible 
number of target nuclei per cm’, a solid, fluorine- 
containing sample was used in these experiments. The 
greatest possible efficiency for the detection of reactions 
produced in solid samples results when the sample and 
the detector are identical. In this manner a 4x geometry 
is obtained and the efficiency for the detection of decay 
electrons from induced radioactivity can be made 
almost 100° by biasing the detector to respond to all 
pulses greater than a certain small value. In order to 
rs 


a CaF, crystal was used. This crystal was found to be 


radioactivity in 


investigate the neutron-induced 
satisfactory both as a sample and as a detector. 

The crystal was a 1 in. diam X1 in 
activated CaF 


cylinder of un- 
which was encased in a thin aluminum 
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container. The inner surface of the aluminum was 
coated with MgO, which acted as a light reflector. 
Since CaF, fluoresces in the ultraviolet region, it was 
necessary to use a photomultiplier tube with a quartz 
window. An EMI 6255 tube with a 1 in.X1 in. photo- 
cathode surface was found to be quite satisfactory. 
Optical contact between the crystal and the quartz 
window was made with a thin layer of silicone fluid. 
The associated electronics were of the conventional 
type. 

An energy calibration was obtained by observing 
the pulse-height distribution from the Cs“? gamma ray. 
This curve is shown in Fig. 1. Since the crystal contains 
elements of low Z, only a Compton scattering peak is 
prominent. The point at which the counting rate was 
one-half of the peak counting rate was taken to corre- 
spond to the maximum energy of the Compton elec- 
trons, 0.49 Mev, and is indicated by the arrow in 
Fig. 1. By comparing the pulse height of the Compton 
peaks obtained with the CaF, crystal and with a Nal 
crystal under the same conditions, the pulse height 
from CaF; was found to be smaller by a factor of 10 
than that from Nal. 


NEUTRON SOURCES 


Neutrons of energies up to 4.9 Mev were obtained 
from the proton bombardment of a tritium target. This 
target [manufactured at the Oak Ridge National 
Laboratory, Oak Ridge, Tennessee ] was prepared by 
absorbing tritium gas in a layer of zirconium metal 
evaporated onto a } in. diam tungsten blank. The 
active area was § in. in diameter. The target thickness 
was about 20 kev to 5-Mev protons. Although the 
target backing was cooled by an air stream, beam cur- 
rents of less than 2 microamperes were used in order to 
prevent undue heating and possible loss of tritium. No 
indication of a decrease in the neutron flux was obtained 
over long periods of bombardment with 2 microamperes 
of 5-Mev protons. 

With the p-T neutron source, an energy resolution of 
about 30 kev was obtained by placing the face of the 
CaF, sample-detector at a distance of 6 inches from 
the source. At a distance of 2.5 inches, the energy 
spread was increased to about 60 kev due to the de- 
crease in neutron energy at the larger angles. Excitation 
functions were measured with the p-7 source for both 
of these geometries. 

The d-d reaction was used to produce neutrons of 
energies from 4.6 to 8.0 Mev. A gas deuterium target 
was used which was constructed from a 3 in. diam 
1.5 in. platinum tube. The beam entered the target 
chamber through a } in. hole which was covered with 
a 2.79 mg/cm? nickel foil. Deuterium pressures of about 
10 inches of Hg were used. No decrease in pressure was 
observed over prolonged periods of bombardment with 
2 microamperes of deuterons. With the face of the 
CaF, crystal placed at a distance of 2 inches from the 
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center of the target chamber, the total spread in 
neutron energy, resulting from the gas thickness, 
straggling in the foil, and the finite solid angle, 
amounted to about 100 kev. 


EXPERIMENTAL PROCEDURE 


Since N"* has a relatively short half-life, the simplest 
procedure for measuring the relative amounts of ac- 
tivity produced at different bombarding energies is to 
count the saturation activity during bombardment. 
This is made possible by the occurrence of high-energy 
electrons in the N'* decay scheme; 18% of the decays 
go to the ground state of O'* with a maximum electron 
energy of 10.4 Mev."* In order to discriminate against 
y rays from inelastic neutron scattering, electrons from 
the radioactive decay of the nuclei produced in the 
(n,p) and (n,a) reactions on the aluminum container, 
the Ca of the crystal, and the Si of the phototube, and 
general background, the counter bias was set so that 
the pulse-height analyzer would respond only to those 
pulses corresponding to an energy greater than about 
7.5 Mev. After saturation activity was reached, the 
number of counts was recorded for a given amount of 
charge collected at the neutron-producing target. The 
beam current was maintained constant to within 10 
percent during both the buildup and counting periods. 
Changes in the counting rate caused by the small 
variations in the beam current were essentially averaged 
out by recording the number of counts obtained over a 
period of about 20 half-lives. In this manner it was 
possible to obtain a relative excitation function for the 
F(n,a)N"* reaction up to a neutron energy of 4.9 Mev, 
the maximum energy obtained from the p-T source. 

When using the d-d reaction as the neutron source, it 
was not possible to continue the excitation function in 
the manner described above since the deuteron bom- 
bardment of the nickel foil of the gas target chamber 
produced y-ray pile-up in the crystal to a pulse height 
greater than that obtained from the maximum-energy 
electrons. It was necessary, therefore, to determine the 
yield of radioactivity by observing the counting rate 
after the beam was cut off. 

At each bombarding energy the N"* and O" activities 
were allowed to reach equilibrium by bombarding for at 
least 4 minutes. At the end of this time, the deuteron 
beam was cut off by a compressed air-operated tantalum 
cup placed at a distance of about 8 feet from the 
deuterium target. As soon as the beam was stopped, 
a counting cycle was begun. This entailed counting the 
activity and then recording the data in alternate 10-sec 
intervals. To carry out this counting procedure, the 
bias was set so that the pulse-height analyzer would 
respond to all pulses corresponding to an energy greater 
than about 150 kev. Thus, it was possible to count 
essentially all of the decay electrons from both the N"* 
and O” nuclei. A typical decay curve, taken at a 
neutron energy of 6.30 Mev, is shown in Fig. 2. The 


2.3-min activity is due to the Al*® produced in the 
(n,p) reaction on the Si** content of the phototube. 
The 9.6-min activity from the Al*’(#,p)Mg*’ reaction 
and the longer-lived activities from the (%,p) and (m,«) 
reactions on calcium do not appreciably affect the 
decay curve over the relatively short time interval for 
which observations were made. Subtraction of the 
2.3-min activity revealed the 29-sec activity of O", and 
the subtraction of both’ of these activities left the 
7.3-sec activity of N**. At all bombarding energies for 
which the decay curve technique was used, the N"* 
activity was sufficiently intense to allow the decay to 
be followed for at least 7 half-lives in spite of the other 
activities which were present. At 6.30 Mev, for ex- 
ample, 75 percent of the initial activity was due to N"*. 
The extrapolation of the individual decay curves to 
the time at which the beam was turned off allowed the 
saturation activity to be determined. The decay curves 
were taken at approximately 100 kev intervals over 
the range of neutron energies from 4.6 to 8.0 Mev. 
Since there was some uncertainty in extrapolating the 
decay curves to zero time, the relative excitation 
functions obtained with the d-d source are probably 
accurate only to 10-15 percent. 

Since the excitation functions obtained with both 
neutron sources were taken with respect to the beam 
current, these curves were corrected for the p-T and 
d-d cross sections. The p-T yield curve used was that 
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Fic. 2. Decay curve of the radioactivity induced in the CaF; 
when bombarded by 6.30-Mev neutrons. Activities due 
to N™ (7 sec), O” (29 sec), and Mg” (2.3 min) are shown. 
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source, the resolution is about 100 kev 


measured by Jarvis and Perry.'’ The curve for the d-d 
reaction was determined by measuring, as a function of 
deuteron energy, the number of neutrons per micro- 
coulomb emitted into a forward solid angle equal to 
that subtended by the CaF, crystal at the position used 
to measure the relative excitation functions. Since the 
gas target chamber was used, the background counting 
rate per microcoulomb at each energy was measured 
by removing the gas from the chamber. The neutron 
detector was a long counter of the type described by 
Hanson and McKibben,'® which was calibrated with a 
Ra-Be source of known flux. This counter has a response 
which is essentially constant over a wide range of 
neutron energies 

Since the bias was set to record essentially all of the 
decay electrons from both N'* and O®, and since the 
neutron flux, obtained by the above method, was 
known, an absolute cross section was obtained for the 
excitation functions measured the d-d neutron 
source. The data obtained with the p-T source was 
normalized to the (n,a) curve at a neutron energy of 
4.86 Mev. Uncertainties in measurement of the 
saturation activities, in the neutron flux, and in the 
number of counts below the bias setting of 150 kev, 


with 
the 


limit the accuracy of the absolute cross-section measure- 
ments to about 40 percent 

1G. A. Jarvis and J. E. Perry (unpublished). 

*A. ©. Hanson and J. L. McKibben, Phys. Rev. 72, 673 
(1947) 


To insure that the effects observed with the p-T 
source by counting the saturation activity during bom- 
bardment were due entirely to the F"’(n,a)N"* reaction, 
the neutron energy region accessible with p-T neutrons 
was reinvestigated in the following manner. A 1.5 in. 
diam X} in. cylinder of Teflon [(CF,)"] was mounted 
on an anthracene crystal of the same diameter and 
ie in. in length. The Teflon was bombarded until 
saturation of the N"* activity was reached. After turning 
off the beam, the amount of activity was counted for 
8 sec. Accurate reproduction of the time intervals was 
made possible by using a mechanical timer. In order to 
discriminate against any activity that might be present 
due to the (,p) reaction, a bias setting equal to the 
energy of the maximum energy electrons in the O” 
decay (4.8 Mev) was used. The excitation function so 
obtained reproduced in detail that measured with the 
previous technique, although the statistics were some- 
what poorer. Since the only materials common to the 
two techniques were the fluorine and the silicon of the 
phototube, with its induced radioactivity of low energy, 
it was concluded that the effects observed were due 
only to the F"(n,a)N"* reaction. 


RESULTS 


The excitation functions and absolute cross sections 
obtained in the manner described above for the re- 
actions F"(n,a)N and F"(n,p)O” are shown in 











NEUTRON-INDUCED REACTIONS IN F 


Figs. 3 and 4. The data obtained with the p-T source 
shown in Fig. 3 were taken with the geometry that 
produced an energy spread of about 60 kev. Resonances 
are indicated at 3.70, 4.11, 4.42, and 4.86 Mev. A re- 
examination of this energy region was made with an 
energy resolution of 30 kev and the results are presented 
in Fig. 4. This data shows the peak observed at 3.70 
Mev with the 60-kev resolution decomposed into at 
least 3 narrower resonances. The indication of structure 
on the low-energy side of the 3.70-Mev resonance 
(Fig. 3) appeared again in the 30-kev resolution data 
near an energy of 3.4 Mev. No 7.3-sec activity was 
observed below a neutron energy of 3.1 Mev. 

The measurements made with the p-T and d-d sources 
overlap for neutron energies from 4.6 to 4.9 Mev and 
both sets of data indicate the resonance at 4.86 Mev. 
At higher energies, an additional maximum was ob- 
served with d-d neutrons at 5.9 Mev. It is probable that 
a number of resonances observed by Bostrom ef al.” 
near 6 Mev are included in the broad resonance at 
5.9 Mev. Since the energy resolution was about 100 kev 
for the d-d neutrons, only the gross structure of the 
excitation function could be detected. The resonance 
energies and peak cross sections are summarized in 
Table I. 

For neutron energies above 4.7 Mev, 29-sec activity 
corresponding to the occurrence of the F"(n,p)O” re- 
action was observed. The O” yield was observed to 
increase smoothly up to a neutron energy of 7.5 Mev. 
Above this energy the yield decreased up to the maxi- 
mum bombarding energy used. At the 7.5-Mev peak, 
the cross section for the (,p) reaction is only one-half 
of that for the (n,v) reaction. The (m,p) excitation 
function shows no indication of the broad resonance at 
5.9 Mev that was observed in the (n,a) reaction. 


DISCUSSION 


When a target nucleus is bombarded by neutrons 
with an energy of several Mev, compound nucleus 
formation may take place with many different values 
of the neutron angular momentum. Therefore, it is 
possible to form states of the compound nucleus with 
a wice range of J-values. Since these states are highly 


Tas.e I. Resonances in the reaction F¥(n,a)N". 
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excited, the levels will be broad and overlapping. 
Neutron emission from such states is highly favored 
over other modes of decay, and, consequently, the 
resonance structure of the total cross section, evident 
for low-energy neutrons, is not prominent for neutrons 
of several Mev. Although neutron emission may occur 
with any of the large number of incoming angular 
momenta, charged particle emission, which is usually 
of lower energy, takes place predominately with low 
angular momentum. Therefore, selective emission will 
occur from those states with J-values that will allow 
the particles to be emitted with a small angular mo- 
mentum value. Since the cross sections for reactions in 
which charged particles are emitted are an order of 
magnitude smaller than the elastic-plus-inelastic scat- 
tering cross section, resonances in the reactions leading 
to the emission of charged particles will not appreciably 
affect the total cross section. Because of this effect, it is 
possible to observe resonance structure in the compound 
nucleus by measuring the excitation functions for (,a) 
and (,p) reactions, even though the resonances fre- 
quently cannot be resolved in experiments that measure 
the neutron total cross section. In some cases, the 
J-values of the compound nucleus will be such that 
resonances can be observed both in the charged particle 
reaction cross sections and in the total cross section. 

Measurements have been made by Nereson and 
Darden” of the neutron total cross section for F™ from 
3 to 12 Mev with an energy resolution of approxi- 
mately 10 percent. In this energy range the total cross 
section is approximately 2 barns and is a smoothly 
varying function of energy except for the indication of 
a resonance at 4.4 Mev. It is probable that the group of 
resonances near this energy, observed in the F(n,a)N" 
excitation function, are at least partially responsible 
for the total cross-section resonance. 

Nereson and Darden obtained no evidence for a 
broad resonance at 5.9 Mev. Since a peak appeared at 
this energy in the (n,a) reaction excitation function but 
not in that for the (m,p) reaction, the J-values of the 
states of the compound nucleus must be such that 
a emission is favored at this energy. It is not possible 
to make any estimate of the spins or parities of these 
states on this basis, since a particles could be emitted, 
not only to the ground state of N"*, but to any of the 


* N. Nereson and S. Darden, Phys. Rev. 94, 1678 (1954). 
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low-lying excited states,"* the properties of which are 
not yet known. 

The (n,a) reaction becomes energetically possible at a 
lower energy than does the (n,p) reaction, and, due to 
the difference in barrier penetration, the (n,a) reaction 
cross section is correspondingly higher for energies up 
to a few Mev above the (n,p) threshold. It is difficult, 
however, to explain the large difference in the cross 
sections at 8.0 Mev, at which energy both the a-par- 
ticles and the protons may have energies greater than 
the barrier energy. 

The cross sections obtained for the (n,a) and (n,p) 


reactions on I are of the same order of magnitude as 
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the cross sections for reactions of this type on other 
nuclei.'~-* The (n,a) reaction cross section measured at 
3.9 Mev is 46+18 mb, which is in good agreement with 
the value 37+18 mb, obtained by Jelley and Paul™ at 
this energy. 
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HE radiations emitted in the decay of Rb®™ have 
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2, yes. Moreover, since the spin-parity 
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1 State, competes 


tes (21% 


ire to positron emission for the transition to the 0.89- 


Al =2, yes 


are 5.15+0.38 and 2.06+0.36, respec- 


ith theory. Nucleon configurations of the several states 
d Sr™ are discussed. In the decay to the 0.89-Mev level an L/ K-capture ratio of 0.124+0.05 


f a value, 0.65, for the fluorescence vield of kryptor 


Alternatively, an experimental 
i 


yuted if the theoretical L/K-capture ratio is assumed. 
assignment 2—. In agreement with this 2— designation 
and with the 2+ designation for the first excited state® 
of Kr*™, the Fermi plot for the lower energy positron 
group was found by Huddleston and Mitchell to have 
an “allowed shape.’’ These authors did not observe 
any appreciable negative beta emission, although 
Beckham and Pool’ reported that negative beta decay to 
Sr™ occurs with a probability 16 percent as great as 
that for positron decay. It may be noted that negative 
beta decay should be exoergic to the extent of ~0.5 
Mev.® Karraker and Templeton,’ who also observed 
negative electrons and positrons, reported the principal 
mode of decay to be electron capture; in other respects 
their observations are in essential agreement with those 
of Huddleston and Mitchell. Further, a gamma ray of 
energy 1.89 Mev has been observed’ in the radiations 
from Rb“. The best value of the half-life obtainable 
from the literature is 34 days." 

As pointed out by Huddleston and Mitchell, the 
*K. Way and M. Wood, Phys. Rev. 94, 119 (1954 


'L. M. Langer and R. B. Duffield (private communication 
reported in reference 4 
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assignment, 2—, for the ground state of Rb™ is con- 
sistent with the shell-model nucleon configurations, 
neutron gz and proton fs/2. In this connection it may 
be noted that the measured spin of Rb® is 5/2 and that 
the spins of Kr® and Sr*’ are 9/2.8 Moreover, Stevenson 
and Deutsch,® from measurements of beta-gamma 
angular correlation, concluded that Rb® has spin 2 and 
negative parity in accord with the nuclear magnetic 
moment result obtained by Bellamy.” 

The probabilities of K-capture and positron emission 
- for various types of transitions have been the subject 
of theoretical investigations."~™ For allowed transitions 
and first forbidden transitions of the type AJ =2, yes, 
the K-capture to positron probability ratios are 
independent of the nuclear matrix elements and thus 
of the type of interaction chosen. In the case AJ=2, 
yes, the K-capture to positron probability ratio is 
greater by a factor approximately three to six than that 
calculated for an allowed transition of the same energy 
and atomic number. However, in the cases in which 
AI=0 or 1, yes, the probability ratios are dependent 
on the nuclear matrix elements but are not greatly 
different from the values to be expected for an allowed 
transition. Several investigations’*-’ of K-capture to 
positron ratios for allowed transitions have been 
reported and the results are in agreement with theory. 
On the other hand, very little experimental data exists 
for forbidden transitions; accurate measurements are 
available only for I'** (AJ=2, yes)'* and As™ (AJ=0, 
yes). The results for I%* are in good accord with 
theory,” and a careful comparison of the As” value 
with the theoretical one is being made." The study 
described in this paper was undertaken because Rb™ 
furnishes an opportunity for measurement of K-capture 
to positron ratios for first forbidden transitions of the 
types AJ =2 and 0. 


EXPERIMENTAL METHODS AND RESULTS 
Source Preparation and Purity 


The Rb® used in these experiments was produced by 
the reaction’ Br®(a,n)Rb™. The ammonium bromide 
target material, pressed onto the grooved face of a 


5’ Pp. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

* D. T. Stevenson and M. Deutsch, Phys. Rev. $4, 1071 (1951). 

” FE. H. Bellamy, Nature 168, 556 (1951). 

" Good, Peaslee, and Deutsch, Phys. Rev. 69, 313 (1946). 

2R. Nataf and R. Bouchez, J. phys. radium 13, 190 (1952). 
References to earlier treatments are given in this paper. 

4H. Brysk and M. E. Rose, Oak Ridge National Laboratory, 
Report ORNL 1830 (unpublished). 

4 Max Wolfsberg (private communication). 

4 King, Dismuke, and Way, Oak Ridge National Laboratory, 
Report ORNL 1450 (unpublished). 

1* J. K. Major and L. C. Biedenharn, Revs. Modern Phys. 26, 
321 (1954). 

17 R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 

‘* Marty, Langevin, and Hubert, J. phys. radium 14, 663 
(1953); M. L. Perlman and J. P. Welker, Phys. Rev. 95, 133 
(1954); Koerts, Macklin, Farrelly, van Lieshout, and Wu, Phys. 
Rev. 98, 1230 (1955). 

% Johansson, Cauchois, and Siegbahn, Phys. Rev. 82, 275 
(1951). 
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copper block and covered with a copper foil to degrade 
the energy of the helium ions, was irradiated in the 
external beam of the Brookhaven 60-inch cyclotron. 
Separation of the ammonium bromide from the 
rubidium activity was effected by the addition of freshly 
precipitated silver oxide to a water solution of the 
irradiated salt. The ammonium hydroxide formed was 
volatilized and the insoluble silver bromide, together 
with free silver and excess silver oxide, were removed by 
filtration. Precipitations of copper and zinc sulfides, 
ferric hydroxide, and barium sulfate were performed in 
order to free the rubidium from radioactive contam- 
inants.” Approximately one microcurie of Rb™ was 
produced per microampere-hour of irradiation. The 
carrier-free rubidium activity was finally deposited 
on Mylar film, ~1 mg/cm? thick, and was covered with 
a thin layer of Zapon lacquer. 

Unless otherwise stated, all the results reported in 
this paper and in the paper which follows were obtained 
with rubidium produced by the irradiation of a thick 
target with 14.5-Mev helium ions. The decay of one 
source was measured over a period of about 170 days 
with a proportional counter, the window of which was 
~1.2 mg/cm* thick. The counter was filled to a pressure 
of one atmosphere with an argon-methane gas mixture. 
Rates were observed with the source uncovered, with a 
beta-stopping beryllium absorber, and with a beryllium 
and copper pair to stop beta particles and x-rays. 
The transmission of the beryllium absorber for krypton 
K x-radiation was determined experimentally to be 
44.0% at normal incidence. The analysis of the count- 
rate data is shown in Fig. 1. Points labeled 7 represent 
net rates observed through the beryllium-copper pair. 
The total x-ray points represent differences, corrected 
for the transmission of the beryllium, between the 
y points and the rates observed through beryllium. 
The 8 points were computed by subtraction of the sum 
of the total x-ray and y rates from the rates observed 
with no absorber. Although the 8 decay is clearly 
characterized by a half-life of 33.040.2 days, the y and 
total x-ray decay points show that a long-lived compo- 
nent was present. Subtraction from the total x-ray rates 
of the amount of 83-day" Rb™ component shown in 
Fig. 1 yields the residual 33-day x-ray decay line. 

At helium-ion energies of 14.5 Mev and less it is 
unlikely that Rb® can be produced by the reaction 
Br" (a,2n)Rb®; small amounts of Rb® are produced, 
however, by the reaction Br™(a,y)Rb™.” Sources 
prepared from material irradiated with helium ions 
of higher energy contained, after a period of decay, large 
fractions of the 83-day x- and gamma-ray emitter, Rb"; 
the beta decay of these sources nevertheless followed a 


® Details of this chemical separation are given in one of the 
radiochemical procedures collected and distributed by H. L. 
Finston, Brookhaven National Laboratory, Upton, New York. 

na V. Castner and D. H. Templeton, Phys. Rev. 88, 1126 
(1952). 

" H. Morinaga, Phys. Rev. 99, 655(A) (1955). 
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34-day half-life. The latter observation shows that there 
are very few particles emitted by Rb® in agreement with 
the work of Castner and Templeton and with the 
expected decay energy. The fact that no long-lived 
component was observed by Karraker and Templeton 
in rubidium sources prepared with 18-Mev helium ions 


" 
is 


explainable; the Geiger-Miiller detectors used by 


these thors are less sensitive to electromagnetic 


au 


radiations than the end-window counter described 
above. 

An independent determination of the relative con- 
from Rb*® Rb* the total 
intensity was made with a second source prepared 
from the target irradiated with 14.5-Mev helium ions. 


lhe x-ray intensity of this source, which was used in 


tributions and to x-ray 


most of the experiments described below, was measured 
with a side-window proportional counter filled to a 
pressure of two atmospheres with a 95°% argon-5“ 
methane mixture. The area under the krypton K x-ray 
pulse-height distribution was evaluated as a function of 
time. Small corrections were applied to compensate for 
variations of the pulse-analyzer channel width between 
measurements. the experimental 
points of the 33-day line shown in Fig. 2 leaves residual 


Subtraction from 
rates which decay with an 83-day half-life. The relative 
x-ray intensities from Rb™ and Rb™ determined in the 
two ways differed by only 5%; the mean value was 
used in all calculations. From the work of Castner and 
Templeton, it is known that Rb® decays at least in 
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window proportional counter and suitable absorbers 

part to Kr®™, 114-min half-life.“ Because the sources 
used in this work did not emanate, as determined by 
test, the 83-day x-ray activity represented the sum of 
the contributions from Rb® and from the Kr®™ in 
equilibrium with it. 


Gamma-Ray Spectra 


The gamma radiations were examined with a gray- 
wedge spectrometer and NalI(Tl) detectors. Various 
gamma-ray standards” were used to calibrate the energy 
scale. In addition to the K x-ray photoline, photopeaks 
were observed at energies 0.51, 0.89+0.02, and 1.91 
+0.05 Mev. Peaks at these energies were to have been 
expected on the basis of previously published informa- 
tion; it was found, however, that the intensity of the 
0.51-Mev peak relative to that of the 0.89-Mev photo- 
line increased as the fractional amount of Rb® increased. 
Since there is no positron emission from Rb®, it was 
concluded that a gamma ray of very nearly the same 
energy as annihilation radiation is associated with the 
decay of this nuclide.™ It was observed that the ratio of 
the intensities of the 0.89- and 1.91-Mev photopeaks 
is independent of the source composition; therefore, 
the 1.91-Mev radiation is characteristic of Rb™. 

The pulse-height spectra shown in Figs. 3A and 3B 

™ Nuclear Data, National Bureau of Standards Circular 499 
and Supplements (U. S. Government Printing Office, Washington, 
D. C., 1950). 

™ The decay scheme of Rb® is discussed in detail by M. L 
Perlman and J. P. Welker, following paper [Phys. Rev. 100, 81 
(1955 j 





K-CAPTURE—POSITRON RATIOS 


were obtained with a sliding channel pulse-height 
analyzer, a NaI(Tl) detector 1.5 inches in diameter 
and 1 inch long, and a source covered on both sides 
with beta-stopping beryllium absorbers. From the areas 
under the photopeaks and from the relative photopeak- 
efficiency curves of Bell,”* the intensities of the 1.91- 
and 0.89-Mev gamma rays were calculated to be in 
the ratio (0.0135+0.001)/1. 


Beta Spectra 


Beta-ray spectra were investigated with a small 
anthracene scintillation detector only slightly greater 
in thickness than the range of the most energetic 
particles. A photograph of the pulse distribution from 
this detector as displayed by the gray-wedge spectrom- 
eter is given in Fig. 4. Three beta groups are seen to be 
present; the maximum energies are 1.70+0.07, 0.81 
+0.05, and 0.44+0.05 Mev. The energy scale was 
calibrated by means of beta-ray standards®: P® (1.701 
Mev), TI™ (0.765 Mev), and Na®™ (0.542 Mev). 
There is no indication in the photographs of any 
internal-conversion electron line. The 0.81-Mev beta 
group was displayed alone in experiments in which 
coincidences with the 0.89-Mev gamma rays were 
required. It may be noted that the energy difference 
between the two higher energy groups agrees well with 
the observed gamma-ray energy, 0.89 Mev. 

Experiments with a crude magnetic spectrometer 
indicated the presence of negative electrons, in abund- 
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Fic. 2. Analysis of the decay of the K x-ray pulse distribution as 
observed with a proportional counter spectrometer. 


%P. R. Bell (privately circulated data). 


ance of the order one-fifth that of the positrons. On the 
basis of the coincidence results described in the next 
section of this paper, it is established that the two 
higher energy beta groups are positrons. Because the 
intensity of conversion electrons from the 0.89-Mev 
transition is expected to be approximately 1/200 that 
of the observed negative electrons, the negative particles 
must be the 0.44-Mev beta group. The abundance of 
these negative betas relative to that of the positrons 
was determined quantitatively by comparison of the 
rubidium source with a Na® source. For the two sources 
in a defined geometry, the particle count rates were 
measured with an end-window proportional counter and 
the areas under the 0.51-Mev photopeaks were deter- 
mined. The 0.51-Mev rubidium peak area was corrected 
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Pulse-height distributions measured with a sliding channel 
scintillation spectrometer: A (high gain); B (low gain) 
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other words, the negatron-to 
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Coincidence Studies 


Coincidence igations were carried out with a 


grav-wedge . coincidence spectrometer and pairs of 
I I 


various 
the 
ture of the absorbers 


scintillation detectors 


radiations. T! 


appropriate for the 
geometrical arrangements of 
detectors and sources and the na 
the individual experiments. 


was 0.1 microsecond. 


used were vari 


Phe coincider 


In Table 


are summarized 


time 
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I the results of these qualitative experiments 


From the experimental results presented so far, it 


may be deduced that the disintegration scheme for 


Rb®™ is that shown in Fig. 5. A few comments on the 


quaiitative features of the scheme follow. Positron 


al 


f re 
d electron capture compete to populate the 
ited state of Kr™ I 


ground sti 


and should also compete in 


ite transition. The observations of the 
with the 0.89- and 1.91-Mev 


it these two gammas represent 


radiations in coincidence 


gamma rays show th: 
transitions to the ground state of Kr™. Positron emission 
to the 1.91-Mev level is energetically impossible. 
Because all observed gamma rays are accounted for in 
the Rb*—-Kr™ decay, it the 0.44-Mev 


negative beta rays decay to the ground state of Sr™. 


follows that 
In order to determine the relative abundances of 
the various transitions associated with the decay of 
Rb*®, 
measurements were performed. The intensity of the 
0.525-Mev gamma rays of Rb® relative to that of the 


several quantitative comparison coincidence 
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annihilation quanta from Rb™ was determined by an 
experiment in 180° geometry in which the net number 
of (0.511, 0.511)-Mev coincidences per 0.511(0.525)- 
Mev quantum was compared with the number of 
(0.511, 0.511)-Mev coincidences per annihilation quan- 
tum from a Na™ source. Two NalI(TI) scintillation 
detectors with sliding channel] pulse-height selectors 
were used. One crystal and channel were kept fixed 
with respect to the source; with the other the areas 
under the “singles” and coincidence photopeaks were 
scanned. The result obtained on 12-17-54 for the 
intensity ratio of 0.525-Mev gamma rays to annihilation 
quanta, 0.77+0.04, was then used together with the 
known half-lives of Rb® and Rb™ to compute the 
relative amounts of these two radiations at other times. 
It is readily calculated that a negligible error is intro- 
duced into the Na™ measurement by the occurrence of 
coincidences of annihilation quanta with Compton 
events associated with the 1.28-Mev gamma ray. 

In order to ascertain the fraction of the positrons 
which is followed by the 0.89-Mev radiation, the 
number of (0.511, 0.89)-Mev coincidences per 0.511 
0.525)-Mev quantum was compared with the number 
of (1.12, 0.89)-Mev coincidences per 1.12-Mev quantum 
from a Sc* source. It is known that the two cascading 
Sc gamma radiations are of equal intensity.” In this 
experiment the geometry of the sources with respect to 
the detector for the 0.89-Mev radiations was maintained 
constant. The result, corrected for the 0.525-Mev 
gamma-ray intensity present at the time of measure- 
ment, is Jo.919+/J totais += 0.505+0.026. 

The fraction of the 0.89-Mev gamma transitions 
which is associated with positron emission was deter- 
mined by comparison of the number of (0.511, 0.89)-Mev 
coincidences per 0.89-Mev quantum with the number 
of (0.511, 1.28)-Mev per 1.28-Mev 
quantum from a Na” source. The result, Jo.813+/J0.99+ 
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=0.150+0.011, is based upon the fact that in the 
decay of Na”, 90.0+0.5 percent’? of the 1.28-Mev 
quanta are associated with positrons. 

To determine the fraction of the krypton K x-rays 
which is followed by the 0.89-Mev transitions, the 
number of K x-ray, 0.89-Mev gamma coincidences 
per K x-ray was compared with the number of (1.12, 
0.89)-Mev coincidences per 1.12-Mev gamma quantum 
observed with a Sc* source. A thin Nal(Tl) detector 
was used for the x-rays, and a thick NaI(T]) scintillator 
was used for the 1.12-Mev gamma rays; however, the 
same crystal and geometry were employed for the 
detection of the 0.89-Mev radiations from both sources. 
The K x-ray “singles” rate was corrected for the 
intensity of 83-day x-rays present at the time of 
measurement. It should be noted that the result, 


| eee to 0.89 level | =0.71+0.03, 


represents, independently of the fluorescence yield, 
the fraction of all electron capture which proceeds to 
the 0.89-Mev level, provided only that the ratio of 
L to K capture is the same for the various capture 
branches. 

Most of these quantitative coincidence measurements 
were made twice; the errors attached to the above 
results were computed from errors assigned to the 
individual experiments. In all cases the differences 
between duplicate experiments were less than the 
combined individual errors. 


INTERPRETATION OF Rb** RESULTS 
Transition Intensities 


From the results of the quantitative coincidence 
experiments, from the ratio of negatrons to positrons, 
and from the intensity ratios of the gamma radiations, 
the intensities of all the transitions associated with 


Rb™ were computed. An L-capture to K-capture 


Abundances and comparative half-lives 
of the radiations from Rb™ 


TABLE IT 


Radiation 
EC to ground state 
EC to 0.89-Mev level 
EC to 1.91-Mev level 


9 6+0.7 
94+0.9 
4.7420 


0.81-Mev 8* 
1.70-Mev 8* 
0.44-Mev 3° 


Total 100 
0.89-Mev > os 
(1.02-Mev 4 <0.34 
1.91-Mev 7 0.90.1 


computed from the monographs of S. A. Mosz 
kowski, Phys. Rev. 82, 35 (1951), and from the graphs given by E. Feenberg 
and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
» The log fu values for the unique transitions were calculated by the 
method of J. P. Davidson, Phys. Rev. 82, 48 (1951). 
* See reference 28 
¢ This upper limit was estimated from Fig. 3 


® The log ff values were 


= PROTONS | NEUTRONS 
“Tr coal * f* er ’ 
Py, % Pin, 


yD" (334) 


se5 (STABLE) 
N 


- 2 6 
g Ply 9, 











ae 
aeKt (STABLE) 
p iH N 
op? €¢ F...n? al 
Pa, Ne i P. Ie, ; 


2 8 
ie P* Q 
| ‘a™ 


Fic. 5, The?decay scheme of Rb™ (see reference 28). 


probability ratio of 0.10 is assumed.” The value for 
the fluorescence yield of krypton does not enter into 
these calculations. The transition intensities, together 
with the measured transition energies, were then used 
to compute the log ft values (Table II). 


K-Capture - Positron Ratios 


For the transition to the 0.89-Mev level, which is 
characterized by spin change zero and parity change, 
the measured K-capture to positron-emission probabil- 
ity ratio is 5.15+0.38. This result is to be compared 
with the value, 3.1, computed for an allowed transition 
of the same energy. For the ground-state transition, 
which is of the type AJ=2, yes, the K-capture to 
positron ratio observed is 2,06+0.36; if the transition 
were an allowed one, the ratio would be 0.28. In both 
cases the measured ratios are larger than those com- 
puted for allowed transitions, and the increases are in 
agreement with the qualitative theoretical expectations 
for first forbidden transitions.” Quantitative compari- 
sons will be made on completion of the theoretical 
calculations for Rb™. 
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Characterization of the Levels 


According to King and Peaslee,” for first forbidden 
transitions in which AJ=0 and Aj, the nucleon spin 
change, is greater than AJ, the log ft values average 
7.55+0.47. The transitions to the first excited state of 
Kr® at 0.89 Mev above ground are of this type, and 
the log ft values for the positron and electron-capture 
branches are 7.3 and 7.1, respectively. King and Peaslee 
have pointed out further that, for first forbidden 
transitions characterized by AJ=2, the average value 
for logfit is 8.5+0.5. The logf,t value, 8.7, for the 
positron decay to the ground state of Kr®™ is in good 
agreement with this average; however, for the negative 
beta-decay branch to the ground state of Sr™, log fit 
is 6.6. Arguments based on the nucleon configurations”’ 
of the three ground states involved may be employed 
to explain the relatively high transition probability for 
negative beta decay, and a set of tenable shell-model 
proton and neutron configurations is presented in 
Fig. 5.74 

In a recent survey of even-even nuclei Scharff-Gold 
ratio 


haber and Weneser” have pointed out that the 


of the energies of the second and first excited states is 
approximately 2.2 for neutron numbers below eighty- 
eight. The designation of the 0.89- and 1.91-Mev 
levels as the first and second excited states of Kr®™ is 
in agreement with The 


ogft value, 8.1, for the 


observation. 


1.91-Mev 


this general 


transition to the 


level, considered together with the low probability of 


the stopover gamma transition as compared with that 
of the crossover transition, would seem to favor the 
for the second excited state. However, 


the designation 2+, which 


designation 1+ 
characterizes more than 
half of the second excited states investigated,” cannot 


be excluded 


RELATIVE PROBABILITY FOR THE CAPTURE OF L- 
AND K-ELECTRONS; THE FLUORESCENCE 
YIELD OF KRYPTON 


The theory for the relative capture probability of 
L and K electrons has been thoroughly developed 
for both allowed and forbidden transitions. The L/K- 


capture branching ratio for A*’, measured by Ponte- 


W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954 

de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953 
The authors are indebted to Dr. C. S 

er, who has kindly informed them that 


btained in her laboratory wit! 
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Wu and Miss N. Bencz 
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ushed rest t 


i " a magne 
lens spectrometer show that the negative beta radiations of Rb™ 
energy of 0.910 Mev and an abundance that 
The smal! break in Fig. 4 which was 
to represent the end point of the negative beta spectrun 
fore probably spurious. The values obtained by Wu and Benczer 
change the negative beta abundance in the 
the quoted value, 4.7%+2%, 
the 0.89. Mev level increases from 54.3% to 5: 
dance changes are completely negligible. The value { 
the negative beta transition becomes 8.7 in excellent agreement 
with the value for the ground-state positron transition; and thus 
no special configuration arguments are required 

*™G. Scharff-Goldhaber and J. Weneser. Phys. Rev. 98, 212 
1955 
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corvo, Kirkwood, and Hanna,” is in agreement with 
theory; however, the resulis of Langevin® for Ge”, 
0.30+0.02, and of Langevin and Radvanyi® for Kr”, 
0.25+0.03, disagree with the theoretical predictions, 
0.10 and 0.09, respectively. Because of the paucity of the 
experimental data, a measurement of the L/K-capture 
ratio for the transition to the 0.89-Mev level in Kr* 
was undertaken. 

Evaluation of the L/K-capture ratio depends on 
the relation, 


[ (EC: +ECx 


where EC, and EC, refer to the probabilities of L- and 
K-electron capture, wx is the K-fluorescence yield of 
krypton, fg+ designates the fraction of the 0.89-Mev 
level population that is supplied by positron emission, 
and f, the fraction supplied by K-capture processes 
accompanied by fluorescence. Population of the 0.89- 
Mev level by gamma radiation from the 1.91-Mev 
state (<0.5%) is neglected. The value for fg+, 0.150 
+0.011, was obtained as described earlier in this 
paper. The value for f,, 0.48+0.02, was determined 
from a measurement of the number of K x-ray, 0.89- 
Mev coincidences per 0.89-Mev quantum and from 
the absolute efficiency of the thin NaI(T1) detector for 
krypton K x-rays. The latter efficiency is made up of 
several factors which were evaluated experimentally : 
the solid angle subtended by the detector at the source 
in the coincidence geometry, the fraction of the krypton 
x-ray pulse distribution accepted by the single channel 
analyzer, the thin aluminum 
crystal cover, and the transmission of the beryllium 


ECx|\(fs WK + fe pox. (1) 


transmission of the 


beta-stopping absorber. The geometrical factor was 
determined by comparison of the x-ray count rate in the 
coincidence geometry with the count rate at a source-to- 
detector distance such that the solid angle subtended 
by the detector at the source could be accurately 
evaluated by mensuration. If, from the analysis of 
the experimental data carried out by Broyles, Thomas, 
and Haynes,” the value, 0.65, is taken for wx, then 
EC, ECx is computed to be 0.124-0.05. This result is 
in good agreement with the theoretical result, 0.10. 
It may be noted, that in order to obtain an L/K ratio 
about 0.27, an average of the values for Ge™ and Kr”, 
wx would have to be 0.73, an unreasonably large value. 

Conversely, Eq. (1) may be used to compute the 
krypton K-fluorescence yield if the theoretical L/K- 
capture ratio is assumed. The value thus obtained for 
wr is 0.62+0.03. 
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Disintegration Scheme of Rb**t 
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The decay of Rb™ has been determined to proceed by electron capture to an excited state of Kr® which 
is 0.566 Mev above the ground state. This excited state is depopulated exclusively by emission of a 0.525 
Mev gamma ray (M1) to the 0.041-Mev state, Kr™™. Little or no electron capture direct to the 0.041-Mev 
level or to lower levels occurs. The spin-parity designation of the 0.566-Mev state is fs/2, and that of the 


Rb® ground state is f 


URING the course of an investigation concerned 

with certain features of the decay' of Rb™, suffi- 
cient information was obtained about the radiations 
of Rb® to ascertain the disintegration scheme of this 
nuclide. According to published work?* Rb® has a 
half-life of 83 days; x-rays, conversion electrons corre- 
sponding to gamma rays of energies ~0.15 and ~0.45 
Mev, and a gamma ray of energy ~0.8 Mev are re- 
ported to be emitted. The energy measurements are 
described as being crude.’ At least a fraction of the 
decay proceeds to 114-min Kr®™, as shown’ by the 
growth of activity in rubidium fractions freshly sepa- 
rated from Sr®. The level scheme of Kr“ has been 
thoroughly investigated; the multipole orders of the 
electromagnetic radiations are established, and the spins 
and parities of the levels are known.‘ This information is 
summarized in Fig. 1. 


EXPERIMENTAL METHODS AND RESULTS 


The method of source preparation has been described 
in the paper which precedes this one.' Tests showed 
that the sources used in the following experiments did 
not emanate Kr*™. As has been stated, decay measure- 
ments made with proportional counters and suitable 
absorbers confirmed the earlier observations that Rb® 
disintegrates with the emission of K x-rays and of 
gamma rays, and that very little if any particle emission 
occurs. From the information shown in Fig. 1 of the 
preceding paper and with a knowledge of the particle 
to x-ray intensity ratio from Rb™, it may be estimated 
that less than one percent of Rb*—>Kr® events are 
associated with the emission of particles with energy 
exceeding 40 kev. 

It has been noted also that a gamma ray of energy 
very nearly the same as that of annihilation radiation! 
is associated with the decay of Rb™. The evaluation of 
the energy of this radiation was made from data 


t Research performed under the auspices of the U. S. Atomic 
Energy Commission 

J. P. Welker and M. L 
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*M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
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V. Castner and D. H. Templeton, Phys. Rev. 88, 1126 
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obtained in a set of coincidence measurements in which 
Na” and Rb®-™ were compared. It was observed in the 
case of Na™ that the 0.511-Mev photopeak in coin- 
cidence with 0.511-Mev quanta was centered at the 
same position as the simultaneously recorded 0.511- 
Mev “singles” photopeak; in the case of the Rb®™, 
however, the “singles” peak, composed of annihilation 
radiation and the Rb™ gamma ray, was consistently a 
little higher in energy than the coincident photopeak. 
From the relative displacement of the two peaks and 
from a knowledge of the fraction of Rb™ gamma radia- 
tion present in the Rb®-™ “singles” photopeak at the 
time of the measurement,' the energy of the Rb® 
gamma ray was determined to be 0.525+0.007 Mev. 
This radiation was found to be in coincidence with K 
x-rays and not-in coincidence with annihilation radia- 
tion.* Several gray-wedge photographs of the gamma- 
ray spectra of Rb®-™ were observed both with and with- 
out the requirement of coincidences with K x-rays and 
with 0.511 (0.525)-Mev gamma rays. There was no 
evidence for the emission, in the decay of Rb®, of any 
gamma ray other than that of energy 0.525 Mev. 

A determination was made of the fraction of Rb® 
K-electron capture events which is associated with the 
emission of the 0.525-Mev gamma ray. The K x-ray, 
0.525-Mev coincidence rate was compared with the 
K x-ray count rate. Two NaI(Tl) detectors and pulse- 
height selectors were employed. The result of this 
comparison measurement is independent of all x-ray 
efficiency factors. Apportionment of the x-ray rate 
between the 83-day Rb® and the 33-day Rb™ was made 
by the methods described in the foregoing paper. 
Further, the Rb® x-ray rate was corrected to take into 
account the fact that a part of the intensity, 0.22, is 
produced by internal conversion of gamma rays® from 
Kr®”; the evaluation of this correction is described in 
the next section. For the coincidence-rate measurement, 
the area under the 0.525-Mev coincidence photopeak 
was scanned; small backgrounds associated with the 
radiations of Rb™ were evaluated and subtracted. The 
absolute efficiency of the detector and pulse-height 
selector for the 0.525-Mev quanta was measured by 
determination of the area of the 0.511-Mev annihilation 


§ Referenve 1, Table L. 
* I. Bergstrém, Phys. Rev. $1, 638 (1951) 
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Fic. 1. The decay scheme of Rb” 


photopeak from a calibrated Na” source. The com- 
parison experiment gave the result that 0.99+0.10 
of the electron-capture processes are followed by 
emission of the 0.525-Mev quanta. 


DISCUSSION 


The decay scheme shown in Fig. 1 was arrived at 
by combination of the experimental results given in 
this paper with information about the internal con- 
version’ of the 32-kev transition in Kr®™ and about 
the growth of Kr®™ in freshly separated Rb® fractions.’ 
According to the compilation of Way and Wood’ the 
disintegration energy of Rb® is expected to be approx- 
imately 0.8 Mev; under this condition the ratio of L 
capture to K capture may be taken as 0.10.5 The number 
of K vacancies per disintegration of Rb® is expressed 
by the relation, 

Kync=0.91+0.26f. (1) 


The 0.91 vacancies are produced in the act of capture, 
f is the fraction of Rb® disintegrations which populates 
the 0.041-Mev Kr®™ state, and 0.26 is the fraction 
of the 0.032-Mev Kr®™™ transitions which produces a 
K vacancy.* The term 0.26/ is evaluated as a function 
of Kyae from the growth curves of Castner and 


7K. Way and M. Wood, Phys. Rev 94, 119 (1954 
*M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949 
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Templeton : 
0.26 f= (0.2240.01) Kvac. (2) 


The solution of Eqs. (1) and (2) gives Ky.-=1.17 and 
f=1.00. Three assumptions about the growth curves 
are implicit in Eq. (2): (a) the growth sources did not 
emanate Kr®, (b) the count-rate measurements’ were 
begun before appreciable growth had occurred, and 
(c) the count-rate data taken with a Geiger-Miiller 
counter represent only the x-radiations. It should be 
noted that inaccuracy in any of these assumptions would 
tend to make f exceed 1.00, which would be an absurd 
result. Since each capture process in Rb® populates 
the 0.041-Mev level and since 0.99+-0.10 of the capture 
events are in coincidence with 0.525-Mev quanta, 
capture followed by emission of 0.525-Mev gamma 
rays must populate the Kr®™ state. Moreover, little or 
no capture proceeds directly to the 0.041-Mev or to 
lower Kr® levels. The allowed log ft value,” 5.4+0.4, 
for the capture transition to the 0.566-Mev level is 
based on the decay energy estimated from the curves 
of Way and Wood. 

The spin-parity assignments for the ground and 
first two excited states of Kr®™ are well known.*:* Only 
two reasonable single particle assignments" remain for 
the 0.566-Mev Kr® level, p3,2 and fs 2. If the level were 
characterized fs/2, it should be depopulated more rapidly 
by F1 transitions to the 9-kev level than by £2 transi- 
tions to the 41-kev level, in contradiction of the experi- 
mental facts. The characterization ps », on the other 
hand, is in agreement with the observation that all 
transitions from the 0.566-Mev level populate the 0.041- 
Mev level. 

For the odd proton of Rb® reasonable single particle 
characterizations are fs 2, ps; 2, and, less probably, p: 2 or 
g9/2. Of these four ge/2 is excluded because very little or 
no capture to the ground state of Kr® occurs. Since the 
capture transition to the 0.041-Mev krypton state 
would be much more probable than that to the 0.566- 
Mev level if the assignment were p; 2 or p1/2, these two 
possibilities are excluded. Thus, fs 2 would appear to be 
the designation for the ground state of Rb®. The 
capture transition to the 0.566-Mev level of Kr® is 
then allowed and the capture transitions to the other 
states of Kr® are forbidden, which is in agreement with 
the experimental evidence. It may be noted that the 
ground-state assignments of the neighboring odd-even 
nuclides, Rb™ and Rb™, are p; » and /s 2 respectively."-” 


* Reference 3, Fig. 1. 

”S. A. Moszkowski, Phys. Rev. 82, 35 (1951 

"Pp. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

® Hobson, Hubbs, Nierenberg, and Silsbee, Phys. Rev. 96, 
1450 (1954). 




















PHYSICAL REVIEW VOLUME 100, NUMBER 1 OCTOBER 1, 1955 


Gamma Rays Excited by Inelastic Scattering of Neutrons in Various Elements* 


M. A. Roruman, H. S. Hans,f anp C. E. MANDEVILLE 
Bartol Research Foundation of The Franklin Institute, Swarthmore, Pennsyloania 


(Received June 14, 1955) 


Neutrons of energy 3.7 Mev have been inelastically scattered in a number of elements. The energies 
of the y rays so excited have been measured by scintillation counting and pulse height analysis. In some 
cases, the cross sections for y-ray excitation have been calculated. 


INTRODUCTION In the cases of silicon and arsenic, the scatterers were 


HE present measurements are a continuation of metallic powders contained in plastic rings. 
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Cross sections were determined by calibrating the 
Nal crystal with radioactive sources of known strength. 
Attenuation of gamma rays in the 
scatterer was calculated, but no multiple scattering 
corrections were made. The scattering rings had radial 
and axial thicknesses of one inch. The incident neutron 
flux was calculated from the known cross section for 
the d—d reaction. Cross sections are given in barns 
steradian at 90°. Knowledge of the angular distribution 
of the y rays is necessary to determine the total! cross 
sections for production of these y rays. 

The cross sections have been corrected for isotopic 


neutrons and 


abundance in all cases except that of antimony. This 
element has two isotopes of approximately equal 
abundance, so that without further knowledge of the 
level schemes, it is not possible to assign the y ray to one 
From the breadth of the peak, it 
there are two unresolved y rays present 


particular isotope 
1S probable that 


VOLUMI 


100 NI 





AND MANDEVILLE 

In the case of gold, no peaks were detected. The large 
attenuation of the gold scatterer would greatly cut 
down the yield of any y rays produced. The figure given 
in the table is an estimated upper limit on the cross 
section for production of a 1-Mev y ray. 

The level scheme shown for Al is taken from Endt 
and Kluyver.‘ The y-ray energies shown on the spec- 
trum are within 1 percent of the energies obtained from 
the known levels. 

The level scheme shown for Fe is based on the as- 
sumption that all the y rays cascade through the 850- 
kev level.’ The quantum energies given are taken from 
the Fe spectrum in Fig. 1 and agree well with measure- 
ments on the y rays from Mn* and Co”. 
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to a level in Ga® at 0.170 Mev. Cross sections for t 
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INTRODUCTION 


HE study of (p,) reactions for medium weight 

elements has not been as extensive as for the light 
elements because of the difficulty of obtaining separated 
isotopes and because of the smaller cross sections near 
threshold. The knowledge of the levels in the residual 
nuclei is meager. The existence and spacing of these 
levels can be determined by measuring the energies of 
the neutron groups from the proton bombardment of 
the target nuclei Mev above the threshold 
energy or by studying the y rays accompanying these 
reactions. In some cases the levels have been determined 
from the beta decay of the next higher isobar. 
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p.m) reactions for Sc* 


Cu®, Cu®, and Zn to determine 


e thresholds and to locate low-lying states in the residual nuclei. The thresh 
be 2.908 Mev for Sc“, 4.215 Mev for Cu™, 2.169 Mev for Cu®, 
Other neutron thresholds were found corresponding to excited states in Ti* at 
1.460, 1.876, 2.016, 2.430, and 2.555 Mev; in Zn®™ at 0.191, 0.642, and 1.043 Mev; and 
{ threshold was found in the Zn(p,»)Ga reaction which is probably due 
he yield of neutrons in the forward direction were deter 
Mf neutrons from thin Sc“ and Cu® targets were obtained for the proton energy region from 
lds to 70 kev above these thresholds. McKibben nomographs are given for these two reactions 


A greater knowledge of medium-weight element (p,) 
reactions as neutron sources is valuable because of the 
present interest in neutron scattering experiments in 
the 1-150 kev range. Because of the low center-of-mass 
velocity, the neutrons emitted near threshold from these 
reactions have energies of only a few kilovolts and the 
energy is approximately independent of angle in the 
forward direction. Although the yields are low, the 
beam currents obtainable with present-day Van de 
Graaff accelerators make the use of these sources 
possible in the kilovolt region. To obtain satisfactory 
resolution, thin targets and well resolved proton beams 
are necessary. Using these sources, experiments can be 
performed at zero degrees to the proton beam with 
neutron energies of a few kilovolts and only a small 
variation in energy with angle. 

The counter ratio method which was first described 
by Bonner and Cook! employs two paraffin-moderated 


~.'T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 














STUDY OF 


BF; counters. One counter (called the modified long 
counter) essentially determines the yield of neutrons of 
all energies from a reaction, while the second counter 
(called the slow counter) discriminates against fast 
neutrons in favor of slow neutrons. The ratio of the 
counting rate of the second counter to that of the first 
reveals not only thresholds corresponding to the ground 
states of the residual nuclei, but thresholds due to 
excited states as well. By applying this method to 
(p,m) reactions, the yield of neutrons in the forward 
direction and the existence and spacing of the low-lying 
states in the residual nuclei can be determined simul- 
taneously. 

Preliminary studies of the thick-target yield of neu- 
trons from the proton bombardment of scandium by 
Hanson, Taschek, and Williams? showed that the 
Sc*(p,n)Ti*® reaction might be useful as a source of 
kilovolt neutrons, with a yield near threshold about 40 
times that of the V(~,m) reaction, another possible 
source of kev neutrons. They determined the threshold 
energy for the reaction to be 2.9 Mev and found that 
the cross section was roughly 30 millibarns near thresh- 
old. The threshold of 4.2 Mev for the Cu®(p,n)Zn® 
reaction suggested that it might also give a satisfactory 
yield of neutrons near threshold. 

The counter ratio method was also applied to the re- 
actions: Cu®*(p,n)Zn®, Cu®(p,2)Zn®, and Zn(p,2)Ga. 
Preliminary results with Cu® have previously been 
obtained’ with this technique. Only a rough measure- 
ment of the threshold of the Zn®*(p,n) threshold has 
been reported.‘ 


EXPERIMENTAL PROCEDURE 


A procedure for the counter ratio method similar to 
that described by Marion, Brugger, and Bonner® was 
used in these experiments. This method involves the 
use of two BF; counters, one embedded in a paraffin 
cylinder 5 in. in diameter and 5 in. in length (modified 
long counter) and the second surrounded by a ring of 
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Fic. 1. Geometrical arrangement of the two counters and the 

target holder used in performing counter ratio experiments 
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Fic. 2. Relative efficiencies as a function of the neutron energy 
of the slow counter and of the modified long counter in its position 
behind the slow counter 


paraffin $ in. thick and 2 in. in length (slow counter). 
Both counters were placed at 0° with respect to the 
direction of the proton beam and subtended approxi- 
mately the same solid angle at the target. A multiple 
target holder was used. The geometrical arrangement is 
shown in Fig. 1. 

The efficiency of the two counters as a function of 
neutron energy is given in Fig. 2, These data were 
determined by observing the counting rate in each of 
the counters as the energy of a beam of protons striking 
a LiF target was varied. The results were then com- 
pared to the absolute yield into the same cone deter- 
mined by Taschek and Hemmendinger* in order to find 
the relative efficiency as a function of neutron energy. 
The efficiency of the modified long counter in its position 
behind the slow counter decreases rapidly for neutrons 
of energy less than 0.3 Mev. This is a desirable charac- 
teristic for detecting weak neutron thresholds with the 
counter ratio method; however, the neutron yields 
measured with this counter below 0.3 Mev are too 
small by as much as a factor of 2.5 for low-energy 
neutrons. 

Pronounced resonances are obtained in most (p,m) 
reactions and the effects of these resonances are largely 
eliminated by using the counter ratio method.' How- 
ever, in the case of the Cu®(p,m) reaction and to a 
smaller extent in the Cu™(p,#) reaction the effects of 
the resonances were not completely eliminated. At 
bombarding energies above the 2.97-Mev threshold of 
the first excited state of Zn®, fluctuations in the counter 
ratio were observed that were too large to be attributed 
to statistics. The ratio of the number of neutrons 
emitted to the first excited state compared to the 
number emitted to the ground state would be expected 
to change from one resonance to another, because of 
the change in angular momentum and parity between 
successive levels of the compound nucleus. The fluctua- 
tions in the counter ratio are attributed to such changes. 


*R. F. Taschek and A. Hemmendinger, Phys. Rev. 74, 373 
(1948). 
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Fic. 3. The counter ratio (open circles) and the yield of neu 
trons in the forward direction measured by the modified long 
counter (solid circles) as a function of the proton energy for the 
Sc*(pn)Ti® reaction. The counter ratios have been multiplied by 5 
for proton energies above 3.6 Mer 


Below the thresholds corresponding to the first excited 
states, there were no fluctuations observed that could 
not be attributed to statistics. To eliminate partially 
the fluctuations due to resonances, the data taken for 
Cu® with a 35-kev target were averaged over 120 kev, 
while 120-kev targets were used for scandium and zinc. 
This averaging process increased the error in deter- 
mining the threshold energies. 

Values of the cross sections for the yield of neutrons 
in the forward direction in units of millibarns per 
steradian in the laboratory system were obtained for 
the proton bombardment of Sc*, Cu®, and Cu®. A long 
counter similar to that described by Hanson and 
McKibben’ was used to determine the cross sections. 
It was placed at zero degrees to the beam and 42 inches 
from the target and recorded the number of neutrons 
per microcoulomb of beam striking the targets. To 
eliminate variations in the efficiency of the long counter 
with neutron energy, weighed targets of Sc,O;, Cu®, 
Cu®, and LiF were bombarded at proton energies so 
that the emitted neutrons had an energy of about 
0.60 Mev. This was not completely realized in the case 
of Cu® because of a second group of neutrons emitted 
to the 0.191-Mev state of Zn®™. The differential cross 
section for the Li’(p,)Be’ reaction which has been 
determined to an accuracy of about 10 percent by 
raschek and Hemmendinger* was used as the standard 
to which the other reactions were compared. 

For cross section determinations the target material 
was evaporated onto 2-mil pure aluminum backings. 
The amount of target material was determined by 
weighing the backings before and after an evaporation. 
A quartz spring with about 1 milligram per millimeter 
sensitivity, in conjunction with a telescope containing 
a calibrated eyepiece, was used to make the weighings. 
The weights of the Sc,O;, Cu®, Cu®, and LiF on the 
targets were 267, 323, 473, and 220 micrograms/cm?, 
respectively. 


7A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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Sc‘ (p,n)Ti*® 


To study the yield of neutrons from the proton 
bombardment of scandium, targets were made by 
evaporating Sc,O; from a V-shaped tungsten filament 
onto tungsten or weighted aluminum blanks. At 
temperatures close to the evaporating temperature 
(~1300°C) the Sc,O; on the filament turned from 
white to black. The thickest target which was made 
(~120 kev thick) was dark grey in color, while the 
thinner targets were cream colored. Baker, Howell, 
Goodman, and Preston* reported making scandium 
targets by evaporating Sc,O; from a carbon boat. In 
the process they reported that the oxide was reduced 
and metal targets were made. Targets that were made 
at the same time as the targets used in this experiment 
were also used to study the inelastic scattering of 
protons from scandium and the results’ showed that 
the targets contained a considerable amount of oxygen. 
A scandium target evaporated onto a glass backing 
had a very high electrical resistance which also indicates 
that the oxide and not the metal was deposited. 

Figure 3 shows the counter ratio and the yield of 
neutrons in the forward direction for scandium bom- 
barded by protons of energies from 2.9 to 5.6 Mev. 
The target used was 120-kev thick to protons of 
2.9 Mev and had a tungsten backing. The yield has 
been corrected for background obtained by bombarding 
a clean tungsten blank. The counter ratio shows the 
usual sharp rise at the ground-state threshold energy 
of 2.908 Mev (A) and other thresholds B, C, D, E, F, 
G, H, and I at higher energies due to eight excited 
states in Ti*®. Table I lists the threshold energies and 
the Q-values for the Sc(p,n)Ti*® reaction and the 
excitation energies of the Ti*® states. The 120-kev 
target has essentially eliminated fluctuations due to 
resonances in the compound nucleus, by averaging the 
effects of a large number of resonances. 

The ground-state threshold energy was measured to 
be 2.908+0.004 Mev yielding a Q-value for the re- 
action of —2.844+0.004 Mev; a mass defect of — 25.87 


Taste I. Neutron thresholds in the reaction Sc*(p,n)Ti*. 











Thresh- Threshold energy 





old (Mev) Q-value (Mev) Ti* (Mev) 
A 2.908+0.004 — 2.8442-0.004 0 

B 3.667 +0.010 — 3.587 +0.010 0.743+0.011 
Cc 4.129+-0.007 — 4.038+0.007 1.194+-0.008 
D 4.285+0 009 —4.191+0.009 1.347+0.010 
E 4.400+0.010 —4.304+0.010 1.460+0.011 
F 4.826+0.009 —4.720+0.009 1.876+0.010 
G 4.969+-0.012 — 4860+0.012 2.016+0.013 
H §.392+0.010 — 5.274+0.010 2.430+0.011 
rf §.520+0.007 — 5.399+0.007 2.555+0.008 








* Baker, Howell, Goodman, and Preston, Phys. Rev. 81, 48 


(1951). 


* Gossett, Phillips, Schiffer, and Windham, this issue [Phys. 
Rev. 100, 203 (1955)]. 





- 








STUDY OF NUCLEAR REACTIONS 


+0.56 Mev and a mass of 44.97222+0.00060 amu” are 
indicated for Ti**. This threshold is in good agreement 
with the value of 2.9 Mev obtained by Hanson, Taschek, 
and Williams? and that estimated from the curve of 
Baker, Howell, Goodman, and Preston® as 2.87 Mev. 
A Q-value for the Sc**(p,)Ti* reaction can be calcu- 
lated from the positron decay" of Ti**. This calculation 
gives a Q-value of —2.822+0.010 Mev, which is 0.022 
Mev lower than that obtained from the threshold 
measurement. The higher thresholds are assigned errors 
depending on the estimated accuracy of extrapolating 
the leading edge of the threshold. 

The differential cross section for the yield of neutrons 
in the forward direction was obtained at a proton energy 
of 3.53 Mev and was found to be 3.4 percent of that 
for the reaction Li’(p,n)Be’ at a proton energy of 
2.30 Mev. The comparison was made for the same 
neutron energy to eliminate any energy dependence of 
the long counter efficiency. This gives a cross section 
for the Sc**(p,n)Ti* reaction averaged over a proton 
energy from 3.41 to 3.53 Mev of 3.6 mb. The yield of 
neutrons into the forward cone of half-angle 10° is 
given by the right-hand ordinate of Fig. 3 in units of 
millibarns per steradian in the laboratory system. 

The proton energy region from threshold to 0.070 
Mev above threshold was investigated with a 2.7-kev 
target. The thickness of this target was determined by 
comparing the counting rate with that from a thicker 
weighed target. The amount of scandium oxide on the 
thin target was determined to be 29.5 micrograms/cm?. 
Figure 4 shows the yield of neutrons measured by the 
slow counter from threshold to 0.070 Mev above 
threshold. The yield has been corrected for background. 
Since the counter sensitivity is essentially constant 
over this energy region, the yield has not been corrected 
for any variation in the counter sensitivity. The levels 
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Fic. 4. The yield of neutrons in the forward direction as a 
function of the proton energy as measured by the slow counter 
for the Sc(p,")Ti* reaction 


® Mass values of Sc*, Cu®, and Cu™ were taken from the tables 
of E. Segré, Experimental Nuclear Physics (John Wiley and Sons, 
Inc., New York, 1953), Vol. 1, p. 745. 

" Ter-Pogossian, Cook, Porter, Morganstern, and Hudis, Phys. 
Rev. 80, 360 (1950). 
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Fic. 5. The counter ratio showing thresholds at A, B, C and D 
and the yield of neutrons in the forward direction as a function 
of the proton energy as measured by the modified long counter 
for the Cu"(p,")Zn® reaction. 


appear to be as wide as 6 kev and are spaced about 
2-9 kev apart. The cross section near threshold was 
determined by comparing the counting rates to that 
for 3.53-Mev protons and then correcting for the change 
in counter sensitivity. 

If the energy separation between levels is consider- 
ably greater than the level widths, the yield will be- 
come very small between resonances. In this case if the 
theoretical (p,) threshold falls between two resonances, 
the experimental threshold would not appear until the 
proton energy reaches the next higher resonance, thus 
introducing a small error in the Q-value for the (p,m) 
reaction calculated from the neutron threshold. 


Cu"*(p,n)Zn" 


The separated isotope of Cu® (99.11 percent Cu™) 
in the form of CuO was obtained from the Oak Ridge 
National Laboratory. The CuO was reduced to metallic 
copper and targets were made by evaporating the metal 
onto weighed aluminum blanks or onto tungsten blanks. 
Figure 5 shows the counter ratio and the yield of 
neutrons in the forward direction for a 17-kev Cu® 
target. The yield has been corrected for background. 
The sharp rises at 4.215, 4.410, 4.868, and 5.265 Mev 
are attributed to the ground-state threshold and three 
excited state thresholds. The small dip and rise near 
4.50 Mev is attributed to a resonance effect and not to 
a threshold. Table IT lists the threshold energies and 
the Q-values for the Cu™(p,n)Zn® reaction and the 
excitation energies in Zn®. 

The ground-state threshold energy of 4.215+0.004 
Mev yields a Q-value of —4.149+0.004 Mev; a mass 
defect of —44.48+1.86 Mev and a mass of 62.95223 
+0.00200 amu” are indicated for Zn®. A previous 
determination of the Q-value for this reaction by 
Strain’? gave —-4.04+0.17 Mev, and that by Blaser, 
Boehm, Marmier, and Scherrer* gave —4.14+0.1 Mev. 


*C. V. Strain, Phys. Rev. 54, 1021 (1938). 





Qo 
Qo 


BRUGGER. 





~~ 


T 


CTION, MA_LIBARNS/STERADIAN 








CROSS SE 


4235 


PROTON 





4255 4275 


in MEV 


42"5 
ENERGY 


Fic. 6. The vield of neutrons in the forward 


function of the energy 
for the Cu™(~,n)Zn™ reactior 


direction as a 


protor 
yroton 
} 


as measured by the slow counter 


A preliminary determination by Cook and Bonner 
4.21 Mev. Recently Kington, Bair, Cohn, 
and Willard have measured the threshold for the 
Cu™(p,n)Zn® reaction to be 4.213+0.008 Mev, which 
is in very good agreement with the present value. The 
Q-value calculated from the energy of the Zn® positron 
decay of 2.36 Mev" gives better agreement than does 
that calculated with the value of 2.320 Mev. 

The cross section for the yield of neutrons in the 


gave 


forward direction was obtained by comparing the yield 
per nucleus of Cu® bombarded by 4.74-Mev protons 
to that of Li? bombarded by 2.30-Mev protons. The 
cross section for neutrons emitted into the forward 
direction averaged over a proton energy from 4.71 to 
1.74 Mev was 6.7 mb. The yield curve was normalized 
to this value of the cross section. 
The threshold to 0.070 Mev 
} with a 3.6-kev target. 


threshold 


region from above 
was reinvestigated 


Figure 6 shows the yield measured by the slow counter, 
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Fic. 7. The counter ratio (open circles) and the yield of neu- 


the forward direction as a function of the proton energy 
as measured by the modified long counter (solid circles) for the 
Cu™(p.2)Zn®™ reaction 


trons it 


% Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 (1955 

“ Huber, Medicus, Preiswerk, and Steffen, Helv. Phys. Acta 20, 
496 (1947 

8 A A. Townsend, Proc. Roy. Soc. (London) A177, 357 (1941) 
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AND MARION 

corrected for background, but uncorrected for the small 
change in counter sensitivity in this energy region. The 
target thickness and the cross section were determined 
by the same methods used for the scandium reaction. 
The amount of Cu® on the target was 85 micrograms/ 
cm*. The data of Fig. 6 indicates a complicated reso- 
nance structure. It is uncertain whether the observed 
widths of some of the resonances are level widths or are 
due to target thickness and to the spread in energy of 
the beam. 


Cu®*(p,n)Zn® 

The separated isotope of Cu® (98.2 percent Cu®) in 
the form of CuO was reduced to metallic copper and 
evaporated onto weighed aluminum disks. Figure 7 
shows the counter ratio and the yield of neutrons in 
the forward direction for a Cu® target bombarded with 
protons. The data were taken with a target with a 
weight of 473 micrograms/cm? (~35 kev thick at 


Taste IT. Neutron thresholds in the reaction Cu®(p,")Zn®. 


Threst Th ld energ 
old fev) Q-value (Mev *Zn®™ (Mev 
{ 4.215+0.004 —4.149+0.004 0 
B 4.410+-0.010 —4.340+0.010 0.191+0.011 
( 4. 868+0.010 —4.791+0.010 0.642+0.011 
D 5.265+0.014 


— 5.182+0.014 


1.043+0.015 


Tase III. Neutron thresholds in the reaction Cu®(p,»)Zn®™ 


Thresh Threshold energy 
old Mev Q-value (Mev) *Zn% (Mev) 
{ 2.1692-0.004 — 2.136+0.004 0 
B 2.97 +0.03 —2.92 +0.03 0.78+0.03 
( 3.45 +0.03 —3.40 +0.03 1.26+0.03 
D 4.13 +0.02 


—4.07 


+0,02 1.93+0.02 








2.2 Mev). Above 2.95 Mev the counter ratio has been 
averaged over 120 kev to smooth out the fluctuations 
due to the pronounced resonances. This averaging 
increased the error in determining the energies of the 
second and third thresholds. Table ITI lists the thresh- 
old energies and_Q-values for the Cu®(p,n)Zn® re- 
action. 

The ground-state threshold energy of 2.1692-0.004 
Mev gives a Q-value of —2.136+0.004 Mev; a mass 
defect of —47.54+1.96 Mev and a mass of 64.94895 
+-0.00210 amu” are indicated for Zn®. This Q-value is 
in good agreement with that obtained by Cook and 
Bonner’ of —2.12+0.03 Mev, but lower by 0.030 Mev 
than the —2.166+0.010 Mev value obtained by 
Shoupp, Jennings, and Jones’® when their data are 
corrected for the accurate Li’(p,) Be’ threshold energy. 
Kington, Bair, Cohn, and Willard™ have recently 
measured the disintegration Q-value to be —2.137 
+0,005 Mev. The Q-value calculated from the positron 
decay of Zn®™ is —2.129+0.002 Mev," 0.007 Mev 


= Shoupp, Jennings, and Jones, Phys. Rev. 73, 421 (1948). 
‘7 R. W. King, Revs. Modern Phys. 26, 388 (1954) 
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lower than that calculated from the present threshold 
energy. 

Crasemann'* has studied the decay of Ga*®. The 
difference in energy between the two positrons reported 
indicates that the decay of Ga® might leave Zn® in 
excited states at 0.78 or 1.26 Mev. Since no high-energy 
rays were reported, this assignment is indefinite. No 
indication of low-lying states at 0.052, 0.092, or 0.114 
Mev in Zn® that would correspond to the y rays of 
these energies reported by Crasemann were noticed in 
the counter ratio. Thresholds corresponding to these 
levels would not have been observed unless they were 
rather intense, since the total yield is low and the rela- 
tive counter efficiencies would not have changed suffi- 
ciently to indicate a second group of neutrons if they 
appeared with nearly the same energy as the first 
group. 

The cross section was obtained by comparing the 
yield per nucleus from a weighed Cu®. target bom- 
barded with 2.75-Mev protons to the yield per nucleus 
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Fic. 8. The counter ratio circles) and the relative yield 
of neutrons in the forward direction as a function of the proton 
energy as measured by the modified long counter (solid circles) 


for the Zn(p,")Ga reaction 


(open 


from Li’ bombarded with protons of 2.30-Mev energy. 
The cross section for the yield of neutrons in the 
forward direction averaged over a proton energy from 
2.71 to 2.75 Mev was 1.1 mb. 


Zn(p,n)Ga 

The threshold of the Zn*(p,1)Ga® reaction was 
measured to be 3.4+0.3 Mev by Marmier and Scherrer* 
using a cyclotron and stacked foils. In order to obtain 
a more precise value for this threshold, experiments 
were carried out with a normal Zn target. Figure 8 
shows the counter ratio and yield of neutrons in the 
forward direction for a 120-kev natural zinc target 


bombarded by protons. Neutrons emitted below a 
proton bombarding energy of 3.7 Mev are due to Zn®, 
which is 4.11 percent abundant in natural zinc and has 
a (p,n) threshold at 1.812 Mev,” and due to Zn” (0.62 
percent abundant) with a threshold at 1.47 Mev.” 


18 B. Crasemann, Phys. Rev. 93, 1034 (1954); 90, 995 (1953). 
*C. Trail and C. H. Johnson, Phys. Rev. 91, 474A) (1953) 


At 3.749 Mev and again at 3.921 Mev the ratio rises 
sharply. The first threshold at A is attributed to the 
ground state of Zn** (18.56 percent abundant) and the 
second threshold at B is attributed to an excited state 
in the residual nucleus Ga®. These assignments to Zn** 
and not to Zn®™ or Zn™ are made on the basis of the 
larger isotopic concentration of Zn® in the target and 
the agreement with the expected threshold of Zn. 
The ground-state threshold at 3.749+-0.006 Mev gives 
a Q-value of —3.694+0.006 Mev, which is in good 
agreement with the Q-value of — 3.682-0.20 Mev calcu- 
lated from the pesitron decay" of Ga*®*. The second 
threshold at 3.921+0.006 Mev with a Q-value of 
— 3.864+0.006 Mev indicates an excited state of Ga® 
at 0.170+0C.009 Mev above the ground state. 


Sc**(p,n)Ti® and Cu®*(p,n)Zn® Reactions 
as Kilovolt Neutron Sources 


At the present time the Li’(p,) Be’ reaction, emitting 
neutrons at backward angles, is the most widely used 
source of kilovolt neutrons. The disadvantages of 
working at backward angles, using rotating targets, 
and the necessity of evaporating the target in the 
accelerator vacuum system are usually compensated 
by the many advantages of this reaction. The yield of 
neutrons even in the backward hemisphere is large and 
the threshold can be reached by most Van de Graaff 
accelerators. The energy resolution obtainable is one of 
the greatest advantages. 

The energy of the neutrons emitted from either 
scandium or Cu® changes rapidly the first few kilo- 
volts above threshold. At a proton energy 4 kev above 
the scandium threshold, the neutron energy has reached 
10 kev, and a 1-kev beam spread introduces about 
2-kev spread in neutron energy. For 20-kev neutrons a 
proton beam spread of 1 kev introduces a spread in 
the neutron beam of 1 kev. For scandium, when 20-kev 
neutrons are emitted at 0°, 19.5-kev neutrons are 
emitted at 15° or only a 0.5-kev variation in neutron 
energy over this large angle. Thus samples subtending 
large angles could be used for neutron scattering or 
absorption without introducing a large energy spread. 

Neutron sources obtained from the bombardment of 
heavier elements will have the advantage in experiments 
where background and room scattering into the de- 
tector are important. The number of neutrons emitted 
toward the detector as compared to the number 
emitted elsewhere is greatest when working at 0°. 
Further improvements in the energy resolution of 
Van de Graaff accelerators may make the doppler 
broadening the major limitation in resolution. Heavier 
nuclei such as Sc and Cu® thus will be much superior 
to a light element such as Li’. 

The yield of neutrons in the forward direction for the 
scandiurn reaction just above threshold is about 1.5 mb 
per steradian. These cross sections are approximately 
10 percent of the cross section per unit solid angle for 
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Fic. 9. A nomograph for 
the Sc“(p,n)Ti® reaction. The 
upper energies and dotted 
circles are the proton energies 
in kilovolts. The lower energies 
and solid circles are the neu- 
tron energies in kilovolts. The 
solid radia! lines are for angles 
in the laboratory system. The 
dotted radia] lines are for angles 
in the center-of-mass system. 
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Fic. 10. A nomograph for 
the Cu™(,2)Zn® reaction. The 
upper energies and dotted 
circles are the proton energies 
in kilovolts. The lower energies 
and solid circles are the neu 
tron energies in kilovolts. The 
solid radial lines are for angles 
in the laboratory system. The 
dotted radial lines are for angles 
in the center-of-mass system 
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kev neutrons emitted at 120° from the 
reaction. The yields from Sc and Cu® would still be 
adequate for neutron sources if large beam currents 
were used. There was no indication that target material 
was being lost when the targets were mounted in the 
poorly cooled multiple target holder and bombarded 
with 4 or 5 microamperes of beam. If the copper or 
Sc,O; were evaporated onto thin backings and these 
were mounted flush to the thin, aircooled end of the 
accelerator vacuum system, the targets should be able 
to withstand 50 microamperes of beam. 

The counter ratio for both Sc® and Cu® give no 
indication that there are low-lying states in Ti* or in 
Zn®™ below 190 kev. Thus the sources should be mono- 


& & Ey (KEV) 


energetic up to neutron energies of 200 kev. As may be 
seen from Fig. 4 the yield of neutrons from scandium 
varies rapidly with energy. However, the sharp reso- 
nances and low yields between resonances might be 
used to obtain a well-resolved neutron beam of discrete 
energy from a proton beam of 3- or 4-kev beam spread. 
By rotating the counter and scatterer from 0° to larger 
angles, neutrons could be obtained that would have 
energies that correspond to the gaps in the forward 
yield of neutrons. Thus a continuous variation in 
neutron energy could be obtained. Figures 9 and 10 are 
nomographs for these two reactions of the same type 
described by Hanson, Taschek, and Williams? for 
Li’ (p,n) Be’. 
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Study of the Reactions T*(,n)He’, Li’(p,n)Be’, Be*(p,n)B’, and F'*(p,n)Ne'*t 


J. B. Marion,* T. W. Bonner, anv C. F. Cooxt 
The Rice Institute, Houston, Texas 
(Received June 22, 1955) 


A counter ratio study has been made of the (p,n) reactions on T*, Li’, Be’, and F¥. The ground state 
threshold energy for the reaction F"(p,n)Ne™ was found to be 4.2354-0.005 Mev. Other neutron thresholds 
were observed which indicated excited states in Be’ at 0.434+0.004 Mev, in B® at 2.326+-0.006 Mev and in 
Ne® at 0.241+0.004 and 0.280+0.004 Mev. A broad maximum in the yield of slow neutrons from the 
bombardment of Be® was observed which could be due to the three-body breakup, Be*(p,pm)Be*, or to a 
broad, even parity state in B® at 1.4 Mev. The cross sections for the reactions Be*(p,n)B*, B"(p,n)C", 


C(p,n)N™, and F"(p,n)Ne™ were measured 


INTRODUCTION 


HE accurate measurement of nuclear energy levels 
has been shown possible by using the “counter 
ratio” technique'* for detecting the emission of slow 
neutrons near threshold in (p,») and (d,n) reactions. 
This technique employs two paraffin-moderated BF; 
counters, one which is preferentially sensitive to low 


energy neutrons (“slow counter’’), and one which is 


almost energy insensitive (“modified long counter”). 
A measure of the number of slow neutrons emitted in a 
reaction is obtained by observing, as a function of 
bombarding energy, the ratio of the counting rate in 
the slow counter to that in the modified long counter. 
Sharp increases in the counter ratio indicate the emission 


of slow neutrons leaving the residual nucleus in one 
of its energy states. Since the sensitivity of the modified 
long counter decreases rapidly for neutron energies 
less than about 0.3 Mev,’ the rise in the counter ratio 
at a neutron threshold is enhanced. By arranging the 
two counters so that they subtend approximately the 
same solid angle at the target, irregularities in the ratio 
due to resonances for the production of neutrons are 
essentially eliminated.’ 

Since all (p,m) reactions on stable target nuclei have 
negative Q-values, it is possible to study with the 
counter ratio technique the low-lying level structure of 
the residual nuclei in such reactions. For reactions on 
odd-A light nuclei, these levels should be mirror to 
those of the target nuclei, and the latter have been 
investigated with precision inelastic scattering tech- 
niques. Therefore, the counter ratio method allows an 
accurate determination of nuclear energy levels which 
may be used in the comparison of mirror excited states. 
This technique has been applied to the (p,m) reactions 
on T*, Be’, Li’, and F" in order to investigate the level 
structures of He’, B’, Be’, and Ne”. 


t Supported in part by the U. S. Atomic Energy Commission 

* National Science Foundation Predoctorai Fellow; now post 
doctoral Fellow at Kellogg Radiation Laboratory, California 
Institute of Technology, Pasadena, California 

t Now at Convair, Fort Worth, Texas. 

*T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954) 

? Marion, Brugger, and Bonner, this issue [Phys. Rev. 100, 46 
(1955) ]. 

+ Brugger, Bonner, and Marion, this issue [Phys. Rev. 100, 84 
(1955) }. 


Since magnetic analysis of the charged-particle beam 
is used with the Rice Institute 6-Mev Van de Graaff 
accelerator, the bombarding energy is determined by 
measuring the field strength and the radius of curvature 
of the particle orbit. A nuclear resonance absorption 
magnetometer is used to measure the field strength, 
and the radius of curvature is determined by measuring 
the field strength at a number of well-known (p,n) 
thresholds. A detailed description of the technique used 
for precisely measuring the bombarding energy has 
been given previously.* 


REACTION T*(p,n)He* 


A counter ratio investigation was made of the reaction 
T*(p,n)He*, and the results are presented in Fig. 1. 
Since there are no known or expected low-lying levels 
in the He* nucleus, the ratio curve should be a smoothly 
decreasing function of the bombarding energy, and any 
irregularities that appear are probably characteristic 
of the counter ratio method and not of the He’ nucleus. 
The target used in this experiment consisted of tritium 
gas adsorbed in a layer of Zr metal which had been 
evaporated onto a tungsten backing. This target was 
approximately 40 kev thick at a proton energy of 1 
Mev. The counter ratio rises sharply at the threshold 
and then decreases smoothly until an energy of approxi- 
mately 3.73 Mev is reached. At this bombarding energy, 
neutrons from the T*(p,n)He’ reaction have an energy 
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of 2.95 Mev corresponds to that 


for a resonance in the neutron total cross section for 


This neutron energy 


n.* Since the paraffin of the slow counter is 
interposed between the target and the modified long 
nber of neutrons reaching the modified 


" ‘ the 
counter, tne nu 


long counter will be reduced because of the greater 


scattering in 


carbon, and the counter ratio will rise. 
Therefore, the shape of the ratio curve will be approxi- 
mately the same as the shape of the total cross section 
the T*(p~,n)He’ reaction, this is, indeed, 
» be the case. An additional resonance 

gion, due to 2.08-Mev 


was not observed due to its very narrow width, 


resonance. In 
in this 
neutrons’ (E,= 2.80 
Mev 


REACTION Li’ (p,n)Be 


Since the yield of neutrons near threshold is quite 
large, and since the threshold energy is easily accessible 
with most present-day Van de Graaff accelerators, the 
threshold for the reaction Li’(p,n)Be’ has long been 
used as an energy calibration point for proton energies 
near 2 Mev. Consequently, the threshold energy has 
been measured quite accurately. The currently accepted 
value is 1.8811+0.0005 Mev 
this threshold was used as the primary calibration in 


As was stated earlier? 


these experiments 

lhe results obtained by the counter ratio technique 
in the bombardment of a 20-kev LiF target are pre- 
sented in Fig. 2. The ratio rises sharply at the ground 
tate threshold and then decreases for bombarding 
44 Mev. The 


in the yield of neutrons, which 


he maximum of 


{ ed resonance 


a bombarding energy of 2.30 Mev, has no 


he ratio curve. The only significant departure 

om a smooth decrease in the ratio is the slight rise at 

1 bombarding energy of 2.38 Mev, indicated by the 
irrow Fig. 2 

rhe first excited state of Be’ is known from several! 

tions to have an energy of 0.430 Mev.* Since a 


Adair, and Barschall, Phys. Rev. 4, 69 


McEllistrem, and Richards, Phys. Rev. 94, 
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bombarding energy of 2.38 Mev should correspond to 
the threshold for neutron emission to this state, the 
energy region near 2.4 Mev was investigated more 
closely and under conditions slightly different from the 
normal counter geometry.’ First, the slow counter 
was moved as close to the target as was possible, and 
the counter ratio was measured as a function of bom- 
barding energy from 2.330 to 2.450 Mev. The results 
are shown in Curve “A” of Fig. 3, in which the experi- 
mental points are plotted on an expanded scale with 
a false zero. With points taken at an energy interval of 
approximately 2 kev, a significant increase occurs at a 
bombarding energy of 2.379+0.003 Mev. After rising 
for about 20 kev (target thickness), the ratio decreases 
in the expected manner. 

In an attempt to improve the sensitivity to the 
neutrons from this weak threshold, this energy region 
was re-investigated after covering the exposed ends of 
the slow counter with thin brass tubing onto which had 
been painted a yg-inch layer of boron, enriched to 96 
percent B”. Commercial “Nitroseal’’ was used as an 
adhesive for the boron. It was anticipated that the pre- 
sence of the B® would decrease the background due to 
the slow, “room” neutrons, and thereby enhance the 
effect of the threshold. The results are shown in Curve 
“B” of Fig. 3, where, again, the points are plotted on 
an expanded scale. The threshold occurs at an energy 
of 2.377+0.003 Mev, but the amount of rise is only 
slightly greater than in the former case. This indicates 
that “room’’ neutrons are of little importance at this 
bombarding energy, even in the investigation of such 
weak thresholds. 

The average of these two runs gives a threshold 
energy of 2.378+0.004 Mev and a (Q-value of — 2.079 
+0.004 Mev for this state. Since the ground state 
Q-value is —1.645+0.001 Mev,® the first excited state 
of Be’ has an energy of 0.434+0.004 Mev, in excellent 
agreement with the previous measurements. 

By measuring the increase in the counting rate in 
the slow counter at the ground state threshold and at 
the threshold for the emission of neutrons leaving 
Be’ in the first excited state, the intensity of the first 
excited state threshold was found to be 1.8+0.6 
percent of that of the ground-state threshold. This is a 
slightly lower figure than was obtained by Willard 
and Preston,’ who found a value of 39% using a similar 
method. 

The relative the 
emitted to the ground and first excited states of Be’ 


intensities of neutron groups 
have been measured by a number of investigators in 
the energy range from 2.5 to 4.4 Mev.** Above 3 Mev, 
the average intensity of the group emitted to the 
0.43-Mev state is about 10 percent of that of the 
ground state group. At 2.52 Mev, the intensity of the 

H. B. Willard and W. M. Preston, Phys. Rev. 81, 480 (1951 

*F. Ajzen Lauritsen, Revs. Modern Phys. 24, 321 
1952 


*R. Batchelor 


berg and T 


Phys. Soc. (London) A68, 452 (1955) 
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T?, Lit; Bet, 
low energy group at 0° is 2.8% of the intensity of the 
high energy group.’ At a bombarding energy of 2.40 
Mev, the ratio of the total cross sections of the two 
neutron groups was calculated to be 0.18+0.06%, by 
correcting for the difference in counter sensitivity* 
for the two groups and for the fact that the low energy 
group at this bombarding energy is emitted entirely 
into a forward solid angle less than that subtended by 
the counter. 

The threshold corresponding to the 0.434-Mev state 
of Be’ occurs while the system is under the influence 
of the 2.30-Mev resonance. The fact that neutron 
emission to this state is extremely weak is consistent 
with the recent analysis of Adair,” which indicates 
that the 2.30-Mev resonance is due to a 3* state in 
Be® at 19.2 Mev which is superimposed on a “back- 
ground” of (1,2)~ states. Since the ground states of 
Li’ and Be’ are 3/2~ and since the first excited state 
of Be’ is }~, protons with /=1 are most likely to form 
the 3+ compound nucleus state, and neutrons emitted 
from this level to the first excited state of Be’ must 
have /=3, while p-wave neutron emission to the ground 
state is possible. Since the yield of f-wave neutrons 
vanishes with zero slope at threshold, the number of 
these neutrons would not become appreciable until a 
considerable energy above threshold was reached. 
The fact that some neutrons are emitted to the first 
excited state near threshold is probably due to the 
background influence of the (1,2)~ states, postulated 
by Adair, which would allow s-wave neutron emission 
near threshold from the 1~ states. The ratio curve 
rises to peak value above this threshold in approxi- 
mately target thickness, indicating s-wave emission. 
Emission of p-wave neutrons would cause the rise to 
continue for a considerably larger energy interval, and 
d- and higher-wave emission would not occur near 
threshold with a measurable probability. 

The yield curve of Fig. 2, as measured by the modified 
long counter at 0°, shows the rise at the ground state 
threshold caused by the emission of all of the neutrons 
into the forward cone. The subsequent decrease results 
from the opening of the cone to 180°. In addition 
to the well-known resonance at 2.30 Mev, there is 
some indication of a broad resonance at a bombarding 
energy of 3.2 Mev. This effect has also been observed 
by Bair ef al." It is possible that this broad resonance 
is at least partially responsible for the “background 
influence” on the yield near the 2.30-Mev resonance, 
mentioned earlier. 


REACTION Be’(p,n)B* 


The level structure of the Be’ nucleus has been 
investigated with considerable accuracy up to excita- 
tions of a few Mev by observing inelastic proton 


“RR. K. Adair, Phys. Rev. 96, 709 (1954). 
4 Bair, Willard, Snyder, Hahn, Kington, and Green, Phys. Rev. 
85, 946 (1952). 
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Fic. 3. Li?(,n) Be’. Counter ratio as a function of bombarding 
energy in the region of the threshold corresponding to the first 
excited state of Be’. 


scattering.®” For excitations of less than 3 Mev, the 
existence of only one state, at 2.432+-0.004 Mev,” has 
been definitely established. The possibility of additional 
states at 1.8 and 3.1 Mev has been reported.*~'* 
Measurements by Ajzenberg and Buechner"? on the 
reaction Be*(p,n) B®, using photographic plates, indicate 
a level in the mirror nucleus, B®, at 2.372-0.04 Mev. 
No narrow states of lower excitation were found. A 
broad continuum of neutrons was observed,'’:* attri- 
buted to the three-body breakup, Be*(p,pn)Be', but 
the possibility of a broad state was not excluded. 

In order to obtain a more accurate value for the 
2.37-Mev state and to investigate further the possibility 
of additional states, the reaction Be*(p,n)B*® was 
investigated with the counter ratio technique. An 
evaporated beryllium target, about 8 kev thick at a 
proton energy of 2 Mev, was used in the experiment. 
The counter ratio and the yield of neutrons in the 
forward direction were measured for proton energies 
from threshold to 5.8 Mev. The results are presented 
in Fig. 4. In addition to the ground state threshold, 
only one sharp threshold, at 4.645+0.005 Mev, was 
found. A rather broad rise in the ratio was observed 
to be centered about a bombarding energy of 3.6 Mev. 
These neutrons probably correspond to the continuous 
distributions previously found.'’"* The threshold 
energies, Q-values, and excitation energies in B® are 
summarized in Table I. 

The measurements made in this experiment do not 
allow an unambiguous interpretation of the broad 
maximum at 3.6 Mev. Slow neutrons from the three- 
body breakup could account for this effect, as could 
a broad state in B®. The observed width of the maximum 


Gossett, Phillips, Schiffer, and Windham, this issue [Phys. 
Rev. 100, 203 (1955) }. 

*C. J. Mullin and E. Guth, Phys. Rev. 76, 682 (1949). 

“ Moak, Good, and Kunz, Phys. Rev. 96, 1363 (1954). 

* Almqvist, Allen, and Bigham, Phys. Rev. 99, 631(A) (1955), 

*L. L. Lee and D. R. Inglis, Phys. Rev. 99, 96 (1955). 
Pd Ajzenberg and W. W. Buechner, Phys. Rev. 91, 674 
—7 Ajzenberg, and Laubenstein, Phys. Rev. 79, 187 
( )). 
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Fic. 4. Be*(p,s)B*. Counter ratio and yield of neutrons in the 
forward direction as a function of bombarding energy. 


is approximately 1 Mev; the corresponding “state” 
would have the same width. Such a state in B® would 
be unstable to the emission of a proton to the ground 
state of Be*, and a width of 1 Mev would indicate 
decay by s-wave proton emission.” This would imply 
even parity for the state, contrary to the systematics 
of the nuclei in the p, subshell, which indicate that 
all of these nuclei with unpaired p, particles have odd 
parity for the first excited state. An odd parity state 
at this energy that could decay by p-wave proton emis- 
sion would have a width of approximately 0.3 Mev,” 
much narrower than the observed width of the maxi- 
mum in the ratio curve. If the observed effect is due 
primarily to a broad state in B* and not to the three- 
body breakup, then this state probably has even parity 
and violates the shell model prediction. 

An investigation has recently been made of the 
level structure of the mirror nucleus, Be’, in this 
energy region. In a precision measurement of the protons 
inelastically scattered from Be’, Gossett et al.” ob- 
served an asymmetric group of protons corresponding 
to an excitation in Be’ of about 1.8 Mev. These data 
were not conclusive as to whether the protons arose 
from the three-body breakup or from a broad state 
in Be® which decays by s-wave neutron emission. 
A Be® state that decays by s-wave neutron emission 
must also have even parity. 

Since unambiguous interpretations of these sets of 
data are not possible, it must be concluded that the 
observed effects are due either to the three-body 
breakup or to even-parity states in the mirror nuclei, 
Be’ and B’. 

The threshold at 4.645 Mev rises to peak value in 
approximately 70 kev. Since the target thickness is 
considerably less than 70 kev, this slow rise is indicative 
either of level width or of the emission of threshold 
neutrons with /=1. The fact that the mirror state in 
Be’ is quite narrow is strong evidence against the 
possibility of level width. Gossett ef ai.” report a 


®R. F. Christy and R. Latter, Revs. Modern Phys. 20, 185 
(1948). 
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width of <1 kev for the Be’ level. This state is known 
to decay mainly by neutron emission” and to have 
large spin, probably 5/2, 7/2, or 9/2, and odd parity.” 
The spin predicted by Inglis is 5/2. The spin, parity, 
and level width should be the same for the B* state. 
Furthermore, the ratio curve does not decrease rapidly 
above threshold as it does above the ground state 
threshold. This implies that the yield of neutrons 
emitted to the 2.326-Mev state of B® is continuing 
to rise for a considerably larger energy interval above 
threshold than is to be expected for s-wave emission. 
This indicates that p-wave neutrons are largely re- 
sponsible for the rise, and that the ratio is prevented 
from decreasing by the continued rise in the yield of 
neutrons with />1. 

The 4.645-Mev threshold occurs near the resonance 
energy of 4.7 Mev, as is indicated in Fig. 4. The com- 
pound nucleus state involved is the 10.8-Mev level 
in B™. If it is assumed that the larger part of the neu- 
trons emitted near threshold have /=1 and that the 
B® state has spin 5/2, 7/2, or 9/2 and odd parity, then 
the resulting possible compound nucleus state has 
J <6*, and the incoming protons have odd angular 
momentum. 

In an attempt to locate any higher energy state in 
B® which might be the analog of the reported 3.1-Mev 
state in Be’, the ratio curve was extended to a bombard- 
ing energy of 5.8 Mev. No indication of additional 
thresholds was observed. This bombarding energy 
corresponds to an excitation energy in B® of 3.4 Mev 
and should be sufficiently high to include the region in 
which the threshold would be expected to occur. The 
fact that no threshold was observed does not exclude 
the possibility of the existence of a state or states, 
since there could be selection rules imposed by the 
compound nucleus states which would greatly reduce 
the probability of neutron emission near threshold. 
It may be stated, however, that no levels exist in this 
energy region for which the intensity of neutron 
emission near threshold is greater than about 0.2 of 
that for the 4.645-Mev threshold. 

The yield curve of Fig. 4 shows the well-known 
resonance at a bombarding energy of 2.56+0.02 Mev 
and, superposed on a general rise, another broad 


TaBLe I. Neutron thresholds in the reaction Be*(p,n) B®. 


Excitation energy in B°(Mev 

Threshold energy (Mev Onher 
Other 

Measurement 


measure- 


Q-value ‘Mev Present work ment 


Present work 
2 059+ 0.002 1852+ 0.002+ ) 0 
3.6 3.25(7 L4(7)T =1 Mev 
4.545 0.005 —4.178+0.005 2.326+-0.006 


> 0600 .008 


2.3720.00 


* Richards, Smith, and Browne, Phys. Rev. 80. 524 (1950 

» See reference 17 

™ G. A. Dissanaike and J.O. Newton, Proc. Phys. Soc. (London) 
A65, 675 (1952). 

" F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954). 

2D. R. Inglis, Revs. Modern Phys. 27, 76 (1955). 
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maximum at 4.68+0.03 Mev. These resonances have 
been observed by Hahn ef al.,™ who obtained a reso- 
nance energy of 4.72+0.01 Mev for the latter peak. 
A close examination of the energy region near 5.0 Mev 
revealed the presence of a weak satellite to the 4.68- 
Mev resonance, located at a bombarding energy of 
4.94+0.03 Mev. 


REACTION F'*(p,n)Ne'? 


The low-lying level structure of the F” nucleus has 
been studied with great care by many investigators. 
The energies, spins, and parities of the first two excited 
states have been measured with considerable accuracy.* 
In order to establish the corresponding level structure 
of the mirror nucleus, Ne’, about which no information 
had been previously obtained, the reaction F"(p,n) Ne” 
was investigated with the counter ratio technique. 

An evaporated AIF; target, which was about 7 
kev thick at a proton energy of 4.5 Mev, was used in 
the experiment. The counter ratio and the forward 
yield of neutrons were measured from threshold to 
5.9 Mev. The results are presented in Fig. 5. The 
ground-state threshold energy obtained was 4.235 
+0.005 Mev, in excellent agreement with that deter- 
mined by Kington et al., who found a value of 4.240 
+0.008 Mev. In addition, two thresholds, corresponding 
to the first two excited states of Ne’, were observed 
at 4.489+0.005 and 4.530+0.005 Mev. Both of these 
thresholds rise to peak value in an energy interval 
approximately equal to target thickness. The excitation 
energies in Ne” are 0.241 and 0.280 Mev, respectively. 
Table II summarizes the threshold energies, Q-values, 
and excitation energies in Ne”, 

Since the first two excited states of F'’ have energies 
of 0.110 and 0.197 Mev,® there is a considerable upward 
energy shift of the low-lying level structure between 
the mirror nuclei, F” and Ne’, with the nucleus 
of higher Z having levels of greater energy. In the 
light mirror nuclei (A <17), there is no known case in 
which such an upward shift occurs for the first excited 
states. In the p-shell mirror nuclei, no such shift 
occurs even for the next two excited states within the 


accuracy to which these energy levels have been 


Taste II. Neutron thresholds in the reaction F(p,n)Ne*. 


Excitation 
energy in 


Ne" (M 


Threshold energy (Mev 
Other 
Present work en Q-value (Mev 
— 4.022 +-0.005 0 
— 4.263+0.005 0.241 +0.004" 
—4.302+0.005 0.280+-0.004" 


4.23540.005  4.24040.008" 
4.489+-0.005 
4.530-4.0.005 


* See reference 24 

> The error assignment is somewhat less than that determined from the 
errors in the Q-values since the energy of the excited state was obtained 
directly from an energy difference measurement. 


™ Hahn, Snyder, Willard, Bair, Klema, Kington, and Green, 
Phys. Rev. 85, 934 (1952). 

*% Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 0000 
(1955). 
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Fic. 5. F(p,n)Ne*. Counter ratio and yield of neutrons in the 
forward direction as a function of bombarding energy, obtained 
with an AIF; target. 


measured. Besides the case of F” and Ne®, it is perhaps 
significant that the only other well established de- 
parture from the rule that the energy levels of the 
mirror nucleus of higher Z lie lower also occurs in the 
d-shell. The second and third excited states of F" 
have energies of 3.10 and 3.86 Mev, while the corre- 
sponding levels of O have energies of 3.06 and 3.85 
Mev. Of the five well-known, low-lying pairs of levels 
in the d-shell mirror nuclei (A=17, 19), four exhibit 
the upward energy shift. 

It was anticipated that the levels in Ne" corre- 
sponding to the 1.35-Mev state and the reported 
state at 0.9 Mev in F” might be observed, unless they 
were also shifted upward or were extremely weak near 
threshold. No indication of a threshold of intensity 
greater than 0.2 of that of the 4.489-Mev threshold was 
observed up to a bombarding energy of 5.8 Mev, 
corresponding to an excitation of 1.5 Mev in Ne”. 

At an energy of 5.82 Mev, an intense threshold 
was observed, due to the aluminum content of the 
AIF; target. In order to obtain a more accurate value 
for the threshold energy, this region was re-investigated 
using a thick aluminum target. The counting rate in 
the slow counter as a function of bombarding energy 
is shown in Fig. 6. The extrapolated point at which 
the yield rises above background is 5.816+0.008 Mev. 
This threshold energy is to be compared with the value 
of 5.792+0.010 Mev, obtained by Kington et al.™ 

The yield of neutrons in the forward direction from 
the reaction F"(p,n)Ne”, shown in Fig. 5, indicates 
several resonances. All of those resonances found below 
a bombarding energy of 5.2 Mev had been observed 
previously.”* Since the yield curve was not taken with 
a very thin target, some of the resonances previously 
reported were not clearly resolved. Above 5.2 Mev, 


* Willard, Bair, Kington, Hahn, Snyder, and Green, Phys. Rev. 
85, 849 (1952). 
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Fic. 6. AF’(p,n)Si”. Ground-state threshold obtained with a 
thick Al target. The counting rate in the slow counter is given 
as a function of bombarding energy 


strong resonances at 5.3 and 5.75 Mev and some 
indication of a resonance at 5.4 Mev were found. 
The excitation function for this reaction agrees well 
with that obtained by Blaser ef al.,* who measured 
the Ne” activity in a stacked foil experiment, except 
that the maximum at 5.75 Mev is much more pro- 
nounced in the present work. 


MEASUREMENT OF ABSOLUTE CROSS SECTIONS 


In order to obtain absolute cross sections for the 
production of neutrons in the proton bombardment of 
Be® and F", it was necessary to calibrate the relative 
yield curves that were obtained in the counter ratio 
studies. A Be’ target of 171 ug/cm?* and an AIF; target 
of 447 yg/cm* were prepared by techniques previously 
described. The cross sections were determined by 
comparing the counting rates in a long counter*’ from 
the proton bombardment of these targets with that 
from a weighted LiF target, since the cross section for 
the reaction Li’(p,n) is well known.** In each case a 
bombarding energy was chosen so that the ground-state 
neutrons had an energy of approximately 0.6 Mev. In 
this manner, variations in the counter sensitivity with 
neutron energy were minimized.* At a bombarding 
energy of 2.52 Mev, the Be’(p,n) cross section was 

* Blaser, Bochm, Marmier, and Scherrer, Helv. Phys. Acta 
24, 465 (1951) 

* A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 


™R. F. Taschek and A. Hemmendinger, Phys. Rev. 74, 373 
(1948). 
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Taste III. Absolute cross sections for the 
reactions B"(p,%) and C¥(p,»). 








Target Proton Cross section 
thickness energy (mb/sterad, lab system, 
Reaction (mg/cm) Mev) 0°-10°) 
B" (p,m) 46 3.46 15 
C*(p,n) 190 3.70 6.7 


measured to be 11 mb/sterad, and at 4.74 Mev, the 
F"(p,n) cross section was 13 mb/sterad. Figures 4 and 
5 show the cross sections for the emission of neutrons 
in these reactions into the forward cone of half-angle 
10° in units of millibarns per steradian in the laboratory 
system. No corrections have been applied for the 
variations of the sensitivity of the modified long 
counter with neutron energy. The sensitivity of this 
counter’ decreases rapidly for neutron energies below 
about 0.3 Mev, and, consequently, the measured cross 
sections near threshold are low by as much as a factor 
of 2. For the neutron energies encountered in these 
experiments, the counter sensitivity does not change 
appreciably above 0.3 Mev. 


REACTIONS B"(p,n)C" AND C"*(p,n)N" 


A counter ratio study was made of the reactions 
B"(p,n)C" and C"(p,n)N® in an effort to locate 
neutron thresholds corresponding to the first excited 
states of the residual nuclei. These thresholds should 
have been observed at bombarding energies of 5.09 
and 5.79 Mev, respectively. At these high energies, an 
increasing background of slow neutrons made difficult 
the detection of weak thresholds and the expected 
thresholds were not observed. Since thresholds with 
reasonable intensities could have been detected, it is 
not clear why these first excited state thresholds should 
be so weak that they were lost in the background. 
Excitation curves for the B"(p,n) reaction*®.* and for 
the C"(p,n) reaction®” have been given previously 
and they are not repeated here since good agreement 
was found with the earlier work. Absolute cross section 
measurements were made for these reactions with the 
techniques described above. The results are summarized 
in Table III. 


*® Bair, Kington, and Willard, quoted in reference 6 
* Bair, Kington, and Willard, Phys. Rev. 90, 575 (1953). 
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The difference between tht radius of the nuclear matter distribution and the nuclear force radius, 
Ry™1.4A!X10™" cm, for heavy nuclei (A >100) is interpreted as a consequence of the finite range of 
nuclear forces. Assuming that the nuclear matter distribution coincides with the charge distribution as 


w 
~ 


| determined at Stanford (Rc=1.12A!X10™ cm is the distance at which the charge density falls to one 
t half value) we sum up the nuclear interactions of an incident nucleon for various proposed internucleon 
i potentials, V(r). We also evaluate contributions from the spin, charge, and matter polarizations induced 
f in the nuclear distributions by the incident nucleon as a test of the convergence of these calculations. The 
as aim here is to infer some features of nuclear forces which satisfy saturation requirements and at the same 
time give rise to an appreciable nuclear attraction for an incident nucleon at Ry. Analyses of the scattering 
of neutrons and protons by heavy nuclei suggest a nuclear attraction 214 Mev at a distance Ry. 


These considerations are primarily sensitive to the long range behavior of the direct, central part of V(r). 
The key point which emerges from them is that the nuclear forces must contain long range (~ meson 
Compton wavelength) direct, central attractions which will be felt by an incident nucleon at Ry before the 


shorter range repulsions (hard cores, many-body forces, or exchange interactions), which are responsible 
f for saturation, become effective. Such interactions can be constructed phenomenologically, but are not — 
Ki found in recent meson-theoretically deduced potentials. 
i —_—— oe — 
i : ‘ : sale 
H I, INTRODUCTION are slightly larger for intermediate mass nuclei with 
HE discussion presented in this paper is concerned 9490 and smaller for the heavy nuclei with A~200. 
i with the difference in nuclear radii as observed The optical analysis of Taylor‘ for high-energy total 
and interpreted in various experiments which measure "CUtTON Cross sections in the energy range 50 to 400 
different properties of the nuclear structure. It is limited Mev agrees with this conclusion. We take as a repre- 
to nuclei of large mass number, A>100. The two sentation of the nuclear force radius 
ass Py } 
classes of experiments of immediate concern here are Ry = (1.26A!+0.75). (1) 
the one group which measures the “nuclear force _ : S 
radius” (Ry) as opposed to that which determines the Equation (1) thus predicts radii of 1.454! for A~60 
° . . . ” . * . 0, j 
“radius of the charge distribution” (Rc) in nuclei. and of 1.3 DAN for A~200. Bilis : 

By “nuclear force radius” is meant the radius at This expression for the nuclear radius is obtained 
which an impinging nuclear particle (neutron, proton, from a simple model which pictures the nuclear po- 
etc.) first feels the influence of the nuclear forces. ‘ential well to have sharp edges. For a rounded-off 
Analyses of neutron cross sections at various energies uclear well, corresponding to a surface of finite thick- 
indicate a nuclear radius of roughly 1.444. (Unless 88, We must know the depth of the potential well at 
specifically stated otherwise, all lengths in this paper the radius, Ry, in Eq. (1) before we can interpret this 
are in units of 10-" cm.)! The approximate A! variation number. Toward this end, we may appeal to proton 
of the radius expresses the well-known phenomenon of Sattering cross sections. The analysis of Woods and 
saturation of nuclear densities. More detailed consider- Saxon’ has shown that it is possible to fit the observed 

. ations of the total, reaction, and elastic scattering differential elastic scattering cross sections for ~20-Mev 
cross sections of neutrons with kinetic energy in the Protons on medium and heavy nuclei with a nuclear 
range from thermal energies up to the order of 10 Mev potential which decreases smoothly to zero in a distance 
as presented in the cloudy crystal ball analysis of ~2- A square-well model fails here because it predicts 

. y cr) } 





Feshbach, Porter, and Weisskopf,?* give radii which 

* This work was supported in part by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), see Chap. 1, Sec. 4 
for a qualitative discussion of the nuclear size as deduced from 
various experiments. 

? Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
In this paper, the radius is actually taken to be 1.454}. 

* Later work (personal communication with V. F. Weisskopf) 
as discussed in the Brookhaven National Laboratory Report 
BNL-331 C-21, on the conference “Statistical aspects of the nu- 
cleus” held January 24-26, 1955 (see especially p. 16) reproduces 
a better fit with data on neutron scattering angular distributions 
and on cross sections for compound nucleus formation as a 
function of mass number if the radius is altered to a value in 
close agreement with Eq. (1) 
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considerably too much large-angle relative to small- 
angle elastic scattering. 

More important, however, for the discussion here is 
the presence of the Coulomb barrier. A proton with 
energy less than ~Z/A' Mev incident on a nucleus of 
charge Z and mass number A must tunnel through the 
Coulomb barrier. Its probability of reaching the nuclear 
surface and of initiating a reaction is a very sensitive 
function of the height and width of the barrier. The 


‘T. B. Taylor, Ph.D. thesis, Cornell, 1954 (Phys. Rev. to be 
published) ; also Phys. Rev. 92, 577 (1954). 

*5R. G. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
ee and earlier theoretical analyses are referred to in 
this wor! 
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Fic. 1. The shaded region represents the charge distribution for 
Au (Ravenhall and Yennie, reference 13); the dotted line shows 
the uniform distribution with the same root mean square radius 
(=1.2A'). The dashed lines show the nuclear wells (the depth 
gives the magnitude of the real part) which Saxon, Melkanoff, 
and Nodvik have used to match proton scattering data. The 
analytic form of these wells is Vo/1+e'""’* with ¢=0.49, and 
Vo= —38% Mev ro=1.42A! for the shallow curve (reference 5) and 
Vo=—45 Mev and ro=1.33A! for the deep one (reference 8). 
The illustrated potentials and charge distributions are for Au. 


observed cross sections thus give a relatively sensitive 
determination of the radius at which the attractive 
nuclear forces overcompensate the repulsive Coulomb 
barrier.* If the proton had to tunnel its way through a 
Coulomb barrier produced by the nuclear charge 
distribution with radius Re, its cross section for forma- 
tion of a compound nucleus would be much smaller 
than if the barrier stopped at the larger distance,’ Ry. 
Saxon, Melkanoff, and Nodvik*®* have shown that it is 
possible to fit the data with a well of sloping sides and 
with the Coulomb barrier overcompensated by the 
nuclear forces at a distance slightly larger than Ry. 
The potential which they use is shown in Fig. 1. We 
assert then a basic premise for future discussions: an 
incident nuclear particle feels a nuclear force attraction 
which overcompensates the Coulomb barrier for protons 
at a distance from the center of the nucleus given by 
Ry of Eq. (1). For our purposes, it will suffice to 
approximate Eq. (1) to Ry=1.4A', and to require that 
the magnitude of the attractive nuclear forces at a 
distance Ry be at least 14 Mev.*” 


* The presence of the Coulomb barrier is thus of value here in 
that it permits a “normalization” of the energy scale 

For Z=SO and E,=5 Mev, this reduction factor is of the 
order of three 

* Personal communication with Dr. D. S. Saxon and Dr. S. 
Moszkowski. More extensive calculations on elastic proton 
scattering from various nuclei, including Al, Cu, Ag, and Au, 
confirm the initial result of Woods and Saxon in reference 5 
that the nuclear potential extends appreciably beyond the radius 
Re. Some of these calculations are reported in the Brookhaven 
report (reference 3) in the session on “Elastic Scattering” by 
D. S. Saxon. In all cases, the best fit with experiment is achieved 
with a nuclear potential at least 14 Mev deep at Ry=1.44! 

* The analysis of J. S. Blair, Phys. Rev. 95, 1218 (1954) on 
elastic a-particle scattering provides further evidence in support 
of a large nuclear force radius. He fits the experimental angular 
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The above value of the nuclear force radius is to be 
contrasted with the radius of the proton, or electric 
charge, distribution, as determined by high-energy 
electron scattering at Stanford” and Michigan" and 
by the energy levels of u-mesic atoms at Columbia.” 
The charge profile and size are both known from the 
recent work of Hofstadter, McIntyre, and collabora- 
tors” as analyzed by Ravenhall and Yennie.” The 
charge distribution is calculated to decrease to half-value 
at a radius of close to Re=1.12A!, with a surface 
thickness of 2.38 representing the distance between the 
10 percent and 90 percent values of the density, for a 
mass number of A=197. [See Fig. 1.] It is not yet 
determined experimentally how the surface thickness 
scales with atomic number but this uncertainty will 
have no effect on the discussion here for heavy nuclei 
(A> 100). 

In this work, our aim is to infer some properties of 
nuclear forces on the basis of this difference between 
the charge and nuclear force radii. Although a complete 
nuclear force theory does not exist, it may still prove 
fruitful to study this difference in radii as a reflection 
of the effects of separated portions of the nuclear force. 

It is generally agreed that the difference in radii is in 
part a measure of the finite range of nuclear forces. 
We observe that for medium-heavy nuclei, Ry—Re is 
approximately equal to one meson Compton wave- 
length, or the characteristic nuclear force length. In 
this work, we adopt the interpretation that the differ- 
ence between Ry and Re is entirely a consequence of 
the finite nuclear force range, and we use the magnitude 
of this difference as a lever to learn some properties of 
the nuclear forces themselves." That is, we assume that 
distributions of a particles elastically scattered by heavy nuclei 
[G. W. Farwell and H. E. Wegner, Phys. Rev. 95, 1212 (1954) ] 
with a nuclear model which assumes that the nucleus is opaque 
out to a radius of 1.5A!. Further work along these lines by Wall, 
Rees, and Ford with similar results is reported by D. S. Saxon 
in reference 3, pp. 51-52. See also Wall, Rees, and Ford, Phys 
Rev. 97, 726 (1955) 

” Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 
(1953); Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 
95, 512 (1954); Yennie, Wilson, and Ravenhall, Phys. Rev. 92, 
1325 (1953); Yennie, Raverhall, and Wilson, Phys. Rev. 95, 
500 (1954). 

" Pidd, Hammer, and Raka, Phys. Rev. 92, 436 (1953). 

®V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953); 
L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953). 

4% T). G. Ravenhall and D. R. Yennie, Phys. Rev. 96, 239 (1954). 

“To fix this point more clearly we consider a slowly moving 
py which is incident on a heavy nucleus. We ask what factors 
elp a proton which comes up against the high Coulomb barrier 
corresponding to radius Rc tunnel its way through as if the barrier 
were lower and cut off at the larger radius Ry. A first suggestion 
might be to take into account the polarizability of the proton in 
the electric field of the nucleus. This corresponds schematically 
to the proton tossing out its charge on a x* meson, coasting 
freely as a neutron, while the lighter x* meson bucks the barrier 
with greater ease, and then catching the x* back again. However, 
the effect of this induced electric dipole moment was calculated 
to be negligible with meson parameters adjusted to give the 
correct anomalous magnetic moments. (The entire magnetic 
moment contribution is itself negligible.) Along this line of 
thought we may consider that the proton throws out its x mesons 
to be caught by a nucleon inside the nucleus. This “forward pass” 
effect (as contrasted with the above “fumble”’) then contributes 
the nuclear force attraction to help balance the Coulomb barrier. 
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the charge distribution determined at Stanford coincides 
with the entire nuclear matter distribution. We then 
determine if various meson-theoretically inspired and 
phenomenological nuclear force theories which have 
been proposed are suitable to account for the radius 
difference, Rv—Re. 

The nuclear forces of primary interest in this work 
are those which satisfy the saturation requirements in 
heavy nuclei. It is a simple matter to write down 
attractive two-body forces extending over a range of 
the order of 1 10-" cm which will account for Ry— Re. 
However, we shall see that the dua] demands that the 
nuclear forces account for saturation and at the same 
time give rise to an initial attraction of magnitude 
>14 Mev for an incident nucleon at a distance Ry, 
provide severe requirements for the forces to satisfy. 
The reason for this is that the saturation phenomenon 
is an expression of the weakness of the average attrac- 
tion experienced by a nucleon in nuclear matter. Only 
if the nuclear forces contain long-range direct, central 
attractions which will be felt by an incident nucleon at 
a distance Ry before the repulsions, which are respon- 
sible for saturation, become effective, can they com- 
pletely account for the difference, Rvy— Rc. Thus, the 
agents which serve to establish the saturation of nuclear 
forces, whether they be hard cores, many-body repul- 
sions, and/or exchange potentials, must be character- 
ized by a short range relative to the attractive inter- 
actions. This is the key point which emerges from our 
considerations. 

Alternatively, the difference between Ry and Re can 
be trivially explained on the basis of an entirely different 
approach to this problem which assumes that the 
neutron distribution extends beyond the proton one. 
Such proposals have been made by Johnson and Teller'® 
and by Swiatecki'® and are based on the excess in 
neutron number over proton number, and on Coulomb 
effects. In the absence of definite experimental infor- 
mation on the relative sizes of the neutron and proton 
distributions" in nuclei, these proposals provide equally 
valid approaches to an explanation of Ry— Re. Further 
experimental as well as theoretical work is required in 
order to establish to what extent the radius difference 
can be explained simply on the basis of a larger matter 
than charge radius. As indirect evidence in support of 
the assumption of equal neutron and proton radii, we 
note the observations on the lighter nuclei”"8 such as 





16M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 

6 W. J. Swiatecki, Phys. Rev. 98, 203-204 (1955). 

17 See however W. N. Hess and B. J. Moyer, Phys, Rev. %6, 
859(A) (1954). W. N. Hess, University of California Radiation 
Laboratory Report UCRL-2670, 1954 (unpublished); L. N. 
Cooper and W. Tobocman, Phys. Rev. 97, 243 (1955). The 
experiments of Hess and Moyer on the indirect pickup process 
provide qualitative indications of a 0.8 neutron surface layer in 
Pb which is not present in lighter elements with N=Z=A/2. 
However, the stripping analysis of Cooper and Tobocman suggests 
a neutron surface layer of 0.6 for mirror nuclei Mg™ and AP*. 

* Lyman, Hanson, and Scott, Phys. Rev. $4, 626 (1951); A. 
E.G ‘old, Ph.D. thesis, Massachusetts Institute of Technology 
erway ond eeay 1954 (unpublished). 





copper and titanium, which have roughly equal numbers 
of neutrons and protons, but for which the radius 
difference (Ry—Rc)/A? is essentially the same as for 
lead with a neutron to proton ratio of 1.5. We also 
note Williams” optical-model analysis of the 1.4-Bev 
neutron cross sections which indicates smal] matter 
radii in close agreement with Re. 

We assert then as a second basic premise for these 
discussions: the nuclear mailer distribution coincides 
with the charge distribution as determined at Stanford. 
The best fit to Au is given in Fig. 1. 

On the basis of the two preceding basic premises, 
we seek to establish features of the nuclear forces 
which are necessary to account for the observed differ- 
ence in radii. At first sight, it may seem that a study 
of the difference between Ry and Re in heavy nuclei is 
a rather indirect approach to the nature of nuclear 
forces. A study of the deuteron and of nucleon-nucleon 
scattering is surely more direct. However, the two-body 
problem in nuclear physics has proved to be very 
complicated and is nowhere near solution. It is evident, 
especially from the work of Lévy,” Brueckner and 
Watson,” and Blatt and Kalos,” that a fit to two-body 
data at various low and intermediate energies is quite 
sensitively affected by the introduction of infinite 
repulsive cores with different singlet and triplet ranges 
and by the depth and slope of the potential at the edge 
of the core. This means that the calculations of the 
two-body interactions are sensitive to regions of small 
particle separations (~0.4) where the static potential! 
picture is certainly deficient. It also means that it is 
difficult to make an unambiguous choice of the exchange 
properties of the potential as well as of its profile for 
larger separations (~h/yc=1.4). This point is clearly 
illustrated by the fact that the Lévy potential and the 
Brueckner-Watson potential both give a satisfactory 
account of themselves on low energy data, but are very 
different from one another insofar as concerns their 
exchange nature, tensor contributions, and space 
variation.” 

On the other hand, a study of the nuclear radius 
difference can be used to cast light on one distinct 
feature of the nuclear force. Its main advantage is that, 
to lowest order, for two-body interactions it measures 
predominantly the effects of the long range behavior 
of the direct part of the central potential for heavy 


“R. W. Williams, Phys. Rev. 98, 1387, 1393 (1955) and 
personal communication, Coor, Hill, Hornyak, Smith, and Snow, 
Phys. Rev. 98, 1369 (1955). Similar results are obtained from 
the scattering of 860-Mev protons. Chen, Leavitt, and Shapiro, 
Phys. Rev. 00 857 (1955). 

»M. M. Lévy, Phys. Rev. 88, 725 (1952). 

1 K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
(1953) 

=]. M. Blatt and M. A. Kalos, Phys. Rev. 92, 1563 (1953). 

*We note, for example, that the Lévy potential contains 
roughly four times as much direct central attraction as does the 
Brueckner-Watson potential and two-thirds as much range 
tensor force. Henceforth, we shall mean by Brueckner-Watson 
potential the potential which they derive using only the gradient 
coupling version of pseudoscalar meson theory (no pair term). 
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nuclei, A> 100; i.e., of Va(r) in an expression for the 

potential of the form 

Viri=Valr\+V_(r)e;-2+V. (rie; e+ V,,(r)o;-e7,°4 
+ V(r) Syot+ Vielr)e,-e5i2, (2) 


where Sj, is the tensor force operator. 

It measures only the effects of Vu(r) because, to 
leading order in A>>1, there are equal numbers of spin- 
up and spin-down particles in the nucieus, so that the 
last four terms of Eq. (2) average approximately to 
zero. They vanish identically in the sum over nuclear 
particles for spin zero nuclei. In general, their contri- 
butions are reduced by a factor of A!. This is because 
there are ~A! particles near the facing surface of the 
nucleus which interact strongly with the incident 
nucleon, in virtue of the short range of the nuclear 
forces, and all but one of a few of these A! particles 
will be paired in spin-up and spin-down states. Also, 
the second term of Eq. (2) is proportional to the 
neutron excess and is responsible for only a small 
contribution to the calculations following in comparison 
with the V(r) term. This approach thus has the 
advantage of being primarily sensitive to one portion 
of the nuclear potential: the long-range behavior of 
Vu(r), which determines at what distance from the 
nucleus an impinging nucleon first experiences an 
appreciable nuclear interaction. By the same token it 
cannot tell whether V(r) falls precipitously up to the 
edge of a repulsive core or simply increases gradually 
as r—). 


Il. OUTLINE AND SUMMARY 


In this section, we present a brief outline of the 
calculations performed and results obtained in the 
succeeding paragraphs. 

Firstly, in Sec. III], we sum up the nuclear inter- 
actions of a nucleon outside the nucleus with the 
nucleons comprising the nucleus. In this calculation 
we neglect the influence of the external nucleon on the 
nuclear matter density, which we assume to correspond 
to the charge distribution measured at Stanford.” We 
also neglect the requirement of antisymmetrizing the 
wave function of the incident nucleon with those in the 
nucleus. To first order, it is only the direct (@e- and 
<-independent) parts of the nuclear potential which are 
of importance. We consider in this work several] different 
models of nuclear forces, all of which have in common 
the property of satisfying the saturation requirements 
in nuclei. Two of these models are rooted in meson 
field theory ; one is the Lévy” potential of pseudoscalar 
meson theory, supplemented by sufficient three-body 
repulsions to meet the saturation requirements; the 
second is the Brueckner-Watson™ potential, deduced 
on the basis of the gradient-coupling version of pseudo- 
scalar meson theory, which is also consistent with the 
saturation requirements. Two more phenomenological 
models are also discussed. The Lévy and Brueckner- 


Watson models have in common the feature that the 
main contributions to the central forces result from 
two-meson exchanges so that the interaction is of 
characteristic range of the order of one-half of the 
meson Compton wavelength. We find that the direct 
part of the Brueckner-Watson potential is too small 
to account for the difference between Ry and Rc. The 
Lévy potential, on the other hand, has a very strong 
Wigner attraction; however, when enough three-body 
repulsion of the form predicted by the same meson 
theory as used in deducing the two-body attraction is 
introduced to be consistent with nuclear stability,** we 
find again that the difference between Ry and Re 
cannot be accounted for. In contrast, a simple phe- 
nomenological Yukawa or Hulthén potential with a 
range of one meson Compton wavelength and a depth 
appropriate to the binding energy of the deuteron has 
the desired property. Calculations are presented for 
two different potentials of this type. In the course of 
these calculations we verify that our conclusions are 
insensitive to details of the assumed shape of the tail 
of the nuclear charge distribution. 

In Sec. IV, we calculate the induced spin, charge, 
and matter polarization of the nuclear density due to 
the interactions with the approaching nucleon. These 
effects are found to be small for the incident nucleon 
at a distance 21.35A! from the center of the nucleus 
and indicate the convergence of our calculations. 

Section V is devoted to a consideration of the effect 
of taking into account the Pauli principle by anti- 
symmetrizing the wave function of the incident nucleon 
with the nucleons in the nucleus. This effect serves to 
weaken the nuclear attraction due to direct terms, 
since the Pauli principle inhibits the close approach of 
two fermions, and to introduce exchange energies. Its 
contributions are shown to be small. These exchange 
contributions do not influence our conclusions which 
are presented in Sec. VI and may be summarized 
briefly as follows. 

The observed difference between the nuclear force 
radius, Ry, and the charge radius, Rc, may be explained 
in either of two ways. On the one hand we may assume 
that the nuclear charge and matter distributions 
coincide, in which case the potential between nucleons 
must contain an appreciable amount of long range, 
direct, central attractive interaction. If we require that 
this same internucleon potential account for nuclear 
saturation, the repulsive cores, many-body repulsions, 
and/or exchange interactions which stabilize the 
nucleus against collapse must be of shorter range than 
the attractive interactions. Recent meson-theoretically 
deduced nuclear potentials are not consistent with these 
requirements. On the other hand, we may assume that 
the radius of the neutron distribution extends beyond 
the radius, Re, of the proton distribution. Our calcu- 
lations show that the matter distribution must extend 


*S.D. Drell and K. Huang, Phys. Rev. 91, 1527 (1953) 
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at least 10°% beyond the charge radius if we accept the 
indications of meson field theory as manifest in the 
potentials of Lévy™ or of Brueckner and Watson.” 

We emphasize at this point that the nuclear radius, 
Ry, as used in this discussion, represents the distance 
at which an incident nucleon feels an appreciable 
nuclear attraction, 14 Mev. Our calculations are valid 
only for the incident nucleon ‘‘outside” of the nucleus, 
and tell nothing about the strength or shape of the 
nuclear interaction for a particle “‘inside”’ of the nucleus. 


Ill. FIRST-ORDER INTERACTION ENERGY 


In this section, we compute directly the interaction 
energy between a nucleon outside of the nucleus and 
the nucleons in the nucleus as a function of distance, 
making the following simplifying approximations: 


(1) We neglect the influence of the external nucleon 
on those in the nucleus, which we take to be distributed 
according to the Stanford charge distribution. 

(2) We treat the external nucleon as distinguishable ; 
i.e., we ignore the requirement of the Pauli principle 
that its wave function be antisymmetrized with those 
in the nucleus. 

(3) We assume that the interaction between a 
nucleon outside with one or a pair of nucleons inside 
nuclear matter is unchanged from what it would be if 
these (two or three) interacting nucleons were isolated 
from the rest of the nuclear matter. 


Approximations (1) and (2) are analyzed and discussed 
in the following sections. Their effects are calculated 
in order to determine the regions of validity which 
they limit for our discussions here. Approximation (3) 
is an assumption as to the linearity of the nuclear force 
theory. We remark that, because of the short range 
character of nuclear forces, the important contributions 
to the interaction energy which we calculate below 
come from nucleons near the surface of the nucleus 
facing the incident particle. It is the nucleons in the 
region between 1.34! and 1.0A# of the density distri- 
bution shown in Fig. 1, where the nuclear density is 
gradually increasing, which contribute most of the 
energy. Nonlinearities of the type discussed by Schiff,** 
which operate in regions of high density, may thus be 
relatively unimportant in these calculations. However, 
if present, such nonlinearities would have an important 
influence on the saturation conditions. Our point of 
view is to assume the linearity of the theory in calcu- 
lating the interaction energy and in considering the 
saturation requirements on the two- and three-body 
potentials studied in this work. 

We consider in this calculation only heavy nuclei 
(A~176) so that we can replace the sum over nuclear 
particles by an integration over the nuclear density. 
As discussed in the last paragraph of Sec. I, it is 


* Such nonlinearities are contained in theories such as those 
given by Schiff [L. I. Schiff, Phys. Rev. 83, 1 (1951) ]. 


consistent with our approximations to neglect the last 
four terms of Eq. (2). They average approximately to 
zero in the sum over nuclear coordinates. Upon sum- 
ming over the charges of the nuclear particles, we 
obtain for Eq. (2) 


V(r)=Valr)+[02Z—A)/AKra)V-(r), (3) 


with (r,,;)==+1 for incident proton or neutron, respec- 
tively.** The second term is seen to be proportional to 
the neutron excess. Since (1—2Z/A)<1/5 for most 
nuclei, its effect is reduced relative to the first term. A 
big contribution from the V,(r) term would reflect itself 
in a difference between neutron and proton radii of 
heavy nuclei. This difference suggests itself as a possible 
means of investigating the importance of Heisenberg 
(or charge exchange) forces in nuclei. For our purposes 
here we shall confine our attentions primarily to the 
first term, Va(r). We shall, however, briefly consider 
the second term in a discussion of the potential model 
of Brueckner and Watson which has a fair amount of 
Heisenberg force. 

If we consider first just two-body interactions, the 
basic integral to be calculated is 


A 
E,=>d Va(| Ro— rl) = fotrrdev( Ro—r|), (4) 


ad | v 


where p(r) is the nuclear matter density, »= Jp(r)dr is 
the nuclear volume, and Ro is the coordinate of the 
external nucleon. 

The integral in Eq. (4) can be reduced to a canonical 
form for these calculations on the basis of the assumed 
spherical symmetry of the nuclear distribution. A 
simple change in variable in the polar angle integration 
gives directly 
(Rotr) 

dyyV aly), (5) 


| Romr|s 


feova Ry— ri )= (29 TRy’) 


where 1/u=1.4 is the meson Compton wavelength in 
units #=c=1. Introducing Eq. (5) into (4) we have 
the interaction energy as a function of Ro for a given 
potential, nuclear density, and A. We introduce the 
following notation to put the expression in dimensionless 
form: 


n=uRo/At; x=yr/A! 


and use the experimental result for the charge density 
that it occupies a volume equivalent to a uniform 
distribution of radius 1.1644=0.83A!/y cm. This gives 
finally 


E,=2.6(A} of p(xads f 
0 Al 


where we have replaced to a very good approximation 


~ % In Eq. (3), the charge dependent term is altered if we give 
up the basic premise No. IT (coincidence of neutron and proton 
distributions). This situation is discussed later. 


yValy)dy, (6) 


iqg~s 
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the upper limit of the integral in Eq. (5) by ~, as 
permitted by the short range of the forces. 

The evaluation of Eq. (6) is effected by a straight- 
forward procedure of elementary and/or graphical 
integrations. 

We consider as a first model of the potential, a 
saturating combination of short range direct and ex- 
change forces with no repulsive cores. A simple proto- 
type of this class of interactions replaces V(r) in Eq. 
(2) (for all subscripts i) by a step function 


1 T<p;i 
Vilr)=duelr); e(r)= : (7) 
0 r>p; 


The saturation conditions for such a potential include 
the requirement that 4420. This is because it is only 
the V4 term of Eq. (2) that operates for a nucleus in 
the collapsed state, and its coefficient must be positive 
to prevent the nuclear collapse that would accompany 
a negative A’ contribution to the energy.”’ However, 
for \4>0, the energy of interaction calculated in Eq. 
(6) is positive, which means a net repulsion of the 
external nucleon by the nuclear force effects when it 
first gets within the force range. If we assume, for 
example, a range pg~1, a nucleon incident on a heavy 
nucleus would first feel the nuclear force effects when 
it approached within (1.24'+1)~Ry, and at this 
distance the nuclear interaction would be repulsive 
rather than attractive. We learn from this example 
that if we have simple potentials wells and achieve 
saturation by means of suitable exchange mixtures, we 
cannot explain the difference between Ry and Re, 
once we have assumed that the charge and matter 
radii coincide. 

It is apparent, however, that if saturation is achieved 
through repulsive cores in addition to exchange mix- 
tures, a net attraction can be obtained in Eq. (6). As 
an example of this, we consider the Brueckner-Watson” 
potential which is deduced from gradient-coupling 
pseudoscalar meson theory carried through fourth order 
in the coupling parameter and thereby allowing for one 
and two meson exchanges. In the deduction of this 
force the theory is supplemented in two ways: repulsive 
cores are introduced at short distances and multiple 
scattering arguments are appealed to in order to allow 
a selection of a particular set of the fourth order 
interactions. The fourth order interactions which are 
retained in the analysis of Brueckner and Watson are 
those for which two virtual mesons are simultaneously 
present in the intermediate states in a perturbation 
expansion. All fourth order contributions which arise 
as nonadiabatic, velocity-dependent corrections to the 
second order, one-meson exchange interaction are 
dropped. 

We accept this potential as indicative in general 
features of what results from the gradient-coupling 


” For a discussion of the various saturation conditions see 
reference 1, Chapter ITI. 
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Fic. 2. Logarithmic plot of the magnitudes of the various 
contributions to the Lévy and Brueckner-Watson potentials as 
labeled vs distance. — V4 (Lévy) represents Eq. (9) for the Lévy 
potential and —V,‘ (Brueckner-Watson) represents Eq. (8) for 
the Brueckner-Watson potential. The two-meson exchange 
contributions to the Brueckner-Watson potential which are 
proportional to @;-@, %:-¢ and @,-@%,-% [see Eq. (2)] are repre- 
sented by +V,™ (Brueckner-Watson), —V,“ (Brueckner- 
Watson), and V,,“) (Brueckner-Watson). The one-meson ex- 
change terms, Eq. (27), and the additional two-meson exchange 
contributions to the tensor force are not indicated. The dashed 
line represents a Yukawa potential of sufficient depth to bind 
the deuteron. 


meson theory; i.e., from the pseudoscalar theory when 
the pair term is completely suppressed. It has the 
virtues of giving a reasonably satisfactory fit to low 
and intermediate energy two-body data and of pre- 
dicting reasonable saturation behavior for heavy 
nuclei.2* The main feature of concern to us here is the 
short range and moderate strength of the direct term, 
V4, as illustrated in Fig. 2. In units z=yr it reads” 


Va= —yr* (44+424+2*)e°*K (2) 
+2(2+22+2*)e"*Ko(z)], for z>0.32; 
=o, for s<£0.32; (8) 


with 
¥ = 6(u/r) (g*/4r)*(u/2M)*= 1.73 Mev. 


The short range of the direct part is due to the fact 
that it arises from two-meson exchange and is thereby 


* Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954); K. A. Brueckner, Phys. Rev. 96, 908 (1954) and 97, 
1351 (1955). 

* A repulsive core radius of 0.32 (1/4) cm represents the appro- 
priately weighted average of the singlet and triplet core radii in 
reference 21 (units corrected from reference 21 as indicated in 
reference 28). 


oe en 


acinar eg 


a eae are ee 


ee 





Leena NRE 


“* 


approximately characterized by the range 1/2. The 
longer range contribution resulting from one meson 
exchange in the gradient coupling gives rise only to 
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the long-studied tensor and V,, terms and does not 
contribute in this first-order analysis. 

Introducing Eq. (8) into Eq. (6), we have calculated 
the interaction energy as a function of the particle 
distance n. We have carried through these calculations 
both for the Stanford charge distribution and for the 
uniform distribution with the same root mean square 
radius (=1.2A') as drawn in Fig. 1 in order to test 
the sensitivity of our results to the tail of the charge 
distribution. The results are presented graphically in 
Fig. 3 and tabulated in Table I for an arbitrary nucleus 
of mass number A=176. The important point here is 
that, at a distance of 1.35A!, the nuclear attraction is 
4.3 Mev, or less than one third of what is required to 
make the nuclear force radius appear to be this big. 
We conclude that the nuclear forces have contributed 
insufficiently in this case to make the nuclear force 
radius appear to be Ry=1.4A!. It is seen that this 
conclusion applies to both calculations, with the Stan- 
ford and with the uniform charge distributions. 

We observe that the energies obtained with the 
Stanford and with the uniform distributions correspond 
to each other much more closely for Ro=1.35A! than 
for Ro=1.45A'. This may be understood in terms of 
the repulsive core and short range singular character of 
the internucleon potential. For large separations, the 
short range nature of the interactions weights heavily 
the energy contribution due to the portion of the matter 
distribution which extends beyond 1.2A!. However, 
for smaller separations the repulsive core is effective in 
preventing the matter distributions and_ incident 
nucleon from approaching to within 0.32/4 cm of each 
other. The repulsive core in Eq. (8) has no influence in 
calculation for Ro=1.45A', since there is less than one 
percent of the matter distribution (Fig. 1) within a 
distance 0.32/u4 cm of an incident nucleon. It does, 
however, enter into the evaluation of the interaction 
energy for the incident nucleon at 1.40A! and at 
1.35A}, since the tail of the Stanford charge distribution 
extends out to these distances. For these cases, we 
have performed the calculations so as to obtain the 
maximum possible attraction by sharply cutting off 
the matter distribution at a separation of 0.32/4 cm 
between the incident nucleon and the nucleus, and 
increasing its value uniformly in the region within 0.5 


Energy in Mev 
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Fic. 3. Graph of results listed in Table I. The energies calculated 
with the Yukawa potential are reduced by a factor two in this 
graph. 


of the cutoff to preserve its normalization to A particles. 
By this procedure we avoid all repulsive contributions 
to the interaction arising due to the hard cores and at 
the same time take full advantage of the deepest portion 
of the internucleon attraction at the edge of the hard 
core. Various modifications of this procedure altered the 
calculated energies only by several percent. Also a 
decrease in the core radius to its minimum value 
(which applies for triplet states) of 0.30/u cm increased 
the attraction by less than 5%. On the basis of this 
discussion we feel that our conclusion above is safely 
insensitive to the shape of the tail of the charge distri- 
bution. We do not carry this analysis to smaller dis- 
tances than Ry=1.35A! since the approximations 
represented in Eq. (6) do not warrant it. (This point 
is discussed more fully in the following sections.) In 
the final section, we discuss the A dependence of this 
result. 

From Fig. 2, it is clear that the V, interaction term 
in the Brueckner-Watson potential contributes in Eq. 
(3) an energy which is less than 5 percent of that due 


Taste I. First-order interaction energies, Eq. (6), computed for the Brueckner-Watson potential, Eq. (8), the Lévy potential, Eq. 
(9), and the Yukawa potential, Eq. (16). The calculations were carried out for atomic number A = 176 and for both the Stanford and 


equivalent uniform charge distributions shown in Fig. 1. The results of this table are graphed in Fig. 3 





Brueckner-Watson potential [Eq. (8)]} 


Lévy pot. [Eq. (9)] Yukawa pot. [Eq. (16)) 





Re Stanford Uniform Stanford Uniform Stanford Uniform 
1.35A! —4.3 Mev —3.5 Mev — 15.6 Mev —15.2 Mev ~45 Mev —46 Mev 
1.40A1 —2.9 Mev —14 Mev —10.0 Mev — 7.2 Mev —35 Mev ~36 Mev 

— 69 Mev ~—28 Mev —29 Mev 


1.45A1 —18 Mev 


—0.64 Mev 


— 3.9 Mev 
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i.e., we take the three-body force from the same theory 
that gives the two-body attraction, Eq. (9). We shall 
find that the minimum amount of three-body repulsion 
consistent with saturation essentially cancels the above 
calculated attraction due to the two-body forces. 
Because of the complexity of this calculation 
only outline the procedure here in the approximation 
of a uniform nuclear matter density. The essential 
difficulty here which is not present in the nuclear 
in the saturation 


we 


saturation problem is the following: 
problem the usual procedure is to calculate the inter- 
action energies between particles in an infinite nuclear 
medium of fixed density, whereas we must now take 
careful account of the nuclear surface since it is the 
distance from the surface that is the critical parameter. 

We write first Eq. (10 
noting as in Fig. 4 by xo=yur 
incident nucleon relative to the center of the nucleus =! 


in dimensionless form, de- 
the coordinate of the 


rhe interaction energy is then given by 


[ 4A?/ (op) If faxdxs 


12) 


Che procedure we found most direct for the evaluation 
of Eq. (12) develops as follows: 

(1) Transform the volume integrals to integrals over 
the inter-particle separations and use the xo axis as the 
polar axis for the angular integrations; viz., 


f fexas 
f X} dw f 20" rm f an | a, » (13) 


with the limits on the polar angle integral expressed in 
terms of the nuclear radius Rc by 


2 Xigt 


wR, , 
uR, *. 


Magnus and F. Obberhettinger, Special Functions of 
Chelsea Publishing Company, New York, 


cos@ 


(14) 
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(2) Expand the exponential factor involving the 
separation 22 in a series of spherical harmonics with xo 
as the polar axis; viz.,*! 


zizt 


=4r > (x10%20) 1K 3 (x Try (x t) 
X ¥ "(010) ¥ :"* (O20), 


Xi2 


(15) 


with x, and x< the larger and smaller, respectively, of 
X10 and xe. 

(3) Observe that by cylindrical symmetry only the 
m=( terms contribute, and for these 


1 
fea Y/ [ 2l T De} f duP (yu); 
cos i.e 


here cos@j is the solution of Eq. (14) with the equality 
on the right. 

(4) Evaluate directly the first few /-terms. 

The series in / converges rapidly in practice for the 
parameters of interest to us. For our hypothetical 
nucleus with A'=5.6, the equivalent uniform nuclear 
radius is uRe=(6/7)A'=4.8. For the incident nucleon 
at a distance of 1.45A!= Ro, xo=5.8 and the important 
values of x;9 and 229 will be of the order of unity. As 
the integral representation Eq. (11) is peaked at 1, 
the important arguments of the Bessel functions in Eq. 
(15) are also of the order of unity. The other two 


exponential factors in Eq. (12) weigh heavily against 


contributions from larger arguments. However, the 
Bessel function of imaginary argument in Eq. (15), 
T1,4(%et), is peaked at x-i~l. This means that for 
large /, the peak in /,,, is beat down by the exponentials 
in the integrand in Eq. (12), and so the contribution of 
large / values to the energy in Eq. (12) is considerably 
reduced. It is this rapid convergence in / that supports 
the change in variable indicated in step 1 

Carrying out these calculations with the above 
indicated approximations and procedures we obtain for 
A=176 and R,)=1.45A! contributions of 1.9 Mev, 3.6 
Mev, 1.2 Mev, and <0.5 Mev from the first /=0, 1, 2, 
and 3 values, so that the three-body energy contri- 
butions adds to 7 Mev, for 8=450 Mev, as given by 
the full pair term of the pseudoscalar meson theory.” 
The corresponding two-body attraction for a uniform 
nucleus is seen in Table I to be only —3.9 Mev. It is 
possible to reduce the constant, 8, of the three-body 
repulsion by no more than:a factor of two consistent 
with the saturation requirement.” 

The conclusion drawn from this calculation is that 
the Lévy potential supplemented by the minimal 
amount of three-body repulsion, of the form Eq. (10) 
as suggested by pseudoscalar meson theory, demanded 

“® This result is established on the basis of the variation calcu 
lation discussed in reference 24. Brueckner, Levinson, and 
Mahmoud (reference 28) suggest a much smaller value of the 
constant, 8, for saturation. However, their statement was based 
on the step functioned not on the trial function calculations of 
reference 24. 
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for saturation also fails to account for the radius 
difference Ry— Rc. The reason for this is that the two- 
body attraction and the three-body repulsion have 
closely the same range as felt by an incident nucleon 
outside of the nucleus, and consequently balance each 
other to a large extent. This conclusion is unchanged 
by refining the above calculation with the actual charge 
density in Fig. 2 and is verified for smaller Ry and A 
values. 

As another example we calculate the interaction 
energy, Eq. (6), assuming a simple phenomenological 
Yukawa potential 


V (r) = —50 Mev e-*"/ur. (16) 


We consider this case in order to show specifically the 
importance of a long-range tail in the nuclear force as a 
possible source of explanation of the difference between 
Ry and Re. The potential in Eq. (16) gives reasonable 
deuteron binding and together with various combina- 
tions of short-range many-body forces or of repulsive 
cores and exchange mixtures can be adjusted to meet 
saturation requirements. In fact, a qualitatively reason- 
able saturation results from the combination of Eq. 
(16) with the three-body repulsion of Eq. (10), with 
8=450 Mev. The calculations on the nuclear interaction 
energy, Eq. (6), using Eq. (16) are presented in Fig. 3 
and Table I along with the preceding results. It is 
evident that with the longer range potential of Eq. 
(16) it is possible to account for the radius difference 
Ryv—Re. 

Finally we consider briefly two phenomenological 
nuclear force models with long range potentials of the 
Yukawa type which have achieved some success in 
fitting data on low energy interactions of several 
nucleons. The potential used by Pease and Feshbach,” 


V p= — 40 Mev ec! *4"/ur— 28.6 Mev Sige? *""/r, (17) 


fits the observed properties of two-nucleon systems for 
energies up to ~15 Mev, as well as the binding energy 
of H*. The first, or direct, term in Eq. (17) contributes 
an attractive interaction energy of —28 Mev for a 
nucleon at Ro=1.35A!, with A'=5.6. It is evident from 
this that an interaction of the type in Eq. (17) can 
account for the radius difference Ry~Re. However, 
this is not a saturating force since the strong Wigner 
attraction would operate in heavy nuclei to collapse 
all of the A nucleons to within one meson Compton 
wavelength of one another. It is possible to counter 
this tendency with very short-range three-body repul- 
sions which would not appreciably diminish the above 
calculated 28-Mev attraction and which at the same 
time would not affect the success of Eq. (17) in matching 
properties of the two nucleon system at low energy. 
However, the effect of such a modification of Eq. (17) 
on the calculated binding energy of H* remains to be 
studied. 


™R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952) 
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Another two-body interaction which has met with 
noteworthy success in fitting data on two-body systems 
at low energies is the Rosenfeld mixture” 


Ve= +40 Meve;-22[0.10+-0.230;-02 le*"/ur. (18) 


This is a saturating interaction. With this interaction, 
Inglis** and others have had considerable success in 
fitting observed level structures, moments, and transi- 
tion matrix elements in their intermediate coupling 
studies in the p-shells of light nuclei. However, we see 
that there is no direct interaction in Eq. (18), so that 
the first-order contribution of the Rosenfeld mixture to 
the interaction energy vanishes. To this order Eq. 
(18) thus fails to account for the observed difference, 
Ry—Re. This result is extended through second order 
interactions in the next section. 

In summing up the calculations in this section we 
conclude that the inter-nucleon potential must contain 
a sizeable amount of long-range direct interaction, 
V(r), if nuclear forces alone are to be held to account 
for Ry—Rc. The saturating character of the forces 
would then be a consequence of short range repulsions, 
due either to hard-core or many-body effects. Neither 
of the two meson-theoretically inspired potentials of 
Brueckner-Watson and of Lévy (with three-body 
repulsions for saturation) can explain the observed 
difference in radii unless it is assumed that the neutron 
distribution extends beyond the proton one. It must 
be added that the presently studied and applied versions 
of the pseudoscalar meson theory give no hint as to a 
possible source of any simple, central, Yukawa type 
potential with a range of roughly one meson Compton 
wavelength, corresponding to single meson interchange. 
The above analysis on the Lévy potential showed that 
a strong direct attraction of half that range, arising 
from two-meson exchange, can yield a sufficient energy 
contribution if saturation is achieved by shorter-range 
many-body repulsions than considered there. In this 
connection we note that Bonnevay** has shown that 
the meson-meson interaction, which the renormalization 
procedures introduce into meson theory, can serve as a 
source of central direct interactions of range ~1/2y. 
It is not established at present to what extent such a 
term is actually present, or whether a sufficient amount 
of this interaction to account for Ry— Re can be made 
consistent with nuclear saturation and with the infor- 
mation on two-body systems at low energy 


IV. INDUCED POLARIZATIONS 


In this section, we calculate the second-order cor- 
rections to the interaction energy between the nucleus 
and the incident nucleon. These corrections result from 
the spin, charge, and matter polarizations which are 


“L. Rosenfeld, Nuclear Forces (North Holland Publishing 
Company, Amsterdam, 1948), p. 234 

* D. R. Inglis, Revs. Modern Phys. 25, 390 (1953) ; J. P. Elliott 
and B. H. Flowers, Proc. Roy. Soc. (London) (to be published 


* G. Bonnevay, Compt. rend. 16, 1641 (1954) 
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induced in the nuclear distribution due to its interaction 
with the incident nucleon. Besides the second order 
effects due to the direct interaction term, V4, which in 
general serve as small corrections to the first-order 
calculations of the previous paragraph, there are the 
more important contributions from the various ex- 
change and tensor force terms of Eq. (2). These latter, 
as we have seen, contribute no first-order effects. 

First we develop the techniques to calculate these 
effects. We wish to evaluate the change in the nuclear 
distribution resulting from interactions with the inci- 
dent nucleon and then to determine the contribution 
of this change to the interaction energy. This is the 
same as evaluating the second order energy contribution 


(19) 


where |g) and E, are the ground-state eigenfunction 
and eigenvalue of the unperturbed nucleus and the 
sum extends over the excited states (X). Here again 
we treat the external nucleon as a distinguishable 
particle. The nucleus is idealized as a degenerate Fermi- 
Dirac gas. The excited states which contribute to the 
sum in Eq. (19) all correspond to a nucleon jumping 
out of a state, below the Fermi energy Ep=k,*/2M, 
which has momentum and energy k; and E,=k?/2M, 
and up into a state above the Fermi level with &, and 
E,,=k,?/2M, with appropriate spins and isotopic spins, 
@ and +. Thus, introducing Eq. (2) into (19) and 
carrying out the elementary spin sums we obtain: 


Engy=—-2M-4-> ¥ 
ki<kp kyu>kr 
V 2(k,k,)+3V 2(k,,k,) 
+3V 7(k,k,)+9V,,.2(k,k,) 
(k,2—k?) 


(20) 


For the equivalent uniform nucleus of radius 1.24}, 
the Fermi energy corresponds to*’ 


kp=1.77y. (21) 


In Eq. (20), we have omitted the tensor force terms, 
which we shal] discuss separately below, and have 
introduced the notation 


V (k,k,=r fo exp[i(k,—k,) -r]V(r—Ro)dr 
= V*(k,k,). 


The numerical factors are computed for a “standard 
heavy nucleus” with equal numbers of up and down e 
and ¢ states. 

Before carrying out the coordinate integrations in 
Eq. (20), we effect the momentum sums by going over 
to the continuous limit of a momentum integral and 





* See, for example, reference 1, p. 143. 
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by replacing the integral over the unfilled states by 
the difference 


F —0(2")-* f dk 
k>kPp 


kyu>kP 
=2(27) [ef an—P f a] (22) 
lk k<kP 


where P denotes the principal value of the integral to 
the right. We note next that the second term in the 
right member of Eq. (22) contributes nothing to the 
energy, Eq. (20), due to the oddness of the integrand, 


i.€., 
exp[i(k—k’)- A] 
f aw’ [ dk— =0 
‘chp b<ke kek” 


k 
The momentum integrals then yield directly 


exp[i(k;—k,)-A] 
s . ee 


—~ ~ 
kickP ky>kP 


k?— k,* 


»\? expi(k—k’)-A 
( ) f ax f dk 
8x? k’ <kp Wa hk”? — k? 


all 


¢ \3 ad 
: -( ) f dk’ cosk’A expik’ A 
82° k'<kPe A 


= — (0k p?/168°A%) j:(2k pd), 


where j; is the regular spherical Bessel function of 
order unity. Collecting these results into Eq. (20), 
we have 


2Mkyp* i, (2ke\r—r’ ) 
Ena)=—- arf aroino(r) 
ad (2ky|r—r’|)? 


XLV a(r— Ro) Vale’ — Ro) 

+3V,(r—Ro)V,(r’— Ro) 

+3V,(r—Ro)V,(r'— Ro) 
+9V,,(r—Ro)V.-(r'—Ro) ]. (23) 


It requires a “moderate” amount of work to carry 
through these integrals. The angular integrals can be 
achieved with the aid of the Poisson integral represen- 


tation 
jr(z) ;, _  COsHE 
=4 97 (1—0)du——, (24) 
i) 


” 
2 - 


~ . 


and of the usual addition theorems. Equation (23) is 
then reduced to a manageable form for elementary 
and graphical integrations. 

We discuss first, the application of Eqs. (23) and 
(24) to the Brueckner-Watson and Lévy potentials. 
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Since the calculations are effected with standard 
techniques we present only results here. The two meson 
exchange part of the Brueckner-Watson potential is 
largely a direct interaction; the relative amounts of 
exchange terms are seen in Fig. 2. They contribute to 
Eq. (23) all told an energy of attraction which is about 
0.1 Mev, or 3 percent of the first order contribution for 
the nucleon at Ryo=1.35A!, (A'=5.6). Roughly half of 
this contribution comes from the direct term and half 
from the exchange terms, the contributions from which 
are enhanced by the spin factors. The two-meson part 
of the Lévy potential (the pair term) has no exchange 
terms and gives a second order correction of about 0.7 
Mev or less then 5 percent of the first order contribution 
for the nucleon at Ro=1.35A!, (A'=5.6). For larger 
distances their energy contributions are, of course, 
relatively smaller and indeed entirely negligible. The 
smallness of these second-order contributions is a direct 
consequence of the extreme short range of these forces. 
We can qualitatively understand their magnitude by 
the following rough approximations in Eq. (23): 

Because of the short range character of the potentials 
most of the energy contribution results when the 
coordinates, r and r’ in Eq. (23), lie near the surface of 
the nucleus facing Ro. The factor depending on the 
particle separation within the nucleus, is replaced by 
its value at an average distance |r—r’'|~1/y, since 
this is the range of important coordinate values in the 
integral. Equation (23) then approximates to 


2Mk>* jil2ke ps) v\? 
Ena) = — ( ) 
r (2ke/p)? \A 


x(U2+3U24+3U2+9U,2), (25) 


where U;=(A/2)S'p(r)Vi(r—Ro)dr is the first-order 
interaction energy for a potential with coordinate 
dependence specified by V;(r—Ro), as in Eq. (4). 
Using the relation for the nuclear volume above Eq. (6) 
and Eq. (21), we simplify Eq. (25) to 


28 jildkp hu) 


| [Ug+3U 24+3U2+9U,.,"]. (26) 
wm (2kp/p)* 


Equation (26) serves only to show the rough form and 
variation of the interaction energy. It is indeed untrust- 
worthy for actual numerical comparison because the 
Bessel function is a sensitive function for arguments in 
the region of four as occur here. 

Of greater significance in the discussion of the second 
order effects is the role of the tensor force terms. This 
is because pseudoscalar meson theory yields a long 
range (u~') tensor force interaction as a consequence of 
single meson exchange. There are additional tensor 
contributions resulting from two-meson exchange in 
the Brueckner-Watson version, but these are of lesser 
importance due to their shorter range.” We note that 
there is very little by way of spin-dependent central 
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forces in both the Brueckner-Watson and Lévy po- 
tentials, and it is the large tensor force term of long 
range, w~', that is responsible for the difference in 
behavior in the singlet and triplet states of the two-body 
system. This is of significance because it indicates that 
both of these potential mcdels are making full use of 
the long-range tensor term (which appears from 
pseudoscalar meson theory in the characteristic combi- 
nation with a spin-spin term)** 


1/2 zu \? a+3a+2\ 67 
V= ( )( ) 71 o(« 62+ Si2r— ) eee 
3\4e 2M x x 


x=yr (27) 


for their spin dependence. 

This term” contributes in second order an attractive 

interaction energy of 0.016(¢?/ 4x)? Mev for Ro=1.35A!; 
{'=5.6. This amounts to 3.6 Mev for g*/4r=15 as in 
the Brueckner-Watson potential, and 1.6 Mev for 
g’/4x= 10 as in the Lévy model. When the two-meson 
exchange parts of the tensor forces in the Brueckner- 
Watson model are included, the attraction decreases 
to 2.6 Mev for the same choice of Ry and A. At a 
distance of Ro=1.4A!, these interaction energies de- 
crease by 40% to values of 1.5 Mev and 0.9 Mev, 
respectively, for the Brueckner-Watson and Lévy 
potentials. Henley and Ruderman” have shown that 
higher-order contributions due to multiple meson scat- 
tering at a source serve only to increase the tensor force 
by 7 percent, so there is at present no known way of 
appreciably increasing the effect of this term on a field 
theoretic basis. 

In the cases of both of the nuclear potentials which 
are rooted in the pseudoscalar meson theory, it thus 
seems clear that one cannot attribute the difference 
(Ry—R-) to the finite range of nuclear forces, alone. 
In the Brueckner-Watson model, the sum of the effects 
of the short range direct forces of attraction and of the 
longer range tensor forces add up to 7 Mev at a distance 
of 1.35A!, with A=5.6, and thus serve merely to cut 
down the Coulomb barrier for protons from a height of 
14 Mev to +7 Mev at this distance. For the Lévy 
potential the total nuclear attraction is only ~2 Mev 


*See, for example, G. Wentzel, Quantum Theory of Wave 
Fields (Interscience Press, New York, 1950) 

® The calculational problems encountered in evaluating the 
second order energy, Eq. (19), with a potential of the form in 
Eq. (27) are most readily surmounted by expressing the bracket 
in Eq. (27) in terms of differentials 


( ne yeryg 


and by carrying out the indicated differentiations only at the 
very end. In place of Eq. (23), one has an expression of the form 


j,(2kp\e—re 
2kpir—r'|)* 
< Vir—R.) V(r’ —R’ 


© FE. M. Henley and M. A. Ruderman, Phys. Rev. 92, 1036 
(1953) 
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Finally, we note briefly the results of calculations on 
the second-order interaction energies using the various 
phenomenological potentials discussed in the preceding 
section. The results are presented as before for Ro 
=1.35A' and A'=5.6. For the Yukawa potential, 
Eq. (16), the second-order energy gives an 8 percent 
correction to the first-order result, serving to increase 
the attraction by 3.5 Mev. The second order contri- 
butions for the Pease-Feshbach potential, [Eq. (17) ], 
come to —2.5 Mev, or a 10 percent increase in the 
first-order result. The total second-order contributions 
in the case of the Rosenfeld force amount to an attrac- 
tion of —1.4 Mev only. 

These results give an idea of the role of the second- 
order contributions in this work.“ Of special importance 
here are their general orders of magnitude, which are 
small, and the feature that they do not provide the 
necessary attractions in the field theory cases to account 


for Rv—Re. 


Vv. ANTISYMMETRIZATION 


We analyze here the effects which are introduced 
when we modify our work to obey the requirement of 
the Pauli principle that the wave function of the 
system, incident nucleon plus nucleus, be antisymmetric 
in all coordinates. 

These effects do not manifest themselves directly as 
simple potential terms but as exchange modifications 
of the scattering amplitudes and cross sections. We 
shall show, however, that these modifications are of 
quite minor importance for our work, and that their 
effects can be simulated by slight alterations of the 
energies calculated in the preceding sections. 

Before displaying the relevant formalism for effecting 
the antisymmetrization, we note the following genera] 
features: 

1. The first-order interaction energy calculated in 
Sec. III for the direct term, Va(r), of Eq. (2), is de- 
creased in magnitude in general. This is because the 
Pauli principle inhibits the close approach to two 
fermions. The magnitude of the reduction factor is 
roughly given by 


1— (1/4) exp[—(Ro— Re)/A], (28) 


where the factor (1/4) represents the fraction of possible 
exchanges, since states with different spin and/or 
isotopic spin are mutually orthogonal. The exponential 
factor serves as a rough estimate of the overlap in the 
exchange of a nuclear particle at the nuclear surface, 
Re, with the external nucleon at Ro; the length A~1/u 


“ These second-order calculations indicate the nature of the 
limitations on the conclusions drawn below Eq. (7). Thus a 
potential of the form (a+60,-@%,-%) exp(—wr)/ur is a saturating 
interaction provided ¢>0 and a+62>0, and can account for 
Ry— Re if b~SO Mev and 656/10. However such a pathological 
potential would predict among other things much too large a 
deuteron binding energy 
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corresponds to the barrier penetration distance of a 
particle bound by ~10 Mev in a square well. In that, 
we assign the maximum penetration length, A, to all 
nuclear particles including those bound deeply in the 
well, we overestimate the exchange correction in Eq. 
(28). For Ro=1.35A}, with A'=5.6, the factor ex- 
pressed by Eq. (28) equals ~0.9 and serves to decrease 
the energies in Sec. III by roughly 10%. It is thus a 
small effect and contributes only in the direction of 
strengthening our conclusions. 

2. The second-order interaction energies due to 
polarization as calculated in Sec. IV are all quite small. 
The exchange corrections to these are negligible since, 
aside from other factors, they are reduced by the same 
exponential as in Eq. (28). 

3. The one important effect of the antisymmetriza- 
tion procedure is to give rise to first-order contributions 
to the interaction energy from the exchange potentials 
in Eq. (2). In particular, for the Brueckner-Watson 
and Lévy potentials, we need consider only the long- 
range V,, term of Eq. (2) as contained in Eq. (27) 
since this is the only term of any significance. However, 
we find that this term contributes an attraction of less 
than one Mev for Ro=1.35A!; A'=5.6. 

In order to outline a development of this result, we 
formulate the problem of the scattering of a nucleon by 
a nucleus of A particles. If we take as the nuclear 
Hamiltonian 


ha=X tet 3 V ii, 
i>j=1 
with eigenvalues ¢«; and eigenfunctions g,(1---A) 
which are antisymmetric under particle interchanges, 
the Schrédinger equation for the nucleus plus an 
incident nucleon reads 


4 
(aettd V.-E)W 


Let us assume first of all that the incident nucleon is 
distinguishable so that we can write the formal scat- 
tering solution of Eq. (29) as® 


(29) 


1 ‘ 
> Vi, 
E—h,—t, im! 


V=g(1 A)g(s)+ (30) 


for the nucleus initially in the ground state, g, and the 
incident nucleon initially in the plane wave state, ¢(s). 
The outgoing wave contour is understood in the propa- 
gator in Eq. (30). By projecting Eq. (30) onto appro- 
priate nuclear eigenstates we obtain the scattering 
amplitudes for different processes. 


* This is similar to the development in N. Francis and K. M. 
Watson, Phys. Rev. 92, 291 (1953). 
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In particular, for elastic scattering we have 


igv)= fer .»-AW(s;1---A)dl---d A 


A 
ca ¢(s)+(E- —1)i(s i vat) 


tel 


= o(s)+(E- | («. > Vue) 


twl 


A 
g, > Vase) 


i=l 


A 
Bn'y aa (31) 


(E— €n—t,)bx 


with the sum on nm and n’ extending over all nuclear 
states except the ground state. The first term in the 
brackets in the right member of Eq. (31) corresponds 
to the first order interaction energy calculations of 
Sec. III. It contributes the potential scattering® 
amplitude 


4 
fo= f e* (8 > vit) (g,¥)dS. 
i=] 


We investigate this term further in order to calculate 
the Pauli exchange corrections to it. Due to the equiva- 


(32) 


"4 The second term gives all of the compound elastic effects in 
the terminology of reference 2. The induced polarization contri- 
butions which we calculated in Sec. IV correspond to a second 
order approximation to the second term which neglects the 
potential term in the intermediate energy denominator and 
replaces the kinetic energy operator, %&, by its value for the 
incident particle before (or after) scattering in state (s). The first 
of these two approximations is judged to be good in consequence of 
the smallness of the second order relative to the first order inter 
action energies for the direct terms, V4(r). The second approxi 
mation corresponds to making the optical approximation that a 
given potential can represent the scattering. Ti is rigorous in the 
adiabatic limit of slow incident particles (<50 kev). It also 
applies to calculations for the incident nucleon “outside” of the 
nucleus so that the nucleon can be considered to be moving 
freely with its initial kinetic energy. Incident nucleons of kinetic 
energy 220 Mev can be localized to within 10™ cm so that 
this approximation should be valid in the energy range above 
20 Mev for calculations of interaction energies at distances up to 
within 10™" cm of the surface; i.e., to within 1.4A} for Al= 5.6. 
As the initial nuclear effect will be one of attraction, the incident 
nucleon will be speeded up, thereby increasing the magnitude of 
the energy denominator and decreasing the contribution of this 
term. We have no quantitative criterion for the validity of this 
second approximation at lower energies.:Here we must rely on 
the smallness of the calculated second order corrections and on 
the results of the cloudy crystal ball analysis which indicate 
that the potential scattering predominates for clastic processes 
(except in the immediate vicinity of a resonance), The average 
elastic cross section is primarily due to potential scattering from 
an impenetrable sphere whose radius coincides quite closely to 
the radius of the potential well. (See Fig. 1 of reference 2.) 
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lence of the nuclear particles we can replace the sum, 
A 

> Vis, by one term, AV;,. Representing the nuclear 
‘-1 

ground-state function by a Slater determinant of 
independent particle orbitals and spin functions in 
Eq. (32), we have 


Ip E f ose" AV vet) ASA, (33) 


4 


where the sum on 6 extends over the A filled single 
particle states of the nucleus. Now we can simply 
include the exchange scattering by replacing the 
product ¢/*(s)¢,*(1) by the antisymmetrized product“ 
[ v/*(1) ¢n*(s) | so that the scattering 
amplitude, including exchange, becomes 


j E [Cer 5) gp," 1) 
6 


¢,* 1) g0*(s) |Viseo(1) (¢,%)dSdl. 


[ oy*(s) or*( 1) ] 


In terms of an effective potential for the scattering of 
the incident nucleon, we have then 


Vernls) E f Cesr(a)Viven(t) 
b 


g,*( $)) Le *( 1 )on*( 5) Vi, el 1) yd. (34) 
We calculate U.a(s) now for the term of interest 


Vie=4(e°/ 4x) (u/ 2M )u2,-2a-e, 


x (exp X:—X,|)/ | ix, (35 


in Eq. (27). The tensor term averages to zero and, as 
we have seen, the first, or non-exchange, term in Eq. 
(34) gives no first-order energy contribution for ex- 
change potentials. For elastic exchange scattering, the 
spin factors in Eq. (35) give } and the effective po- 
tential is from Eq. (34) 


u,*(s) 
0.95 Mev>. eth (tent 
n u,*(1) 


e ete ft 
(mrt) Uy 1 at, (36) 
ur, Tt; 


where , is the spatial part of the wave function of a 
particle bound in the nucleus. The numerical constant 
is calculated for a coupling constant of g°/4r=15 in 
Eq. (35) as in the Brueckner-Watson potential; it is 
replaced by 0.64 Mev for the parameters in the Lévy 
potential. The following series of approximations over- 
estimate the magnitude of U,.r(s) and thereby provide 
an upper bound for the effective exchange potential of 
Eq. (36): 


Vert(S) 


“S. Altshuler, Phys. Rev. 91, 5 (1953). 
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1. replace e**‘"-*) by unity; 

2. replace the ratio of bound state space functions, 
us(s)/u(1) by its maximum value, corresponding to 
the particle in the highest filled nuclear level, bound by 
an energy Ege. The function u,(s) in this state has the 
largest penetration distance outside of the nucleus. In 
the denominator, we insert for the wave function inside 
the nucleus, «,(1), its value near the nuclear surface 
where the density is low. 

Introducing these approximations into Eq. (36) and 
summing over the bound states, we obtain then for the 
effective interaction energy 


eo bite tr! 
Verr(s) = —0.95 Mev(A/v) | p(r)— 
uit,—r 


Xexp[— (2M Ege/u*)4y| r,—4| dr. 


Integrating over the nuclear distribution we obtain an 
exchange attraction of 0.3 Mev for the incident nucleon 
at r,=R,y=1.35A!, with A'=5.6 and for a binding 
energy Ege=10 Mev. This result corresponds closely 
to that obtained below Eq. (28). If we include inelastic 
spin-flip scatterings as well as elastic processes, the 
spin factor in Eq. (35) gives } and the effective exchange 
attraction increases to 0.9 Mev. These numbers are 
given for the coupling constant g*/4%=15 used in the 
Brueckner-Watson potential and are reduced by one 
third for the Lévy potential. 

This rough approximation to the exchange energy is 
an overestimate of its effect. It is clear, however, that 
it is of little qualitative importance in our development. 


VI. CONCLUSION 


To summarize, we have studied the difference be- 
tween the nuclear force radius, Ry, and the radius of 
the charge distribution, Rc, for heavy nuclei, A> 100. 
From the analyses of neutron?‘ and proton®-® cross 
sections we take Ry~1.4A! as the distance at which 
an incident nuclear particle feels an appreciable nuclear 
attraction, 214 Mev. From the electron scattering 
work at Stanford"’-” we take the charge distribution for 
gold as drawn in Fig. 1, which decreases to half-value 
at Re=1.12A'. The surfaces of the nuclear potential 
and charge distributions are seen to be similar in Fig. 1 
but with the nuclear potential extending roughly 25 
percent beyond the charge distribution. 

The aim of this work has been to infer some properties 
of nuclear forces from the difference, Ry—Rc, if it is 
assumed that the nuclear charge and matter distri- 
butions coincide. We have considered various nuclear 
force models which are motivated by meson theory or 
by phenomenological analyses to see if they can simul- 
taneously satisfy the saturation requirements in heavy 
nuclei and can account for the radius difference, 
Ry—Rc. This radius difference is to a large extent a 
measure of the long range behavior of the direct (e- 
and ¢-independent) part of the central interaction 
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potential between nucleons. Our calculations show that 
the nuclear forces must contain long range direct 
central attractions with short range repulsive inter- 
actions if they are to account for both Rv—Re and 
saturation. 

Such forces can be constructed phenomenologically. 
However, the two nuclear force models based on 
pseudoscalar meson theory, which have met with 
success in fitting low energy data on two-body systems, 
fail to meet these requirements. The Brueckner- 
Watson” potential (gradient coupling theory; no pair 
term) has too little direct central attraction to account 
for Rv—Rc. Using this potential and calculating the 
effects of induced polarizations and of antisymmetriza- 
tion as well as the direct interaction [Eq. (6) ] we have 
obtained a total nucleon-nucleus energy of attraction 
of less than 8 Mev, or roughly half of what we require 
to make the nuclear radius appear to be only as large 
as 1.35A!, for A=176. The difficulties in handling the 
repulsive core behavior of the potential for small 
distances and the calculations in Sec. IV of the second 
order energies arising from the induced polarizations 
caution us not to extend these calculations to smaller 
separations between the nucleon and nucleus. It is 
thus not possible for us to give a quantitative answer 
to the question : how far beyond the charge distribution 
does the neutron distribution have to extend if we use 
the Brueckner-Watson potential and require ~14 Mev 
of attraction at Ry=1.4A! in order to explain the 
difference in radii, Ry— Re? However, if we disregard 
the above warnings to caution, we can carry out the 
calculations and estimate that the neutron distribution 
must extend at least 10% beyond the charge dis- 
tribution,“ corresponding pn a neutron surface layer 
0.7-1.0 thick for At=5.6. 

These calculations with the Brueckner-Watson po- 
tential were also applied to lighter nuclei in order to 
test the dependence of our results on atomic number. 
For a mass number A=120, we took the matter 
distribution to be the same as the Stanford charge 
distribution shown in Fig. 1; i.e., we assumed that the 
matter and charge distributions scaled together be- 
tween A=176 and A=120. The nuclear attraction in 
this case was evaluated to be ~9 Mev at Ro=1.35A! 
in comparison with the less than 8 Mev for A=176. 
The reason for this increase of roughly 1 Mev in the 
attraction is simply this: the separation between the 
nuclear matter and an incident nucleon at Ro=1.35A! 
decreases with A. For a singular inter-nucleon po- 
tential the accompanying increase in interaction energy 


“ The charge dependent contribution from the second term in 
Eq. (2) is relatively unimportant in this consideration since V, 
is reduced in magnitude relative to V4 by a factor of ~4, as seen 
in Fig. 2. As mentioned in footnote 26, Eq. (3) is not valid for 
neutrons which form a surface layer since it is derived on the 
basis of a uniform proton-neutron mixture. For the surface 
neutrons Eq. (2) is replaced by VatV, with the + (—) sign 
obtaining for incident neutrons (protons). However, because of 
the small ratio of V, to V4 in the Brueckner-Watson potential, 
the charge dependent contribution is unimportant here. 


more than compensates for the decrease due to the 
fact that there are fewer particles in the nucleus which 
interact with an incident nucleon. The above figure of 
9 Mev is qualitatively but not quantitatively (+15%) 
reliable because one begins to encounter the same 
difficulties as mentioned in the preceding paragraph 
with decreasing A values. It is still significantly less 
than the 14 Mev of attraction required at Ry=1.4A! 
to account for the observed radius and indicates the 
validity of our conclusions for A 2 100. 

Further extrapolating the Stanford charge distri- 
bution (Fig. 1 for A4=197) down to A~60 and calcu- 
lating at Ro=1.4A!, because of the aforementioned 
difficulties in handling the repulsive cores for smaller 
distances, we obtain with the Brueckner-Watson po- 
tential less than half of the 14 Mev required to account 
for the observed difference, Rv — Re. 

The Lévy” potential has a strong, direct attraction 
due to the “pair” term which is sufficient in strength 
and range to explain the radius difference. However, 
when the three-body repulsions resulting from the 
“pair” term, and required for nuclear stability™ are 
included, the attraction is balanced at large distances 
and it is no longer possible to account for Ry— Re. In 
addition there is strong evidence especially from the 
work of Klein® for the damping of the pair term which 
is the source of the strong direct interaction in the 
Lévy potential. Without the pair term, there is only a 
weak direct central attraction of range ~1/2y corre- 
sponding to double meson exchange in the gradient 
coupling version of pseudoscalar meson theory.”” We 
note that the only clue at present as to a possible source 
of additional central attractions (also of range ~1/2y) 
in presently studied and applied versions of pseudo- 
scalar meson theory comes from the meson-meson 
interaction introduced into meson theory by the 
renormalization program.** However, the role of this 
term has yet to be fully explored. 

An alternative explanation of the radius difference 
assumes that the nuclear charge and matter distri- 
butions do not coincide, but that the radius of the 
neutron distribution extends beyond the radius, Re, of 
the proton distribution."*"* The difficulties which face 
this explanation were pointed out in Sec. I. In partic- 
ular, the optical analysis by Williams” of the reaction 
cross sections (total minus coherent elastic) for 1.4-Bev 
neutrons and 860-Mev protons incident on various 
medium and heavy nuclei indicates nuclear matter 
distributions in close agreement with the Stanford 
charge distribution. His results cannot be understood 
if the neutron radius is appreciably larger than the 
radius, Re, of the charge distribution. They can, 
however, be explained, as Williams points out, in 
terms of a decrease in the effective range of the nucleon- 
nucleon interaction at high energies.** 


“This point will be discussed more fully in a note now in 
preparation. For large impact-parameter collisions in which the 
incident nucleon is only slightly deflected, one can show that 




















We wish to emphasize, however, that the aim of this 
work is not to argue the equality or inequality of the 
size of the neutron and proton distributions in nuclei 
but to show that, if one assumes their identity, then a 
special class of nuclear forces with long range attractions 


the effective interaction potential decreases at high energy in 
proportion to (1—?/c*)t= M/E if the interaction results from a 
(pseudo) scalar field. This is in contrast with the electromagnetic 
interaction in which the so-called “scalar potential” is the time 
component of a Lorentz four-vector and in which the above 
factor does not appear. This effect seems capable of qualitatively 
accounting for Williams’ results if the large nuclear radius at low 
energies is interpreted as a consequence of the nuclear force 
attractions 
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and short range repulsions is required to account for 
both the radius difference, Ry—Rc, and nuclear sta- 
bility. Nuclear forces deduced from current meson 
theory and in accord with saturation requirements are 
not of this type. 
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Oak Ridge National Laboratory, Oak Ridge, Tennessee 


The decay of strontium-89 has been found to proceed through Y®* to the extent of 0.02%. 


TRONTIUM-89 (53 day) has been reported as a 
pure beta emitter in the tabulated nuclear data.' 
Various investigators have attempted to find gamma 
® with no success. With the 
advent of NaI gamma-ray spectrometers, however, the 


radiation accompanying Sr 


limits of detection for gamma rays have been decreased 
sufficiently to enable many previously undetected small 
gamma-ray branchings to be observed. Since a 14-sec 
Y”™ isomeric state is known, it was of interest to see 
what fraction, if any, of the Sr® decay proceeds through 
this level. 

Approximately 1 Mc of strontium-89 was obtained 
from the Operations Division, Oak Ridge National 
Laboratory and put through chemical purification.’ 
Strontium and barium carriers were added and the 
mixed barium-strontium nitrates precipitated with 
fuming nitric acid. The nitrates were dissolved in a 
few ml of H,O and reprecipitated by the addition of 
fuming nitric acid. Upon dissolution of the precipitate, 
Fe** carrier was added and Fe(OH), was precipitated 
by the addition of NH,OH. The supernate from this 
scavenging was neutralized with HNO,, acidified with 
acetic acid, buffered with ammonium acetate, and 


1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953) 

*C. D. Coryell and N. Sugarman, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, New York, 1951), 
Nationa! Nuclear Energy Series, Plutonium Project Kecord, 
Vol. ITT, p. 1460. 





Received June 17, 1955 





BaCrO, precipitated by addition of Na»,CrOy. The 
BaCrO, was filtered off, the supernate was made basic 
with NH,OH and the strontium was precipitated as 
the oxalate by addition of ammonium oxalate. The 
precipitate was filtered, washed, and mounted on a 
card for counting. 

The Sr® source was examined on a 3 in.X3 in. 
Nal(Tl) gamma-ray spectrometer, and a photopeak 
corresponding to a gamma ray of energy 0.91 Mev was 
observed. The total number of gamma-ray processes in 
the source was obtained by integration of the gamma 
peak and dividing by an appropriate efficiency factor in 
the usual manner.’ 

The total number of Sr® disintegrations in the source 
was obtained by dissolving the strontium oxalate and 
absolute beta counting an aliquot of this solution. The 
ratio y/total 8- was found to be 2X10~*. Using this 
fractional branching, the log ft value for the 0.55-Mev 
beta group which must precede the gamma ray was 
calculated* to be 12.7. This corresponds to a Al= 2, no, 
transition and is in agreement with spin and parity 
changes deduced from tabulated nuclear data,' ie., a 
5/2+ level in Sr® and a 9/2+ level in the Y®™ isomer. 

Acknowledgment is made to S. A. Reynolds who 
suggested the problem, and to G. N. Case who 
performed much of the chemistry. 


*B. Kahn and W. S. Lyon, Nucleonics 12, No. 6, 26 (1953) 
*S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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Photonuclear Yields of N'’} 


Daryl REAGAN* 
High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received June 3, 1955) 


Yields of N" from several elements have been measured as 
functions of electron energy and converter thickness for bombard- 
ments from the Stanford linear electron accelerator. After correc- 
tion for the electron-produced part of the yield, the O'*(y,p) and 
F(y,2p) yields can be fitted (within statistics) to isochromats 
characteristic of 25- and 40-Mev photen energies, indicating 
integrated cross sections of 0.067 and 0.0037 Mev barn, respec- 
tively. 

The neon and sodium yields are similar, one to the other, in 
their energy dependence, and indicate a N" photoproduction 
cross section of the order of 3X 10-” cm? in the 100-Mev region, 
rising to the neighborhood of 3X10~” cm? at 200 Mev 


INTRODUCTION 


HE energy dependences of the (y,n) and (y,p) 

cross sections have been measured for many ele- 
ments with betatrons'~® for photon energies up to 
about 25 Mev. With synchrotrons, the detailed work 
has been extended to 330 Mev,® but only the total 
photoneutron production cross sections have been 
measured. 

Experiments identifying specific photoreactions at 
320-Mev synchrotron energy for a few elements in the 
copper-arsenic region established that the more complex 
reactions occur very much less frequently than the 
(y,n) and (y,p) reactions.’ These experiments further 
established yield surfaces which specify approximately 
the yield for those photoreactions involving the emission 
of more than two nucleons. For a given isotope, the 
yield surface is a ridge, parallel to the valley of nuclear 
stability, peaked at about 4 mass unit toward the 
neutron-deficient side. The slope of the ridge peak is 
about 35 percent per mass unit. The ridge profile for 
constant number of emitted nucleons is approximately 
gaussian, dropping to half in 0.65 unit of atomic 
number. 

Since the copper-arsenic experiments employed chem- 
ical separations, it would require a program of very 
large magnitude to continue this work, evaluating the 
yields as a function of energy, in order to establish 

t The research reported here was supported by the joint pro 
gram of the Office of Naval Research and the U. S. Atomic Energy 
Commission 

* Now at the University of California Radiation Laboratory, 
Livermore, California 
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The cross sections estimated for N" photoproduction in mag- 
nesium and aluminum rise from about 2X 10-"” cm? in the 80- to 
180-Mev region to around 3X10™" cm? at 400 Mev. 

Estimating the N"’ cross section to be about 1 percent of the 
total photoabsorption cross section leading to A= 17 isobar pro- 
duction at hi¢h energies gives order of magnitude agreement with 
photomeson cross sections. This is consistent with the idea that 
direct photonuclear cross sections are small at high energies, and 
that the large apparent photonuclear cross section is due to in 
direct processes involving photomesons. 


photon cross sections for the reactions covering the 
available energy range. 

The properties of N'’, a delayed neutron emitter, 
make it possible to identify small N" yields resulting 
from complex reactions quickly and easily. Thus, for a 
few photonuclear reactions leading to N" production, 
it is feasible to measure the energy dependence of the 
yields and to infer roughly the photonuclear cross sec- 
tions as a function of energy. 

In the work to be described, N"’ yields due to bom- 
bardments of electrons and their bremsstrahlung radia- 
tion were measured, the two effects being empirically 
separated. Yields were measured for the elements 
oxygen through aluminum, for several electron energies 
in the range 80-415 Mev. The photon cross sections 
inferred from the results are compared with other 
results in this field. 


PROPERTIES OF NITROGEN-17 


Produced yields of N'? were measured by counting 
delayed neutrons. The decay scheme of N"’, as reported 
by Alvarez,* is as follows: 


NU O'"*+3>, = 4.2 sec, 


O!7*#-+0'*+- on}, = 6(10~*") sec, 


\ 
\ O'* + on'—ra+6C + on! (~1 percent). 


Nitrogen-17 is one of only two known nuclides in the 
low-Z region that emit neutrons having a measurable 
apparent half-life. The other, Li’, emits neutrons having 
an apparent half-life of 0.168 sec. A feature of the 
experiment is the decay plot of the neutron count 
made each time a yield was measured. This allowed an 
estimate to be made of contamination due to Li’ or 
any other (unknown) delayed-neutron emitter having a 
half-life much different from 4 sec, to moderated neu- 
trons left over from the accelerator burst, or to pile-up 


*L. W. Alvarez, Phys. Rev. 75, 1127 (1948), 
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Taste I. Targets. 
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Thickness 
(radiation 
Material Physical size Thickness (moles/cm*) lengths) Remarks 
Polystyrene 45 sheet 6.00 10-4 0.0017 C" monitor and ends of capsules 
Water Note* 2.12XK 10-4 tei 0.0504 O(y,p)N" 
Os Note? 1.15x10~ fo} 0.027 Compare Ne 
LiF Note* 6.22XK 10? 0.040 F%(¥,2p)N” 
Ne Note” 2.93K107 0.020 Ne—N"? 
NaCl Note 4.1210 0.1094 Na*™(7,a,2p)N” 
Mg #4-in. thick 0.153 0.1457 Mg—N" 
Al 4-in. thick 0491 0.140 AP? (y,2a,2p)N™ 
Cu converter 0.0446-in. thick 0.0159 0.0758 Radiator 
Cu scatterer 0.1915-in. thick 0.068 0.325 Background estimate 
Al collector foils, etc.* vee 0.003 Effective as additional converter 








* Contained in polystyrene capsule }-in. thick by approximately 3-in. diameter. The polystyrene caps are #y-in. thick. 


rcial type M.V. flask at 550 Ib/in.* 


+ Contained in « 





* The aluminum collector foils in the monitor, mylar exit window, ZnS scintillator, and the air path between the accelerator exit and the target totaled 
about 0.003 radiation length. The ZnS scintillator was used as an aid in beam alignment. 


of 8 or y pulses. The rarity of radioactive neutron 
emitters and the relative insensitivity of the counters 
to electron and vy radiation resulted in background 
counting rates lower by several orders of magnitude 
than those commonly encountered in work of this type. 
This, in turn, permitted detection of the extremely 
small yields of N'’ which resulted from the more 
complex photonuclear reactions investigated. 


EXPERIMENTAL EQUIPMENT 
1. Electron Beam 

The x-rays which initiated the reactions were radiated 
by electrons from the Stanford Mark III accelerator 
which produces electrons in pulses about 1-ysec long, 
60 times a second.’ With suitable adjustments, the 
energy of the electrons can be varied over the range 
from about 50 Mev to the full energy of the machine 
which, at the time of this experiment, was 415 Mev. 

In the end station of the accelerator,'' the electrons 
are magnetically analyzed and electrons of improper 
energy are rejected by tungsten scrapers. The remaining 


ZnS SCINTILLATOR 
KEROSENE MODERATOR 
CONVERTER TARGET 
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PREAMPLIFIER 
Fic. 1. Schematic cross section of the target assembly 


*R. B. Neal, Stanford University Microwave Laboratory 
Report No. 185 (unpublished) 

” Chodorow, Ginzton, Hansen, Kyhl, Neal, and Panofsky, 
Rev. Sci. Instr. 26, 134 (1955) 

" W.K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 (1954 


electrons are again magnetically deflected in such a way 
that beam contamination by x-rays and soft electrons 
is minimized. The analyzing-magnet current is measured 
by a shunt and potentiometer. The energy calibration 
was made by a floating-wire technique. For this experi- 
ment, the electron beam was monochromatic to about 
2 percent, and was about } inch in diameter. 

The beam intensity at the target varies with energy, 
ranging from about 10° electrons per pulse at 80 Mev 
to nearly 10" at 415 Mev, under good running condi- 
tions. Low-beam intensity at low energies reduced the 
accuracy of data-taking to the point that it was un- 
profitable to operate below about 100 Mev. 


2. Target Assembly 


A cross section of the counting and monitoring equip- 
ment installed in the bombardment area is shown in 
Fig. 1. A secondary-emission beam monitor" was in- 
stalled at the end of the deflecting-system vacuum 
plumbing. The charge accumulated on its collector 
foils during a bombardment was measured by an auto- 
matic electronic slide-back electrometer in the counting 
area. A circuit similar to the one used is described by 
Littauer.* The performance of a prototype of the 


TaBLe II. Experimental program 





Period Interval 
number rt Time (sec) (sec) 
1 Bombardment 0 to 6.67 6.67 
2 Wait; decay of short 
lived activities and 
moderation of beam 
simultaneous neutrons 6.67 to 7.11 044 
3 Count in scaler No. 1 7.11 to 12.21 5.10 
4 Count in scaler No. 2 12.21 to 17.61 5.40 
5 Count in scaler No. 3 17.61 to 22.99 5.38 
6 Count in scaler No. 4 22.99 to 29.20 6.21 
7 Wait 29.20 to 30.00 0.80 


2G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
(1955) 
™R. Littauer, Rev. Sci. Instr. 25 148 (1954 
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monitor was checked" against a Faraday-cup beam 
collector, and its response was found to be linear with 
beam intensity and independent of beam energy over 
the 125- to 250-Mev range. The shape of the O'*(y,p)N"7 
yield curve (see Fig. 3) supports the assumption that 
its response is uniform over the range 80-400 Mev. 


z [ we 
5 12 
a 
4 BT 
~ 10+ (a) 
es 
3% (8 
= 
z 
= 





ACTIVATION CROSS SECTION 


in 10"om® 





200 300 400 
ELECTRON ENERGY (MEV) 


Fic. 3. Yields from the O"*(y,p)N"? and F"(7,2p)N" reactions, 
as functions of radiating electron energy. The solid lines are 
isochromats of characteristic energy 25 and 40 Mev, corresponding 
to integrated cross sections of 0.067 and 0.0037 Mev-barn, 
respectively. 


The neutron moderator-counter assembly, used in 
detecting the N"’ neutrons, was fabricated from iron 
tubing and a standard 55-gal oil drum and was filled 
with kerosene. Three B"-enriched boron-trifluoride 
counters were inserted in the assembly as shown in 
Fig. 1. 


4G. W. Tautfest (private communication) 
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3. Targets 


Table I indicates the main features of the targets 
bombarded. 

The C(y,n)C"™ yield was used as a standard for 
calibrating the beam monitor," and as a check on x-ray 
contamination of the beam. The O'*(y,p)N"’ yield was 
used as a secondary standard. Relative yields from high- 
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Fic, 4. Experimental N" activation points for neon and sodium 
are plotted in the upper graphs. The lower graphs are the photon 
cross sections, which were calculated as indicated in the text. 
The activation cross sections indicated by the solid lines are 
reconstructions from the photon cross sections shown. The photon 
cross sections for energies below 80 Mev were chosen arbitrarily. 


pressure oxygen and neon gases in “identical” con- 
tainers (commercial type MV flasks) together with the 
background counting rate resulting from the bombard- 
ment of a similar flask containing argon, served to 
establish the neon yield relative to the oxygen yield. 
The flask bottoms, approximately 0.2-radiation-length 


Barber, George, and Reagan. Phys. Rev. 98, 73 (1955). 





DARYL 


a 








REAGAN 












- a 
2 
3 
4 60 
2 Mgon” i 
z 70 y — . — 
a 
g 60 A Mg | 
5 . 
y 50 3 20 t 
s 
a 
2 40 ° 
- 2 z 
= 20 x 
a 
2 i 
- 10 +4 pr 
4 rd 
- 
100 200 300 «400 100 200 300 400 
f 
90 } 
60 / 40 i 
ai?"(y,20,2p)N” ‘ 
70 j | 
| Fic. 5 yhs a, b, and c show 
60 / 30 activation points for N" yields in 
. f magnesium and aluminum. Graphs 
= / d, e, and f are the calculated 
40 / 20 | ‘ photon cross sections, from which 
the solid lines in a, b, and c 
30 7 '" have been reconstructed. The third 
aia cross-section curve is ac tually the 
20 ad ° i slightly modified result of an early 
ag aluminum run, and is included to 
‘ a rT illustrate the effects of moderate 
c at z-—aa errors in data upon the photon 
— L 
: 400 100 200 300-400 cross section results 
RON ENERGY (MEV) PHOTON ENERGY (MEV 
aT 
40 weed 
Mg | 
8 } 
MoeN y 30 - + =o oo 
6 / | 
Vai i| @® 
g / 20 + + + a 
} | 
= 4 | 
; A 
} Oo} —} tera tt 
2 4 | 
al | | | 
a =) | 
ral , i a | 
1 2 300 400 100 200. ~=300 +400 
thick, served as radiators for x-ray production in these react with B” in a proportional counter, producing a 
experiments pulse big enough to be counted. The pulses are amplified 
: by a Los Alamos type 501 preamplifier and are trans- 
4. Counting Equipment : ' hast Oecd pelner an . 
; mitted by coaxial cable to the counting area. Here 
Figure 1 shows a cross section of the neutron-counting they are amplified by a Los Alamos type 501 amplifier 
cam > neutrons mitted by the de, f the ; - . ‘ 2 . , 
system. The neutrons emitted by the decay of the and fed to a motor-driven cam-operated switching 
"x; . ) ve an energ .r annroxvimate!l >» 6 — . . 
excited ( ave an energy of approximately 1 Mev, assembly, which programs the bombarding and count- 
nd come oat of the tavaet tent ee ll — b : ‘we ¥ S 
and come out of the target isotropically, only rarely ing cycle as indicated in Table II. The experimental 
ifs v Hi 1 in thet ret ' R nercent of “ a “a? P ‘ » 8 
suffering a collision in the target. About 1.8 percent of sequence enables activity as a function of time to be 
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them are slowed down in the kerosene moderator an 


 0E Phys. Rev. 75, 917 (1949 


Hayward 


plotted for over five half-lives. This permits more 
confident identification of the activity and an estimate 
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on background. The system was calibrated with a 
radium-beryllium source. 


EXPERIMENTAL YIELDS OF N"” 
1. Activation Cross Sections 


Figure 2 shows the measured N" photon yield 
qualitatively as a function of Z and electron energy. 
Figures 3-5 show the measured activation cross sections, 
with estimated errors for each point. Activation cross 
section is defined as 


A(E,) 


V(E,) 
 NAE)N re LXe+(X1/2)] 


where E, is the energy of incident electrons in Mev; 
A(E,) is the activation cross section measured at E, in 
cm’; Y(E,) is the number of N"’ atoms produced by 
x-rays; N,(E,) is the number of incident electrons; N 7’ 
is the target density in atoms cm; and X¢ is the 
converter thickness and Xr the target thickness; both 
X¢ and Xr are measured in radiation lengths. 

The yield of N'’ has been corrected for background 
and for direct electron production. The beam-dependent 
part of the background exhibits a 4-sec period and is 
probably largely due to N" produced in the fluorine 
of the BF; counters by large-angle x-rays from the 
target. Electron production will be discussed below. 

The errors indicated in the ordinates of the activation 
points in Figs. 3-5 do not include those due to possible 
inaccurate evaluation of direct electron production. 
The indicated error in each point includes errors due to 
beam intensity variations, statistics, and voltmeter 
readings on the beam monitor. 

The abscissas of the activation points in Figs. 3-5 
show the approximate energy spread of the electrons 
contributing to the bremsstrahlung spectrum for each 
point. This spread is due mainly to energy loss by 
radiation and ionization in the converter and target. 





(1) 


2. Photon Cross Sections 


Calculations were carried out using the yield curves 
to evaluate the photon cross sections for N'’ production 
as a function of energy for each element above fluorine. 
To do this, first a bremsstrahlung curve” was calcu- 
lated for each electron-bombardment energy used in the 
experiment, as illustrated in Fig. 6. 

The low-energy part of the spectrum is taken as 
identical to the thin-target spectrum of an electron of 
energy E,,, where E,, is defined as 


E,.= E,—4[ (Xr+4X c)E,+Er], (2) 


where E,=energy of incident electrons, and E; is the 
average ionization loss in the converter +4 the target. 
The electron energy E,, is roughly the mean energy of 


‘7H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 
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PHOTON ENERGY IN MEV 


Fic. 6. Photon intensity distribution for 207-Mev electrons 

sing through 44.6 mils of copper and } inch of aluminum. 
The areas #;, are proportional to the bremsstrahlung integrals 
mentioned in the text. 


radiating electrons contributing to the photon spectrum 
in the target. 

The low-energy part of the spectrum is a reasonable 
approximation to the weighted average of the spectra 
of the electrons that radiate photons which pass through 
the target. The high-energy part of the modified spec- 
trum is constructed by drawing a tangent to the mean- 
energy bremsstrahlung curve, which intersects the 
energy axis at E,. The spectra thus constructed have 
errors small compared to errors that arise from other 
sources in the experiment. 

The evaluation of photon cross sections consists in 
unscrambling*the data from several bombardments at 
different electron energies. The yield for a given reaction 
due to photons arising from electron bombardment of a 
converter and target as used in this experiment is given, 
to terms linear in X¢ and X 7, by 


Xr 
Y(E,)= NEN (xe + 9 ) 


Ey 
xf o(E)O(E,E,)dE, (3) 


0 


where o(£) is the photonuclear-reaction cross section 
as a function of photon energy ; ¢(£,£,) is the appropri- 
ate bremsstrahlung spectrum; and £ is the photon 
energy in Mev. Substituting Eq. (3) in (1), 


Ey 
A(E,)= f o(E)O(E,E,)dE; (4) 


vu 


or, approximately, 


, Bi 
A(E,) =>. 6; f o(E,E, dE, (5) 
vl B= Ei) 


where a; is the average value of o(Z) in the range 
E,_, to E,, and Ey is the energetic threshold for the 
reaction [¢(E)=0, E< Ey]. The approximation of Eq. 
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3. Comments 
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rhe oxygen and fluorine yields, shown in Fig. 3, fit 
well with yield curves computed for narrow o resonances 
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unique values for o;, due to errors in the measurements 
of A(E,), as will be shown. 
Solving (5) for 7; and a2, we have 
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at 25 and 40 Mev. The reaction energetic thresholds are 
15.8 Mev for O'8(y,p) N*7 and 23.5 Mev for F"(7,2p)N”. 
The integrated cross sections necessary to account for 
the yields, assuming the narrow resonances, are 0.067 
Mev-barn for oxygen and 0.0037 Mev-barn for fluorine. 
The indicated errors on the oxygen and fluorine yields 
would allow up to about one-third of the area under 
the cross-section curves to occur well above the reso- 
region. This redistribution, attributing more 

to the region of higher energy and lower x-ray 
nsity of the bremsstrahlung spectra, would require 

an upward revision of up to 30 percent to the integrated 
cross sections. Under this arrangement, the photon 
cross section for the oxygen reaction could have an 


nance 


average value of not more than 2 10~"5 cm? in the 50- 
to 400-Mev energy region. 
taken as they 
were for bombardment energies above 90 Mev only, 
1 information about the o values 
below 90 Mev. It is clear, however, that there is an 
energy region below 90 Mev having appreciable o«. The 
’s computed for Ne and Na embody two somewhat 
different assumptions for the nature of o at lower 


The neon- and sodium-yield points 
cannot give any direct 
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energies. Since the yield curves are so closely similar 
when errors are taken into account) each @ should be 
regarded as a possibility for either element. 
rhe nd aluminum curves were investi- 
gated in the greatest detail and are shown in Fig. 5. 
e direct electron 
the case of magnesium, and is 


magnesium ; 


Unfortunately, the evaluation of th 
ffect is very poor ir 
e case of aluminum. The relative error from 
this source could be as great as 20 percent. The qualita- 
tive features of the total yield (of which the given yields 
are a fixed fraction, 0.76) must, however, reflect those 
of the true photon activation curve. The striking feature 
heir increasing slope in the region 
fairly conclusive evi- 
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of these curves is t 

above meson threshold. This is 
dence for a o that is larger above meson threshold than 
below, and which remains, on the average, large over 
a very broad energy region. For the low-energy mag- 
nesium and aluminum runs, the counting rates were 
low, only slightly above background. The errors are 
thus relatively large. It is possible, therefore, that 
either magnesium or aluminum may have a low-energy 
o behavior qualitatively like any in Fig. 5. 
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4. Direct Electron Production 


Of the electrons in each bombardment, 90 percent 
passed through the target with energy loss of only a few 
percent of their initial energy. These electrons, and 
many of the degraded electrons, possessed enough 
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where R is the’ ratio of x-ray-produced to electron- 
produced reactions at depth No’; Z is the atomic 
number of the converter; ro?= 7.83 10-*6 cm’; & is the 
recoil energy of the electron; E£, is the initial energy 
of the electrons; E=E,—k is the excitation energy of 
the nucleus; yc? is the rest energy of the electron 
(0.511 Mev); y= 100 uc?EZ-*/ Ek; and ¢:(y) and ¢2(y) 
are as plotted by Bethe and Heitler'’; C is —2(k/E,) 
for electric-dipole interaction, 0 for the magnetic-dipole 
interaction, and 8k?/3(E*) for the electric-quadrupole 
interaction. 

For the lithium-fluoride target at 240-Mev electron 
energy, the total yield was measured as a function of 
converter thickness. The results appear in Fig. 7. The 
first measured point is for the target with no copper 
converter. The effective converter thickness for this is 
taken to be the thickness of the monitor foils, vacuum 
window, and sciatillator, plus half the thickness of the 
target, since, on the average, each x-ray produced in 
the target passes through half of the target. The other 
points were taken with copper converters up to 0.0446- 
inch thick, about 0.07 radiation length. The yield axis 
intercept of the curve gives directly the electron- 
produced part of the yield. It is 51/173=0.295 times 
the total yield at maximum converter thickness (to 
terms linear in XY, and neglecting electron degradation 
in the target). The ratio R, for the maximum converter 
thickness, is then (1—0.295) /0.295 = 2.4+0.3. 

The weighted sum of N ¢’Z*ro? for the maximum con- 
verter thickness plus half the target thickness is 0.78. 
This gives an experimental value of P of 3.06<0.4. 
Here F is a mean value of F averaged over E and all 
possible multipole coupling terms. The fit of the yield 
curve with a 40-Mev isochromat (see Fig. 3) suggests 
that a suitable E for Eq. (10) is 40 Mev. The computed 
values for F from Eq. (10) are, with E=40 Mev and 
E,=240 Mev, for electric dipole F24.7; magnetic 
dipole, F24.15; and electric quadrupole, F20.8. Each 
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8 J. S. Blair, Phys. Rev. 75, 907 (1949 

” J. S. Blair (unpublished mimeographed notes 

™ J. S. Blair (private communications to Richard Wilson and 
L. Brown 
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energy to produce N”’ by a direct process without the 
intervention of an x-ray. Blair’*-* has computed the 
ratio of electron-produced to photon-induced nuclear 
reactions for an electron-initiated shower after the 
parent electrons have passed through a thin converter. 
For the energy range of interest, 
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F value increases with E, the electric-quadrupole term 
having fa greater slope than the dipole terms. The 
quadrupole term is about 3 for E=100 Mev with 
E,= 240 Mev. 

It appears, then, on the basis of Blair’s theory and 
considering the experimental error, that either electric- 
or magnetic-dipole interaction could possibly account 
for the yield, and certainly a combination of these with 
electric-quadrupole interaction could be made to fit 
the data. 

The direct electron effect was evaluated in several 
additional cases by measuring the yield with and with- 
out the 46.6-mil copper converter. This work was done 
during the latter part of the experiment, at a time when 
the beam intensity and stability of the accelerator were 
somewhat below par. Consequently, the measurements 
suffered in accuracy. The oxygen effect was measured 
at 90 Mev, leading to an F value of 2.36_;**. This value 
was applied to all oxygen data to obtain the estimate 
of the photon yield shown in Fig. 3. 

For fluorine, in addition to the data at 240 Mev, 
the simplified evaluation was made at 92, 258, and 
355 Mev, leading to F values of 4.7+0.6, 3.0+0.5, 
and 3.0+0.4, respectively. The photon activation curve 
for fluorine (Fig. 3) reflects these variations in F, which 
substantially flattened the raw curve. The errors are 
such, however, as to make it doubtful whether the 
change in shape of the activation curve was really 
justified. In magnesium at 258 Mev, F was found to 
be 2.15+0.5. 


Fic. 7. Tetal N™ yield 
from fluorine as a func- 
tion of effective con 
verter thickness 
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Any x-ray contamination of the electron beam would 
be reflected in a lower measured value of F. 

The correction applied to the yield curves for the 
direct electron effect ranged from 20 to 34 percent, and 
was constant with energy except in the case of fluorine. 
The neon correction was somewhat arbitrarily taken as 
equal to that for oxygen. 


DISCUSSION 


As a survey of the general features of the energy 
dependence of specific photonuclear reactions of varying 
complexity, the yield data suggest that the resonance- 
shape characteristic of the (7), (v,p), (y,np), etc., 
reactions persist in even more complex reactions, in- 
cluding, possibly, reactions involving the emission of 
about six nucleons, as exemplified by the Na™(7,a,2p)N” 
reaction. The magnesium yield—probably mostly due 
to Mg" (7,a,3p)N'’—suggests that a broad resonance 
might exist even in this case, extending from the re- 
action threshold to meson threshold. It is possible that 
generally for the more complex reactions the o@ reso- 
nances are broader, as well as smaller in amplitude, 
than those of the simpler reactions. The breadth of the 
resonance for the more complicated reactions, as well 
as the indicated increase of ¢ even below meson thresh- 
old, would confirm the emission of energetic particles 
as suggested by LeCouteur.*! 

It is of interest to estimate the total photonuclear 
cross section in the energy region above the giant 
resonance for a nuclide having an atomic number ~ 10 
by summing the partial cross sections due to the various 
processes. 

Assuming the yield surface found by Halpern et al.’ 
to apply in low-Z cases and over a wide energy range, 
the N" yield from a given nuclide having A> 19 would 
represent roughly 1 percent of the total A=17 yield 
due to high-energy photon bombardment. An estimate 
of the total photodisintegration cross section can then 
be formed by summing the photon cross sections in 
Figs. 4 and 5 (representing AA’s of 3, 6, 7, and 10), 
adding terms determined by interpolation for missing 
4A’s, and multiplying by 100. This gives a value of the 
order of 3X 10~*' cm* as total photonuclear cross section 
in the 50- to 150-Mev region, and an increase to at 
least 10-** cm?* at 400 Mev, taking into account the 
many reactions contributing at the higher energies. 
The value 3X10-* cm? is already 15 times the upper 
limit estimated for the average O'*(y,p)N"’ cross section 
in the region above the resonance. The upper limit on 
the average F!*(y,2p)N" cross section in the 50- to 
150-Mev region is ten times smaller still. This confirms 
that the more complex reactions compete effectively 
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with the simpler reactions in the higher-energy region. 
If the constant AA yield profiles are actually broader or 
narrower in this region of the periodic table than those 
measured by Halpern ef al.,’ or if the peak of the yield 
profile for constant AA is shifted relative to the position 
found by Halpern’s group, this estimate might be off 
by a factor of the order of 10 either way. In any case, 
the cross section for the emission of seven or more 
nucleons at 200 to 400 Mev is considerably larger than 
that for the emission of only one or two. 

Previous cross-section evaluations for complex photo- 
nuclear reactions have been made with x-rays from 
synchrotrons, using photographic plate techniques. 
The average value for the cross section for the photo- 
production of stars of three or more prongs in silver is 
given by Miller.*? For the 242- to 322-Mev photon- 
energy interval, it is (8+1)10~*" cm’; in the 161- to 
242-Mev interval (7+1)X10~*’ cm*. The corresponding 
total photon absorption figures in aluminum from the 
data presented here would be of the order of 8X 10-* 
and 6X10-* cm’, respectively. Applying a factor of 
four to correct for the differences in nucleon numbers in 
silver and aluminum makes the total absorption cross 
section reported here roughly four times the_star- 
production cross section reported by Miller. This is a 
reasonable agreement, considering the errors and the 
differences in choice of data. 

Previous workers™ have shown that the charged pion 
photoproduction cross sections for low-Z nuclei are of 
the order of 10~** cm? per nucleon. The pion yields are 
found to be proportional to A!, indicating possibly that 
a charged photomeson produced in the nuclear interior 
is usually absorbed immediately within the parent 
nucleus. The resulting highly excited nucleus would 
then decay by nucleon emission; the whole process 
appearing to be a photonuclegr reaction. The order-of- 
magnitude agreement of the meson photoproduction 
cross sections and the total high-energy nuclear photo- 
absorption cross section estimlated here leaves open the 
possibility that the “photonuclear” process at high- 
photon energies is predomitiantly a mesonic, rather 
than a nuclear effect. 

The author wishes to acknowledge with thanks the 
contributions to this work of Professor W. K. H. 
Panofsky, who suggested the problem and directed its 
execution; Professor R. A. Ogg, Jr., who prepared 
several special targets in the early phases of the work; 
Mrs. P. B. Hanson, T. McKinney, J. Van Mierlo, and 
K. Wilson, who were responsible for the efficient opera- 
tion of the accelerator; and Mrs. I. Machein, who 
performed a large part of the data reduction. 

=R. D. Miller, Phys. Rev. 82, 260 (1951 

™R. E. Marshak, Meson Physics (McGraw-Hill Book Com- 
pany, Inc., New York, 1952), pp. 98-109. 
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Angular Distribution of n-p Scattering at 17.9 Mev 
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The angular distribution of protons bombarded by 17.9+0.1-Mev neutrons was measured at 11 angles 
from 2.5° to 50° in the laboratory system. At each angle the energy spectrum of protons producing a coin- 
cidence of pulses in two proportional counters and a NaI (TI) crystal was measured in the Nal crystal. Each 
spectrum has a peak less than 25% wide at half-maximum and a small low-energy tail caused by Coulomb 
scattering of the protons in the detector. The error in each yield «was between 2 and 3% for angles from 
2.5° to 45° and 8% at 50°. A least squares fit to the data gives 1.08+0.03 for the ratio of the m-p scattering 


cross sections at neutron angles 180° and 90° cm. 





INTRODUCTION 


HERE have been several measurements of the n-p 

scattering angular distribution with neutrons of 
14.1 Mev. Each of three most recent investigations'* 
has revealed a small anisotropy. The best value of 
a(180°)/o(90°) is 1.05+0.02. At 27.2 Mev the effect is 
much larger—o(180°)/o(90°) =1.28+0.10.4 The only 
measurement between 14.1 and 27.2 Mev gave the in- 
conclusive result o(150°)/a(90°) = 1.06+0.16 for neu- 
trons between 18 and 21 Mev.® The value found in this 
experiment for o(180°)/¢(90°) is 1.08+0.03 for 17.9- 
Mev neutrons. 


EXPERIMENTAL 


Deuterons accelerated to 1.96 Mev by the 2.5-Mv 
electrostatic generator entered a 1.5-in. long tritium gas 
target through a 0.05-mil nickel foil. At the normal 
operating pressure of one atmosphere of tritium the 
shift in the T(p,n)He* threshold and the rise of the 
yield curve showed that the deuteron energy in the 
tritium target was 1.7+0.1 Mev. Hence, the neutrons 
produced at 0° in the T(d,n)He‘ reaction have energies 
of 17.94+0.1 Mev. Since the gas is contained in a steel 
cylinder with a 0,010-in. wall, a 0.05-mil nickel entrance 
window, and a 0.004-in. platinum beam-stop, contami- 
nation of the forward beam by energy-degraded neu- 
trons is negligible. 

Experience showed that currents above 2 ua produced 
pinholes in the nickel window. At the average operating 
current of 1 wa no pinholes were produced, but there 
was still a small heat-leak of about 1.5% per hour. After 
several hours the target was replenished with tritium 
from a uranium storage vessel. 

A long propane recoil counter biased above d-d neu- 
trons was the neutron flux monitor. In a 3-week test 
with a Po-Be source the counting rate of this monitor 
followed the Po decay curve to within +0.5%. During 


1H. H. Barschall and R. F. Taschek, Phys. Rev. 75, 1819 (1949). 
? Allred, Armstrong, and Rosen, Phys. Rev. 91, 90 (1953). 

* John D. Seagrave, Phys. Rev. 97, 757 (1955). 

* Brolley, Coon, and Fowler, Phys. Rev. 82, 190 (1951). 

* E. M. Baldwin, Phys. Rev. 83, 495 (1951). 


this time the bias setting varied by +0.5% and the 
voltage® by +0.02%. 

The n-p angular distribution was obtained by count- 
ing with a triple coincidence telescope’ the number of 
protons ejected from a polyethylene radiator as a func- 
tion of angle made with the 17.9-Mev neutrons incident 
on the radiator. The proton counts were normalized to 
the propane monitor counts, and at least 6 runs were 
made at each of 10 angles from 0° to 45°. (With the 
telescope set at 0° the average angle is 2.5°, but this 
angle will be referred to as 0°.) 

Figure 1 shows the tritium gas target, the polyethyl- 
ene radiator, the two proportional counters, and the 
Nal spectrometer. The housing is a steel can with a 
0.030-in. thick hemisphere between the tritium and radi- 
ator to produce a constant attenuation of the neutrons 
as the telescope is rotated about an axis through the 
radiator. The distance of the radiator to the center of 
the tritium was 4.3 in.; of the Nal aperture to the 
radiator, 3.9 in. The entire can was filled to 0.5 atmos 
of an argon +3% CO, mixture. With this arrangement 
there is no foil or counter-wire in the path of the pro- 
tons from radiator to Nal crystal. A 180° field-tube 
served to delineate the active length of each counter 
at 1 in. and to reduce by } the number of argon recoils 
detected by the proportional counters. The thickness of 
the Nal crystal, 2.5 mm, is sufficient to stop a 20-Mev 
proton. Using 15-Mev protons from the He*(d,p)He* 
reaction Trail and Johnson’ found that the full width 
at half-maximum of the Nal coincidence spectrum 
was 3%. Alignment of the apparatus was achieved 
in two steps: first, visually with the aid of plumb 
bobs, and then more accurately by observing the pulse 
height difference in the NaI spectrometer for sup- 
posedly equal proton recoil angles, -+@ and —#@. This 
method is quite sensitive, for, if the true zero angle is in 
error by 1°, the pulse heights at +45° will differ 
by 6.7%. 

To adjust for the collection time of the porportional 
counter pulses, the NaI pulses were delayed before 
entering the coincidence circuit. In order to choose the 


* The voltage supply was a 1-5-kv model 400B manufactured by 
the John Fluke aa Seattle, Washington. 
*C. C. Trail and C. H. Johnson, Phys. Rev. 95, 1363 (1954), 
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was slight enough compared to the plateau so 


that a 0.6 usec delay could be used for all of t 
mentioned energies and, therefé 


At 


he above- 


re, for all recoil angles 
between 0° and 45 50°, however, a 0.3-use delay 


was used so that the operating point would stay closer 
to the middle ot the plateau 
Since the protons lost an average of about 1°; of their 


energy in each proportional counter, their coincidence 
spectra were very broad, in qualitative agreement with 
the Symon-Landau theory.® To insure that all protons 
would be cour ted, the proportion il counter bi ises were 
set at half the he ight of the low energy « utoff when the 
te les« ope was s nm ft) At other ar gles th e pulses were, 
of course, higher 

[The noncoincidence counting rates of the two pro- 


portional counters and the Nal spectrometer were ap- 


at 1500. 1200. and 300 


proximately constant with angle 
counts/sec, respectively. These rates are so low that 
corrections for accidental coincidences and dead time 
are each less than 1° The corrections were not 
made since only the relative angular distribution was 
investigated 

It was the intention to take an equal number of 
counts at +@ in order to reduce the errors caused by 
smal! misalignments. However, almost all of the back- 
ground coincidences, presumably from the F'"(m,p), 


d to originate in the 
1e difference 


n.d and (n.a reactions, were foun 


teflon insulator (see Fig. 1 Because of tl 
in neutron flux on the Teflon a 


ld be achieved i: i 


t +4, a higher statistical 


accuracy cou given time by orienting 


the telescope as in Fig. 1, i.e., » he Teflon away from 
* Bruno Rossi, 7 Fuerey Particles (Prentice-Hall, New York, 


1952), pp. 29 fi 


the neutron source. The observed difference in the back- 
grounds (e.g., a factor of 1.5 for +45°) could be ex- 
plained by this mechanism. Approximately } of the 
data were taken with the Teflon on the far side of the 
tritium, } on the near side. The NaI coincidence spectra 
taken on the far side are shown in Fig. 2 for proton 
recoil angles ranging from 0° to 50°. Backgrounds, 
which varied from 5% under the 0° peaks to 40% under 
the 50° peak, have been subtracted. 

A polyethylene radiator 0.016 in. thick was used for 
. In order to maintain sharp spectra 
to 50°. These 


the angles 0° to 30 
a 0.008-in. radiator was used from 35 
radiators were mounted inside the telescope-can on a 
wheel which also contained a 0.003-in. radiator, an 
a-particle source for testing purposes, and a blank and 
a carbon target for measuring background. The wheel 
could be turned without breaking the vacuum through 
a bellows-type rotating seal. 

Aside from radiator thickness, the angular resolution 
of the system, +3°, was the major factor in broadening 
the peaks. Since E,= E,, cos*@, where E, and E, are the 
recoil proton and incident neutron energies, respectively, 
it is unimportant (in regard to the proton spectra) to 
have good angular resolution near 0°, but very impor- 
tant at large angles. For example, a +3° resolution 
produces a width at half-maximum of 2% at and 
20% at 45°. An increased efficiency without sacrifice 
of energy resolution was achieved by the well-known 
device of using a rectangular, rather than a circular, 
radiator and Nal aperture. For the dimensions chosen, 
0.2 in.X0.4 in. for both radiator and aperture, the 
angular acceptance is not appreciably increased except 
for angles less than ~10°, where the proton energy is 


5 > 


almost constant with angle. 

Calculations of single and multiple’ Coulomb scatter- 
ing in the radiator and A-CO, showed that there was a 
-gligible effect on the NaI spectra. Some of the protons 
initially recoiling at the proper angle to be detected are 
scattered in the radiator and gas so that they do not hit 
the Nal crystal. There is compensation, however, from 
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*H. S. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949), 














ANGULAR DISTRIBUTION OF a-p SCATTERING 


protons initially recoiling at other angles. For the proton 
energies, radiator thicknesses, and gas pressure used in 
this experiment more than 99.5% of the protons were 
deflected by less than 4°. In such a small angular range 
the yield of n-p scattering is so nearly linear with angle 
that the compensation is essentially perfect. The com- 
pensating protons, coming from closely neighboring re- 
coil angles, have nearly the same energy as the direct 
protons and fall within the peaks of the Nal spectra. 
The small but discernible tails (see Fig. 2) which occur 
on the low-energy side of the peaks are attributed to 
penetration of the slit over the Nal crystal and to 
scattering in the walls of the proportional counters. 
Approximate calculations of these effects agreed with 
the observed tails, but no correction was applied to the 
data because the complicated geometry demanded that 
several simplifying assumptions be made. In addition, 
the number of counts observed in the first few channels 
below the peak compared to that in the peak was always 
less than 1% per channel and was often 0% within 
the statistical uncertainty. However, at each angle a 1% 
uncertainty was assigned to the yield to cover the pos- 
sible error in the number of channels included in the 
peak. As a check on the effects of radiator thickness and 
counter-gas pressure spectra were obtained with a 
statistical accuracy of 4% with 0.008-in. radiator at 0°, 
of 5% with a 0.003-in. radiator at 45°, and of 7% at 45° 
with the A-CO, pressure reduced from the usual value 
of } atmos to } atmos. In all three cases the shapes of 
the spectra and the yields agreed with the other data 
taken at 0° and 45°. 

Since three different radiators were used in this 
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Fic. 2. Nal coincidence spectra taken with the telescope ori- 
ented as in Fig. 1. These spectra comprise about ] of all the data. 
Backgrounds, which varied from 5 percent under the 0° peaks to 
40% under the 50° peak, have been subtracted. 
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Fic. 3. This drawing was prepared by J. L. Fowler for use in a 
forthcoming review article. The curves for the 14.1- and 17.9-Mev 
data were obtained from least squares analyses assuming distribu- 
tions of the form 1+-& cos. The other curves were drawn visually. 
49B1—H. H. Barschall and R. F. Taschek, Phys. Rev. 75, 1819 
(1949). 534—Allred, Armstrong, and Rosen, Phys Rev. 91, 90 
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Ramsey, Phys. Rev. 96, 1310 (1954). 54C—Owen Chamberlain 
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experiment, it was necessary to have an accurate com- 
parison of their weights. Each radiator was cut into a 
0.2-in.X0.4-in. rectangle, weighed on a microbalance, 
and then attached to a j-in. tantalum disk by gentle 
heating on a hotplate. Each tantalum disk was then 
cemented over a hole in the radiator wheel. There was 
no weight change after the heating. The number of 
hydrogen atoms is directly proportional to the weight. 
No area measurements are required and no assumption 
need be made as to the uniformity in thickness of the 
polyethylene foils. This method also eliminates the usual 
slit in front of the radiator. 


RESULTS 


The yields, converted to the c.m. system by the 
relativistic transformation, are plotted in Fig. 3 against 
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the c.m. scattering angle of the neutron. Least squares 
fits to the data were made for three functions: ¢(#)™1, 
1+ cos#, and 1+ cos? 


A measure of the goodness ot fit is 


where n is the number of points—11 in this case—and 


¢, is the error assigned to the ith point. A good fit has 
1. For the three functions—1, 1+&cos#, and 
1+ cos’@—the values of © were 3.0, 2.0, and 1.4, 


respectively. For the two latter functions k=0.,08+0.04 
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isotopic purity has made possible a more precise 
determination of the tritium half-life by measurement 
of the amount of He* produced in a known length of 
time from a known initial amount of tritium gas. 
Half-life determinations were made on two samples. 
Sample I was sealed off in a 200 cc cylindrical lime glass 
vessel, and Sample II in a similar Pyrex vessel. A 
blank mixture of He‘ and Hz, in proportions approxi- 
mating the final He’/T, ratio in Sample II, was put 
into a lime glass vessel and stored for about the same 
length of time and in the same manner as Sample I. 
Each vessel was well baked out and provided with two 
break-off seals in series in order to prevent contact of 
the gas with material other than clean glass, and in 
order to check possible diffusion through the first 
break-off seal during the decay. Each vessel was 
enclosed in an evacuated Pyrex sheath, also provided 
with a break-off seal, and stored at liquid nitrogen 
temperature for the duration of the decay period. The 
low temperature storage minimized diffusion of the 
gases, especially helium, into the vessel walls. Lime 
glass was employed in Sample I since it is considerably 
less permeable to helium than Pyrex.' The He’ contents 
of Samples I and II were determined within a few days 
of each other. The Het in the blank was then separated 


* This paper is based on work performed under University of 
California contract with the U. S. Atomic Energy Commission 

'S. Dushman, Vacwwm Technique (John Wiley and Sons, Inc., 
New York, 1949), p. 536. 
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and 0.08+0.03, respectively. In order to compare the 
data at 17.9 Mev with those at other neutron energies, 
1+ (0.08+0.03) cos*@ was taken to be the best fit, and 
the relative yields measured here were normalized to the 
total cross section of 535 mb. There is no intention to 
imply that symmetry about 90° has been observed. 
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y measurement of the He’ growth 


to prove the effectiveness of the storage and separation 
methods. The separation of tritium (hydrogen) from 
He® (He*‘) was made with a small palladium thimble, 
operated at 350°C and causing negligible holdup. The 
gas to be separated communicated with the inside of 
the palladium thimble by means of a Kovar tube, 
welded to the palladium. The arrangement insured that 
the gases to be separated would not come in contact 
with hot glass. The gas undergoing separation was 
exposed only to mercury, clean glass, and the palladium 
thimble. The contact time of tritium with hot glass 
on the low pressure side was short enough so that 
diffusion or exchange effects were negligible. After the 
gas had been removed from the separation system, 
further traces were recovered by heating the walls 
of the system. 

The tritium gas used had been enriched in a system 
of Hertz pumps constructed by R. M. Potter, J. R. 
Mosley, and F. J. Dunn. The gas to be sealed up for 
decay was analyzed with a mass spectrometer im- 
mediately after passage through a palladium valve and 
compressed into a volume of about 100 cc for measure- 
ment. This volume included a limb of the ? in. I. D. 
Trubore tubing manometer with which the pressure 
was measured. The volume was calibrated with mercury 
to about one part in 50000. The meniscus positions 
were estimated to 0.001 cm Hg with a cathetometer, 
which was intercompared with a standard meter bar 
suspended between the limbs of the manometer. The 
temperature was estimated to 0.005° with a mercury-in- 
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Taste I, Summary of experimental data. 














; Decay time, mean Final T: plus 
Sample Initial T2, cc He’, cc solar days 4 He’, cc Ty, years 
I 78.204+0.020 20.178+0.003 892.76+0.02 78.197+0.020 12.265+0.004 
II 105.24540.025 18.016+0.003 578.09+0.02 105.285+0.025 12.259-+-0.004 
accepted value 12.262+0.004 











glass thermometer taped to the measuring volume and 
insulated from the room. The thermometer was gradu- 
ated to 0.02°, and its calibration was checked against 
a standard platinum resistance thermometer. The 
average temperature of the gas exceeded the measured 
temperature slightly due to radioactive heating. The 
calculated correction averaged about 0.03°. After 
measurement, practically all the tritium was transferred 
into the decay vessel through a capillary lead-in with 
a mercury Toepler pump. The lead-in was sealed off, 
and the very small amount of gas not transferred was 
measured and then analyzed on a mass spectrometer. 
The helium was measured in a volume of about 35 cc, 
which was known to one part in 15 000. Pressure and 
temperature measurements were similar to those above. 
Appropriate reduction of pressures to international 
cm Hg were made. Corrections for gas imperfections 
were made using the virial coefficient data for Hy and 
He* summarized by Keyes.* Comparison of data for 
H: and D,® indicates that isotope effects in the virial 
coefficients may for present purposes be neglected. 

The initial and final tritium and the helium were 
analyzed on a Consolidated-Nier mass spectrometer, 
using a high-pressure leak. Several independent analyses 
were made. The instrument was well baked out, 
sometimes with high purity tritium gas flowing through, 
in order to minimize memory and exchange effects. 
Analyses were continued until there were no changes 
in the indicated composition. This sometimes required 
two hours or more and replacement of sample. Making 
some allowance for absolute errors, an uncertainty of 
about 0.02 percent is estimated for the initial and for 
the final amounts of tritium due to the mass spec- 
trometer analysis. The tritium isotopic content of the 
initial tritium in Sample II was checked to 0.01 percent 
on a different mass spectrometer, using a molecular 
leak. Corrections for the small amounts of non-isotopic 
impurities, amounting to a few hundredths of a percent, 
were made on the basis of known mixtures of small 
amounts of such gases with hydrogen. The mass 
spectrometer was calibrated with these mixtures at 
approximately the time of analysis. 

Since the initial tritium to be used for decay was 
measured as a function of time as it passed through 
the palladium thimble, the average time at which the 
tritium sample started to decay was known. Similarly, 


*F. G. Keyes, Temperature (Reinhold Publishing Corporation, 
New York, 1941), p. 41. 

* Wooley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379 (1948). 


in the final separation of tritium and He’, the average 
time at which the tritium was separated was known. 
It is estimated that the effective decay time is known 
to a half-hour or better. 

Following the He*-T, separations, the separation 
system was exposed to several samples of pure hydrogen 
in order to remove possible traces of tritium. The He* 
was then separated from the hydrogen in the blank and 
analyzed on the mass spectrometer. The helium 
recovered was 0.001 cc less than had been measured 
out in the blank preparation. This result is well within 
the errors of the several measurements and is evidence 
for the adequacy of the storage and separation 
procedure. The probability that a recoiling He’ would 
penetrate the glass of the decay vessel was estimated to 
be negligible. In this estimate collisional slowing down 
was taken into account, and the assumption was made 
that the energy required for entry into the glass was 
equal to the activation energy for diffusion. Columns 
2 and 5 of Table I show that the material balance is 
within experimental error. 


Results 


The experimental data for the two samples is sum- 
marized in Table I. The amounts of gases are expressed 
in cc NTP, corrected for gas imperfections. 


TaBLe IT. Comparison with other determinations. 








Observer Half-life, yr Method 
Novick* 12.1+0.5 He’ growth. 
Jenks, Ghormley, 12.46+0.1 Steady state rate of diffusion 
and Sweeton of He’ from a thin quartz 
capsule containing tritium 
oxide. 
Jones* 12.41 Mee Absolute counting. 


Present data 





* A. Novick, Phys. Rev. 72, 972 (1947). 

+ Jenks, Ghormley, and Sweeton, Phys, Rev. 75, 701 (1949); Jenka, 
Sweeton, and Ghormley, Phys. Rev. 80, 990 (1950). 

«W. M. Jones, Phys. Rev. 63, 537 (1951). 





Comparison with Other Data 


The present value is compared with other deter- 
minations in Table II. 
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Slow Neutron Resonances of Manganese, Bismuth, and Selenium* 
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The apparatus associated with the Argonne fast neutron “chopper” and techniques that have been 
developed for its use in neutron transmission measurements are described. Of particular importance is the 
application of a boron-loaded liquid scintillation counter for the efficient detection of slow neutrons. The 
nature of the data that are obtained is illustrated by the results given for bismuth, selenium, and manganese. 
Several techniques for finding neutron resonance parameters and their application to the above data are 
are discussed. Resonance widths are found for the first two levels in bismuth. For the levels in selenium 
the measurements give only oof. A complete set of parameters is obtained for the first three manganese 
resonances. The abnormally large ratio of neutron width to level spacing for manganese produces an unusual 
shape for the cross-section curve in the neighborhood of the second resonance which is interpreted as being 
caused by interference between the second and third resonances. For this interpretation we obtain J =2 


for Eo = 337 ev, J =3 for Eo= 1080 ev 


1. INTRODUCTION 


— use of the time-of-flight method for slow 

neutron experiments has been thoroughly treated 
In particular, the characteristics 
of the Argonne fast mechanical neutron velocity selector 
in its initial state of development was described by 
Selove.* During the 


in the literature.'? 


past two years, however, almost all 
of the original equipment has been replaced and new 
techniques have evolved for obtaining data of high 
quality. The purpose of the present paper is to describe 
these improvements in our system and to give illustra- 
tion of the data that can be obtained with it. The bulk 
of the that will be 


reported in following papers. 


results are being accumulated 

Ihe Argonne fast neutron velocity selector has been 
used only for the measurement of the neutron trans- 
mission of materials, that is, for the determination of 
total neutron cross sections. In these experiments, a 
short burst of collimated neutrons from the Argonne 


heavy-water pile (CP-3’) is passed by a mechanical 


“cc 


shutter (usually termed a neutron “chopper’’) at a 
known time. The time that elapses between the emission 
of this burst and the detection of a neutron at a known 
distance from the chopper provides a measure of the 
energy of that neutron. The energy distribution of the 
neutron beam passed by the chopper is measured by 
recording counting rate as a function of flight time; 
because of the small counting rates obtained, these 
a multichannel differential 


flight-time analyzer. The transmission of a sample as a 


rates are registered on 


function of energy is measured by dividing the counting 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission 

t Now at Stanford University, Stanford, California 

t On leave from Beloit College, Beloit, Wisconsin 

'L. J. Rainwater and W. W. Havens, Jr., Phys. Rev. 70, 136 
1946); W. W. Havens, Jr., and L. J. Rainwater, Phys. Rev. 83, 
1123 (1951); A. W. Merrison and E. R. Wiblin, Proc. Roy. Soc 
London) A215, 278 (1952). 

* Seidi, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys 
Rev. 95, 476 (1954 

*W. Selove, Rev. Sci. Instr. 23, 350 (1952) 


and J =3 for 2360 ev. 


rate distribution, corrected for background, from the 
chopper into the corresponding distribution that is 
obtained when the sample is placed in the neutron beam. 

The essential properties of the three basic components 
required for neutron transmission experiments, namely 
the chopper, detector, and flight-time analyzer, are 
listed in the following section as an introduction to a 
discussion of their use in our measurements. 


Il. APPARATUS 
Chopper 


The chopper used for the present measurements is 
similar in design to that described by Selove.* Its slit 
system consists of 6 slits running parallel to the axis of 
rotation. The neutron beams issuing from these slits 
overlap on the axis of rotation for all flight paths 
greater than a few meters giving the neutron intensity 
patterns shown in Fig. 1. 


Detector 


Two kinds of neutron detectors were used. A bundle 
of counters filled with BF; at 2-atmosphere pressure, as 
described in reference 3, was used for measurements at 
all energies, that is, from thermal energies to the upper 
energy limit set by the resolution of the system. The 
location of the counters relative to the neutron beam is 
indicated in Fig. 1. 

For neutrons with energies greater than about 100 ev, 
a successful model of the new boron-loaded liquid 
scintillation neutron detector‘ has been put into 
operation.’ This counter,‘ using a counting liquid 
consisting of 4 g per liter of 2-5, diphenoloxyzol and 
16 mg per liter of diphenylhexatriene in equal volumes 
of phenylcyclohexane and enriched trimethy! borate, 
has a mean neutron capture time of 0.4 usec. The 2-inch 





*C. O. Muehlhause and G. E. Thomas, Jr., Nucleonics 11, No. 
1, 44 (1953). 

+ G. Thomas and L. Bollinger, Phys. Rev. 91, 452 (1953). 

* The properties of boron-loaded liquid neutron counters will 
be described in detail elsewhere. 
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diameter by 4-inch long quartz cell that contains the 
scintillating liquid is mounted in the neutron beam 
as shown in Fig. 1. For our measurements, the most 
important characteristic of the liquid counter is its 
high neutron-counting efficiency ¢, which is given 
approximately by e=1.0E~-8 for 10<£<10000 ev. 
This efficiency is about 15 times that of our gas counters 
at 1000 ev. The liquid counter has the serious drawback, 
however, of being sensitive to y rays and high-energy 
neutrons. The high background that results from this 
property sets a lower energy limit of usefulness for the 
counter as will be discussed in a following section. 


100-Channel Time Analyzer 


The primary emphasis in the design of the flight-time 
analyzer was on stability and reliability of performance. 
The resulting instrument records data in 100 channels, 
with the counts arriving in each channel being stored 
in a scale of 4 scaler and a mechanical register. Channel 
widths ranging from 1 to 20 usec are available. The start 
of operation of the first channel can be delayed by 
times equivalent to integral units of 10 channels up to 
90 channels; thus, the total range that can be covered 
is 190 channels. The basic principles of operation of the 
system assure that all 100 channels are of exactly equal 
widths, a property that was unique at the time of its 
construction.’ As another consequence of these prin- 
ciples, however, only one detector count can be recorded 
for each burst of neutrons, a limitation that is unimport- 
ant for the counting rates normally used. 

Associated with the time analyzer are circuits which 
have the dual purposes of protecting the chopper from 
mechanical damage and of monitoring the over-all 
operation of the velocity selector to insure that meaning- 
ful data are being accumulated. By using these circuits, 
a large fraction of the data obtained with the system 
is collected at night without an operator in attendance. 


3. TECHNIQUES OF MEASUREMENT 


Insofar as the equipment described above differs 
from that of reference 3, the changes were made for the 
primary purpose of improving the resolution of the 
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Fic. 1. Neutron intensity patterns formed under static conditions. 
The heavy solid lines show the outlines of the counter active areas. 


_ Bollinger, Harris, and Schumann, Phys. Rev. 87, 184 (1952). 
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selector. Lesser objectives were to improve the energy 
calibration of the system and to decrease the statistical 
and absolute uncertainties of transmission data obtained 
with it. 

Resolution 


The resolving power of the velocity selector depends 
on the length of the neutron flight path and on the 
over-all intensity vs time distribution of the system for 
monoenergetic neutrons. For our system the effects 
that are significant in determining the width of this 
intensity distribution are the duration of the burst of 
neutrons from the chopper and the lifetime of a neutron 
in the detector. In the case of the liquid counter, 
the neutron lifetime in the counter, namely 0.4 usec, 
is negligibly small. For the BF; system, however, this 
lifetime can be of importance; it is the time required 
for a neutron to traverse the 29-cm length of the 
counters and varies with energy as ‘= (21E~!)ysec, 
where £ is in ev. It is expected that future improve- 
ments in neutron scintillation detectors will make it 
unnecessary to use gas counters, but at the present 
time, the length of these gas counters is a primary 
source of resolution broadening for low-energy measure- 
ments. 

For high-energy neutrons, however, the fundamental 
limitation to resolution is set by the burst width of the 
chopper. Attempts to reduce this width by turning the 
rotor at significantly higher speeds (25 000 rpm) have 
resulted in mechanical failure; the speed is therefore 
limited to 17 500 rpm. When using the scintillation 
detector, not only the neutron burst width but also its 
shape is rapidly determined by measuring an intensity 
vs time distribution for pile y rays. One such determina- 
tion is given in Fig. 2, where it is seen that, for full 
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Fic. 2. Chopper resolution function. The data points were 
obtained by recording counting rate vs time for pile y rays with 
the chopper run at a greatly reduced speed so as to eliminate the 
effect of the time analyzer channel width. The burst width meas- 
ured in this way is found to be independent of y-ray energy. 
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speed operation, the width of the neutron burst is 4.1 
msec. 

The important gains in the resolving power of our 
system have been achieved by using neutron flight paths 
that are longer than the 10-meter distance originally 
employed. In the present measurements three detection 
stations, giving flight paths of 10, 20, and 40 meters, 
were used. The BF; gas conters were used at 10 and 
20 meters whereas the highly efficient liquid scintillation 
detector was installed 40 meters from the 
chopper. Typical examples of the high resolution data 
that have been obtained with this long flight path are 
given in Figs. 4, 5, 6, and 7. These data show that the 
boron-loaded liquid scintillation neutron detector has 
become a useful tool for neutron time-of-flight measure- 
ments; the flight path of 40 meters was feasible for our 
system only because of its high efficiency. 


neutron 


The highest resolving powers that can be obtained 
with the velocity selector for the 10, 20, and 40 meter 
flight paths are 0.5, 0.25, and 0.12 ywsec/ meter, respec- 
tively, where these values refer to the full width of the 
resolution function at half maximum. For the 
flight paths the resolution widths become 
somewhat greater at low energies because of neutron 
flight times in the BI 


two 
shorter 


counters. 


Background and Second-Order Effects 


The increased resolving power obtained with the 
longer flight paths is gained at the expense of reduced 
counting rates, relatively higher background rates, and 
second-order effects. The important features of these 
several effects are illustrated in Fig. 3. 

The second-order effect to be considered here consists 
of an ambiguity as to whether a detector pulse is caused 
by a fast neutron or by a slow neutron from the proced- 
ing cycle. The elimination of the low-energy neutrons 
a counter of smal] lateral dimensions, as 
reference 3, is not feasible here because the 
counting rates that could be obtained would be pro- 


by using 


proposed in 


hibitively small 

For a 10-meter flight path, the second-order effect is 
not present because the slow neutrons are swept from 
t} turning rotor. The rotor 
thereby prevents neutrons from arriving at the 10-meter 
detectors for the time interval just before the slits open 


the beam by the rapidly 


The counting rate during this time interval is recorded 
in a special “background channel” which is about 20 
times as wide as a normal channel of the time analyzer. 
A comparison of the counting rates at strong resonances 


} 


which are known to give zero transmission with the 
rate in the background channel has shown that it gives 
a reliable measure of background at all energies. 

For the 20-meter flight path, the cycle overlapping 
effect comes into play. Corrections for both background 
and second-order counting rates can be made with 
accuracy for samples that have no resonance structure in 
the second-order energy range. The data required to 
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make these corrections are: the shape of the time 
dependence of the second-order contribution, the 
number of counts recorded in the background channel, 
and the time independent background. This latter 
background is measured by blocking the neutron beam 
issuing from the chopper at regular intervals and 
recording the total counting rate with the beam so 
blocked. This cyclic counting operation is automatically 
performed for 44 seconds of a 4-minute cycle. To the 
background measured in this way is added a small 
contribution for the high-energy neutrons which, under 
norma! operation, pass through the 16-inch steel rotor. 
The background and overlap problems for the 
40-meter flight path are similar to those at 20 meters, 
but the greater magnitude of these effects at 40 meters 
sets a more severe limitation on the samples that can 
be profitably studied. In particular, the time-independ- 
ent background of the liquid counter is greater than its 
counting rate due to chopper neutrons with energies 
less than 100 ev; measurements are, therefore, usually 
limited to energies greater than 100 ev. Second-order 
neutrons do not constitute a serious source of back- 
ground above this energy because the counting rate 
produced in the liquid detector by a 1/£ neutron beam 
varies approximately as neutron velocity V as con- 
trasted with the constant counting rate obtained from 
a 1/V detector? Since a knowledge of the variation 
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Fic. 3. Counting rates of the Argonne neutron velocity selector 
with the heavy water pile CP-3’ as the primary source of neutrons. 
The small transmission dips observed at 337 and 2360 ev are 
caused by manganese resonances, the manganese being an 
impurity in the aluminum of either the pile tank wall or the 
neutron flight tube windows. 
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with energy of the second-order counting rate is 
required, however, the 40-meter flight path is used 
primarily for samples that have no neutron resonance 
structure at low energies. An example of the raw data 
that are obtained with the liquid counter and an 
illustration of the way in which a prominent resonance 
is used to determine the first-order contribution is 
given in Fig. 4. 


Accuracy of Cross-Section Measurements 


In addition to lack of resolution and statistical 
accuracy, an important source of error in our transmis- 
sion measurements is an instability in the over-all 
sensitivity of the detection systems. The ratio of 
counting rate of the detector to that of the pile power 
monitor may drift by about 3% during a 24-hour 
period for the BF; detection system and by a somewhat 
lesser amount for the liquid counter. To eliminate 
systematic errors of this kind, an automatic sample- 
changing system has been developed which periodically 
switches the velocity selector from measurements on 
the sample to open-beam measurements, with a total 
cycle time of 4 minutes. The two sets of data are 
alternately recorded on different halves of the time 
analyzer. Measurements of this kind usually cover a 
wide energy range with poor resolution. The high- 
resolution data that are obtained without repeated 
alternation are then normalized to the low-resolution 
data by requiring, for a particular sample, that the 
two sets of transmissions, averaged over a wide energy 
range, shall be equal. It has been found that data 
obtained by the sample alternation technique are 
reproducible and that they are in good agreement with 
other careful measurements. 


Energy Calibration 


The principal error that limits the 
accuracy with which neutron velocities, and hence 
energies, can be measured with the present velocity 
selector is an uncertainty as to the zero of time for the 
neutrons. Two sources of error cause the zero-time 
uncertainty. The more subtle effect is that the trans- 
mission of the slit system is greater for neutrons that 
enter it while the slits are opening than for those entering 
while they are closing. The magnitude of the effect 
depends on the velocity of a neutron relative to the 
rotor speed. Thus, the mean time of the initial neutron 
intensity vs time distribution depends somewhat on 
the relative neutron velocity. This shift in the neutron 
distribution has not been investigated experimentally, 
but it is believed that, for the experimental conditions 
normally used, the zero in time varies with neutron 
energy by less than 1 usec. 

A second source of error in the energy calibration is in 
the determination of the time zero for fast neutrons, 
for which the intensity distribution is not influenced by 


systematic 
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Fic. 4. Raw data obtained with the liquid detector. The first 
order contribution is accurately given by a linear interpolation 
between the counting rates at the “background” channel and 
that at the minimum caused by the 337-ev resonance. 


the sweeping action of the rotor slits. This time calibra- 
tion is made by measuring, with a scintillation counter, 
the zero time for pile y rays; to this y-ray zero is added 
a small constant time that is equal to the mean differ- 
ence between the arrival of a neutron at the counter and 
the formation of a detector pulse. Using the above 
procedure, zero time determinations are reproducible 
to about 0,2 usec and are believed to be in error by 
less than 0.5 usec. 
4. RESULTS 


For the range of energies that is of primary interest 
for the measurement of neutron cross sections by the 
time-of-flight method, namely, from 5 to 5000 ev, the 
instrumental resolution width is generally not narrow 
enough to permit a direct observation of the detailed 
shape of resonance structure. A fruitful interpretation 
of the data is possible, therefore, only in terms of 
assumed resonance shapes, for which shapes resonance 
parameters may be deduced by means of somewhat 
indirect methods. The shapes required for an analysis 
of this kind are given by the single-level Breit-Wigner 
formulas. For the present measurements we need 
consider only the simple case of a target material which 
interacts with neutrons only by way of radiative capture 
or by s-wave eleastic scattering processes, with which 
are associated capture and scattering cross sections 
a, and ¢,. In this case the total cross section is given by® 


C=O-+0,, 


ry Eo ‘ 1 
T-=O% ( )- _, (1) 
TNEZS 1+2 


ro RT : 
o,=44R?+05- [1+(2- — )e]/ a+, (2) 
r Ao lr’, 


*H. A. Bethe, Revs. Modern Phys. 9, 115 (1937). 
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the kinetic The 
ind 2xX,» are the neutron energy and wave 


r,, and I’, are the total, 


Here E is the neutron. 
constants I 


oth 


energy of 


1 at exact resonance, IT, 


y-ray, is the cross section 


ind neutron widths, and a» 


at exact resonance. The statistical factor g is given by 


PJ +-1)/(27+1 hf 141/(27+1)], 
where / is the spin of the target nucleus and J is the 
of the compound nuclear state. 


those for bismuth and 


spin 


Of the data which follow, 


selenium illustrate measurements for which resonance 
parameters can be deduced only by an indirect analysis, 
assuming the resonance formulas given above to be 
applicable. For the manganese data, on the other hand, 
the experimental resolution width was narrow enough 
for a direct observation of resonance shapes. 


Bismuth 


The total neutron cross section of bismuth has been 
studied over the range of energy from 2 to 20 000 ev. 
} or the 


sacrifice 


measurements at low energies, resolution was 
1 in favor of the high absolute accuracy of 
cross section that is obtained by using a 10-meter 
flight path and the automatic sample changing system 
described in an earlier section. Two runs of this kind 
showed no measurable change in cross section between 
1.5 and 20 ev. The average values obtained for this 
interval were 9.30+0.05 and 9.34+0.05 barns, where 


the errors given are standard statistical errors; each 
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measurement was aiso subject to possible systematic 
errors of about +0.05 barn. 

For the measurements above 200 ev, our best 
resolution and several sample thicknesses were used 
since resonances had previously been observed’ at 
about 800 and 2400 ev. Some of the data obtained are 
given in Fig. 5. It is seen that the existence of resonances 
at 810 and 2370 ev is firmly established and that other 
resonance structure is observed in the neighborhood 
of {3 kev. This latter peak has been studied at higher 
resolution with an electrostatic generator” and has 
been found to consist of two resonances, which are 
at about 12 and 16 kev. 

For the first two resonances, parameters may be 
deduced either by using the area above transmission dips 
or by curve fitting the shape of the tails of resonances. 
A straightforward application of the usual area method," 
which assumes a symmetrical resonance of the form 
o=o0,(1+2*)", accurate for the bismuth res- 
onances because their shapes are very asymmetric. For 
any shape, however, if all parameters but one are known, 
the unknown parameter must have a value such as to 
give a calculated transmission curve above which the 
area is equal to the experimentally measured area. In 
the case of predominantly scattering resonances, all 
parameters except I are often approximately known, so 
that the equal area criteria may be used to find [ by 
the following procedure: A resonance shape is assumed. 
For this shape, a transmission curve is calculated for 
assumed constants T, T,, R, and g, with T,, R, and g 
being considered to be known and lr unknown. The area 


is not 


above the calculated transmission dip is compared with 
that 
some energy range that is wide enough to eliminate 


above the experimentally measured dip over 


resolution errors. If the two areas are not equal, a new 
value of T is chosen and the procedure of comparison 
is repeated. This process of successive approximation 
for which the calculated trans- 
mission area is satisfactorily close to the measured area. 


rapidly leads to a T 


The process is most useful for [,<T, for which case 
the final value of T is insensitive to the assumed I,; 
the final I’ is also insensitive to R if the areas are 


Parameters of bismuth resonances 
The widths I are for g=}. 
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55 000 
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+1.5 
+3 
Average +1.5 


*L. M. Bollinger and S. P. Harris (private communication 


* H. W. Newson (private communication 
" Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 (1953 
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measured between energy limits that are symmetrically 
located relative to Eo. 

The foregoing technique has been applied to the data 
obtained with the two thinner samples used, namely 
2.37 and 10.35 g/cm’, at both the 810 and 2370 ev 
resonances. In these calculations the resonance shape 
used was that of s-wave scattering with the parameters 

=}, R=0.86X10-" cm, and l',=0.04 ev; Doppler 
effect was neglected. The results obtained, which are 
listed in Table I, show that these are almost entirely 
scattering resonances; our results are, therefore, almost 
independent of the value assumed for I',. Moreover, the 
resonances are wide enough to justify neglect of Doppler 
effect. 

The strong asymmetry, caused by interference 
between the potential and resonance scattering ampli- 
tudes, that is observed for the ‘bismuth resonances 
affords an alternative procedure for finding resonance 
parameters. From Eq. (2), it is clear that the magnitude 
of the interference term (the [E—E,]}"' term) in the 
scattering cross-section relationship is proportional to 
ol'R/Xo. Moreover, the magnitude of the interference 
term becomes greater than that of the (E—E,)~* term 
at a sufficiently large distance from Eo; hence the 
shape of the wings of scattering resonances allows a 
determination of ool’R/Ap. 

In curve fitting the present data, the technique 
described by Kato ef al.” was used. In the wings of 
each resonance, measured cross sections a; were plotted 
in the form of [o:—teol*(E—Eo)*] vs (E-Eo)", 
giving a straight line for which the slope is ool'R/Xo 
and the intercept of the cross-section axis is 44R’. 
Since, for the bismuth data, the cross-section term 
varying as (E— FE) is much larger than the (E— Eo)~? 
term, the latter may be calculated for an aprroximate 
value of oI? without introducing a significant error. 
For both resonances, corrections were made for the 
effect of the neighboring level. The results obtained are 
given in Table I. In determining o oI from a measured 
value of the slope, R was taken to be that value given 
by the intercept. The two values obtained for R were 
0.88X10-" and 0.89X10-" cm for the 810 and 2370 
ev resonances, respectively. These values are not 
very different from that given by the relationship 
R=1.45X10-"A!, which gives R=0.86X10-" cm for 
bismuth. It should be noted that the widths obtained 


TABLE II. Resonance parameters of selenium 


ool? 
barn-ev? 
53 
1410 
3520 
920 


# Kato, Hughes, and Levin, Phys. Rev. 93, 931 (1954), 
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The neutron transmission of selenium as observed 
with 10- and 40-meter flight paths. 
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from the area data and from the wing shapes, as listed 
in Table I, are in satisfactory agreement. 


Selenium 


There are no previousiy reported measurements of 
the neutron cross section of selenium within the energy 
range 1 to 1000 ev. Some of the results obtained in the 
present investigation are given in Fig. 6. In other 
runs, a 1.24-g¢/cm* sample was studied with a 0.35-usec 
meter resolution over the energy range 20 to 2000 ev and 
a 10.8-g/cm* sample was used for low-resolution meas- 
urements above 2 ev; no additional resonance structure 
was observed in these latter data. The above data have 
been previously reported in the form of cross section vs 
energy in Neutron Cross Sections.” 

For all the selenium transmission dips for which a 
measurable area was obtained the sample was essentially 
thick, i.e., moo>1, hence only ool may be obtained. 
Further, in this case the isotopic assignment of the 
resonances is not known, so that values of resonance 
parameters cannot be found for an assumed I,. The 
rather meager results that can be obtained, values of 
aol® which refer to the element selenium rather than 
to a particular isotope, are summarized in Table IT. 


Manganese 


The prominence of the low-energy neutron reson- 
ances in manganese has made them a favorite subject 
for investigation. The 337- and 2360-ev resonances" 
were carefully studied by Muehlhause and co-workers,” 


% Neutron Cross Sections, U. S. Atomic Energy Commission 
Report AECU-2040, Supplement 3 (Office of Technical Services, 
Department of Commerce, Washington, D. C., 1954). 

“ Rainwater, Havens, Wu, and Dunning, Phys. Rev. 71, 65 
(1947) 

* Harris, Hibdon, and Muehlhause, Phys. Rev. 80, 1014 (1950) 
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who assigned the spin of the compound nucleus to be 
J=3 for the first resonance, J=2 for the higher 
resonance. This J value assignment could not be 
reconciled with the results obtained at Oak Ridge** in 
an experiment on the radiative capture of thermal 
polarized neutrons. Subsequently, other resonances 
were found at 1080 ev’ and at about 7000 and 9000 ev.” 

The present measurements consist of a series of runs 
covering the energy range 175 to 10000 ev with a 
resolution of 0.12 usec/meter. Data were obtained for 
samples having thicknesses of 0.029, 0.030, 0.034, 
0.065, 0.098, 0.099, 0.20, 0.51, and 7.6 g/cm’. The raw 
data obtained for the 0.51-g/cm* sample are shown in 
Fig. 4. A compilation of cross section as a function of 
energy, which makes use of the data obtained for many 
sample thicknesses, is given in Fig. 7. These data show 
that the first and third resonances are, because of their 
characteristic asymmetry, almost surely s-wave scatter- 
ing resonances. The second resonance may not be so 
directly interpreted, however, for it exhibits the unusual 
effect of having a higher cross section on the low energy 
than on the high energy side. 

The manganese data provide two kinds of information 
that are useful in attempting to understand the 
resonance structure, namely, meaningful cross sections 
at most energies and areas above transmission dips 
which give measures of either ool’ or ool®. The data 
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Fic. 7. Total neutron cross section of manganese as a function 
of energy. The solid line is the theoretical cross section for the 
parameters listed on the figure. The three data points below 150 
ev are those given by Muchlhause and co-workers in reference 15. 


L. D. Roberts and S. Bernstein, Phys. Rev. 93, 917 (1954) 
7 H. Marshak and H. W. Newson, Phys. Rev. 98, 1162 (1955). 
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Taste III. Manganese resonance parameters. 
All values are for T’, =0.6 ev. 








r.Eo4 
(ev4) 


Es 10s! 
(b —ev) 


10~*eeI? 


(ev) (b —ev’) 





1.44 +0.05 
0.42 +0.05 
6.99 +0.35 


33723 144 +10 
1080 +20 28+ 0.7 


2360260 219210 








obtained for the seven thinnest samples were used for 
the area analysis of the 337- and 2360-ev resonances. 
Numerical integrations of the areas above calculated 
transmission dips due to scattering resonances showed 
that for these two manganese resonances the usual 
relationships relating transmission areas to ool’ and 
aol are valid when nay is small. It was necessary to use 
the data obtained with a thicker sample, the 0.51-g/cm? 
sample, for the 1080-ev resonance and the anomalous 
shape of its transmission dip indicates a need to use the 
special treatment applied to the bismuth data. Values 
of aol’ and ool? that are given by the above area 
analyses are listed in Table IIT. 

For the case of the unusually wide manganese 
resonances at and 2360 ev, the instrumental 
resolution was narrow enough to make the measured 
peak cross sections meaningful. The data given in 
reference 15 shows that for both of these levels T’,,/T ~1; 
thus, for each Eo, the possible values of oo, as given by 
Eq. (3), are determined almost entirely by the two 
possible J assignments for the compound nuclear 
state, depending only slightly on the y-ray width. 
Tentatively assuming I’, for both resonances to be 0.6 
ev, which is the value given in reference 15 for Ey= 337 
ev, the possible theoretical values are compared in 
Table IV with the measured peak cross sections, om. 
These experimental cross sections were corrected for 
resolution distortion but the effect of Doppler broaden- 
ing was ignored because for manganese Doppler width 
is much narrower than the level width. 

For convenience in making resolution corrections 
when Doppler effect may be neglected, a series of 
curves were constructed from which one may make a 
direct determination of ¢,.,/a9, the ratio of the measured 
to the true-peak cross section. In these calculations a 
resolution function similar to that of Fig. 2 was used 
and resonance shapes were approximated by the 
symmetrical form o=oo(1+2*)". First, curves were 
prepared giving ¢,.,/o» as a function of w/T for several 
values of nao, where w is the resolution width. Then, to 
eliminate the need for employing a method of successive 
approximation, these curves were used to construct 
two other sets of curves. One set, which is reproduced 
in Fig. 8, gives ¢,,/o9 as a function of ¢,,w/ool’ with nom 
as the parameter; the other gives ¢,./a9 08 oni*/aol”. 
Since ¢,, and either oI or ool can be experimentally 
determined and w is known, the resolution correction 
o»/'o9 may be read directly from the appropriate curve. 

Returning to the results of Table IV, the errors 
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associated with the resolution corrected cross sections 
include errors introduced by an estimated 10% un- 
certainty in the resolution width. The agreement 
between the corrected cross sections and one particular 
set of theoretical values is good enough in the case of 
the 337-ev resonance, to show quite unambiguously that 
J=2. The uncertainty in the value of I, for this 
resonance cannot weaken this conclusion. The value 
used, namely 0.6 ev, is probably an upper limit; it was 
obtained by equating the measured thermal capture 
cross section to the contribution expected from the 
resonances at 337 and 2360 ev without taking into 
account the effects of levels at negative energies. For 
values of I’, less than 0.6 ev our conclusion that J =2 
for Ex=337 becomes even stronger. 

The inference that there is a resonance in the neigh- 
borhood of 2360 ev for which J=3 is equally certain in 
spite of a possibility that the observed transmission dip 
could be caused by more than one resonance. The 
conclusion can be otherwise only if too large a correction 
was made for resolution broadening. The resolution 
correction factor used was determined by the magnitude 
of the apparent ool’ for the resonance, i.e., by the 
transmission area obtained for a thin sample. For such 
a sample, an assumption that the area is caused by two 
or more resonances can only result in a larrer correction 
for resolution broadening, making the conclusion that 
J =3 even more certain. 

The anomalous shape of the 1080-ev resonance 
suggests that we have here an example of the previously 
unobserved phenomenon of interference between two 
s-wave neutron scattering resonances. To examine the 
credibility of such an interpretation, consider the 
well-known multilevel neutron scattering cross-section 
relationship®: 


o.= > gy/R+ ¥ BAT,.(E-—Eothil,)“"!17, (4) 
J r 


where the index r refers to each resonance.'* For the 


Taste IV. Comparison of measured peak cross sections om 
with the two theoretically possible values. ',/I was taken from 
Table III. For the 2360-ev resonances, the results for samples of 
approximately equal thickness were averaged. 


Theoretical 
ee 
barns) 


J=2 J=3 


Corrected 


Es af m) om om 
(ev (« em? barns) barns 


26104-4600 
2790-4480 
3400 +700 
28304370 
807 +200 
692+130 
680+90 
702485 459 643 


1910+ 190 
2000-4- 200 
23004250 
weighted average 
484+ SO 
445+40 
436+ 20 
weighted average 


4.03% 10” 
4.16 
4.62 


337 


3120 4370 


4.27 10” 
8.02 
11.63 


% The authors are indebted to Professor Wigner for having 
pointed out that Eq. (4) is not valid when level widths be 
come comparable to level spacing and that, for this reason, 
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Fic. 8. Resolution corrections for resonance peak cross sections . 


special case of interest here, the interference between 
two resonances of the same J, Eq. (4) gives for the 


cross section: 
V(T,/T)* 2RT 
(: + °) 
1+ AT’ y 


Daal’ ne (x,%e+1) 
+ 2Airg 
lr (x°+1)(22+1) 


, 6 


where x is defined in Eq. 3. It will be observed that the 
first three terms of Eq. (5) are the single-level scattering 
terms, whereas the last term is an interference term 
which becomes negligibly small when resonances are 
widely separated relative to their widths. An important 
qualitative feature of the interference term is that it is 
negative in the energy region between the resonances 
and positive outside of this range. 

If the 1080-ev resonance is an s-wave scattering 
resonance, its proximity to both the first and third 
levels necessarily leads us to expect to see the effects of 
interference with one or the other; we may determine 
with which by comparing the measured cross-section 
curve with theoretical curves calculated for the two 
possible sets of J values. Assuming first that J =3 for 
the 1080 ev resonance, its width I was obtained by 
equating the area above the experimental transmission 
dip to that above a theoretical dip, as was described for 
the bismuth resonances; the details of the analysis are 
given in Fig. 9. The result obtained is l= 14.5+1.5 ev. 
Using approximately the widths that have been deduced 
for the first three resonances, the cross section con- 
tributed by them has been calculated and is shown as 
the solid line in Fig. 7. It is seen that this curve is in 
good qualitative agreement with the data. The most 


the present data might be more propertly treated in terms of the 
very general Wigner theory as given, for instance, by E. Wigner 
and L. Eisenbud in Phys. Rev. 72, 29 (1947). Comparative 
calculations have shown, however, that for the present case 
two theories give nearly the same results. Equation (4) is used 
here because of its greater familiarity to most readers. 
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I 9. Area analysis of the 1080-ev resonance in manganese 
The s ne was calculated for !=14. For this width the area 

yve the theoretical curve is almost equal to that above the 
experimental points within the energy limits F; to EZ; 
important feature of the calculated curve, the high 
cross section below the second resonance and the low 
cross section above it, is very insensitive to the values 
used for R and [ 

For the alternative possibility, that 
a satisfactory value of T 
unlike the 3, the theoretical 
off- 


the same value 


J=2 for the 
second resonance, cannot be 
case J = 
fit the 


we use 


obtained because, 


transmission curve does not data in the 


resonance region. If, however, 
of aol as obtained previously, for the present case we 
have I'=17 ev. For this value the cross section due to 
three resonances has again been calculated. 
which is omitted from Fig. 7 to 
unlike the experimental 
1080 ev ; in particular, 
at the minima at 800 and 1250 ev the calculation gives 
4.4 19 with 
measured cross sections of about 16 and 7 barns. This 
marked . disagreement cannot be significantly 


adjustment in the values used for the 


the thirst 
The 


avoid 


curve obtained, 


confusion, is entirely 
curve in the neighborhood of E»o= 
respectively, as contrasted 


and barns, 


improved by ar 
radius and the tre In view of the good qualitative 
ugreement between theory and experiment for J= 
and the strong disagreement for J=2, it is concluded 
that J/=3 for the resonance at 1080 ev. 

Although the 


calculated cross section, 


qualitative agreement between the 


as given by the solid line in 


Fig. 7, and the data is good enough to allow us to 
conclude that J=3 for the second resonance, the 
quantitative agreement is not good. It is felt, however, 
that the discrepancies need not be attributed to a 


failure of the theory. It is likely that a more complete 
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in 


treatment, taking into account all resonances, 
particular unknown levels at negative energies, and a 
minor adjustment of the parameters that were used, 
would give satisfactory agreement with the measured 
data. In the latter connection it should be mentioned 
that the value R=5.0X10™™ cm gives a significantly 
better fit than R=1.45A!X10-"=5.5X10-" cm; an 
even smaller R would probably give further improve- 
ment. 

The unusually large ratio of neutron width to level 
spacing in manganese is of special interest not only 
because of the interference effects discussed above, 
but also for its bearing on the validity of the “cloudy 
crystal ball” theory of nuclear reactions.” This theory 
assumes that in a nuclear collision the formation of a 
compound nucleus is governed by a potential well of the 
form V = Vo(1+¢7). One consequence of this assumption 

a prediction that the ratio of the average reduced 
neutron width to average level spacing per J value 

/D depends on the t mt nuclear radius, and hence 
on the atomic weight A. In particular, for Vo= —42 
Mev and ¢=0.03, a curve of I',°/D vs A is expected to 
have relatively narrow maxima in the neighborhood of 

=55 and A=155 with a broad minimum between 
the two peaks. Systematic experimental investigations 
have shown that there is, in fact, a sharp maximum” at 

{=52 and a broader maximum” at about A =155. 

In obtaining a value of I’,°/D for manganese from the 
present data it seems worthwhile to use all information 
up to 10 kev. The transmission dip observed at 7.5 kev 
was not treated above because it has been shown to be 
caused by two resonances." If the area data for a thin 
sample is used as though the dip were caused by a single 
resonance, an apparent width is obtained 
which is, to a good approximation, the sum of the 
widths of the two resonances; the value given for this 
width is 575 ev. Using this value and the reduced widths 
for the first three resonances, D assumed to be 
equal to twice the average level spacing, we obtain 
1010 (ev)— for ',°/D. This result, which is uncer- 
tain by a factor of two, is about 20 times larger than 
that observed in the minima between A = 55 and A = 155 
and confirms the existence of a peak value for ’,°/D 
near A=55. 


however, 


with 


® Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

* R. Cote and L. M. Bollinger, Phys. Rev. 98, 1162 (1955). 

" Carter, Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 
(1954) 
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Theory of Atomic Perturbation in Alpha Decay* 


H. M. Scuwartz 
Depariment of Physics, University of Arkansas, Fayetteville, Arkansas 


(Received April 11, 1955) 


A method for calculating the probabilities of internal atomic excitation in alpha decay is outlined and 


compared with earlier work by other authors. 


I. INTRODUCTION 


HE theory of inner shell atomic perturbation in 

alpha decay has been discussed by Migdal' and 
by Levinger.? For ionization in the K shell their results 
differ appreciably. It is the purpose of this note to 
outline a treatment, applicable both to the inner and 
outer shell electrons, and which is shown to lead to 
results that are essentially equivalent to those given 
by Migdal.* 

It is also shown that the discrepancy with corre- 
sponding results in reference 2 is largely eliminated 
when one removes one simplifying assumption made 
therein. 


II. PRESENT METHOD 


The underlying idea of the present method is to 
invoke the relative smallness of the charge of the alpha 
particle rather than its relative slowness, and thus 
apply standard time-dependent perturbation theory, 
taking proper account of the nuclear recoil, and change 
of charge that transpires at the instant of alpha emission. 
By treating the problem in a coordinate system moving 
with the recoiling nucleus, the only time-dependent 
part of our Hamiltonian operator is the perturbation 
potential,‘ 


V (f) 2e">> | r;—vi| = (1) 


(r;= position vector of the ith electron and v= velocity 
of alpha particle in the moving system) ; and the eigen- 
functions of the unperturbed Hamiltonian have the 


form 
im 
u exp V» En. ue! / 2) 
h 


Z~ is the corresponding eigenfunction for a 


where u, 

* This work is supported in part by the U.S 
ommission 

1A. Migdal, J. Phys. (U.S.S.R.) 4, 449 (1941 

? J. S. Levinger, Phys. Rev. 90, 11 (1953 

? The restriction in reference 1 to inner shell excitation derives 
only from the expansion of the time integral in the transition 
probability formula in powers of the ratio of alpha particle to 
atomic electron velocities, But this expansion though useful 
when applicable, is not necessary, as is indicated in Sec. IT 

* Because of its relatively large mass one can approximately 
treat the departing alpha particle as a uniformly moving center 
of force. See for instance, N. F. Mott, Proc Cambridge Phil. Soc. 
27, 553 (1927). The effect of the initial variation of the alpha- 
particle velocity has been estimated by G. W. Schafer (private 
communication, W. Rubinson) 


Atomic Energy 


stationary atom of atomic number (Z—2) and v, 
= nuclear recoil velocity. Consequently, if 


uo” = Sc ally (3) 


is the wave function of the atomic state of the parent 
atom at the instant of alpha decay, then the probability 
of finding the atomic state u,(+) at t= is to 


first order: 
if i : 
-+ f exp (E,- Bay] V lta > (4) 
hid, h 


where E, is the energy in the state u, and Va» is the 
matrix of the operator V(f) relative to the complete 
orthonormal system {u,}. 

In using the expression (1) for V (Z) it is assumed that 
the alpha particle has zero angular momentum relative 
to the nucleus. That the result is not essentially changed 
within the present approximation, when the angular 
momentum is Lhk>0O, can be seen by considering the 
potential 


where 


a= |a|~Lh/M,v (M,=mass of alpha particle). 


Indeed, if ro, % represent average inner electron radius 
and velocity respectively, we have 


a Lh h ! 
~- ( - ) ~L(m/M,)(vo/v)<1, 
ro M.v\ mr 
and 


J Watered + f Viet a)uelectaldr 
fvctuavarts +O(a/ro) }.* 


The numerical evaluation of the c, under simplifying 
assumptions concerning the atomic wave functions and 
with the approximation® », = 0 in (2) has been treated in 
connection with the corresponding problem in beta 
decay.'*.’ The second term in (4) can be evaluated under 
the assumption of central-field approximation for 


® See reference 2, p. 21. 
* See the relevant discussion in Sec. III 
7H. M. Schwartz, J. Chem. Phys. 21, 45 (1953). 
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the atomic wave functions, the analysis involving 
results given by Condon and Shortley.* Results of 
such calculations will be presented in a subsequent 
note. 


II. COMPARISON WITH REFERENCE 1 


Formula (13) of reference 1 (the second equation) is 
approximately identical with our formula (4). Since 
?=t%;+?, is approximately equal to 1, and since the 
energy associated with our u, is 


E,,2*+ (m/2)r,?, 


it is seen that there is approximate equality for the 
second terms of the formulas in question. As to our 
Cx, to see that they are within our approximation 
essentially equal to the C,° of reference 1, it is only 
necessary to observe, recalling the expression (2), 
that we have 

MT » v mre 1 

‘a ~— —<€1. 
h ZS at 
Incidentally, formula (15) of reference 1, which is 

obtained by integration by parts of the time integral 
in (4) and neglect of terms assumed to be of the order 
of (v/v )*, results from the substitution for c, of an 
approximation which is apparently derived by Migdal 
from first-order time-independent perturbation theory. 
This approximation also follows at once from the fol- 
lowing formula: 


fu "hn dT (thm Uy”) 


1 
_ (thn? , (Hz—Hz ju”), 


B.?— En? 


whose derivation is immediate. Here Hz denotes the 
Hamiltonian operator of an atom of atomic number 
Z and a fixed number of electrons, independent of Z. 


IV. COMPARISON WITH REFERENCE 2 


The result (37) of reference 2 differs from (4) es- 
sentially in the occurrence in that formula of the 
potential (40) of reference 2 


H(t) = —2e(2°+ y+ (s—2,f)* 4 
— (Z—2)e( + y+ (s+2,/)* 4 


rather than our potential (1) (for a single electron). 
However, the derivation of (37) involves taking as 
time-independent the wave functions which enter in 
the formation of the matrix elements. If, instead, we 
note that by the definition of the u,(f) involved in 
the derivation of the exact formula (36) (notation and 
formulas as in reference 2), they have in the seroth 


*E. U. Condon and G. Shortley, Theory of Alomic Spectra 
(Cambridge University Press, London, 1935); second edition 
(1951). 
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approximation the form u,,7~*(x,y, z+-1,/), it is seen that 


oH , 
(—) = fff eadyden.t(2.2 
ot nO 
0H 


xauls90)| - 


Of Sz =z! —ont 


= fff eadydan9(29,2)u0(22) 


at 01 
xt —— (Z—2)e*r,-— -) 
at OzrT 


aV 
-( -) +U no. (5) 
Ot no 


Here V(t) is the potential (1) (specialized for a single 
electron and alpha particle velocity direction along 
the positive z-axis), disregarding the negligible differ- 
ence between » and 2,; U is defined in (5); and the 
matrix elements are now taken with respect to the 
time-independent wave functions u,7~*(x,y,z). If we 
substitute (5) in the first part of (37) and integrate the 
time integral by parts, we obtain 


t 


av 
an(t)= (ite) «(—) +Us] 
at nO 0 


$ PV 
~ (ihe?) f ( +) dt. 
Of 7 no 


We see that except for the first term we have indeed 
H replaced by V. As to the first term, considering the 
approximation of retaining only that term, and inas- 
much as it has no limit for H+ (U being time-in- 
dependent), we have to evaluate the time average of 
the probability in question, 


1 t 
lim f la,o(t) | "db. 
PR. g 0 


Assuming for simplicity that the wave functions are 
real, one finds for this limit the value 


a1\2 

(é w)( ) [ (2ta— (Z—2)vn)*+ (Z—2)*,7], 
02 T7 no 

and this is seen to be of the same order of magnitude 

though somewhat smaller as the corresponding ex- 

pression (15) in reference 1. 


Vv. COMPARISON WITH EXPERIMENTS 


The numerical results obtained in references 1 and 
2 for ionization in the K shell seem to admit of meaning- 
ful comparison with recent experimental findings for 
Po™* Migdal’s approximation of retaining the first 


*W. C. Barber and R. H. Helm, Phys. Rev. 86, 275 (1952); 
A. Lagasse and J. Doyen, Compt. rend. 239, 700 (1954). 
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term in the series obtained by integration by parts is 
more nearly valid for the most tightly bound electrons, 
and the use of hydrogenic wave functions is less in error 
for these electrons. Though the relativistic correction 
is likely to be large here, it seems reasonable to expect 
that the overall error would not be much larger than a 
factor of two. The experimental findings are discussed 
in reference 2. It can be concluded that the probable 
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experimental result is of the order of 10~* K-ionizations 
per alpha. This is consistent with the theoretical result 
in reference 1. The reservation relative to the de- 
pendence of the experimental result on the estimate of 
the internal conversion coefficient for the gamma ray 
of Po**, voiced in reference 2, is apparently removed 
by the result of a x-ray-electron coincidence experi- 
ment reported by Lagasse and Doyen.’ 
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Complex Alpha and Gamma Spectra of Cf**’:*°*} 


Frank AsaAro, FRANK S. STEPHENS, JR., 


B. G. Harvey, anp I, PertmMan 


Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received June 17, 1955) 


The alpha and gamma spectra of Cf and Cf* have been investigated with an alpha-particle maa Pn 
and an alpha-particle gamma-ray coincidence counter. Alpha groups of 6.112 (84.5%) and 6.069 Mev (15.5% 


belonging to Cf were found, as were groups of 6.024 (83% 
) and 100 kev (0.01,9 


L x-rays and gamma rays of 42 (0.014% 


) ) and 5.980 Mev (17% ), belonging to C ~. 
were assigned to Cf, Other gamma rays 


were assigned to odd-mass californium Coleen. The results are spelen ete with respect to the current theory 
and systematics of complex alpha spectra and excited states of even-even nuclei. 


I. INTRODUCTION 

N the heavy element region, the alpha-decay charac- 

teristics of even-even nuclei show marked regularities 
with respect to energy level separations and the selec- 
tive alpha particle population to the various states. 
The level spacings correlate well with the Bohr- 
Mottelson'* formulation for collective rotational 
motion in highly deformed nuclei, and the alpha 
population to the ground and first even state follow 
simple alpha decay predictions closely. There are small 
but significant departures, however, from the simple 
theory.** 

On the other hand, the alpha population to the second 
even states varies considerably from the expectations 
of simple alpha-decay theory.** The ratio of the 
predicted to the observed population follows a regular 
pattern which has been treated in terms of the spheroidal! 
model by various authors.’ 

” This work was performed under the auspices of the U. S 
Atomic Energy Commission. 
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The present work was undertaken to determine to 
what extent the trends just mentioned would continue 
in the californium isotopes Cf and Cf. These are 
beta-stable isotopes with half-lives of ~10 years and 
~2 years, respectively.*” 


Il, METHODS AND APPARATUS 


A high-resolution spectrograph” was used to measure 
the separation between the alpha groups to the ground 
and first even states and their relative intensities, The 
transmission of the instrument, however, was 4 10~* 
so that in the weak sources available only the strongest 
alpha lines were observed. 

The L x-ray intensity of the Cf" mixture was 
determined from alpha—L x-ray coincidences. The 
measurements were made by coincidence counting 
because the gamma-ray background was comparable to 
the intensity of ZL x-rays in the sample whereas the 
coincidence background was negligible. The alpha 
detector was zinc sulfide which detected not only alpha 
particles but also spontaneous fission particles. Com- 
pared with the alpha—Z x-ray coincidences, however, 
the spontaneous fission coincidence contributions were 
very small. 

The gamma-ray spectrum of the californium isotopes 
was also measured in coincidence with alpha particles. 
These coincidence measurements were necessary be- 
cause of the relatively large numbers of gamma rays 

* Ghiorso, Thompson, Choppin, and Harvey, Phys. Rev. 94, 
1081 (1954). 

* Diamond, Magnusson, Mech, Stevens, Friedman, Studier, 
Fields, and Huizenga, Phys. Rev. 94, 1083 (1954). 

WF. L. Reynolds, Rev. Sci Instr 22, 749 (1951); Asaro, 
Reynolds, and Perlman, Phys. Rev. 87, 277 (1952). 
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from the spontaneous fission branching of the cali- 
fornium isotopes compared to those accompanying the 
alpha decay. 

For alpha-gamma coincidence counting the alpha 
particle and fission fragment detector was a #y-inch 
thick thallium-activated potassium iodide crystal 
optically coupled to a DuMont-6292 photomultiplier 
tube. The crystal counting area was masked to a 
rectangle 7X} inch with 0.002-inch platinum foil. 
The output of the photomultiplier tube, after shaping 
and amplification, was fed into a single-channel pulse- 
height analyzer. The analyzer selected only the pulses 
caused by alpha particles and these were fed into a 
coincidence unit with 2-microsecond resolving time. In 
some cases the analyzer was adjusted to select only the 
pulses caused by spontaneous fission fragments. The 
gamma rays were detected with a 1X1} inch thallium- 
activated sodium iodide crystal optically coupled to a 
DuMont-6292 tube. The output of the photomultiplier 
tube after shaping and amplification was fed into the 
coincidence unit of 2-microseconds resolving time and 
simultaneously into a 50-channel pulse-height analyzer. 


Cm™ (n,y7)Cm™ (n,7) > - «Cm 


1s 
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The 50-channel analyzer (8-microsecond resolving 
time) was gated by coincidence pulses from the 2- 
microsecond unit. This latter unit served to reduce the 
chance coincidence rate. In all runs the chance coin- 
cidences were determined experimentally and sub- 
tracted from the total coincidences. 

To secure better resolution between the alpha 
particles and spontaneous fission fragments, the region 
between the sample and the alpha particle detector was 
evacuated. 

The alpha-particle and gamma-ray detectors each 
subtended about 20% of 4 in the alpha-gamma 
coincidence measurements. In the alpha—l x-ray 
coincidence measurements, the zinc sulfide detector 
subtended about 40% and the gamma detector sub- 
tended about 30% of 4z. 


III. SOURCE PREPARATIONS 


The californium had been produced by intensive 
neutron irradiation of lower elements, initially Pu." 
The pertinent reactions which resulted in the cali- 
fornium preparation are as follows: 


Bk (n,7) Bk? 


\8 
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CE (1,7) CP™ (ny) CP (n,y)CP® (ny) CP. 


The isotopes listed are beta stable except those 
designated as 8~ emitters. Of the alpha activity in the 
sample, about 85°, was due to Cf and 15%, Cf. 
The Cf could be estimated from the irradiation 
history to contribute only about 0.04% to the alpha 
activity. (The mass of CP is only about tenfold lower 
than that of Cf but its half-life is 400 to 500 years 
whereas the half-life of CP” is 10 years.) Despite the 
low activity of CP, it has prominent gamma rays 
which showed up in the gamma-ray spectrum which 
will be mentioned. Similarly, the Cf and the alpha 
branching of CP can be estimated to be in even lower 
intensity. 

After chemical! purification of the californium fraction, 
part of the activity was electroplated on to a 0.0005- 
inch platinum plate.” The plate had been masked so 
that the activity could deposit only on a rectangular 
area yy X} inch. The electrolytic deposit was dried and 
heated to a dull red color to drive off volatile matter. 
This sample, containing 1.2 10° alpha disintegrations 
per minute, was used as the alpha-particle spectrograph 
source. 

The alpha-gamma coincidence source was prepared 


"\ Thompson, Ghiorso, Harvey, and Choppin, Phys. Rev. 93, 
908 (1954). ; 

@ Harvey, Thompson, Ghiorso, and Choppin, Phys. Rev. 93, 
1128 (1954) 

“ Harvey, Choppin, and Thompson (unpublished ). 
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by evaporating to dryness a few drops of lactic acid 
solution containing 1.4X10° alpha disintegrations per 
minute on a 0.0005-inch platinum plate. The alpha—L 
X-ray source was prepared by evaporating to dryness a 
few drops of concentrated nitric acid containing about 
2000 alpha disintegrations per minute on a 0.0005-inch 
aluminum plate. 


IV. EXPERIMENTAL RESULTS 
Alpha Spectra 


The electroplated sample of mixed californium 
isotopes described above was exposed in the alpha- 
particle spectrograph for 141 hours. The alpha particles 
were detected by direct track counting of the photo- 
graphic plate which was the receiver in the spectrograph. 
A graph of the alpha spectrum is shown in Fig. 1. 
The alpha-particle energies were determined by com- 
parison with Em™ a» which has been measured by 
Briggs“ as 6.282 Mev. The groups at 6.112+0.005 
and 6.024+0.005 Mev were assigned to Cf and 
CP, respectively, in accordance with earlier measure- 
ments with icnization chambers. Thompson ef al. 
reported early values of 6.15 and 6.05 Mev*"® and 

“ G. H. Briggs, Proc. Roy. Soc. (London) A157, 183 (1936). 

 Ghiorso, Thompson, Higgins, Harvey, and Seaborg, Phys. 
Rev. 95, 293 (1954). 
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later revised them to 6.13 and 6.04 Mev.'* Diamond 
et al. reported alpha-particle energies of 6.12+0.01 
and 6.0340.01 Mev, and Magnusson ef al.’ reported 
values of 6.117+0.010 and 6.03340.010 Mev for these 
isotopes. 

Among even-even alpha emitters in this region there 
are prominent alpha groups some 40 kev lower in 
energy than the most abundant groups‘ and in an 
abundance of 15 to 30%.** By analogy, the groups at 
6.069 and 5.980 Mev are assigned to Cf and Cf, 
respectively. The existence of complex structure in 
both Cf and Cf was determined previously from 
L x-ray-alpha particle coincidence measurements by 
Diamond ef al.’ Magnusson ef al.'7 reported the energy 
separations to be between 40 and 45 kev. 

In order to determine the energy of the first excited 
state of the product nucleus one must add to the 43-kev 
separation between the alpha groups of Cf’, a nuclear 
recoil energy difference of 0.7 kev. Thus the energy 
becomes 44 kev. Similarly, in the case of Cf decay, a 
43.6-kev separation in alpha-particle energy corresponds 
to a 44-kev first excited state energy in the daughter 
nucleus. To simplify their description, the alpha groups 
to the ground state are designated a», and those for the 
44-kev states are designated a4, (an alpha group to an 
excited state of x kev would thus be called a,). 

The intensities of the alpha groups were determined 
by integrating the area under the peaks. Although 
the alpha particles from the electroplated sample were 
resolved quite well considering the objective of obtaining 
high transmission, there appears to be an appreciable 
tailing on the low-energy side of the peaks. This 
tailing was estimated from ag, of Cf, by assuming that 
all of the alpha peaks on the photographic plate had 
very nearly the same shape. After resolving the peaks 
in this manner intensities for Cf? ay and CP™ ag, 
were 15.8% and 17.5%, respectively. From the spectro- 
graph measurements, the abundance of Cf alpha 
activity at the time of the run was 14.2% of the total 


alpha activity. The remaining 85.89% was due to 
Cf. The weighted average of the Cf™*™ ay, groups 


was then 16.0°%. This number will be useful for com- 
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Fic. 1. Alpha spectra of CP” and Cf. 


‘© Thompson, Ghiorso, Harvey, and Choppin (unpublished 
data, 1954). 

™ Magnusson, Studier, Fields, Stevens, Mech, Friedman, 
Diamond, and Huizenga, Phys. Rev. 96, 1576 (1954). 
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parison with the alpha-Z x-ray coincidence work 
discussed next. 


V. COINCIDENCE STUDIES 
Alpha-L X-Ray Coincidences 


The abundance of an alpha group in an even-even 
nucleus which populates the first excited state can be 
determined indirectly from the intensity of Z x-rays 
since the corresponding gamma ray transition is by 
far the most prominent and is heavily converted in the 
L shell. The intensity is best measured by determining 
the alpha-Z x-ray coincidence rate per alpha dis- 
integration. The corrections which must be applied to 
the raw data to obtain the total population of the first 
excited state are the following: (1) allowance for 
fluorescence yield of the Z x-rays; (2) conversion in 
M, N ... shells; (3) geometry factor; (4) L x-ray 
attenuation between source and detector. The geometry 
factor was determined by measuring the coincidence 
rate of the alpha particles of Am™ with its 60-kev 
gamma ray whose abundance is known."* In order to 
minimize some of the uncertainties in the other correc- 
tion factors, Cm*? was used as a standard for com- 
parison. The alpha population to the first excited state 
for this isotope is known fairly accurately” and its 
alpha—L x-ray coincidence rate was measured under the 
same experimental conditions. The population of the 
first excited state defines the total electron vacancies 
and from the conversion electron spectrum” the 
number of L-shell vacancies can be calculated. The 
measured L x-ray intensity must then be brought into 
agreement with this value by correcting for fluorescence 
yield and L x-ray absorption. These two factors were 
dissociated by accepting the calculated” fluorescence 
yield, thereby ending up with an effective absorber 
thickness to produce the required attenuation of the 
particular L x-rays from Cm* decay. Now the desired 
values for the californium isotopes could be obtained by 
applying these corrections in reverse fashion. Since the 
Cm was used as a standard, the errors are only those 
of second-order nature in extrapolating fluorescence 
yields and x-ray attenuation factors over two units of 
atomic number. 

The results of these measurements and calculations 
gave 15.5% as the weighted average for the abun- 
dances of the ag groups of Cf and Cf. This 
is to be compared with the 16.0% value from direct 
alpha track counting already cited. The complete 
independence of the two methods lends some confidence 
to the alpha—L x-ray coincidence counting method which 
can be applied to sources of this type which are too 
weak to obtain the alpha spectrum. 


'* Beling, Newton, and Rose, Phys. Rev. 86, 797 (1952) 

*® Asaro, Thompson, and Perlman, Phys. Rev. 92, 694 (1953) 

* T. O. Passell, Ph.D. thesis, University of California Radiation 
Laboratory Unclassified Document UCRL-2528, March, 1953 
(unpublished). 

™ B. B. Kinsey, Can. J. Research A26, 404 (1948). 
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Taste I. Alpha-particle gamma-ray coincidence results. 
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prod {[ decay woul 
Magnusson ef al."’ reported abundances of about 
10% for both of these groups from L x-ray alpha- 
particle coincidence measurements using the abundance 
of Pu™* ag, 24°, as a standard. A later value of 28° 
for the abundance of Pu™* ag would then raise the 
californium abundances of Magnusson"? to about 12%. 


Gamma Rays 


Four measurements of the alpha-particle gamma-ray 
coincidence spectrum were made. The energies and 
abundances of the observed radiations are shown in 
Table I. A graph of the results of Exp. 2 are shown in 
Fig. 2. 

Spontaneous fission fragment gamma-ray coincidence 
measurements taken. With our detection 
system, a gamma-ray “continuum” observed 
which rose to a plateau at 125-—> 200 kev and then 
decreased continuously out to several Mev. Super- 
imposed on the continuum was a peak at ~63 kev 
which might well have been due to platinum K x-rays 
produced in the platinum sample mounting by the 
fission gamma rays. Figure 3 shows the fission fragment- 
photon coincidences in the region of interest. From 
this spectrum it seems unlikely that any of the gamma 
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Fic. 2. Alpha-particle gamma-ray coincidence spectrum of 
CP"2* from experiment 2 (see Table I 


= F. Asaro and I. Periman, Phys. Rev. 94, 381 (1954). 
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d be less than 10% of any of californium gamma rays. 


rays shown in Table I are a result of the spontaneous 


fission process. 
44-kev Transition 


The “42-kev” gamma ray is interpreted as belonging 
to the highly converted transitions of 44 kev leading 
from the first excited states to the ground states in both 
CP” and Cf decay. The energy measurement from 
the alpha data is somewhat better than the gamma-ray 
value, so the 44-kev value is preferred. The abundance 
of this gamma ray is 1.4X10~ per alpha particle 
(Table I). With the weighted abundance of the alpha 
groups to the 44-kev levels of 16%, the conversion 
coefficient is 1.110. Since this value is nearly the 
same as found for the analogous transition in Cf**,% 
it is reasonable to assume that the corresponding 
conversion coefficients of Cf and Cf will not differ 
markedly. Therefore, as the sample activity is pre- 
dominantly Cf, the measured conversion coefficient 
applies principally to Cf. By comparing this con- 
version coefficient with theoretical values™.** it is found 
that the transition can only be £2. The observed value 
is about a factor of 3 lower than the calculated value™ 
for an M2 transition but conversation of parity requires 
that gamma transitions to the ground state of an 
even-even nucleus from states populated by alpha 
emission be electric transitions. 

Inasmuch as the 44-kev state of Cm** (populated by 
Cf alpha decay) de-excites to the ground state by an 
E2 transition, the spin of the 44-kev state is 2, even 
parity. This is, of course, expected since nearly all 
even-even nuclei are found to have a 2+ first excited 
state.*-* 


100-kev Transition 


Whenever a photon of ~100 kev is seen in the heavy 
element region it is necessary to consider the possibility 


= Hummel, Stephens, Asaro, Chetham-Strode, and Perlman, 
Phys. Rev. 98, 22 (1955). 
™* Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
* Rose, Goertzel, and Swift (privately circulated tables). 
**M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951) 
* Horie, Umezawa, Yamaguchi, and Yoshida, Progr. Theoret 
Phys. (Japan) 6, 254 (1951). 
* G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
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that it may be a K x-ray or a gamma ray or both. 
For curium, the X x-ray group should produce a peak 
of approximately 108 kev and it is seen from Fig. 2 
that most of the peak at ~100 kev lies at too low an 
energy. However, the peak does tail on the high-energy 
side, and it seems likely that it is not produced by a 
single photon. In order to get a reasonable minimum 
value for the intensity of the gamma ray, a peak 
centering on the K x-ray energy of 108 kev was resolved. 
The shape of the subtracted peak was obtained by 
weighting the different components of the K x-ray 
group according to the relative intensities observed for 
uranium.” 

The intensity of the 100-kev gamma ray after 
subtracting the maximum possible K x-ray contribution 
was 1.3 10~°% of the total californium alpha particles. 
The group attributed to K x-rays has a corresponding 
maximum intensity of 7X 10-°°;. The best energy of 
the gamma ray is 99 kev; it would be 101 kev if the 
K x-ray subtraction is not made. 

This gamma ray probably represents a transition 
from the second even spin state” to the first even spin 
state of each of the isotopes, Cf and Cf. This 
assignment is made by analogy with other even-even 
alpha emitters in this region.**' For example, the gamma 
spectra of Cm™*’® and Pu™*,” have gamma rays of 
about 100 kev which are known to decay from the 
second to the first even states. Because of the pre- 
ponderance of Cf*” in the sample, the measured energy 
and abundance of the gamma ray apply principally to 
Cf decay. As these values are much the same as 
found in Cf* decay,™ however, Cf would be expected 
to show in its decay a gamma ray of similar energy and 
abundance. 


Other Radiations 


Radiations of approximately 67, approximately 180, 
and approximately 350 — 400 kev were also observed. 
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Fic. 3. Partial spontaneous fission fragment gamma-ray 
coincidence spectrum of CfPp#2#, 


*® Extrapolation of curves given by A. H. Compton and S. K 
Allison, X-Rays in Theory and Experiment (D. Van Nostrand 
Company, Inc., New York, 1935), p. 641. 

* The term even spin states refers to the sequence of 2+,4+,6+ 
excited states which is characterized as a rotational band based 
on the 0+ ground state of an even-even nucleus in this region. 

*" F. Asaro and I. Perlman, Phys. Rev. 91, 763 (1953). 
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Fic. 4. Alpha-decay schemes of CP” and Cf, 


The 67-kev radiation is probably due in large part to 
platinum XK x-rays arising from the fluorescence 
excitation of the sample backing plate by the higher 
energy gamma rays. 

A sample of highly enriched CP which had grown 
into previously purified Bk™ containing small amounts 
of Cf” and Cf was separated and subjected to 
alpha-gamma coincidence counting. Two gamma rays 
of 340 and 395 kev with abundances of 16 and 60%, 
respectively, relative to the Cf alpha activity, were 
observed. These gamma rays correspond well with the 
350 — 400 kev radiations seen in the mixed californium 
isotopes (see Table I). Since the alpha activity due to 
Cf in this sample is estimated to be ~0.04%, the 
observed intensities of these gamma rays, 0.03%, is 
not out of line. The gamma ray at 180 kev is not 
accounted for by the Cf but could possibly come 
from the Cf! or Cf. From estimations of the amounts 
of Cf and Cf, their alpha-emission half-lives, and 
alpha-particle energies, it seems barely possible for 
Cf to have an alpha group in as large an abundance 
as the 180-kev gamma ray but quite reasonable for Cf. 


VI. DISCUSSION AND SUMMARY 


CP” and Cf have alpha and gamma spectra which 
are typical of heavy element even-even alpha emitters, 
Their decay schemes are shown in Fig. 4. In both decays 
the most abundant alpha group goes to the ground 
state of the daughter nucleus. The decay of CP, how- 
ever, indicates a different type of spectra in which 
the most abundant alpha group populates an excited 
state in the daughter nucleus which then decays to 
the ground state by one or more gamma transitions. A 
corollary to this effect is that the ground-state alpha 
groups in the even-even decay have hindrance factors 
of about 1, whereas the ground-state transitions for odd 
mass emitters may be hindered® by many orders of 
magnitude. 


# “Hindrance” or “hindrance factor” as used here is defined as 
the ratio of the expected abundance from alpha-decay theory to 
the experimental abundance. 











142 ASARO, STEPHENS, 

CP” and Cf each populate first excited states in 
their respective daughters of about 44 kev in an 
abundance corresponding roughly to the predictions 
of alpha-decay theory. More precisely these alpha 
groups are hindered by about a factor of 3, similar to 
Cf“*, somewhat lower than in 100°" decay and some- 
what higher than in the decay of elements of lower 
atomic number. The spin and parity of the first excited 
state populated by Cf* decay was deduced from the 
conversion coefficient to be 2+ in common with nearly 
al] other even-even nuclei. 

The 100-kev gamma ray in Cf decay is interpreted 
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as the transition from the second even state to the 
first even state. The energies of the first and second 
states are such that they can be interpreted as a 
Bohr-Mottelson rotational band with a consequent 
spin of 4+ for the second even state. The alpha decay 
to the second even state as deduced from the abundance 
of the 100-kev gamma ray is lower by over two orders 
of magnitude from the predictions of spin-independent 
alpha-decay theory. This hindrance factor is very 
similar to that of Cf* and appears to follow the general 
trends observed for corresponding transitions in other 
even-even nuclides. 
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Transition probabilities are estimated for double K capture and for single capture with single positron 
emission. With real neutrine emission, the mean lives for both processes should be greater than 10” years 
Without real neutrino emission, as with Majorana neutrinos, the mean life for K capture in conjunction 
with positron emission is about 10" years in the allowed approximation. Double K capture, however, is then 
at least a third-order process because an additional step is necessary to remove the energy, with the result 


that the mean life exceeds 10" years 


I. INTRODUCTION 


tae possible types of double beta processes’ are 
double negatron emission, double positron emission, 
double negatron capture, and single capture with 
single positron emission. Double negatron emission 
probabilities have been calculated with various theories, 
while double positron probabilities are given, except for 
the Coulomb distortion of the wave functions of each 
of the emitted electrons, by similar calculations. Most 
experiments have been searches for these double 
emission processes. 

One published experiment’ and some private specu- 
lation, however, involved attempts to detect double 
capture or single capture with single positron emission. 
Double capture will be the only energetically possible 
transition if the mass difference between the parent 
atom and the isobaric atom with atomic number less 
by two lies between 0 and 2mc*. Either double capture 
or one capture and one positron emission can occur 
if the atomic mass difference is between 2mc and 4mc. 
Both of these processes and double positron emission 
can occur if the difference is greater than 4mc*. 

It is the purpose of this note to exhibit rough 
estimates of the transition probabilities for double 
capture and for single capture with positron emission. 

' See references in Rolf G. Winter, Phys. Rev. 99, 88 (1955). 

* Berthelot, Chaminade, Levi, and Papineau, Compt. rend. 
236, 1769 (1953). 


Il. DIRAC NEUTRINOS 


If the neutrino is a Dirac particle, double capture 
probabilities can be calculated from a second order 
perturbation. Both steps consist of the capture of a K 
negatron and the emission of a neutrino. The calcu- 
lation is like that used by Goeppert-Mayer,’ except that 
K negatrons are captured rather than free negatrons 
being emitted. If one intermediate nuclear state s, 
about mc above the initia] state 7, contributes most 
of the result, the probability of transition to the final 
state f is given by 

2r 


Ui = 


| H;,H,; \? 
pid - 
h js me+k, 


where the energy of the first neutrino is £,. 
If the total energy that must be removed by the 
obtains, for unit volume 


neutrinos is E, one 


normalization, 


. 1 , 
Aza) 
« mc+E, 


. dE 
= (29h) f (E—E,YE,; 
0 (mc*+ E,)? 


If the lepton spin sums and nuclear wave function 


(2) 


*M. Goeppert-Mayer, Phys. Rev. 48, 512 (1935). 











DOUBLE K CAPTURE 


integrals are a maximum, the Fermi beta-~decay matrix 
elements for K capture become 


HH ,—~g(Z'/ xa"), (3) 


where a is the Bohr radius, Z the atomic number, and 
g=2xX10-" erg cm’ is the Fermi coupling constant. 
Integrating (2) and substituting the result and (3) 
into (1), one finds, with E=mc’e, that 
m'giZ® é 
wif oo beatae 
2x *h7aL 3 


—2(e+2)(e+1) inar+9] (4) 


For Z=30, (Berthelot ef al.? investigated Zn) and 
«=2, wi; becomes 4X10-* per year. As might be 
expected, this result lies in the same neighborhood as 
low-energy double negatron emission probabilities in 
the Dirac neutrino theory. 

The calculation for one K capture followed by one 
positron emission is similar. The first neutrino with 
energy E,,, the second neutrino with energy E,— Ey, 
and the positron with energy Es=E—E, remove the 
total energy E. Therefore, instead of (2), one must 
calculate 


. 


wc? 


E— me 
(29h?) +f (E—E,)( (E—E,)?— mc ME, 
0 
Er (F,— En, YE, dE, 
x f . 
J (mce?+ E,,)* 
The K capture matrix element H,, is still approximated 
by (3), but the positron emission matrix element is 
given by 


Hef (Es,Z). (6)~ 


Here f!(£,Z) is the Coulomb correction in the positron 
wave function. 

The second integration in Eq. (5) can only be carried 
through numerically. The resulting transition proba- 
bility is strongly energy dependent, but lies in the same 
range as the above double K capture result. 


Ill. MAJORANA NEUTRINOS 


If the neutrino is a Majorana particle, the neutrino 
emitted in the first step of a double beta process can be 
reabsorbed in the second step.‘ Its existence is then 
only virtual, it has all of phase space available, and 
therefore it usually produces a large increase in the 
transition probability. 

Since, however, the neutrino is not actually emitted, 
it cannot carry away any energy. In general, then, 
double capture without real neutrino emission cannot 
bring the system to an available state; it is necessary 


“W. H. Furry, Phys. Rev. 56, 1184 (1939). 
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to go to a higher order process that includes a mecha- 
nism for disposing of the right amount of energy. 

Of course, there may exist an excited state of the 
product nucleus to which the transition can go. The 
initial state, however, has a completely negligible 
width, and the excited states of the product nucleus 
will generally have widths of less than 10™° ev and 
spacings of about 10° ev. Therefore the existence of a 
state to which the transition can go with only double 
capture without real neutrino emission would be a 
monumental coincidence. Barring such a coincidence, 
the necessity of a third step to balance the energy leads 
to a large decrease in transition probability. 

Double K capture with one internal bremsstrahlung 
appears to be the dominant process. The transition 
probability is 


2r wow | 


an) 


Ap Hull . 
wis? rr | 


yo — ment 5 (7) 
h 2neh|t + (E.—E,)(E,—E, 

where w is the angular frequency of the emitted gamma 

ray. The expression 


Y Mull /(E.- Ed (8) 


corresponds to the capture of one K negatron with the 
emission of a bremsstrahlung photon and a virtual 
Majorana neutrino and brings the system to a state 
of energy £,. The final step, given by Hy, consists of 
the capture of the second K negatron and the absorption 
of the virtual neutrino. 

Since the virtual neutrino can have any energy, one 
cannot approximate its wave function by a constant 
over the region of the nucleus. For optimum overlap, 
the nuclear matrix elements are, if the nuclear radius 


is R, 
3 
f eik-tdr, (9) 
4dr RJ cr 


Otherwise, there is no difference between the calculation 
of (8) and the calculation of single bremsstrahlung 
matrix elements®:*; the result is 


ge sahy} ‘3 
( ) WVx:(0) f ec’ ‘dr, 
mco\ w 4nR®J <r 


where Vx,(0) is the wave function, evaluated at the 
nucleus, of the electron that is captured. The remainder 
of the calculation is the same as that used by Furry.‘ 
The term H,, is the usual matrix element for allowed 
K capture except for the use of (9) for the integration 
over the nuclear functions and is given by 


3 
eV x:(0) — f e*-"dr, 
4rR* J <r 


* P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 
* Richard E. Cutkosky, dissertation, Carnegie Institute of 
Technology, 1953 (unpublished). 


(10) 


(11) 
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If one intermediate nuclear state contributes most 
of the result, the sum over / is simply an integration 
over the phase space of the virtual neutrino which does 
not cut off until the neutrino wavelength is of the order 
of the nuclear radius. Since most of the contribution 
to this integral comes from the high energy (about 
100mc*) end, it is reasonable to use for E,— E; merely 
the neutrino energy, or chk. The term Vx«:(0)¥x«2(0) 
can range from a maximum of 


2¥ x? (0)-~22?/ ra", (12) 


down to zero in case of complete cancellation in the 
spin sum, depending on the particular form of the 
interaction; the maximum value will be used here. 
The sum over ¢ is now a count of the number of cells 
in phase space available to the virtual neutrino and 
contributes 


1 « 
f dk, 
2rd 5 


where, of course, all of the above k dependent terms 
must be included before the integration is performed. 
Collecting the above estimates, one finds that the 


(13) 


transition probability becomes 
81 ae ey: 


- — — —w, (14) 
162° R'm'*c*h? he a*® 


wi 


If ha=2mc?, Z=30, and R=6X10-" cm, w,-~10- 
per year. This result, which is smaller by 10~* than 
allowed emission probabilities, might be expected; in 
ordinary K capture, inner bremsstrahlung occurs once 
in about 10‘ captures. 

Of course, double capture without real neutrino 
emission can proceed with any third-order process that 
includes a mechanism for removing energy. Com- 
petition with inner bremsstrahlung photon emission 
can come from electron conversion, depending on the 
angular momentum that must be removed. Another 
class of processes involves double capture to a virtual 
state of the final nucleus followed by, for instance, 
gamma emission. Such processes, however, are consider- 
ably less probable. For double K capture followed by 
electric quadrupole gamma emission, a calculation much 
like the above, with similar approximations, gives for 
the transition probability 


243 gt 


“7 —— Ww 
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é Z* 
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(15) 


or 10°" per year for Aw=2mc* and Z=30. This result 
can also be understood by means of a qualitative 


argument. Allowed double electron emission with 
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Majorana neutrinos should have transition proba- 
bilities of about 10-“ per year.*.’? Here, since no real 
state is available after only double capture, one might 
imagine virtual transitions with a probability of 10-" 
per year. If the energy difference between the initial 
state and the virtual state is roughly mc’, the virtual 
state can exist for about #/mc’*~10-" sec. Electric 
quadrupole transition probabilities are, for 2mc 
energy, of the order of 10" per second. Therefore, the 
probability that there is gamma emission from the 
virtual state rather than return to the initial state is 
10-* secX 10" per sec or 10~*. Therefore the proba- 
bility of a third order transition consisting of a double 
beta process followed by gamma emission is 10-*X 10-™ 
per year or 10~” per year. 

It can be seen from these arguments, or from more 
rigorous calculation, that in other double beta theories 
that do not give neutrinos in the final state,** just as 
in the Majorana-Furry theory, double capture lifetimes 
should exceed double emission lifetimes by similar 
factors. 

If single capture in conjunction with single positron 
emission is energetically possible, one can again consider 
a second order process, for now the positron can remove 
the energy. The transition probability has the form 
(1), the lepton spin sum can be at most, instead of (12), 


2f'(Es,Z)(Z*/xa*)!, (16) 
and the sum over the states of the virtual neutrino and 
the integration of its wave function over the nucleus 
appear as above. The density of final states involves 
only the states of the positron of definite energy, and is 


(29° Ch*)—'m?Ae(e—1)!, (17) 


where ¢ is the total energy of the positron in units of 
mc*. The result is 


81 mgt Z* 
Wj f~—— —— —f(Es,Z)e(e—1)!. 
l6xr* ch®R* a 


(18) 


In the Zn® transition for which Berthelot et al.? showed 
experimentally that w,;S10~* per year, the kinetic 
energy available to the single positron should, according 
to the decay of Cu, be only 0.08 Mev. The result for 
wy is then 10~-* per year. 

All of the above estimates of transition probabilities 
are upper limits. The nuclear matrix elements, which 
occur in each calculation to the fourth power, are 
certainly less than unity, and there will be some 
cancellation in the lepton spin sums. 

7H. Primakoff, Phys. Rev. 85, 888 (1952) 

* Bruno Touschek, Z. Physik 125, 108 (1948-1949). 

® Rolf G. Winter, Phys. Rev. 83, 1070 (1951). 
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The continuous gamma-ray spectrum (inner bremsstrahlung), accompanying orbital electron capture 
in A®’, has been reinvestigated by the method of scintillation spectroscopy with particular emphasis on the 
low energy region. The absorption between the source and the Nal crystal is only due to two one-mil Al foils. 
After correcting for Nal crystal detection efficiency, the geometrical factor, the ratio of photoelectric cross 
section to total cross section, Compton electron backscattering, iodine x-ray escape, absorption and reso- 
lution, it is found that the intensity of the extremely low-energy photons is much greater than can be ac- 
counted for by Morrison and Schiff’s treatment. A better agreement can be obtained if one considers the 
p-electron capture, and takes the Coulomb effect into consideration as shown by Glauber and Martin. 


INTRODUCTION 


HE continuous gamma-ray spectrum (inner 
bremsstrahlung) accompanying orbital electron 
capture was first investigated theoretically by Morrison 
and Schiff.! Later Jauch* extended the theoretical in- 
vestigation with minor revisions. However, both studies 
take account only of the K-electron capture. Recent 
investigations*-* on the distribution of inner brems- 
strahlung from electron capture processes in Fe®, Cs™, 
and Ge” all have shown that the aforementioned calcu- 
lations are not adequate in interpreting the low-energy 
region of the distribution. The observed distributions 
show a large increase in intensity at low energies instead 
of dropping to zero intensity as called for by Morrison 
and Schiff’s predictions. The region where the deviation 
from Morrison and Schiff’s prediction becomes notice- 
able is different for different elements. 

Earlier experiments®’ on the inner bremsstrahlung 
from A*® have concentrated their efforts on the deter- 
mination of the maximum available energy but very 
little attention has been paid to its distribution in the 
low-energy region. Therefore it was highly desirable to 
reinvestigate this nuclide with emphasis on the shape 
of the spectrum particularly in the low-energy region. 

A*® decays to Cl’ by pure electron-capture with a 
half-life of 34 days. There are no 8~ or 8+ and no y rays. 
According to the shell model it is a d3;z—+d3,2 transition, 
i.e., an allowed transition. The decay energy has been 
calculated from the threshold energy of the Cl"’(p,n)A” 
reaction to be 816+4 kev which is in good agreement 
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with the value 815+20 kev determined from the maxi- 
mum energy of the inner bremsstrahlung.** The ratio 
of the total number of bremsstrahlung photons to the 
total number of K-captures is given for 1§ capture by 


| ie a (—) 
0 NV. 129 \ moc? 


where W, is the maximum disintegration energy. It is 


‘proportional to W,*, and therefore the intensity of the 


A*’ inner bremsstrahlung is expected to be relatively 
high. 
I. GLAUBER-MARTIN THEORY ’ 


This theory takes into consideration (1) both mag- 
netic and electric radiation, (2) both S- and P-electron 
capture, (3) all effects of the Coulomb field. It is shown 
that the electric dipole radiation accompanying the 
capture of p-electrons is primarily responsible for the 
large intensity increase at low energies. The electric 
dipole radiation is relatively more important for larger 
nuclear charge. In Table I are listed the isotopes whose 
inner bremsstrahlung has been investigated experi- 
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Fic. 1. The distribution of the bremsstrahlung radiations from 
1S-, 2S-, 2P-, and 3P-electron capture in A” according to the 
Glauber-Martin theory. 
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where x is in (Z*- Ry) units; xmex is the upper limit of the photon 
energy; and Ti(x) is a theoretical function tabulated in P. C 
Martin’s thesis. 


*R. J. Glauber and P. C. Martin, Phys. Rev. 95, 572 (1954). 
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Taswe I. Some pertinent information on the inner 
bremsstrahlung from the electron capture 
process in Fe, Cs™, Ge” 
and A” 
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mentally. E; denotes the region below which there is a 
deviation from Morrison and Schiff’s prediction. Ex is 
the K-ionization potential. 

In Fig. 1 is shown the distribution of the radiations 
from 1S-, 2S-, 2P-, and 3P-electron capture according 
to the Glauber-Martin theory. The general expression 
for the radiative /-events (w,); per 1S-electron capture 
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where x is the photon energy given in units of 
ZRy=Z°X 13.5 ev; 11(2 


lated in Martin’s thesis’; an.x is the upper limit of 
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is a theoretical function tabu- 


In the case of radiation from 15- 
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the photon energy 
capture, Eq. (1) reduces to the old 


theory : 
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Experimental arrangement 


Martin, thesis, Harvard University, May, 1954 
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For the radiation from 2S-capture, one only takes § of 
the 1S-intensity. For the 2P- and 3P-captures, the 
function J;(x) is more complicated. The results shown 
in Fig. 1 are taken from a table given in Martin’s 
thesis.” Fig. 1 shows also the sum of all contributions 
for the case of A”. The marked increase in intensity 
starts at about 30 kev. 


Il. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is shown in Fig. 2. 
The A” gas is contained in a copper cylinder of diameter 
1 in., height 1 in., with a 1-mil Al window. The Nal 
crystal, of diameter 1 in. and height 1 in., is permanently 
canned in an aluminum container with a MgO reflector 
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Fic 3. (a) The low-energy calibrations. (b 
compiete gamma-ray spectrum used to determine 
photo cross section to total cross section 
on its side wall. The top surface through which the 
radiation enters is covered with a 1-mil Al foil only. 
The total amount of absorbing material between source 
and crystal is 2 mils of Al. The gas container is placed 
as close to the crystal as possible. Since the source has 
a finite volume it was impossible to obtain all the cor- 
rection curves with this geometry. As an approximation 
it was assumed that a point-source located in the center 
of an identical gas-container would represent the proper 
geometry. The crystal is mounted on a DuMont 6292 
photomultiplier-tube. The arrangement gives a reso- 
lution of 12°) at the gamma-ray energy 661 kev. The 
pulses are amplified in a nonblocking linear amplifier 
and the spectrum is analyzed with a pulse-height 
analyzer. The energy calibration is carried out by using 
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x-radiations of Te, Ba, and Hg and gamma-radiations 
of RaD, Hge™, Cr*, I%*, Au™*, Cu“, Na®™, Cs, etc. 
The linearity throughout the region used is good. 
Figure 3(a) shows some of the low-energy calibrations. 


III. SCINTILLATION TECHNIQUE APPLIED TO 
CONTINUOUS GAMMA-RAY SPECTRUM 


In order to interpret the experimental data from a 
scintillation spectrometer measurement, it is necessary 
to study carefully the various effects in the crystal and 
from the surrounding material. These effects combine 
to affect the observed experimental spectrum. Therefore 
it is very difficult to analyze correctly in this manner. 
However, in the few cases where a theoretical prediction 
of its distribution exists, it is preferable to apply all the 
corrections due to the crystal effects to the theoretical 
distribution and compare it with the experimentally 
observed spectrum. The corrections applied to the 
theoretical distribution as shown in Fig. 4 are the 
following: 


A. y-Detection Efficiency Including the 
Geometrical Factor 


For source-crystal distances of the order of magnitude 
1 


factor becomes very important. For instance, when the 
efficiency for a normally incident beam on this particular 
crystal at 600 kev is 70%, it is only 40% for a source- 
crystal distance of 4 in. The y-efficiency curve used is 
shown in Fig. 5(a), which is taken from Novey, since 


used in this experiment, namely } in., the geometrical] 


our geometrical arrangement is very similar to his. The 
resulting distribution after the efficiency correction is 
shown as curve A in Fig. 4. 


B. Fractions of Photons Detected with Full Energy 


Because of the presence of the Compton effect, all 
photons are not detected with their full energy. The 
ratio of photo cross section to total cross section is 
determined for a 
the 


identical conditions; for example, see Fig. 3(b). 


energy-dependent and should be 
under 
The 


region below 250 kev is not covered with experimental 


number of energies throughout region 


points, but fortunately the contribution from Compton 
electrons for energies below 250 kev is small. The curve 
obtained [ Fig. 5(b) ] can be checked together with the 
y-efficiency curve by measuring the relative intensity 
of two y rays where the intensity ratio is well known 
from other experiments. This was done by using the 
two y rays of I'** of 380 kev and 650 kev, their intensity 
ratio being determined as 1:1." The agreement with 
this ratio was rather good. The distribution curve due 
to the contribution of these full-energy pulses is shown 
as curve B in Fig. 4. 


MM. L. Perlman and Joan P. Welker, Phys. Rev. 95, 133 (1954 
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Fic. 4. Corrections to the theoretical distribution. Nal crystal; 
1 in. diam. X 1 in. height ; source-crystal 4 in. (a) Theoretical curve 
corrected for y efficiency. (b) The distribution curve due to photo 
electrons. (c) The Compton-electrons. (d) Backscattered photons 
(e) Escape-effect. (f) Absorption. 


C. Compton Electrons 


The fraction of photons detected with energy less 
than their full energy can also be determined from Fig. 
5(b). If the fraction of photons detected with full 
energy is p(E,), it is obvious that the fraction of photons 
detected with less than full energy is [1— p(£,) ]. This 
correction becomes very important when there are 
photons of high energy present as in this case. 

The number of photons of energy Z, absorbed in the 
crystal is V,(E,). The number of Compton-electrons 
ranging from energy zero to E,*, where E,* is the 
maximum Compton-electron energy (the Compton 
peak), is N,(£,)[1—p(E,)]. The probability” that 
such a Compton-electron will have an energy between 
E and E+dE is a function C(E£,E,). The total number 
of Compton-electrons at energy E due to all incoming 
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Fic. 6. Illustration of the 
method used for the calcu 
lation of the Compton 
contribution 
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By examining carefully a few cases of the entire distri- 
bution of the scintillation spectrum of a single y ray 
at various energies we find that the Compton-electron 
distribution for a certain y energy is approximately 
constant over the energy-range O— E,*. We caa there- 
fore approximate the function C(E,E,) to be 


0<E<E,* 
E> E,”. 


C(E,E,)=C(E,)=1/E,*, 


C(E,E,) =0, 


In order to obtain the Compton-electron distribution, 
we performed a step-by-step integration. One starts out 
at the highest energy and takes the N,(£,) from curve 
(see Fig. 6). Then one looks up the corresponding 
[1—p(E,) ] and chooses a suitable value of AE,, the 
smaller the better. One then calculates [AN, ]z,, the 
ordinate of the Compton distribution from 0 to E,* 
due to photons of energy between E, and E,+AE,, 
by the relation 


p(k,) jAE, 


This process is repeated throughout the spectrum and 
finally, by adding up all the contributions, we get the 
his 


Compton-electron distribution (Curve C, Fig. 4). 
must be added to the distribution curve due to photo- 
electrons (Fig. 4, Curve B). 


D. Backscattering 


Here it becomes important to investigate the in- 
fluence of the surrounding material. The backscattering 
results partly from the glass window of the photo- 
multiplier-tube and from the source and crystal con 
tainers and partly from the surrounding material, as 
Pb-shielding. It is important to remove as much sur- 
rounding material as possible and to try to measure the 
residual backscattered peak mostly due to the glass 
window and the source- and crysta!-containers. This 
residual backscattered peak will always be present in 
all the measurements. The Pb shielding, that is neces- 
sary for the measuring of the weak inner brems- 
strahlung, should be kept at a distance so as not to 
increase the backscattering. In this experiment it was 
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found that 2-in. Pb shielding at a distance of 6 in. from 
the source-crystal did increase the backscattering, but 
when the shielding was removed to a distance of 8 in. 
the increase in backscattering was negligible. Another 
effect that has to be taken into consideration is the 
fluorescence radiation from the Pb shielding. A thick 
aluminum lining of the Pb shielding is provided to take 
care of this effect. It is not advisable to put a Cu ab- 
sorber close to the source- and crystal-containers to 
attenuate this radiation, since the backscattering thus 
produced is undesirable. 

The correction for the backscattering is of course very 
difficult to calculate accurately. It is shown by an 
auxiliary experiment that at the energy of 661 kev and 
with proper geometry, the backscattered peak was 
about 9% of the photo peak. Considering the energy 
dependence of the Compton cross section, the 
efficiency and the original spectral intensity, it is 
estimated that the average number of backscattered 
photons is equal to 9% of the number of photoelectrons 
from photons of energy of 200 kev—Ewnax. The energy 
range for the backscattered photons is around 110 kev 
— 200 kev with a tail to the high-energy side due to the 
90°-scattered photons. [Eso for 800 kev=310 kev]. 
This estimation leads to the curve D on Fig. 4. 


E. K X-Ray Escape Effect 


This correction has been calculated by Novey,” and 
since this is a surface effect the correction is not de- 
pendent on the thickness of the crystal. The correction 
is shown as curve E on Fig. 4. 


F. Absorption 


Of course the experimental arrangement should be 
arranged to reduce this effect to a minimum. In our 
case there is a limit since the source is in gas form. The 
total absorbing material between the source and the 
crystal is a 1-mil Al foil of the window of the gas con- 
tainer and a 1-mil Al foil on top of the crystal. The 
absorption effect does not show up until 30 kev and 
is shown as curve F in Fig. 4. 
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Fic. 7. The correction for the resolution of the system. Curve 1 
is the total theoretical distribution, Nweor, obtained from Fig. 4. 
Curve 2 is the distribution, N,.., obtained by correcting N meor 
for resolution as described in Sec. ITI(G). 


" T. B. Novey, Phys. Rev. 89, 672 (1953 
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G. Effect of the Resolution of the System 


The correct way to carry out this correction is to 
treat the theoretical distribution according to the known 
resolving power of the system and then to compare the 
resultant curve with the experimental oae. If the con- 
tinuous spectrum is considered to consist of a number 
of monochromatic y rays it is obvious that each 
“y ray”, E,, is recorded as a Gaussian distribution, 


g(E), 
g(E)=(2eKE,}" exp — (E,—E)*/2KE,], 


where K=W?(E,)/2E, |n2 and W(E,)=half-width at 
half-intensity. Nis, the theoretical distribution corrected 
for resolution, is therefore obtained by integrating: 


Emax 
Veu(E)= f N theor(Ey)g(E)dEy. 


This operation was carried out by graphical integration 
and the correction is shown in Fig. 7. At energies above 
300 kev the corrected and the uncorrected curve 
coincide. 

H. Background 


This correction is carried out on the experimental 
points and includes the tube-noise, the amplifier-noise 
and the background radiation. This correction is shown 
as “noise-level” in Fig. 8. The noise-level varies 
drastically with the room temperature, so all the meas- 
urements were taken in an air-conditioned room with a 
minimum temperature variation. 


IV. RESULTS 


In Fig. 8 is shown the final theoretical curve together 
with the experimental points. The experiment was 
repeated in two runs with different gain on the amplifier. 
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Fic. 8. Inner bremsstrahlung from A. (1) Theoretical distri- 
bution according to the Glauber-Martin theory after correction 
for the experimental factors. (2) Theoretical distribution ac- 
cording to the Morrison-Schiff theory after correction for the 
experimental factors. O—Experimental points, Run I, low gain. 
@—Experimenta! points, Run IT, high gain. 
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Fic. 9. A comparison —— GLAUBER-MARTIN THEORY 
of the experimental dis- — oe oa oe. 
tribution of the inner Pre. REV. 99, 407 (1084) 
bremsstrahlung from 
Fe by Madansky and 
Rasetti (reference 3) to 
the theoretical predic- 
tion of Glauber and 
Martin. 











The peak-counting rate at 150 kev in Run I is 3100 
counts/min, and the experimental points are normalized 
to the theoretical curve by taking the average ratio of 
three points above 250 kev. The peak-counting rate in 
Run II is 750 counts/min and the exp points are 
matched to Run I at 90 kev. 

The agreement down to 100 kev is excellent. Because 
of the low Z-value of A*” (Z= 18), the contribution due 
to the 2P electron capture does not become important 
until below 30 kev. The experimental distribution curve 
does reach a maximum around 150 kev as predicted 
and then drops down to 30 kev. From there it suddenly 
swings up rapidly. In fact, this occurs exactly where the 
effect of the 2P electron-capture should show up as 
predicted by the Glauber and Martin calculation. 

The experimental points below 120 kev do not lie 
exactly on the theoretical curve. This may be due 
partially to the accumulated errors introduced by the 
various corrections and partially to the simplifications 
used in the theoretical calculations. As Glauber and 
Martin pointed out, the screening effect on the distri- 
butioa was not included in the calculation but it may be 
appreciable in the low-energy region. For comparison, 
we tried to fit the experimental distribution of the inner 
bremsstrahlung from Fe** by Madansky and Rasetti* 
to the theoretical prediction of Glauber and Martin 
(Fig. 9). We observed that the agreement was excellent 
to about 100 kev. Below that energy the experimental 
points were below the predicted values. The neglect of 
the screening effect would yield higher predicted values 
at the low-energy region. 

We wish to thank Dr. P. C. Martin and Dr. F. 
Pollock for many enlightening and stimulating dis- 
cussions, and Professor W. W. Havens, Jr., for his 
constant interest. One of the authors (T. L.) wishes to 
express his appreciation to the Department of Physics, 
Columbia University, for the opportunity of working 
in its laboratories and to acknowledge a grant from the 
Swedish Atomic Committee. 
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I. INTRODUCTION 


URING our initial survey of gamma radiation 

emitted by nuclei under low-energy alpha-particle 
bombardment,'* it became apparent that some of the 
most strongly excited gamma rays occurred in the rare- 
earth region, mainly between neodymium (Z=60) and 
(Z=73). Some of the energy thus 
excited were known from beta- and gamma-ray spec- 
observed 


tantalum levels 


troscopy; some of them had not been 
prev iously. 

In a few cases the lifetimes of these transitions had 
been determined by fast coincidence techniques to 
be about 50 to 100 times faster than predicted on the 
basis of These so-called 
“fast E2” transitions have been known for some time’; 
they are, of course, particularly well suited to study 


by Coulomb excitation, since the cross section for this 


single-particle estimates. 


E2 process is then about 50 to 100 times greater than 
‘ 


expected for “normal” E2 transitions. In fact, it was 
pointed out‘ before the discovery of Coulomb excitation 
that the latter process would especially favor the 
speeded-up electric quadrupole transitions which play 
such a prominent role in the unified description of the 
nucleus. 


In one of our previous communications,’ we have 


reported preliminary results on the rare-earth region, 


* A preliminary account of the results in this paper has been 
presented at the 1955 Annual Meeting of the American Physical 
Society at New York City [N. P. Heydenburg and G. M 
Phys. Rev. 98, 1198(A) (1955) ] 

'G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 
1954 

?N. P 
1954 

*M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951 

* A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selkab, 
Mat.-fys. Medd. 27, No. 16 (1953) 

*G. M. Temmer and N. P. Heydenburg, Phys. Rev. 94, 1399 
(1954). 


Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 


independent particle. Good agreement was found with some values 
of these quantities available from direct lifetime observations, 
giving us confidence in the correctness of both the theoretical 
expression for the total excitation cross section, and the experi- 
mental approach for its determin: \ systematic decrease in 
these transition probabilities is evident in even-even nuclei upon 
approaching the closed-neutron shell at V =82; a corresponding 
the 2* lev reflects the common 


tior 


increase in the energy of levels 

origin of both phenomena, namely the decrease of the intrinsic 

deformation of the However, the absolute magnitude 

derived for this deformation depends upon which manifestation 
! 


Ss used 


nuclei. 


ting constants #?/29 be- 
, and odd-even nuclei is found. Within 


uncertainties the transition probabilities do not 


some € 


tween even-even, even-ock 


vidence for a difference in split 
ij 
t 


the rather large 


seem to show a corresponding variatior 


with particular emphasis on the level spacings observed 
in nuclei of odd mass number and their bearing on 
rotational interpretation. In the meantime, we were 
able to obtain most of the presently available enriched 
isotopes® in this region. This has led to confirmations 
(and some revisions) of previous level assignments, and 
has made it possible to obtain absolute cross-section 
measurements in most cases. From these measurements 
we can derive reduced transition probabilities, which 
can be compared with those derived from lifetime 
measurements.’:* Satisfactory agreement in the few 
cases where overlap of the two methods exists has given 
us confidence in our general approach. Trends in the 
sizes of the transition matrix elements bear out the 
general predictions of the “strong coupling” approxima- 
tion of the unified model, to be discussed in Sec. IV. 
What we observe, in general, can be summarized 
as follows: only one energy level, the first-excited state 
with spin 2+, is excited in even-even nuclei, without 
exception. In odd-A nuclei, we usually find excitation 
of two energy levels with presumed spins Jo+1 and 
Iy+2, respectively, J) being the ground-state spin, all 
parities being the same.’ Ideally we should then observe 
three gamma rays, representing transitions from these 
two states to the ground state, and the (cascade) transi- 
tion between the two excited For technical 
reasons, however, we see all three gamma rays only in 
two cases (Eu'™ and Ta') ; most of the time the cascade 
radiation is hidden by the very much stronger radiation 


States. 


* Obtained from the Isotopes Division, Oak Ridge National 
Laboratory, Oak Ridge, Tennessee 

'F. K McGowan, Phys Rev 80, 923 
87, 542 (1952). 

*A. W. Sunyar, Phys. Rev. 95, 626 (1954) ; 98, 653 (1955 

*A. Bohr, dissertation, Copenhagen, 1954 (unpublished) ; also 
Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn 
(North-Holland Publishing Company, Amsterdam, 1955), Chap 


17. 


(1950) ; 85, 151 (1952); 


150 
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of only slightly lower energy from the first excited state. 
In some cases we only see one gamma ray, which may 
be associated with one of the three possibilities just 
mentioned ; the other two lines may be hidden by lines 
from other contaminating isotopes or by the strong 
characteristic x-radiation excited directly by the in- 
cident charged particles, or following the internal con- 
version of Coulomb-excited gamma radiation. In the de- 
tailed discussion which followsin Sec. ITI we shall present 
evidence or arguments supporting one or another of 
these possibilities. In some odd nuclei no lines what- 
soever were observed (La, Pr'#, Nd!*, Sm'?, Sm"). 

We have been able to assign all observed lines in 
soNd, 62Sm, «Gd, and Hf by means of enriched 
isotopes; no problem exists in the monoisotopic, odd-A 
elements ¢sT'b, ¢7Ho, e¢Tm, and 7;Ta. The case of g;Eu 
is almost certainly settled even though it consists of 
two about equally abundant isotopes. The element 
71Lu consists predominantly of isotope 175 (97.4 per- 
cent), the balance being occupied by the odd-odd 
isotope 176. Assignments in this case could be made 
plausible on the basis of abundance. 

This leaves the even-Z elements g¢Dy, «Er, and 
20Yb, for which no enriched isotopes are as yet available. 
We shall nevertheless present our results obtained 
with natural targets of these elements, since they will 
become useful as soon as assignments can be made. 
Because of the systematic behavior of the first-excited 
states of even-even nuclei’ some fairly consistent 
identification of gamma rays can be made even for these 
poly-isotopic elements. 


Il. EXPERIMENTAL METHOD 
A. Alpha-Particle Beam 


We have previously described the general features 
of our experimental setup.” Throughout this work we 
used the doubly charged helium beam produced when 
singly-charged helium ions lose their second electron 
upon passing through an oxygen gas stripper mounted 
some 300 kev below our rf ion source. The nominal 
beam energy was kept at 6 Mev by running the electro- 
static generator at 3.15 Mev. The beam energy is 
believed to be known to +50 kev; the precise energy 
calibration of the beam must await comparison with 
some sharp resonances in this energy range determined 
elsewhere, or the completion of our electrostatic ana- 
lvzer. The beam energy is known to sufficient accuracy 
for our present purposes. Most of our previously re- 
ported work!" was done with our He* beam which 
is limited to energies below about 3.6 Mev. Although 
many of the levels discussed in this paper could be 
reached with this lower energy beam, the yield of 

” G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

" P. Stahelin and P. Preiswerk, Nuovo cimento 10, 1219 (1953) 

#N. P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1252 
(1954) 

i W. Bittner, Rev. Sci. Instr. 25, 1058 (1954). 
88a M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
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gamma rays in the 200-kev region is increased by a 
factor of about 40, with correspondingly larger gains 
in intensity (and hence in accuracy) for higher energy 
levels, upon shifting to the 6-Mev beam. The beam 
currents we used ranged from 0.05 to 0.10 micro- 
ampere, and were integrated in a Faraday cup. 


B. Targets 


We used thick oxide targets (except for Ta) which 
were prepared by compressing of the order of 100 mg 
of the salts into a standard one-half inch wide depression 
in a small aluminum target cup, thus assuring re- 
producible thicknesses of material to be traversed by 
the gamma radiation before it enters the scintillation 
crystal. An empirically determined self-absorption cor- 
rection was applied to all observed gamma yields. The 
geometry was kept rigorously fixed by a tight-fitting 
Lucite spacer between the target cup and the front face 
of the aluminum can containing the 1} in.X2 in. 
Nal(TI) crystal. In many cases we inserted from 0.010 
in. to 0.025 in. of copper absorber between target 
and crystal to attenuate strong x-radiation or interfering 
low-energy gamma radiation from the targets, for which 
proper correction was, of course, made. For a schematic 
diagram of our experimental arrangement, we refer to 
Fig. 1 in reference 12. Since the solid angle subtended 
by the detector at the target is nearly 2%, no correction 
was necessary for anisotropy in the gamma emission. 

We obtained an empirical conversion factor from 
the oxides to equivalent pure-element targets by com- 
paring the gamma-ray yields of ordinary HfO, and 
Ta,Os with metallic Hf and Ta targets. The ratio found 
in both cases was 0.50. We have assumed that the same 
ratio applies to all rare-earth oxides of the form X Os, 
where X represents any rare-earth element. Changes in 
this factor over the interval Z=60 to Z=73 are ex- 
pected to be small; consequently, all observed yields 
were multiplied by 2.0. As noted previously,“ the only 
other major effect ascribable to the presence of oxygen 
in the target is the appearance of a gamma-ray line at 
342 kev. We were able to show by means of a BasCO; 
target enriched to 9 percent in O", that this line results 
from the O'*(a,ny)Ne* reaction, O'* having a natural 
abundance of 0.20 percent. Since the yield of this line 
was found to be rather independent of element over the 
rare-earth region, and is of course unaffected by 
isotopic enrichment, it serves as a valuable intensity 
marker for the intercomparison of the various targets. 
In the few instances where a Coulomb-excited line 
fell close to 340 kev, we were able to perform a satis- 
factory subtraction of the oxygen contribution. As a 
check, we also observed these gamma rays from 3-Mev 
proton excitation. 


C. Energy and Intensity Measurements 


The gamma-ray energies, determined by calibrating 
our system with a number of reference sources listed 
previously,” are believed to be reliable to +1 percent 
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The absolute thick-target yields were obtained as 
follows: first, a thin source of Au™ calibrated in a 4x 
absolute beta counter at the National Bureau of 
Standards,"* was placed at the target position, and the 
intensity under the photoelectric peak produced by the 
411-kev gamma ray was determined. Knowing the 
absolute disintegration rate of the source we immedi- 
ately obtain the effective photopeak efficiency of our 
system for a gamma ray of this energy (8.87 percent). 
The relative effective photopeak efficiencies for gamma 
rays of different energies were determined by referring 
to some semiempirical results obtained by a Swiss 
group.’* We can then calculate all the transition prob- 
abilities in the manner to be described below. We find 
good agreement with the known transition probability’” 
for the 136-kev transition in tantalum, as well as with 
those obtained from lifetime measurements where 
available. 

We should like to point out that at no time did we 
find evidence of continuous gamma radiation (brems- 
sirahlung)'* produced by alpha particles in the targets, 
so that no correction had to be made for such an effect. 
This is evident from our pulse-height distributions'-“ 
and is in keeping with the dependence of the brems- 
strahlung cross section on charge and mass of the 
projectile." Direct background radiation from our 
generator was also found negligible; the only back- 
ground for which we had to correct was that produced 
by Coulomb-excited gamma rays of higher energy than 
the one of interest. 


D. Extraction of Transition Probabilities 


The thick-target yields were reduced to thin-target 
cross sections as follows: We start with the expression 
for the E2 Coulomb excitation cross section as given 
by Alder and Winther” 


o = (29/25) (m*n 7 /Z7eh*)g2(t) B(E2), (1) 
where g2(t) is a numerically tabulated function of the 
adiabatic parameter 


="(- -) 
t- - 
h Te B% 


v, is the final projectile velocity after collision, 2, is the 
initial projectile velocity, B(E2) is the sought-after 
reduced £2 (upward) transition probability, AE is the 
energy of the excited state above the ground state, 
Z, and Z; are the charges of the projectile and target 
nucleus, respectively, and m is the projectile mass. 

“We are indebted to L. Cavallo and H. H 
calibration 

* Maeder, Miller, and Wintersteiger, Helv. Phys. Acta 27, 3 
(1954), 

Alder, Bohr, Huus, Mottelson, Winther, and Zupanci¢, Revs 
Modern Phys. (to be published). 

* C. Zupantit and T. Huus, Phys. Rev. 94, 205 (1954 

* K. Alder and A. Winther, Phys. Rev. 96, 237 (1954) ; see also 
reference 17. 
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The adequacy of expression (1) for the total excitation 
cross section has been recently demonstrated theo- 
retically”™ and supported experimentally.'* For the 
sake of simplicity we shall use the approximation 
AE/E<1, a condition which is rather well satisfied for 
our bombarding energy, and level energies below 
~300 kev [for AE> 300 kev, expression (1) was used }; 
upon inserting numerical constants appropriate for 
alpha particles, Eq. (1) can be written 


o(E)=(15.1E/Z.?) g(t) B(E2), (2) 


where B(E2) is expressed in 10~* cm‘,” o(£) in barns, 
and E in Mev, and ¢ is now given by 


t>(Z,Z2e/hv) (AE/2E). (3) 


Expression (2) must now be integrated along the 
track of the slowing-down incident particle. We make 
the following assumptions” concerning the dependence 
of the stopping power on particle energy and the atomic 
number Z, of the target: 


(a) the stopping power, dE/dx, varies as E+; 
(b) the stopping power per atom varies as Z,}. 


These assumptions are in keeping with experiments on 
the stopping powers at low energies.**~** Since g2(£) is a 
very steep function of projectile energy, most of the 
yield is produced at the beginning of the alpha-particle 
track, and the thick-target yields turn out to be rather 
insensitive to the details of assumption (a) (see below). 
Since the range in atomic numbers for the targets 
studied here is small, not much error can be introduced 
by any slight departures from assumption (b). If we 
denote by a subscript zero those quantities referring 
to the incident particle energy, we obtain the following 
expression for the thick target yield: 


Ewy &o) 
Y=Noe | | 
(dE dx)o 


where y(& ) stands for a numerical integral given by 


1 x 

f(t.) = 2t,5/8 
¥(Eo) = 3&0 i] 
B2( fo) “ 


and N is the number of target atoms per cc. The factor 
in brackets occurring in Eq. (4) evidently represents 
an equivalent target thickness. ¢(£) is given by Eq. (2) 
for Eq. (1) when AE>300 kev]. In Table I, we list 
some representative numerical values of the function 


(4) 


73 


(£) 
dé, 


¢8/3 
Ss 


(5) 


fee 


» G. Breit and P. B. Daitch, Phys. Rev. 96, 1447 (1954). 

* L. C. Biedenharn and C. M. Class, Phys. Rev. 98, 691 (1955). 

™It is understood throughout this paper that the quantity 
B(E2) has been divided by é. 

™ Suggested by T. Huus and B. R. Mottelson (private com- 
munication). 

™C. B. Madsen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, No. 13 (1953). 

* Chilton, Cooper, and Harris, Phys. Rev. 93, 413 (1954). 

% J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 
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Taste I. Numerical values of the thick-target function y(&}) es the adiabatic parameter f». y(£») is defined in Eq. (5). 
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y(£o) for a series of values of £..2” It turns out that if we 
had assumed a constant stopping power instead of 
assumption (a), the value of y(0), where the maxi- 
mum discrepancy is to be expected, would have been 
0.500 instead of 0.400. The value of (dE/dx)» we used 
for tantalum was 197 Mev-cm*/g. Stopping powers for 
the other targets were computed from this value 
according to assumption (b) above, and are found in 
Table II. 

Upon inserting (2) into expression (4) we can solve 
for B(E2); using appropriate numerical constants, we 
obtain * 

AZ#(dE ‘dx)o¥ 


: -X 10 cm‘, (6) 
9.06 Eo? ¢2( Eo) y( Eo) 


B(E2)= 


where A is the atomic weight of the target, (dE/dx) 
the stopping power of the target (for alphas) in Mev- 
cm*/g, Eo the incident energy in Mev, and FY is the 
yield of excited nuclei per incident particle. All other 
quantities were defined above. 

Some remarks are in order concerning the meaning 
of B(E2). In accordance with a convention adopted 
in a review article on Coulomb excitation,” we shall 
denote by «B(E2) for a given gamma ray, the quantity 
obtained when inserting the experimental thick-target 
yield of gamma radiation into expression (6). The 
quantity e, which is of necessity always less than unity, 
contains the following factors which must still be re- 
moved before we arrive at a theoretically meaningful 
transition probability : 

(a) The total internal conversion coefficient a,; the 
experimental quantity «B(E£2) must be multiplied by 
(1+a,) to obtain the total excitation of a given level. 
This is an important correction for almost all rare-earth 
levels we observe. Unfortunately, empirical information 
in this transition-energy region on K-conversion as 
well as K/L conversion ratios is scanty,*:7* and theo- 
retical tabulations presently available require rather 
daring extrapolation.*** A further complication exists 
in the case of odd-A transitions which involve mixtures 
of M1 and £2 radiation; knowledge of this mixture is 
essential for a determination of internal conversion, 
and is very scarce in the rare-earth region, especially 
since many of the transitions are seen only in Coulomb 
excitation. A number of the transitions have been ob- 
served by Huus” using conversion-electron detection, 
so that in principle, at least, total conversion coefficients 
could and should be determined experimentally. 

* We are indebted to T. Huus for furnishing these values. 

* Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951); Rose, Goertzel, and Swift (privately circulated tables). 


* Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
»” T. Huus (private communication). 


(b) In the case of odd-A nuclei, where the second 
rotational state is often excited, a branching correction 
must also be made. As was mentioned above, the cascade 
transition from second- to first-excited state is usually 
not observed, but its strength (corrected for internal 
conversion) must be added to the direct ground-state 
transition in order to give a true representation of the 
total excitation of the second level. In the case of 
Ta™, for instance, the 167-kev cascade is stronger 
than the direct 303-kev transition.’ These branching 
ratios are of special theoretical interest, since they are 
connected with the gyromagnetic ratio of collective 
flow, gx‘” a quantity which is not otherwise obtainable 
(see Sec. IV-B below). Unfortunately, our results are 
meager on this score, because of insufficient resolution 
of scintillation counters. It is hoped that methods 
capable of higher resolution, such as internal-conversion 
spectrometry and possibly bent-crystal spectrography 
will contribute more of these branching ratios. In view 
of the existing uncertainties discussed above, we only 
feel justified in reporting values of «B(E2) uncorrected 
for either (a) or (b) except for the few cases where 
comparison can be made with values obtained from life- 
time measurements.’-* Whenever total internal con- 
version coefficients and branching ratios become avail- 
able from experiment in the future, the factor « can 
readily be removed.7 


E. Accuracy 


A few words should be said concerning the reliability 
of our quantities «B(E2). Uncertainties due to counting 
statistics alone are always negligible. While it is difficult 
to ascertain the errors inherent in the reduction of our 
results, we feel that in view of such evidence as the 
rather good agreement of our results with lifetime 
measurements, our error in the absolute value of any 
given transition probability can be conservatively 
fixed at +30 percent. The relative error between the 
isotopes of one element or even neighboring elements is 
estimated at +15 percent. In general, lines giving rise 
to stronger photopeaks are inherently more reliable 
than weak lines; lines that are more completely resolved 
from their neighbors also yield better values. 


Ill. RESULTS 


In Table II we have collected our experimental results 
for the rare-earth region. We list, in turn: the element ; 


+ Note added in proof.—A. W. Sunyar has kindly furnished 
estimates of the total Z2 conversion coefficients for our even-even 
transitions (cf. reference 8). Using these, we have evaluated 
nuclear deformations for even-even nuclei, which have recently 
been published in this Journal [Phys. Rev. 99, 1609 (1955), 
especially Fig. 1). 
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mass number of the responsible isotope ; relative abund- 
ance (either in the natural, or the enriched sample 
where used); spin of the ground state, 79; gamma-ray 
energy in kev (equal to level energy except where other- 
wise noted) ; £0; g2(fo); v(&o); (€E/dx)o in Mev-cm’/g; 
and ¢B(E2) in 10 cm‘. The last five quantities were 
defined in Sec. II-B. The quantities «B(£2) listed have 
been corrected for the presence of oxygen in the targets 
and brought up to 100 percent, using the appropriate 
abundances. (dE/dx) refers to the stopping power in 
the pure elements. For targets where no enriched 
isotopes were available, the abundance correction is 
made as described below in more detail for the various 
elements. 


A. Lanthanum (Z=57) 


This element is monoisotopic and consists of the 
nucleus La™.*! A careful search failed to reveal the 
166-kev transition which is known from the decay of 
Ce (or any others). Internal conversion data ascribe 
an M1 character to this radiation.” Recent results from 
low-temperature nuclear alignment of Ce™ support 
this assignment, although a small amount of £2 ad- 
mixture seems indicated. From the negative Coulomb 
excitation results we can conclude that the £2 transition 
probability (if any) is about two orders of magnitude 
smaller than in the stronger rare-earth cases, i.e., of the 
order of the single-particle transition strength. The fact 
that La” contains a magic number of neutron (V = 82) 
is undoubtedly related to this observation. 


B. Cerium (Z=58) 


This element consists entirely of even-even isotopes, 
the predominant one again having 82 neutrons (Ce™, 
88.5 percent) and a known first-excited 2* state at 
1.61 Mev. We therefore observe no gamma rays from 
Ce (1.6 Mev is far too high an energy to be excited with 
6 Mev alphas) as pointed out previously’; the low- 
energy gamma rays we saw are undoubtedly due to rare- 
earth impurities. 


C. Praseodymium (Z=59) 


A careful re-examination of monoisotopic Pr'* did 
not yield the 145-kev gamma ray known from the beta 
decay of Ce". As in the case of La”, low-temperature 
nuclear alignment experiments have been carried eut 
on Ce which establish the transition as M1, with an 
E2 admixture of about 4 percent.™ Pr is another 
“magic” nucleus with 82 neutrons. Our negative result 
again shows the single-particle character of this 
7/2*-+5/2* transition, with no effective competition 
to M1 radiation from £2 radiation. 


*" Except for a negligible amount of the odd-odd nucleus La™ 
(0.089 percent). 

“= C.R. Pruett and R. G. Wilkinson, Phys. Rev. 96, 1340 (1954). 

® Ambler, Hudson, and Temmer (private communication). 

* Ambler, Hudson, and Temmer, Phys. Rev. 97, 1212 (1955), 
and Phys. Rev. (to be published 
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D. Neodymium (Z= 60) 


For this element we had enriched targets of both 
odd-A isotopes Nd’ and Nd"*, and the even-even 
isotope Nd'*. This permitted us to assign new 2+ 
first-excited states to Nd" and Nd at 300 kev and 
128 kev, respectively, as well as to observe the 455-kev 
state in Nd™*, The newly found transitions are shown 
in Fig. 1. Because of the rapid rate of change of excita- 
tion energy with neutron number jin this region, we 
could excite no levels in Nd'” and Nd. A gamma 
transition of 70 kev, rather weak compared to most rare- 
earth transitions, was found associated with Nd’, 
while no gamma rays at all were found to belong to 
Nd. The transitions in Nd'* and Nd'® have since 
been studed with protons as well.” 

The trend in the values of «B(E£2) as we go from 
Nd'* to Nd'® is worthy of note. The internal conversion 
corrections are small except for the 128-kev transition 
whose intensity should be multiplied by a factor of 
about 2. We see the monotonic increase in the matrix 
elements as we move away from the closed neutron 
shell at N=82, an effect which can be related to the 
decrease in excitation energy of the first-excited states 
(see Sec. IV). A particularly large break in excitation 
energy occurs between neutron numbers 88 and 90 
(300 kev to 128 kev). As we shall see in Sec. III-E this 
break also exists in samarium. 


E. Samarium (Z = 62) 


Figure 2 shows the pulse-height distribution pro- 
duced by gamma rays of 122 and 82 kev from the first- 
excited states of the even-even nuclei Sm'™ and Sm'™, 
respectively, as obtained with a natural target of Sm2Os. 
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Fic. 1. Coulomb excitation of «Nd with 6-Mev alphas. Pulse 
height distributions: ordinary Nd (left) showing 128-kev line 
from Nd (5.6 percent); Nd enriched to 89.9 percent Nd’ 
(right) showing 300-kev line in that isotope. Location of 342-kev 
gamma from O"*(a,n7~)Ne is indicated (see Sec. II-B). Both are 
newly discovered energy levels; 455-kev level in Nd“ observed 
but not shown. No absorber used. 

* Simmons, Van Patter, Famularo, and Stuart, Phys. Rev. 97, 
89 (1955). 
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Figure 3 similarly shows the de-excitation gamma 
radiation of the first-excited 2* states at 562 kev and 
337 kev in enriched targets of Sm'** and Sm’, re- 
spectively. Although the 337-kev line is superimposed 
upon the 342-kev “oxygen” line (see Sec. II-B), its 
intensity can easily be found by subtracting the oxygen 
contribution of a neighboring rare-earth oxide. The 
dotted curve illustrates the magnitude of this contribu- 
tion. Our observation of these four lines again confirms 
the spin and parity of the first-excited states in these 
nuclei as 2* and illustrates the systematic trend of their 
excitation energies. A particularly large jump in excita- 
tion energy is again found between neutron number 88 
and 90 (337 kev to 122 kev), just as in neodymium 
(Sec. ITI-D). Additional evidence has been pointed out 
for a major rearrangement at neutron number 88, such 
as an abrupt change in the ratio of second to first- 
excited state energies in even-even nuclei from a value 
near 2 to a value near 3.33," the latter being the ratio 
predicted by the “strong coupling” approximation of 
the unified model (see Sec. IV). 

Although we had available enriched targets of both 
147 and A=149), 


serve no gamma rays associated with these nuclei. We 


odd-A isotopes of Sm (A we ob- 
can set an upper limit on the intensity of any levels 
in the odd nuclei of Sm of about 2 percent of that of the 
levels in the even-even nuclei. 

It is agai 
quantity «B( £2) for the four even nuclei. We must re- 
Sec. II-E), 


22-kev transition by a 


interesting to note the trend in the 
member the internal conversion correction 
which raises «B(E2) for the 
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Fic. 3. Coulomb excitation of «Sm with alphas. Pulse-height 
distributions: enriched Sm™ (68.0 percent)+6-Mev alphas 
showing 337-kev transition (left); enric ped Sm"™* (72.7 percent) 
+6.5-Mev alphas showing 562-kev transition (right). Dashed 
curve indicates amount of 342-kev radiation contributed by the 
O"*(a,nwy) Ne* reaction II-B). 0.025 in. Cu absorber used. 


See SEC 
by a factor of about 8. The transition probability is 
then seen to vary inversely with the excitation energy. 

The case of Sm'® is of special importance, because the 
lifetime of the 122-kev transition has actually been 
measured by fast coincidence techniques.’ From the 
value of the half-life (= 1.4 10~* second), corrected for 
internal conversion (Sunyar estimates a,;=1.27*), and 
Weisskopf’s formula for the probability for electric 
quadrupole radiation,” we obtain a downward B(E2) 
of 0.66.** This corresponds to an upward B(E2) of 3.3 
the statistical factor (27,+1)/(2/;4+1) being 5 in this 
case. Using our value for «B(E2) of 1.36, we obtain 
B(E2)=3.1 after multiplication by (1+ a,); this is in 
very gratifying agreement with the value obtained from 
the lifetime measurement. 


F. Europium (Z=63 


Europium consists of two odd-A isotopes, Eu'® 
(47.8 percent) and Eu'* (52.2 percent). Our early 
investigation of Eu targets* revealed three gamma rays 
at 82 kev, 105 kev, and 187 kev. Figure 4 shows the 
gamma-ray spectra observed through varying thick- 
nesses of absorber. By using two Nal crystals and two 
single-channel pulse-height selectors in coincidence, one 
set on the photopeak of the 82-kev line and the other 
at varying pulse-height settings, we obtained a coin- 
cidence maximum at about 105 kev, showing that some 
of the 82-kev radiation was indeed in cascade with the 
105-kev gamma ray, and establishing the decay scheme 
shown in the insert of Fig. 4. This represents a well- 

"V_F. Weisskopf, Phys. Rev. 83, 1073 (1951). 


* £2 transition probabilities always expressed in units of 
10-* cm* 
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developed rotational spectrum, as we shall discuss 
below. Although we have shown that all three gamma 
rays belong to the same nucleus we could not identify 
the responsible isotope, since enriched Eu'® is as yet 
unavailable. However, in the meantime the 82-kev 
transition{has been looked for and found to be very 
weakly excited in the conversion-electron spectrum 
following the beta decay of Sm'*,®-” so that the assign- 
ment of the system of levels to Eu'® is almost certain. 
Note that the quantity «B(£2) for the 105-kev cascade 
radiation is computed using a value of £ appropriate 
for an excitation energy of 187 kev. 

Recently we discovered an additional gamma ray 
of 310 kev, which we have temporarily assigned to the 
isotope Eu’, mainly because some slight evidence 
for a 0.265-kev gamma ray (determined by absorption) 
following the decay of Gd'*' is found in the literature.” 
Note that the two Eu isotopes are also straddling the 
gap between N=88 and N=90, a fact which might be 
related to the existence of a strong rotational spectrum 
in one but not the other nucleus. 


G. Gadolinium (Z=64) 


Figure 5 shows the gamma-ray spectra from ordinary 
Gd and the odd-A isotopes Gd'** and Gd'*’, The 
123-kev line belongs to Gd'™,® whose natural abundance 
is only 2.15 percent. The large composite peak at 
around 80 kev is due to the even-even isotopes Gd", 
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Fic. 4. Coulomb excitation of «Eu with 6-Mev alphas. Pulse- 
height distribution for ordinary Eu shows lines at 82 kev, 105 kev, 
and 187 kev. 0.015 in. Cu absorber used; low-energy portion of 

vectrum also shown as seen through 0.064in. Cu absorber. 
Coincidence experiment establishes decay scheme shown as insert. 
Excited isotope is probably Eu’ (see Sec. III-F), 310-kev line 
also observed (not shown). 


*N. Marty, Compt. rend. 238, 2516 (1954). 

“ E. L. Church (private communication). 

“R. E. Hein and A. F. Voigt, Phys. Rev. 79, 783 (1950). 
“FE. L. Church and M. Goldhaber, Phys. Rev. 95, 626 (1954). 
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Fic. 5, Coulomb excitation of ¢Gd with 6-Mev alphas. Pulse- 
height distributions: ordinary Gd showing 123-kev state in Gd™ 
(2.15 percent); enriched Gd'** (72.3 percent) showing state at 
145 kev; enriched Gd'* (69.7 percent) showing state at 131 kev. 
Large composite peak around 80 kev is due to varying amounts of 
Gd! (89 kev), Equse (79 kev), and Gd’ (76 kev) in the three 
targets. Note low intensity of 131-kev and 145-kev lines (see 
Sec. ITI-G). 0.025 in. Cu absorber used. 


Gd'**, and Gd!, whose first-excited state energies 
are known to be 89 kev, 79 kev,” and 76 kev,” re- 
spectively. The shifts in the peak position, and changes 
in peak width as well as height in the three targets of 
Fig. 5 are satisfactorily accounted for by their isotopic 
compositions ; for instance, the target enriched in Gd'* 
contains 17.7 percent Gd'™, 2.9 percent Gd'**, and 0.81 
percent Gd, This explains the narrower half-width 
of the photopeak from this target, as well as its peak 
value of 87 kev. We were able to obtain transition 
probabilities for all isotopes but Gd'® (0.20 percent) 
and Gd'™; the latter has a value of about the same order 
as Gd'**, but could not be accurately determined with 
the enriched targets at our disposal. 

The two new lines in the odd-A isotopes at 131 kev 
and 145 kev represent an unexpected departure from 
the so-called “strong coupling” situation in rotational 
spectra; unexpected because we found well-developed 
rotational levels in odd-A nuclei on either side of «Gd, 
namely in ¢;Eu' and ¢sTb'. The transition prob- 
abilities in Gd'** and Gd"? are about twenty times 
weaker than in their even-even neighbors, and the 
companion lines expected in odd nuclei are missing. 
Using a ground-state spin Jo>=7/2," the predicted 
ratio of second- to first-rotational state energy is 2.22;} 
if the discovered lines represent the first rotational 
states, the companion states should lie at 291 kev and 


“1,>5/2 according to K. Murakawa, Phys. Rev. 96, 1543 
(1954). 

$ Note added in proof.—Recent hyperfine structure evidence 
shows the spin of the odd Gd nuclei to be 3/2 [F. A. Jenkins and 
D. R. Speck, Bull. Am. Phys. Soc. 30, No. 5, 27 (1955)]; the 
appropriate ratio is then 2.40, and the situation is similar to 
Tb’ (Sec. I1-H). 
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322 kev, respectively. Our search of this energy region 
revealed none, although it should be kept in mind that 
because of the low intensity of the first rotational 
states, these second states would probably be un- 
detectable. A more attractive way out of the dilemma 
is to assume that the observed lines really represent 
second rotational states. This would immediately re- 
move the difficulty of low transition probability. A 
glance at Table II shows their intensities to be of the 
order of the intensities found for second rotational 
states. However, we must stili account for the first 
rotational states, which would be expected at 59 kev, 
and 65 kev, respectively.§ We found no direct evidence 
for such radiation. However, these low-energy gamma 
rays would be very highly converted; furthermore, the 
nearness of the very strong Gd K x-ray at about 44 
kev complicates the detection of such gamma rays. 
We have carefully examined the profile of the K x-ray 
in the target enriched in Gd'™ where a 65-kev line might 
be expected, and conclude that such a line might indeed 
be hidden in the tail of the x-ray peak. A strong piece 
of evidence in this direction is the fact that the K x-ray 
line from the old-A targets was considerably (~50 per- 
cent) stronger than from the ordinary Gd target. Since 
the course 
independent of isotopic composition, and since approx!- 


direct excitation of target x-rays is of 
mately the same visible amount of gamma radiation 
producing K x-rays following internal conversion exists 
in all three Gd targets, the excess K x-radiation from 
the odd-A targets is most easily explained by the 
presence of a strongly converted gamma transition 
which is itself hidden in the wing of the x-ray peak. 
For a similar situation where the facts are actually 
established we refer to the next element, Tb'™® (Sec. 
III-H). The most direct confirmation of the correct- 
ness of our interpretation of the odd Gd spectra will, 
as in the case of Tb, have to come from an observation 


of internal conversion electrons. 


The lifetime of the 123-kev transition in Gd'™ is 
known directly.’ Again using Sunyar’s estimate for the 
total internal conversion coefficient (a,=1.42),° we 


calculate an upward transition probability B( £2) = 3.4. 
From our excitation data we obtain a value of 5.1. 
This represents a larger discrepancy than found in 
the other cases where comparison is possible. The most 
likely reason for this is to be found in the fact that our 
result here was obtained from natural Gd, of which 
Gd'™ constitutes only 2 percent. 


H. Terbium (Z=65 


The gamma-ray spectrum we observe for monoiso- 
topic Tb” is shown in Fig. 6. The two transitions at 
79 kev and 136 kev do not fit a rotational scheme ; how- 
ever, the energy difference of 57 kev together with the 
136-kev gamma ray constitute a perfect rotational 


these values are 55 and 


§ Note added in proof. —With ],»= 3/2, 


6O kev, respectively 
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spectrum, with an energy ratio of 2.39. The theoretically 
expected ratio for the case of ground-state spin Ip= 3 
is 2.40. It turns out that Huus” finds a very strong 
conversion-electron line at 57 kev in Tb. We have 
checked the ratio of intensities of the 79-kev and 136- 
kev gamma ray and found it to remain constant be- 
tween 3-Mev and 6-Mev bombarding energy. Had the 
79-kev gamma ray originated at a 79-kev level, this 
intensity ratio would have changed by a factor of 
about three in favor of the 136-kev radiation. This 
proves that the 79-kev line originates at the 136-kev 
level and is the cascade to the 57-kev level. Hence the 
level scheme shown in the insert of Fig. 6 is established. 
It represents a perfect example of a rotational spectrum. 
In computing ¢B(E2) for the 79-kev cascade radiation, 
we used the value of & appropriate for an excitation of 
136 kev. 

The reason for our inability to detect the 57-kev 
gamma radiation is its high internal conversion and its 
neamess to the 46-kev x-radiation, which is itself en- 
hanced by the internal conversion process. In spite of 
very careful examination of the 57-kev region with 
critical absorbers we were not able to detect the radia- 
tion from the first rotational state. The cascade radia- 
tion is so clearly resolved in this case for two reasons: 
(a) the second rotational state has a comparatively low 
energy so that it is strongly Coulomb-excited; (b) the 
ground-state spin of $ is the lowest one giving rise to 
an ordinary rotational spectrum,’ with the maximum 
second-to-first state energy ratio of 2.40. This means 
that we have a difference between cascade and first- 
rotational state energy of 40 percent. Note that we 
were also able to see the cascade in the next most 
favorable cause of Eu'* (J9>=5/2), where the latter 
difference is 29 percent (Sec. III-F). 


I. Dysprosium (Z= 66) 


Our results for this element were obtained from a 
natural target pending the availability of enriched 
isotopes. Contributions from Dy’ and Dy'®® can be 
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Fic. 6. Coulomb excitation of .;Tb' with 6-Mev alphas. Pulse- 
height distribution shows gamma rays at 79 kev and 136 kev, 
whose relative intensity is independent of bombarding energy, 
establishing decay scheme shown as insert (see Sec. ITI-H) 
0.025 in. Cu absorber used 
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neglected because of their low abundances (0.05 and 
0.09 percent, respectively). This leaves a total of about 
53 percent for the even-even isotopes 162 and 164, and 
about 44 percent for the odd-A isotopes 161 and 163. 
The only excited state known definitely in Dy is the 
86-kev level in Dy'® whose lifetime is known,’ but 
which we did not observe in natural Dy (only 2.3 
percent Dy’). We find a strong, undoubtedly com- 
posite peak at around 76 kev, which we shall tem- 
porarily assume to belong to both even-even isotopes 
(Dy'® and Dy") and both odd-A isotopes for the 
purpose of calculating «B(E2) It is reasonable to expect 
little change in the position of the first-excited states 
of the even-even nuclei in view of such behavior of these 
states in elements on both sides of Dy (see Gd and Hf, 
Secs. ITI-G and III-O). Hence there is little doubt that 
the line at 166 kev must belong to one or both odd-A 
isotopes, and represents their second rotational state. 
We temporarily make our abundance correction as 
if both Dy'"* and Dy'® share the 166-kev level. We 
assume a tentative value of J)>=7/2 for these nuclei.“ 


J. Holmium (Z=67) 


Figure 7 shows the gamma spectrum observed in 
monoisotopic Ho'**, and its level scheme. This again 
represents a well-developed rotational spectrum for a 
nucleus of spin 7/2. The 94-kev first-excited state is 
probably the one previously found in the decay of Dy'®, 
although its spin assignment is more likely to be 9/2 
than 5/2. 


K. Erbium (Z=68) 


Our results for this element are again based on bom- 
bardment of a natural target because of unavailability 
of enriched isotopes. The element mainly consists of 
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Fic. 7. Coulomb excitation of «Ho with 6Mev alphas 
Pulse-height distribution shows transitions at 94 kev and 206 kev. 
Decay scheme shown as insert. 0.025 in. Cu absorber used 


“K. Murakawa and T. Kamei, Phys. Rev. 92, 325 (1953). 
“ M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 
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Fic. 8. Coulomb excitation of »@Tm'® with 6-Mev alphas. 
Pulse-height distribution shows a single peak at 109 kev, probably 
representing a cascade transition from a 120-kev level (see Sec. 
IIT-L). This nucleus has /,= 4. 0.025 in. Cu absorber used. 


the three even-even isotopes Er’, Er'®, and Er'”, 
and the single odd isotope Er”. As in the case of 
dysprosium discussed above, one expects the first- 
excited states of the even-even nuclei to lie close 
together around 80 kev. We again associate the level 
at 172 kev with the second rotational level of the single 
odd-A nucleus Er'®, having spin J)>=7/2. Using the 
appropriate ratio of 2.22, the first rotational level 
should occur at 78 kev. Hence, we shall ascribe the 
large photopeak at 79 kev to all isotopes of Er until 
further clarification. The only known level in any 
abundant even-even isotope of Er is the 81-kev state 
of Er'®*, whose lifetime is also known. We calculate the 
upward transition probability from McGowan’s life- 
time (1.7 10~ sec)’ to be 5.3, whereas we get from our 
excitation data a value of B(£2)=4.4, using Sunyar’s 
estimate for the total conversion coefficient (a;= 8.1). 
This near agreement shows that the photopeak at 79 
kev must be due to most isotopes of Er in approximate 
proportion to their abundances. If, for example, the 
79-kev peak belonged entirely to Er'™ (33.4 percent 
natural abundance), we would calculate B(£2) = 13.2. 
In fact, lifetime measurement of a 91-kev state in 
Er'® * yields a transition probability of the same order 
[ B(E2)up= 5.05], supporting this conclusion. 


L. Thulium (Z=69) 


The pulse-height spectrum for the monoisotopic 
element Tm'® is shown in Fig. 8. A single peak at 109 
kev is observed. Huus”® observes two conversion- 
electron peaks corresponding to transitions at 111 kev 
and 119 kev. He believes from a study of the shape 
of the excitation of the 111-kev radiation, that the 
latter originates from a level at about 120 kev, indi- 
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Fic. 9. Coulomb excitation of ,Lu"* with 6-Mev alphas. Pulse 
height distribution shows transitions at 114 kev and 248 kev (at 
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Small peak at 180 kev is arbitrarily assigned to 


2.6 percent). 0.025 in. Cu absorber used 


lower gain see also 


reference 5O 
‘ 


cating a first-excited state at about 9 kev. This scheme 
receives some support from existing data on the decay 
of Yb'®. Our scintillation detector could not resolve 
two lines at 111 kev and 119 kev. However, from the 
position of the pe k we seem to excite predominantly 
the radiation of 109 kev. Now the ground- 
state spin of Tm'® is 4, and hence we do not expect a 
conventional rotational spectrum.’ We have previously 
studied three of these spin 4 nuclei’; some very precise 
data have recently appeared concerning W'™, having 
}.** All these cases illustrate the special features of 
the rotational system when decoupling of the odd- 
nuclear deformation 
The nearness of the first-excited state 


(cascade? 


spin 


particle spin from the intrinsi 
axis takes place 
to the ground state fixes the value of the decoupling 
parameter a* at about —0.75 and yields a “splitting 
24 in keeping with that of even-even 
neighbors. Our transition probability for the 109-kev 
transition was computed using a value of { appropriate 
for an excitation energy of 120 kev. 


constant” #* 


M. Ytterbium (Z=70) 


Che case of Yb is similar to those of Dy and Er. Again 
only natural targets were available. Only one excited 
84.1-kev level of Yb'”, 
measured.” The four even-even 
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isotopes of mass numbers 170 through 176 are all 
fairly abundant and are again expected to have first- 
excited states around 80 kev. The fact that the com- 
posite peak lies at 78 kev is evidence for the existence 
of states at somewhat lower energies in Yb'”, Yb’, 
and Yb'”*. Pending further work with separated iso- 
topes, we shall once again divide the photopeak at 78 
kev among these four even nuclei and the odd-A 
isotope Yb'”, whose spin is 5/2. We ascribe the gamma 
ray at 180 kev to the second rotational state of Yb'”, 
so that the first rotational state should lie at about 
79 kev. The other odd-A isotope Yb’ has spin J»= 4, so 
that we anticipate unconventional behavior as in Tm'® 
(see Sec. III-L). We have arbitrarily assigned the line 
at 110 kev to Yb" for the present time. Using the total 
internal conversion estimate from Sunyar’s tabulation® 
(a,=7.4) and the lifetime of the 84-kev transition in 
Yb'”,* we calculate an upward B(E2) of 5.07, whereas 
we get a value of 2.3 from our data. This discrepancy 
seems to indicate that the line at 78 kev predominantly 
belongs to only some of the five isotopes which we 
have assumed to share its intensity equally; in fact 
only about 40 percent of the isotopes (by abundance) 
would account for the observed strength. 


N. Lutetium (Z=71) 


The pulse-height distribution for this element is 
shown in Fig. 9. The abundance of the odd-A nucleus 
Lu'’® accounts for 97.4 percent of the element, the 
remaining 2.6 percent belonging to the odd-odd nucleus 
Lu'’®. The photopeaks at 114 kev and 250 kev constitute 
another example of a well-developed rotational spec- 
trum for a nucleus of spin J)>=7/2. Gamma rays of 
nearly the same energy have recently been found in the 
decay of Yb'”®, the only case where a second rotational 
state of an odd-A element was seen in beta decay. 

We arbitrarily and tentatively assign the 180-kev 
line to odd-odd Lu'”*, since both energy and intensity 
of this line are not unreasonable for this nucleus. If 
this identification is borne out by future measurements, 
it would constitute the only example of a rotational 
the “strong 


‘ 


transition in an odd-odd nucleus in 


coupling” region. 


O. Hafnium (Z=72 


For the element hafnium we had available enriched 
isotopes of the two odd-A nuclei Hf'” and Hf'”, as 
well as of the even-even nucleus Hf'”*. First-excited 2* 
states were known in Hf'’* and Hf"; their lifetimes are 
also known.’-* From our three enriched targets, coupled 
with an ordinary Hf target, we were able to determine 
the quantities «B( £2) for Hf'’*, Hf'"*, and Hf'®. From 
the lifetimes and estimates of total internal conversion 
coefficients,* we calculate the following upward transi- 


* J. P. Mize (private communication) ; also Mize, Bunker, and 
Starner, Bull. Am. Phys. Soc. 30, No. 3, 71 (1955) 
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tion probabilities : 
Hf'*; B(E2)=4.9 ; 


Using our Coulomb-excitation results, we obtain 


Hf'®: B( £2) =4.4. 


Hf'*: B(E2)=4.3; Hf: B(E2)=S.1, 


in rather satisfactory agreement with the former values. 

The gamma-ray spectra obtained from the odd-A 
isotopes of Hf are shown in Figs. 10 and 11, together 
with the inferred level schemes. The photopeaks in 
the 100-kev region show the contributions of the residual 
amounts of the even-even isotopes, as well as the first 
rotational states of the odd isotopes. Note the shift 
of the lower-energy peak from 90 kev in the Hf” 
sample, whose even-even censtituent is predominantly 
Hf'”* (31.7 percent), to 93 kev in the Hf” sample, 
whose even-even component is almost pure Hf'® (44.2 
percent). The peaks shown in the 300-kev region in 
Figs. 10 and 11 represent, in addition to the ever- 
present 342-kev line from O'* (see Sec. II-B), the 
second rotational states of Hf'”’ and Hf'” at 250 kev and 
260 kev, respectively." Their intensities are seen to 
differ considerably (about a factor of 10) simply by 
comparing them with their neighboring “oxygen lines,” 
which are of identical height. Unfortunately, the ground 
state spins of the odd Hf isotopes are not known,” 
but if they are the same for both nuclei, the difference 
in the strengths of the second rotational states is 
rather unexpected. At the same time, the first-excited 
state transitions in the two odd nuclei are of quite 
comparable intensities. Recent precision spectroscopy 
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Fic. 10. Coulomb excitation of »;Hf with 6-Mev alphas. Pulse 
height distribution for enriched Hf*” (59.1 percent) shows lines 
at 112 kev and (at lower gain) 250 kev belonging to Hf”. One 
also sees 90-kev transition in Hf'”* (31.7 percent) and 342-kev 
line due to O'*(a,"y7)Ne" reaction (see Sec. II-B). Decay scheme 
for Hf'” shown as insert (see also reference 53). Note relative 
heights of 250-kev and “oxygen” peaks (compared to Fig. 11). 
0.025 in. Cu absorber used 

* Lines at somewhat lower energies have been reported by 
McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 (1955). 
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Fic. 11. Coulomb excitation of »Hf with 6-Mev alphas. Pulse- 
height distribution for enriched Hf'” (53.3 percent) shows lines 
at 119 kev and (at lower gain) 260 kev belonging to Hf'”. One 
sees 93-kev transition in Hf (44.2 percent) and 342-kev line 
due to O"*(a,ny)Ne™ reaction (see Sec. II-B). Decay scheme for 
Hf'” shown as insert. Note relative heights of 260-kev and 
“oxygen” peaks (compare to Fig. 10). 0.025 in. Cu absorber used. 


of Lu'”’ by Marmier and Boehm® has confirmed the two 
levels in Hf'’’, although some discrepancies exist con- 
cerning multipolarities of gamma-ray transitions. 
Using their very accurate energy values of 112.97 kev 
and 249.69 kev for the first and second rotational states 
of Hf'"’, we can obtain a value for the ground-state 
spin J» as well as for the splitting constant h*/29 from 
the expression for rotational states (see Sec. IV). The 
spin value is 3.76, which is close to 7/2 and deviates 
from that half-integer in the direction to be expected 
from small vibration-rotation interaction effects,*” 
which tend to depress higher rotational states slightly ; 
in fact, an upward shift of 1.5 kev of the second rota- 
tional states level would yield a spin of exactly 7/2. 
The splitting constant in this interpretation is 11.87 
kev, which is less than the 15 kev obtained from the 
neighboring 2+ states at 90 kev. This again repre- 
sents a trend in odd-even alternation which is observed 
throughout the rare-earth region, as will be seen in Fig. 
13. On the other hand, Marmier and Boehm™ favor 
a p; configuration for the ground state in keeping with 
shell-model predictions. If we use their spin assign- 
ments of 5/2 and 3/2 for first and second excited states, 
respectively, we can insert their energy values into the 
expression for an anomalous rotation spectrum’ and ex- 
tract values for the decoupling parameter @ and split- 
ting constant h*/29. They are: 


a=1.98; h*?/24=27.95 kev. 
The latter value is definitely too large to accord with 
neighboring even-even nuclei; in fact the 2* states 
* P. Marmier and F. Boehm, Phys. Rev. 97, 103 (1955), 
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should then be found at around 180 kev, instead of the 
observed 90 kev. Sunyar quotes an upper limit for the 
lifetime of the 112-kev transition in Hf'”’ of 5X10 
second.* When combined with his estimate for the total 
internal conversion coefficient of 2.7, this leads to 
lower limits for the upward B(E2), depending upon 
the assumed spins, as follows: 


(a) B(E2)>2.2 for 7/2-49/2; 
(b) B(E2)>5.2 for 1/2-5/2. 


Our excitation data yield B(E2)=2.8, and seem to 
favor choice (a). 

While these arguments certainly do not constitute 
proof of a ground-state assignment different from py, 
we feel that they strongly support a conventional 
rotation spectrum starting with ground-state spin 7/2 
(or possibly 5/2). A direct measurement of the spins 
of Hf'”? and Hf'” is sorely needed. 


P. Tantalum (Z=73 


This element is well-known to possess a simple rota- 
tional spectrum. We have measured the intensities 
of the 136-kev and 303-kev transitions mainly as an 
internal check and normalization point for comparing 
intensities and transition probabilities. The 167-kev 
cascade was seen only feebly, but we were able to obtain 
a pronounced coincidence peak at 167 kev when examin- 
ing the coincidence spectrum between 136-kev radiation 
and the rest of the gamma spectrum, as described above 
under europium (Sec. III-F). It is interesting to note 
that the K x-radiation emitted from the tantalum target 
at about 61 kev, as shown in Fig. 1 of a previous com- 
munication, is almost entirely accounted for by the 
internal K-conversion of the 136-kev gamma ray, so 
that no more than a few percent of the x-ray peak can 
be ascribed to direct target excitation. This explains 
the differences in behavior of the excitation curves 
given in Fig. 2 of the previous reference! for proton and 
alpha-particle bombardment : the x-radiation maintains 
a constant ratio to the gamma radiation for alpha 
particles (even up to 6 Mev), whereas it increases with 
energy relative to the gamma ray in the case of proton 
bombardment. 


IV. DISCUSSION 
A. Review of the Unified Model 


The sixteen stable elements from praseodymium 
through tantalum which we have studied in this paper 
constitute a continuous series of nuclei more or less 
removed from the closed shells for both protons at Z = 50 
and Z = 82, and for neutrons at .V = 82 and V= 126. It is 
just in this region that nuclei are expected to depart 
farthest from the spherical shape owing to the presence 
of a large number of nucleons outside of closed shells 


*T. Huus and C. Zupantit, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 28, No. 1 (1953) 
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The existence of large static quadrupole moments in 
this region of mass numbers has long pointed in this 
direction ; the occurrence of electric-quadrupole transi- 
tions with probabilities up to two orders of magnitude 
greater than encompassed by the transition of a single 
particle, as revealed by Coulomb excitation or lifetime 
measurements, points in the same direction. As Bohr 
and Mottelson point out,‘ the existence of rotational 
energy levels with positions given by the simple quasi- 
molecular expression 


E= (h/29)(1(1+1)—Io(Io+1)], (7) 


connected by fast E2 transitions, is a direct consequence 
of the large deformations known to exist in these nuclei, 
“large” being quantitatively interpreted as large com- 
pared to the zero-point oscillations of the nuclear sur- 
face shape, inherent in this quantum phenomenon. If 
this condition is fulfilled, a preferred axis of deformation 
(z-axis) exists in the nucleus, and the peculiar quantized 
flow of nuclear matter leading to a rather simple rota- 
tional spectrum is an inevitable consequence. 

Since we have a preferred axis, we can define an 
intrinsic measure of the departure of the nuclear surface 
from the spherical shape with respect to that axis, the 
so-called intrinsic quadrupole moment Qo. This quantity 
can be defined for all nuclei, even if their spin is 0 or 3. 
The quantity 9 occurring in Eq. (7) above is propor- 
tional to Qo, as is also the quantity B(E2) measured 
in our experiments. Thus large deformations imply low- 
lying excited states and large transition probabilities. 
It turns out both from our work and Sunyar’s that the 
values of Oy one obtains from (7) are always larger, by 
a factor of about two, than those obtained from B(E2), 
pointing to the need for refinement in the simple model. 
A similar discrepancy can also be discerned in the 
region of A ~100.5°-56 


B. Coulomb Excitation and the Unified Model 


The rather straightforward way in which transition 
probabilities are obtained from Coulomb-excitation 
cross sections, and the complete uniformity with which 
all stable nuclei are treated, make this method probably 
the most desirable one available today for the study of 
the properties of the first few excited states of nuclei. 
In addition to its special suitability for the measure- 
ment of fast £2 transitions, as pointed out in the intro- 
duction, it is a favorite for the investigation of experi- 
mental features having a bearing on the unified model 
in one further respect: it is in the very nature of the 
unified model to predict trends and properties tran- 
scending any specific nuclear species. Hence, the possi- 
bility of studying all nuclei under precisely the same 
conditions eliminates many sources of error inherent in 
the conventional methods of nuclear spectroscopy where 


*K. W. Ford, Phys. Rev. 95, 1250 (1954 
* G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 
(1955) and to be published. 
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moving from one nucleus to the next may entail an 
entirely different decay scheme, caused by vast differ- 
ences in beta-decay energy, degree of forbiddenness of 
the beta transitions, spins and parities of parent nuclei, 
not to mention the complete lack of these pieces of 
information in a large number of cases. 

The absence of positive excitation results for the 
three nuclei having 82 neutrons (La™, Ce™, Pri) 
illustrates the lack of enhanced electric-quadrupole 
transitions for nearly spherical nuclei. 

Recently some low-lying gamma-ray transitions in 
Eu'* and Gd'** were found to have electric-dipole 
character.“ A few words are in order concerning the 
complete absence of these transitions in our work. 
The intrinsic Coulomb-excitation probability of £1 
transitions’? is about three hundred times grealer 
than the quadrupole excitation for transitions of ~100 
kev and Z=64; however, the reduced E1 transition 
probability B(E1) is expected to be very much smaller 
than that of a single proton. Remembering that the £2 
transitions we observe are about one-hundred times 
stronger than those of a single particle, we would not 
expect to observe £1 transitions in spite of their being 
a priori favored by the Coulomb-excitation process. A 
number of E1 transitions have recently been discovered 
in the strong-coupling region beyond Pb™ with transi- 
tion probabilities about three orders of magnitude 
below the single-particle strength.** Our negative result 
can be used to set a limit of about this order of magni- 
tude for any E1 transitions leading to the ground state. 


1. Even-Even Nuclei 


Starting with Nd'*, we were able to excite all first- 
excited 2+ states lying below about 600 kev, the latter 
limit being dictated merely by the intrinsic Coulomb- 
excitation mechanism as embodied by the function 
g2(&) defined in Sec. II-D. We have added a number of 
new cases to the growing systematics of the positions 
of first-excited states of even-even nuclei. A plot sum- 
marizing the results in this paper on even-even nuclei 
excited with 6-Mev alpha particles is shown in Fig. 12. 
The excitation energy of the first-excited state is plotted 


‘as a function of the neutron number V. The sharp rise 


toward the left where we approach the closed shell at 
N=82 is very apparent. A number of the levels were 
previously unknown (open circles). In the cases of Dy, 
Er, and Yb no detailed results are as yet available, as 
discussed in Sec. III, and the points are shown at 
positions representing an average over the even-even 
isotopes. A plot of the reciprocal of the transition prob- 
abilities would have a very similar appearance to the 
curve in Fig. 12. Because of the existing uncertainties 
in total internal conversion coefficients we refrain from 
presenting such a plot; we have already pointed out the 
monotonic variations with neutron number which exist 


C.J. Mullin and E. Guth, Phys. Rev. 82, 141 (1951). 
* Stephens, Asaro, and Perlman, Phys. Rev. 96, 1568 (1954). 
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Fic. 12. Summary of results on even-even rare-earth nuclei. 
Energies of first-excited (2*) states vs neutron number. (A) 
known states, not Coulomb-excited; (@)—known states, 
Coulomb-excited; (©)—new states discovered by Coulomb 
excitation. Levels for elements where no enriched isotopes are 
available (Dy, Er, Yb) shown at an average position. See also 
references 10 and 11 


in the quantity B(£2) in the region of rapid change, i.e., 
neutron number V=86 to N=92, as represented by 
elements Nd and Sm. Here the internal conversion 
correction is not too important. The same trend can 
still be discerned in the three even-even Gd _ nuclei, 
again after proper allowance is made for internal 
conversion. 

On the whole, the transition probabilities observed 
here are from 50 to 100 times larger than one calculates 
from the single-particle formula of Weisskopf.” 


2. Odd-A Nuclei 


In the nuclei of odd mass number that we have ex- 
amined we were usually able to observe or infer the 
existence of two excited states, as is expected from the 
E2 character of the excitation process and the spins and 
parities associated with rotational levels. No rotational 
energy levels in the odd nuclei (except in Ta) were 
known when we began this investigation. There is a 
difference in the reliability of our results between odd-Z 
(odd-even) and odd-N (even-odd) nuclei, because of the 
fact that the former all occur as monoisotopic elements 
(with the exception of Eu) and permit unique assign- 
ments to be made. In Table III, we have collected the 
information on level spacings for all odd nuclei, listing 
the first-excited state energy Eso+1, the second-excited 
state energy Eso+2, their observed ratio pax, and pre- 
dicted ratio prbeor for the given (or assumed) ground- 
state spin /». It must be pointed out that much greater 
precision in energy determination than is available 
with scintillation counters is required in order to have 
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Taste IIL. Summary of results on rotational level positions in 
odd-A nuclei of the rare-earth region. Only nuclei having “con- 
ventional” spectra are listed (/¢> 4). pexp stands for experimental 
ratio of second-to-first excited state energies; purer is obtained 
from Eq. (7). Values of ground state spin J» in parentheses are 
assumed. This table supersedes Table I of reference 5 


Ety.t Eiger 


Nucleus Is (kev) (kev — Dre 
ou 5/2 82 187 2.28+0.04 2.29 
alTb'® 3/2 57* 136 2.39+0.05 2.40 
wDy!@1@ b (7/2 76 166 _- 2.182 0.04 2.22 
eHo'™ 7/2 OF 206 2.19+0.04 2.22 
eEr'® > 7/2 79 172" 2.18+0.04 2.22 
70¥ bi > 5/2 78 180 2.3140.04 2.29 
nLa'™ 7/2 114 250 2.19+0.04 2.22 
nHf'” (7/2) 112 250 2.232004 2.22 
Hif'”” (7/2 119 260 2.18+0.04 2.22 
nlra™ 7/2 136 303 2.23+0.04 2.22 
* Inferred from 79-kev cascade radiation (see Sec. III-H onversior 


commu nication 
see appropriate 


private 
are tentative 


electrons directly observed by T. Huus 
* Conclusions, based on systematics, 
sections above for details) 


a sensitive test of the rotational structure, especially if 
such small departures from the simple formula (7) as 
are expected from vibration-rotation interaction effects 
(about 1-2 kev in this region) are to be detected. The 
case of Hf'’’, discussed in Sec. III-O above, is a case in 
point.” Very precise conversion-line data are also avail- 
able in some odd transuranic elements (see, for instance, 
the case of Np”’ as known from the alpha decay of 
Am™).”® However, our results on level positions 
certainly bear out the predictions of the unified model 
in zeroth approximation very well. No more than two 
levels were observed in any odd-A nucleus. 

There is considerable variation in the values of «B( £2 
for second rotational states, as well as in the ratio of 
second to first-excited state transition probabilities. 
As we have pointed out above, the possibility (and even 
certainty) of M1 cascade competition in returning to 
the ground state will profoundly affect the value of 
«B(E2) for the second rotational states. In fact, in the 
famous case of Ta’, where the composition of the 136- 
kev transition has been experimentally determined by 
angular correlation measurements," the M1 component 
outweighs the (enhanced) E2 component by about 6 
to 1; the cascade between second and first-rotational 
state probably represents a similar situation. Now if 
we calculate the branching ratio for the de-excitation 
of a second rotational state, via cascade or direct cross- 
over, to the ground state, from the theoretical ex- 
pressions furnished by the unified model for E2 transi- 
tions only, we find that the cascade path is weaker 
than the crossover, the exact extent depending on spins, 
transition energies, and conversion coefficients. Any 
indication that the observed cascade transition is 
stronger than the crossover is evidence of additional 
transition probability provided by M1 radiation. The 


* Milsted, Rosenblum, and Valadares, Compt. rend. 239, 259 
(1954). 
© P. P. Day, Phys. Rev. 97, 689 (1955 
“ F, K. McGowan, Phys. Rev. 93, 471 (1954 
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two cases where we are able to observe the cascade 
radiation directly illustrate this point. The cascade 
at 105 kev in Eu'® is rather weak compared to the 187- 
kev crossover transition, as can be seen from Table IT. 
[ Fig. 4 gives a distorted impression of this ratio, because 
of the effect of the Coulomb-excitation correction con- 
tained in g»(£). ] The situation is reversed in the case of 
Tb, where the 79-kev cascade is about five times 
stronger than the 136-kev crossover. Internal con- 
version correction increases this ratio even further. 
Note that the actual value of «B(E£2) for the 136-kev 
transition in Tb'® is only about one tenth that for the 
187-kev transition in Eu'®. We see that the true transi- 
tion probabilities to these second rotational states, as 
represented by the sum of the crossover and cascade 
radiations, are more nearly equal. This is to be ex- 
pected, since this probability is supposedly a function 
of QO only, and the deformations in the two nuclei in 
question aie certainly comparable. In the remaining 
odd-A nuclei, where we do not observe the cascade 
directly, we can infer its importance from the size of 
€B(E2) for the direct E2 cross-over transition. When the 
latter is strong, the cascade transition is weak which 
means, as we pointed out above, that the contribution of 
M1 radiation to the cascade is reduced. From the varia- 
tion in eB(E2) for the second rotational states (see 
Table II) we see that this contribution can vary con- 
siderably from nucleus to nucleus. According to the 
unified model‘ the M1 transition probability is governed 
by the quantity (ge—gr)* where go and ger stand for 
the gyromagnetic ratios of the intrinsic particle con- 
figuration and the collective rotational flow, respec- 
tively ; they also determine the static magnetic moment 
in the ground state. Variations in (ga—gr) are pre- 
sumably to be ascribed to fluctuations in gg, since gr 
is not expected to chinge radically from one nucleus 
to the next. 

Strictly speaking we should diminish «B(E2) of the 
first-rotational state by the amount contributed by 
cascade from the second-rotational state, which leads 
to the same gamma ray. In practice, however, this gives 
rise to an unimportant correction because of the rela- 
tively weak excitation of the second state when using 
alpha particles, whose g2(é) falls off rapidly with excita- 
tion energy AE (see relative photopeak heights in Figs. 
4, 6, 7, 9, and 10). 

This discussion of odd-A nuclei should not be termi- 
nated without recalling the few instances where the 
possibility of discrepancy with the general behavior 
expected from the unified model exists at present. 

(a) As mentioned in Sec. ITI-D, the case of Nd is 
exceptional in that we find a weak, but low-energy 
transition at 70 kev with no apparent companion lines. 
The complete absence of any observable transitions, 
such as in Nd, Sm’, an! Sm’ is more in keeping 
with the approach to a closed-shell structure in this 
region ; the low energy line in Nd™*, while not necessarily 
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representing a transition to the ground state, must 
nevertheless be considered an exception. 

(b) Several interpretations of the situation in the 
odd isotopes of Gd have been presented in Sec. III-G. 
However, until further direct evidence becomes avail- 
able concerning possible first excited states of Gd'®** and 
Gd'*’, we must class these nuclei as exceptions, especially 
since they are bracketed both as to proton number 
and neutron number by nuclei showing standard rota- 
tional bands (Eu'* and Tb’). 

(c) In Sec. III-O we have pointed to the fact that 
the second rotational states in Hf'”’ and Hf'” at 250 kev 
and 260 kev, respectively, differ in transition prob- 
ability by about an order of magnitude. This factor is 
subject to very little error. At the same time the first 
rotational transitions (reflecting the nuclear deforma- 
tion) are quite comparable. Unfortunately, the spins 
of the ground states of these nuclei are not known with 
certainty.” If they are the same, as might be indicated 
by the similarity of the level positions, the difference 
observed for the second states would, in the framework 
of the unified model, imply very different M1 transition 
probabilities for the cascade transitions in the two 
nuclei (see beginning of this section). However, the 
spins and coupling schemes might well be different in 
the two isotopes (as in Yb!" and Yb'”). 

In addition, we should keep in mind the definite 
discrepancy which exists between the values of Qo 
obtained from the position of rotational states, and the 
values derived from the size of the reduced transition 
probabilities: nuclei seem more deformed when judging 
from the location of their excited states, i.e., the latter 
lie at an energy which is lower by a factor of about four 
than would be expected from the observed transition 
strengths. 


3. Comparison of Even and Odd Nuclei 


An important question in connection with collective 
effects concerns possible even-A—odd-A differences in 
deformation. Spectroscopic quadrupole moments ob- 
viously cannot throw any light on that subject. As we 
pointed out earlier, one approach uses level positions 
as an index of deformation. In Fig. 13, we have plotted 
the “splitting constants” f?/2¢9 for all rare-earth nuclei 
of interest, distinguishing even-even, even-odd, and 
odd-even nuclei, by appropriate symbols. The spins 
of the odd nuclei we used are either known, or assumed 
in accordance with the entries given in Table III. 
For the elements Dy, Er, and Yb we have obtained the 
splitting constants from what we expect to be the 
second rotational states, in the odd nuclei, as discussed 
in Sec. III. Tentative values are represented by open 
symbols, There seems to be a grouping into the three 


above-mentioned classes : even-odd nuclei have splitting. 


constants falling consistently lowest; odd-even nuclei 
are next with somewhat higher /*/29; finally, even- 
even nuclei are lying highest. All three groups show a 
tendency to coalesce toward the higher neutron 
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Fic. 13. Summary of results on rotational-level parameters in 
rare-earth nuclei. “Splitting constants” ##/24 9s neutron number, 
as obtained from Eq. (7). Solid symbols represent definitive 
results, open symbols represent tentative assignments. (A) 
even-even nuclei; (@))—even-odd nuclei; (©)-~-edd-even nuclei. 
Nuclei are identified by numbers in the figure 


numbers. Incidentally, the fact that this plot has the 
neutron number N as abcissa (and no proton param- 
eter) does not affect these conclusions, since most of 
the low odd-A points are bracketed in Z on both sides; 
for instance, low ¢sTb'™ occurs at the same neutron 
number (V=94) as gGd'®* and gDy'® which lie 
higher, etc. 

Let us now examine the other index of deformation, 
the reduced transition probabilities. As we have seen 
above, the quantity B(E2) to the first-rotational states 
in odd-A nuclei is least influenced by cascade or 
branching effects, and hence reflects most accurately 
the quadrupole-transition probability, and intrinsic 
quadrupole moment Q». The expression for the reduced 
upward transition probability to the first rotational 
state of an odd-A nucleus of spin /» is given by 


B(E2)= (15 Lom) QOe Ll o/ (Lo+1) (1e+2)); (8) 


for the values of J) which occur in the rare earth nuclei 
(3/2, 5/2, 7/2) this quantity is about 0.05 &Q,?. For the 
0O*—+2* transition in even-even nuclei, we get a value 
0.10 &O¢ (from a different expression). Hence, accord- 
ing to the unified model, we expect a variation of about 
a factor of two between even and odd nuclei in B(£2) 
having identical intrinsic quadrupole moments. An 
examination of the experimental values «B(£2) in 
Table II, reveals the following trends after we make 
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(admittedly crude) estimates of internal conversion 
effects (which differ in odd and even nuclei because 
of the presence of an additional M1 component in the 
former): within the rather wide limits imposed by the 
conversion uncertainties, the data indicate no sys- 
tematic variations between odd and even (» values, 
although the intrinsic factor of two in B(E2) mentioned 
above seems to be present. The case of Hf, which is 
particularly reliable, illustrates this point. Furthermore, 
no difference between odd-proton and odd-neutron 
nuclei is found. Although the uncertainties involved 
in these considerations are considerable, we believe 
that nuclear deformations inferred from transition 
probabilities do not exhibit a behavior of the type 
illustrated in Fig. 13 for the deformations indicated 
by level positions. 


Vv. CONCLUSIONS AND SUMMARY 


We have studied many nuclei in the so-called “strong 
coupling” region, where large nuclear deformations 
should mosi nearly justify the assumptions made in 
deriving from the unified model the relations having 
to do with rotational states and transitions in nuclei. 
A thorough understanding of the situation in this 
limited domain is expected to be helpful in disen- 
entangling nuclear properties in those regions where one 
or more of these assumptions are no longer valid, namely 
where “intermediate coupling” or “weak coupling” 
regimes prevail. It is therefore gratifying to find that, 
on the whole, the unified model is successful in account- 
ing for most of the main features which are observed 
when strongly deformed nuclei are excited by the electric 
field of relatively slow charged particles. By way of 
recapitulation, we here collect together those features: 

(1) Over-all uniformity in behavior is found as we 
move from one nucleus to the next, without much 
regard to specific constitution such as evenness or 
oddness of proton of neutron number, spin, etc. 

(2) We find systematic occurrence of rotational 
states obeying a simple quasi-molecular interval rule. 
In keeping with the E2 character of Coulomb excitation 
we observe one excited state only, having spin 2* in 
even-even nuclei, and generally two excited states in 
odd-A nuclei. While no individual spin assignments 
were made to the two states in the various cases, we 
know that their parities must equal the ground state 
parity, and that the values of the spins must be limited 
to fall within two units of the ground-state spin /». 
The particular sequence Jo, Jo+1, 9+ 2, demanded by 
the unified model, could be definitely established only 
by angular distribution measurements. However, the 
intensities of cascade and crossover radiations in most 
cases seem to point to different spins for the two 
excited states. The fact that none of the second-excited 
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states are found to be directly excited in beta decay 
points toward some degree of forbiddenness for such a 
transition, and a spin difference of at least two units 
between these states and the ground state. All this still 
allows a sequence which is the inverse of the one given 
above, but we shall favor the normal sequence on the 
basis of agreement with the theory. 

(3) We find systematic occurrence of electric- 
quadrupole transitions having probabilities of the 
order of one hundred times those which would be 
accounted for by the £2 transition of a single proton. 
Significant variations of this quantity are found where 
variations in the excited-state positions occur as well, 
in such a direction as to support the view that both 
reflect a decrease in nuclear deformation upon ap- 
proaching a closed-shell configuration. 

However, a few examples of possibly exceptional 
behavior in odd-A nuclei have been found and were 
summarized at the end of Sec. V-B(2). 

The main contribution of Coulomb excitation to the 
understanding of the rotational level structure probably 
lies in the odd-A nuclei; essentially no lifetime informa- 
tion is available for them, and their level structure is 
generally inaccessible by other means. Accurate meas- 
urements of level energies, branching ratios and internal 
conversion coefficients (to determine M1—E2 mixture 
ratios) can yield a wealth of information concerning 
details of nuclear structure not otherwise obtainable. 
It is evident from our results that much remains to be 
done along these lines. 

We have found to our surprise that some of the 
simple properties encountered in the strong-coupling 
region can still be found for nuclei of much lower mass 
number, especially in the even-even nuclei. Some results 
on Rh, Pd, Ag and Cd have already been published*’:* 
while additional information on even lighter but still 
deformed nuclei will be the subject of a subsequent 
publication. 
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The V"(p,n)Cr® reaction provides a usable source of monoenergetic neutrons from 5 to 120 kev. The yield 
indicates resonances in Cr® with an average spacing of less than 2 kev in this evergy range. A preliminary 
measurement was made of the angular distribution of eleven of the more prominent peaks. 





HE V*'(,n)Cr® reaction has been recognized as a 
source of monoenergetic neutrons for many 
years,'* but has not been extensively used. In connec- 
tion with a series of experiments on the Oak Ridge 
National Laboratory 2.5-Mv Van de Graff, we have run 
a forward yield curve using a 1 kev thick natural vana- 
dium (99.76 percent V*') target. Such targets may be 
readily prepared by vacuum evaporation from tungsten 
if care is taken to avoid the tungsten oxide which evapo- 
rates at a lower temperature. The neutron yield curve at 
high energies has been reported.’ 
At proton energies from 1.55 to 1.65 Mev many 
resonances were observed (Fig. 1), with an average 


spacing less than 2 kev. The experimental width of the 
peaks was just that of the target, indicating that the 
natural widths of the resonances (and the spread of the 
proton beam) were appreciably less than 1 kev. The 
threshold was determined as 1.5656+0.0015 Mev by 
calibration with the Li(p,») threshold, in agreement 
with earlier work?“ 

The neutron detector used in the measurements was 
a set of three paraffin-surrounded BF; counters grouped 
in a 45° half-angle forward cone. The response of the 
counters is expected to vary no more than 20 percent 
over the 5-120 kev range. The background, as measured 
below threshold, was negligible (see Fig. 1). Some of the 
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Fic. 1. V“(p,")Cr™ forward neutron yield. Target thickness was 1.0 kev. Proton beam current was about 30 ya. 


1 Hanson, Taschek, and Williams, Revs. Modern ry 21, 635 (1949). 
? Stelson, Preston, and Goodman, Phys. Rev. 80, 287 (1950). 
* Baker, Howell, Goodman, and Preston, Phys. Rev. 81, 48 (1951). 
*R. V. Smith and H. T. Richards, Phys. Rev. 74, 1257 (1948). 
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168 GIBBONS, MACKLIN, AND SCHMITT 
© (DEGREES) considered as dominated by single resonances, can be 
00 20 3x0 40 $o 60 - . . . . 
1000 T I fitted with reasonable channel spin mixtures,° assuming 
/ the initial and final nuclei have spins of 7/2 and the 
% 900 Fi same parity, as predicted by the shell model. Peak IV 
— / ~ . 
- WA can be fitted for p wave protons and neutrons assuming 
on of spin J =3 or 4 for the compound nucleus, while Peak V 
3 2 is well fitted only for J=4. The channel spin pairs are 
3 shown unmixed in Fig. 2. No reasonable fits were found 
700 . 4 
me 4 wv for either angular distribution using the j-j coupling 
. 
a j model.® 
600 - ; a . , 
z ; ” The absolute yield of Peak VII (1-kev target) was 
Piet 7 estimated, using a McKibben long counter standardized 
a* with a Po-B neutron source of given yield, to be 380 
y ti4s ? (+10 percent) neutrons per steradian per microcoulomb 
_ sor near 0°. Another estimate was obtained from an activa- 
= vowe tion experiment in which the 25-minute beta activity of 
s x te, : ['**, induced by neutron bombardment of Nal(TI) 
w i crystals, was measured. Published iodine cross sections,’ 
- 200) ‘ 3 
4 2 on 3+4,8°%.2'3 ; Tasie I. V"(p,")Cr® neutrons: Selected peaks. The figures in 
w s*5, : + (se = . . 
« 4 ; a the last column represent the coefficient A, of the angular dis- 
a are tribution W (¢)~1+ A P:(cos@). 
3 
F | i . " Se ») 8 Peak E, (Mev O°E, (kev) A 
’ ” é . « 7) 0. — — 
COS*@ (CENTER OF MASS ANGLES) I 1.568 48 0+0.13 
IT 1.573 11.3 0+0.13 
Fic. 2. Selected neutron angular distributions. Curve (a) corre ll 1.575 13.6 ee: 
sponds to peak IV, Curve (b) to peak V. Points for curve (a) were IV 1.592 34 -().2140.07 
taken with a detector half-angle of 22°. Points for curve (b) are a Vv 1.598 40 —0.30+0.05 
combination of two runs, one with a detector half-angle of 9°, the VI 1.603 45 0+0.13 
other, 22°. The two runs gave identical results within probable VII 1.607 50 040.13 
error. The solid lines are calculated (Channel Spin formalism VIII 1.617 61 040.13 
and correspond to /=1 protons and neutrons IX 1.629 74 0+0.13 
xX 1.637 82 0+0.13 
» intense V(o.n) neak wher wi . : XI 1.651 97 ae 
more intense Vip,n) pe aks toge the r with the corre- XT 1 658 104 040.13 
sponding 0° neutron energies are listed in Table I. XI 1.669 116 —0.1140.13 
XIV 1.672 119 ee 


A rough determination of the angular distribution of 
neutrons from eleven of the more prominent peaks has 
been made. The runs were made with a small paraffin- 
surrounded BF, detector subtending either a 9° or a 
22° half-angle cone, depending upon the yield available 
The region from 0° to 60° was covered at 15° intervals 
with about 10 percent counting statistics (standard 
deviation) after subtracting a 20-30 percent background 
as determined with a shadow cone. Departures from 
isotropy were found in two cases (Peaks IV and V), the 
intensity increasing with the angle to the proton direc- 
tion in each case (see Fig. 2). The coefficient of the P, 
term in’a’ Legendre” polynominal expansion fitting the 
data W(¢)~1+ A P2(cos¢) is given in Table I, together 
with an estimate of the uncertainty in its determination. 

The two anisotropic peak angular distributions, if 


also based on a long counter calibration, were used to 
compute the absolute yield and a value twenty percent 
lower than the above was obtained. 

Useful yields of monoenergetic neutrons can be ob- 
tained from the V(p,) reaction at 15 or more reasonably 
discrete energies from 5 kev to 120 kev, above which the 
more prolific Li(p,n) reaction gives monoenergetic 
neutrons at the forward angles. 


* J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 258 
{ 1952) 

*G. R. Satchler, Proc. Phys. Soc. (London) A66, 1081 (1953). 

? Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 Supplement No. 2 (Office of Technical Services, 
Department of Commerce, Washington, D. C., 1953) 
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Radioactivity of the Cerium-137 Isomers 
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A cerium isotope with an 8.7-hr half-life has been assigned to Ce’ and shown to decay by electron capture 
with about 3% of the captures to a 445-kev level in La’. The 34.5-hr decay period previously characterized 
as electron capture of Ce’ is an isomeric transition from a 255-kev level in Ce’. Spin assignments consistent 
with the experimental data indicate that the transition between ground states of La and Ba should be 
allowed. However, the K or L electron capture half-life of La”’ was found to be greater than 10° years. 


I. INTRODUCTION 


RADIOACTIVE decay period of 36 hr was as- 

signed to Ce”? by Chubbock and Perlman' who 
reported decay by electron capture through a 280 kev 
level in La’. Stover® confirmed the work of Chubbock 
and Perlman but found the gamma energy to be 240 kev. 
In a search for an isomeric transition in Ce’ Hill’ con- 
firmed the mass assignment of the 36 hr period by the 
use of enriched isotopes and found the K/ conversion 
ratio of a 257-kev gamma ray to be about 4. Keller and 
Cork,‘ who also used enriched isotopes, confirmed the 
mass assignment and gave an energy of 253.4 kev for the 
gamma ray. They found a K/L conversion ratio of 
about 10. In the present work the K conversion coeffi- 
cient as well as the K/L conversion ratio has been 
measured. This has led to a new assignment of the 36 hr 
decay period and to the discovery of a new radioactive 
species which has been assigned to Ce™’. 


Il. ISOMERIC TRANSITION IN CERIUM-137 


A mixture of Ce'*’, Ce, and Ce was produced by 
bombardment of a BaF; target with 48-Mev alpha 
particles in the Berkeley 60-in. cyclotron. The cerium 
fraction from the target was identified and purified with 
a cation exchange column.’ The conversion electron 
spectrum of a source prepared from this material was 
measured with a thin magnetic lens spectrometer. 

The intensity of the K conversion peak of the 255-kev 
gamma was measured relative to the K conversion peak 
of the 166-kev gamma of Ce”. A Nal scintillation 
spectrometer was used to measure the relative inten- 
sities of the unconverted 255 kev and 166-kev gammas. 
From these intensity ratios and the published* K con- 
version coefficient (0.2+0.05) of the 166-kev gamma, a 
K conversion coefficient of 5.5+1.5 was found for the 
255-kev gamma ray. This conversion coefficient and the 


1 J. B. Chubbock and I. Perlman, Phys. Rev. 74, 982 (1948). 

* B. J. Stover, Phys. Rev. 81, 8 (1951) 

*R. D. Hill, Phys. Rev. 82, 449 (1951). 

‘H. B. Keller and J. M. Cork, Phys. Rev. 84, 1079 (1951). 

*B. H. Ketelle and G. E. Boyd, J. Am. Chem. Soc. 69, 2800 
(1947). 

*C.H. Pruett and R. G. Wilkinson, Phys. Rev. 96, 1340 (1954). 


K/L conversion ratio of 2.34-0.2 indicate that the 255- 
kev gamma is emitted in an M4 transition.”:* 

An M4 isomeric transition in Ce’ is expected from 
the systematics of energy level spacings.’ X-ray gamma- 
ray coincidence measurements show that the 255-kev 
gamma is not coincident with capture x-rays and thus 
support the conclusion that it is emitted from an iso- 
meric level. This conclusion is confirmed by the fact 
that the x-rays associated with the 34.5-hr period are 
cerium rather than lanthanum x-rays. This was shown 
by using a xenon filled proportional counter, linear 
amplifier and pulse analyzer. Both the Ka, and the Kg 
x-rays of lanthanum are critically absorbed. Escape of 
the fluorescent Ka and K§ x-rays of xenon results in 
pulse height peaks at about 5 kev and 9 kev when either 
cerium or lanthanum x-rays are counted. However, the 
ratio of the intensity of the peak at 5 kev to the peak at 
9 kev should be about 10 times greater for cerium than 
for lanthanum K x-rays. A comparison of the pulse- 
height spectra of Ce and Ce’ shows that the K x-rays 
emitted with a 34.5 hr half-life are those of Ce. The con- 
version electrons and unconverted gamma of the 255- 
kev transition also decay with a 34,.5+0.5 hr half-life. 

Cerium samples enriched in Ce™*® have been used to 
confirm the mass assignment of the 34.5-hr decay period. 
One sample was enriched to 30% Ce™*® and another to 
6% Ce. Both were bombarded for the same period 
at the same neutron flux in the Oak Ridge National 
Laboratory graphite reactor. The samples were meas- 
ured with a scintillation spectrometer and the 255-kev 
gamma ray activities per microgram of each of the 
cerium isotopes in the samples are shown in Table I. 
These data show that the yields of the 34.5-hr isomer 
per microgram of Ce are the same in the two samples 
and therefore the isomeric transition is in Ce’. 


Ill. ELECTRON CAPTURE DECAY OF Ce!" 


When a mixture of stable cerium isotopes is bom- 
barded with slow neutrons, a 445-kev gamma ray and 
x-rays which decay with an 8.7-hr half-life are produced. 
Chemical separation of cerium from rare earth impuri- 
Pt Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79, 

951) 

*M. E. Rose (privately distributed L conversion coefficients). 


' ® - Goidhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
1952) 
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Taste I. Neutron capture yields referred to isotopic assays. 








255 kev counts/min sg 


455 kev counts/min gg 





Ce Ce™ Cem Cea Ce™ Ce™ Ce“ Ce 
Isotopic enrichment No. 1 98 430 4.5 71 308 1,340 14.2 220 
Isotopic enrichment No. 2 10.1 6 0.8 21 31.0 18.3 2.4 64 


ties shows that the activity is associated with a cerium 
isotope. The data in Table I show that the amount of 
the 445-kev gamma emitter formed is proportional to 
the amount of Ce™* bombarded and therefore, the tran- 
sition must occur in the decay of Ce’. The 445-kev 
gamma is in prompt coincidence with K x-rays which 
are not critically absorbed in the xenon proportional 
counter. These facts show that Ce’ decays by electron 
capture with at least some of the captures to a 445-kev 
level in lanthanum. 

Decay curves of the x-rays and the 445-kev gamma 
ray show that the 8.7-hr electron capture process is the 
daughter of the 34.5-hr isomeric transition. When the 
parent and daughter are in equilibrium, the relative 
number of 255-kev and 445-kev transitions indicates 
that 3% of the electron captures are to the 445-kev level 
in La”’. An approximate K conversion coefficient of 
0.02 for the 445-kev transition was computed from in- 
tensity ratios and indicates an M1 or £2 transition. 

Approximate cross sections of Ce™* for pile neutrons 
have been computed from the yields. These give 20 
barns for capture to the ground state and 2 barns for 
capture to the isomeric state of Ce’. These cross sec- 
tions are known within a factor of two and are in 
reasonable agreement with 25 barns+100% given by 
Pomerance” for the thermal neutron absorption cross 
section of cerium-136. 
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Fic. 1. Cerium-137 decay scheme. 


“ H. S. Pomerance, Phys. Rev. 88, 442 (1952) 








IV. DISCUSSION 


On the basis of the single-particle model" an isomeric 
transition between Ayij2 and d; levels is probable in 
Ce’. In the 79-neutron isotopes of Te, Xe, and Ba the 
single-particle predictions have been verified and iso- 
meric transitions from /1/2 levels to d; levels are known. 
In the case of Ce’ the K conversion coefficient and the 
K/L conversion ratio indicate an M4 transition for the 
decay of the 255-kev isomeric state. Therefore, the iso- 
meric state is shown as an /y,,2 level in the decay scheme 
proposed for Ce’ in Fig. 1. Although it seems quite 
clear that the isomeric transition is to a d, level, it is 
not as certain that the ground state of Ce™’ is a d, level. 
The ground states of many of the odd-neutron isotopes 
near the end of the 82-neutron shell are s; levels. The 
systematics of energy level spacing’ do not lead to a 
definite prediction concerning the ground state of Ce’, 
However, no experimental evidence for a dj—s, tran- 
sition following decay of the isomer was found. The fact 
that electron capture to the 445-kev and to the ground 
state of La"? is allowed can also be used as an argument 
against an s, ground state for Ce'*’. 

Of the single-particle levels available for assignment 
to the ground state of La'*’ only d; fits the experimental 
observations. Since the spin of Ba’ is known to be dj, 
a transition between the ground states of La’ and Ba!’ 
should be allowed. However, no evidence of K or L 
x-rays which could be attributed to electron capture 
decay of La’ was found. Because of the high x-ray 
counting efficiency of the detectors used in this work 
the lower limit for the K or L electron capture half-life 
for La’ must be increased from 400 years' to 10° years. 
The long half-life of La”’ may mean that the energy 
available for the transition is very low. On the other 
hand, this may be another case where the probability of 
a transition is reduced because it occurs between a state 
with a mixed configuration and a pure single particle 
state.” 

We are indebted to Dr. G. B. Rossi for arranging the 
cyclotron bombardment and to members of the Stable 
Isotopes Division of Oak Ridge National Laboratory 
for samples of enriched cerium isotopes and for isotopic 


 M. G. Mayer, Phys. Rev. 78, 16 (1950). 
* 4. de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 
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The external conversion spectrum of the two intense gamma rays of Pb®’ has been examined by means 
of a high resolution spectrometer. The 1.06-Mev gamma ray was found to consist of a single component 
of energy 1063.43+0.50 kev. The energy of the ground state transition was found to be 568.85-0.30 kev. 


INTRODUCTION 


HE usefulness of 8.0-yr Bi®” as an energy standard 
in beta- and gamma-ray spectroscopy has been 
pointed out by Alburger,! who made a precision 
measurement of the energy of electrons from the 
strongly-converted 1.06-Mev transition in Pb®’. How- 
ever, Prescott? found an excess of coincidences between 
lead x-rays and the 1.06-Mev gamma ray, and accord- 
ingly suggested the existence of a closely spaced pair of 
nuclear levels giving rise to two gamma rays at very 
nearly 1.06 Mev. One of these was postulated to be a 
prompt transition, and the other the well-known 
0.84-second isomeric decay. Very recently, Lazar and 
Klema’® re-examined the gamma-ray spectrum with a 
scintillation-coincidence spectrometer and found no 
evidence for the existence of more than one transition 
at 1.06 Mev. 

The work herein reported consisted of a search for a 
closely spaced pair of gamma rays near 1.06 Mev and 
precision measurements of the energies of both the 
1.06- and the 0.57-Mev gamma rays. 


EXPERIMENTAL METHOD AND RESULTS 


The Bi*®’ was made in the University of Washington 
sixty-inch cyclotron by bombarding lead with 22-Mev 
deuterons for approximately 3000 microampere-hours. 
About 9 months after the bombardment was completed, 
the bismuth was separated from the lead following 
Alburger’s* method. An external conversion source was 
prepared in the same manner as described by Keister, 
Lee, and Schmidt.*® In order for the thorium radiator 
foil to subtend a maximum solid angle at the source 
material, a copper foil was placed between the source 
capsule and the radiator to absorb the K and L con- 
version electrons from the 1.06-Mev transition. 

The photoelectric external conversion spectrum was 
measured in a uniform field solenoidal beta-ray spec- 
trometer equipped with a ring focus.* Two runs were 
made: one with the spectrometer set at a nominal 
transmission of 4 percent utilizing a thorium foil 
radiator of 12.5 milligrams per cm’ surface density, 


¢ Supported in part by the U. S. Atomic Energy Commission. 
! D. E. Alburger, Phys. Rev. 92, 1257 (1953). 

? J. R. Prescott, Proc. Phys. Soc. (London) A67, 540 (1954) 
+N. H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). 
‘1D. E. Alburger and G. Friedlander, Phys. Rev. 81, 523 (1951). 
* Keister, Lee, and Schmidt, Phys. Rev. 97, 451 (1955) 

* F. H. Schmidt, Rev. Sci. Instr. 23, 361 (1952). 


and a second with the spectrometer set at a nominal 
transmission of 2 percent utilizing a thorium foil 
radiator of 3.5 milligrams per cm* surface density. In 
each case, the radiators were of appropriate diameters 
(0.25 inch and 0.056 inch, respectively) to give 
optimum luminosity and momentum resolution. The 
inverse momentum resolution was approximately 1.5 
percent and 0.4 percent full width at half-maximum 
for the two settings, respectively. 

With the larger radiator and greater transmission, 
the peak counting rate of the K photoconversion line 
was 3 counts per second above background. The region 
from ~80 kev below to ~80 kev above the 1.06-Mev 
line was examined carefully. From this run we can, 
state that no gamma ray exists in this region with an 
intensity greater than 10 percent of the 1.06 and 
differing by more than 10 kev in energy. 

At the higher resolution setting with a 3.5 mg/cm? 
thorium radiator, the intensity of the 1.06-Mev K 
photoconversion line was only ~4).2 count/sec above 
a background of ~0.9 count/sec. These data are 
plotted in Fig. 1; the solid line is the transmission 
curve of the spectrometer as determined by the F line 
of thorium B. The results indicate that there is no 
other gamma ray differing in energy by more than 
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Fic. 1. K photoconversion line of the 1.06-Mev gamma 
ray at the higher resolution. 
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5 kev and with an intensity greater than 50 percent of 
the 1.06-Mev line 

The F line of thorium B was used to recheck the 
earlier precision calibration’ of the spectrometer. The 
instrument is known to be linear to a very high degree.’ 

At the higher resolution the K photoconversion line 
of the 0.57-Mev gamma ~“).6 Se 
above background. We that 
equal energy gamma rays do not exist in the region 
of the 0.57-Mev gamma ray either 

Upon adding the 109.79-kev 
thorium’ to the measured energy of the K photo- 
conversion electrons, we obtain 1063.43+-0.50 kev and 
568.85+0.30 kev, respectively, for the energies of 
the two gamma rays. The former is to be compared with 
1063.9+0.3 kev. 
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Lazar and Klema’* have shown that the 1.06—0.57 
Mev cascade have relative gamma intensities of 
0.77+0.06 and 1.00, respectively. Bi®”’ is thus particu- 
larly useful as a test source in gamma-ray coincidence 
spectroscopy. The 975.9-kev K conversion electrons! 
from the 1.06-Mev transition, together with the 
coincident 0.57 gamma ray, have proved to be of 
particular use in this laboratory for energy calibration 
of beta-gamma coincidence scintillation spectrometers. 
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Electron Capture Decay of Am**‘ and the Spontaneous Fission Half-Life of Pu***t 
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icles) of Am™ was determined as 0.03940.003% 
irradiated Am™, and the spontaneous fission half-life 


that Am™ may be slightly unstable toward electron 
capture decay. The fact that Pu™ is apparently beta 
stable'> suggests that Am™ is analogous to Am*™ and 
is probably unstable toward electron capture decay. 
Evidence of electron capture decay for Am™ can be 
found in the Materials Testing Reactor (MTR) 
irradiations of plutonium. The Pu* to Pu™ ratios in 
several MTR irradiations of plutonium (Table I) 
indicated that Pu was being produced more rapidly 
than would be predicted from the path 


Pu?” (ny) Pu?* (ny) Pu™, 


244 


and that some Pu* was probably being formed by the 


alternate path 
gS 
Am**(n,y7) Am™* 


8 


e.c. 
. 


Pu (n,7) Pu®* 1 ae 


* Inghram, Hess, Fried, and Pyle, private communication. 
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Tasie I. The Pu™/Pu® ratios in MTR irradiated plutonium 














Sample No Integrated flux Pu /Pys 
1 4 Xie 5.28 107° 
2 1.1X 10" 3.84X 10 
3 1.4X 10" 5.26 10 








In order to determine the electron capture branching 
ratio of Am*™ and to prepare some enriched Pu™ 
samples, Am™* was irradiated in the Argonne heavy 
water reactor and in the MTR. 

Approximately one milligram of Am** was irradi- 
ated for two days in the heavy water reactor and 
later also irradiated for three weeks in the MTR. 
The plutonium formed in the irradiation was isolated 
from the Am** with a Dowex A-1 anion resin column 
and TTA (thenoyltrifluoroacetone) extractions. Table 
II shows the amount of Pu* and Cm™ formed in the 
irradiations and Table III gives the isotropic composi- 
tion of the plutonium fractions. An average branching 
ratio (electron captures/beta particles) of 0.039 
+0.003% was obtained from the two experiments. 
The largest source of error in the determination is the 
uncertainty in the Cm™ half-life (18.4+0.5 yr).® 
Complete recovery of plutonium was assumed, and in 


TABLE IT. Results of irradiating ca 1 mg of Am™. 


Reactor ae Pu™ formed ue Cm™ formed 
CP-5 3.75X 10% 8.95 10? 


MTR 1.4210 39.15 


view of the fact that the recovery of plutonium after 
the first step in the purification could be followed by 
the alpha pulse analyzer, this assumption is probably 
fairly reliable. From the branching ratio and the 
half-life for beta emission (25 min)‘ an electron capture 
half-life of 44.5 days was calculated. A mass spectro- 
metric analysis of the irradiated Am™ showed less than 
0.001% Am™. If Am™ has a long-lived ground state 
similar to Am, then the branching of Am™ to this 


TABLE III. Isotopic composition of plutonium formed from 
irradiation of ca 1 mg of Am™. 


Plutonium 


isotope CP-S reactor MTR 
Pu™* 17.8 +0.2° <2.1 
Pu™ 13.0 +0.2* 8140.2 
Pu 67.5 +03 704+04 
Pu 0.052+0.004 1.7+0.1 

. Pu 1.63 +0.00" 4240.2 
Pu™ 0.058+0.004 13.5+0.3 


* The larger percentages of Pu®*, Pu™, and Pu were due to the fact 
that the plutonium was contaminated with some of the original irradiated 
plutomum. The amount of Pu™ introduced by this contamination was 
negligible 

* Friedman, Harkness, Fields, Studier, and Huizenga, Phys. 
Rev. 95, 1501 (1954). 


state is less than 0.002%. The figure 0.002% was 
calculated by also taking into consideration the fact 
that on the average approximately one-half of the Am** 
was in the MTR for about one year before it was 
isolated and reirradiated for the present experiment. 

In the MTR irradiation sufficient enriched plutonium 
was formed to measure the spontaneous fission half-life 
of Pu. A total of 110 fissions in 50 356 minutes was 
observed using a sample containing 0.0064 microgram 
of Pu. After correcting for the counter background 
(0.00033 counts/minute), and the spontaneous fission 
rates due to the Pu? and Pu®®® in the sample, 
a spontaneous fission half-life of (2.52-0.8) 10" years 
was calculated for Pu™. 

Figure 1 shows a plot of the logarithm of the spontan- 
eous fission half-lives of even-even plutonium isotopes 
as a function of the mass number A as proposed by 
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Fic. 1. A plot of the spontaneous fission half-lives of the even-even 
plutonium isotopes as a function of their mass number. 


Huizenga.” An extrapolation of this curve would 
predict a spontaneous fission half-life of 1.5—2x 10" 
years of Pu, which is in fair agreement with the 
experimental value reported here. 
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? Chamberlain, Farwell, and Segr?, Phys. Rev. 94, 156 (1954). 

*E. M. Kinderman, Atomic Energy Commission Declassified 
Report HW-27660, April, 1953 (unpublished). The more recent 
value of 1.51 10*+-2% fissions per gram per hour for the spontan- 
cous fission rate of Pu™ as given in this reference was used in the 
calculations 


°M. H. Studier and A. Hirsch (private communication). 
” J. R. Huizenga, Phys. Rev. 94, 158 (1954). 
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Measurements have been made of the nonelastic cross sections 
of neutrons in Be, C, Al, Ti, Cr, Fe, Ni, Cu, Ag, Sn, Pb, and Bi 
These cross sections include all processes except elastic scattering 
with 

The neutrons were 


The experiments have been carried out monoenergetic 
neutrons of 3.5, 4.7, 7.1, 12.7, and 14.1 Mev 
produced with a Van de Graaff accelerator using the nuclear 
reactions: T?(p.n)He*, D(d.n)He*, and T*(d,n)He*. Cross sections 
were determined from transmissions through spherical shells 
which were 3.8 cm in radius and 2 cm thick. A new type of neutron 
{ 


; 18 


detector which gives energy information about neutrons anc 
insensitive to y radiation was placed at the center of the spherical 
The results 


cross 


shell and was used as a biased detector of neutrons 
of these experiments show that the nonelastic neutron 


14.1-Mev neutrons is nearly geometrical 


section for 12.7- and 


INTRODUCTION 


UMEROUS experiments have been carried out to 

determine the magnitudes of the total neutron 
cross sections in various elements. Other experiments 
have been made to determine the cross sections for 
the different processes that make up the total cross 
sections. In the energy range of 3 to 15 Mev, which is 
to be discussed in this paper, the total neutron cross 
made up of the elastic, inelastic, 


section is largely 


ind (n,2n) processes. The experimentally measured 
quantity, however, is the total cross section minus the 
cross section, which is defined as the nonelastic 
cross section. With 


cross section is very nearly equal to the reaction 


elastic 
neutrons of high energies the non 
elastic 
cross section. With low-energy neutrons and with inter- 
mediate energies where there are only a few possible 
struck nonelastic 


cross section is less than the reaction cross section by 


excited states of the nucleus, the 
the amount of the compound elastic scattering. Early 
experiments' with a radium-beryllium source of neu 
trons placed inside a spherical absorber qualitatively 
measured the cross section for inelastic scattering of 
neutrons in the absorber. More recent experiments’ 


14-Mev neutrons and threshold detectors gave 


$ 


with 
results which are in general agreement with the present 
cross sections 


Another 


tering cross section has been to determine the neutron 


method for estimating the inelastic scat- 


* Supported in part by the U. S. Atomic Energy Commission 
+ Preliminary report of these results was given at the Pitts- 
burgh Conference on Medium Energy Nuclear Physics, June, 
1953 (unpublished) ; Birmingham Conference on Nuclear Physics 
July, 1954 (unpublished) ; and Phys. Rev. 94, 807(A) (1954 
‘ Dunning, Pegram, Fink, and Mitchell, Phys. Rev. 48, 265 
1935): Seaborg, Gibson, and Grahame, Phys. Rev. 52, 408 
(1937); D. C. Grahame and G. T. Seaborg, Phys. Rev. 53, 795 
(1938) 
? Gittings, 
(1949) 
* Phillips, Davis, and Graves, Phys. Rev. 88, 600 (1952 


Barschall, and Everhart, Phys. Rev. 75, 1610 


and is closely approximated by o=x(R+X)*, where R=1.4 
x10-4A!, The nonelastic cross sections are roughly constant in 
the energy range 5 to 14 Mev; below about 5 Mev the cross 
sections begin to decrease. 

The elastic cross sections can be obtained by subtracting the 
nonelastic cross sections from the total cross sections. The varia- 
tions with energy of the nonelastic and elastic cross sections are 
quite different. 

Data with 12.7-Mev neutrons and low counter bias, give the 
relative number of + rays given off per inelastic collision of these 
neutrons. The number of + rays decreases rapidly with increasing 
atomic number and there are less than 5% as many 7 rays from 
Bi as from Al, Ti, Cr, and Fe. 


spectrum by the exposure of photographic plates to 
neutrons.*® Measurements by Graves and Rosen with 
14- to 15-Mev neutrons indicate that for all elements 
from aluminum to bismuth almost all the inelastically 
scattered neutrons have an energy of less than 5 Mev. 
This method is good for finding the energy distribution 
of the inelastically scattered neutrons but is not 
adapted for accurate quantitative values of the cross 
section. 

If a monoenergetic source of neutrons is surrounded 
by a sphere of a material with which the neutrons could 
interact only by elastic scattering, a biased detector, 
whose energy discrimination was not sufficiently sharp 
to resolve the small loss of energy from elastic scatter- 
ing, would count at the same rate with the scatterer on 
as with the scatterer off. If, however, the neutrons are 
inelastically scattered with sufficient loss of energy 
such that they will not be detected, then they have 
been effectively absorbed in a transmission experiment. 

It is more convenient to place the detector inside the 
spherical scatterer which subtends a small solid angle 
from a source so that all the neutrons incident on the 
scatterer have very nearly the same energy. A general 
proof for the validity of such an interchange of source 
and detector has been given by Bethe.* 

The general theory for calculating nonelastic cross 
sections by transmission through a thick spherical shell 
has been worked out by Bethe, Beyster, and Carter’ 
and has been used in analyzing the experimental results 
reported herein. The purposes of the present research 
were to adapt a new scintillation type detector to a 


useful form and to measure the nonelastic scattering 
*P. H. Stetson and Clark Goodman, Phys. Rev. 82, 69 (1951); 
E. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953) 
* B. G. Whitmore and G. E. Dennis, Phys. Rev. 84, 296 (1951); 
B. G. Whitmore, Phys. Rev. 92, 654 (1953) 
* H. A. Bethe, Los Alamos Report LA-1428, 1952 (unpublished). 
’ Bethe, Beyster, and Carter, Los Alamos Report LA-1429 
unpublished). 
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NONELASTIC SCATTERING CROSS SECTIONS 


cross sections of elements of various atomic weights as 
a function of energy from 3.5 to 14.1 Mev. 


APPARATUS 


The scattering samples were thick spherical shells 
with a standard size of 7.62 cm outside diameter with a 
2 cm wall thickness. There was a hole of 1.62-cm 
diameter through the shell for the insertion of the light 
pipe to the counter. The spheres were machined to a 
tolerance of less than 0.002 cm from commercially 
available materials. The one exception to the standard 
size was the chromium sphere which was 7.15 cm in 
outside diameter with a 2-cm wall. 

The neutron detectors were made of an organic 
scintillator which gave light pulses from recoil protons 
caused by neutron scattering in the scintillator.* The 
light pulse is proportional to the range of the ionizing 
particle in the scintillator.’ In order to count neutrons 
and not y rays, it was necessary to make pulses due to 
Compton electrons a factor of 2 to 3 smaller than the 
neutron pulses. The plastic scintillator” was made into 
spheres of such size that an electron passing through the 
diameter of the scintillating sphere would give iess 
than half as large a pulse as neutrons from the source. 
Anthracene crystals were used in the first experiments. 
A plastic scintillator was substituted for the anthracene 
detector since the pulse size in anthracene varies as 
much as 15°, with the direction of the neutrons. The 
plastic scintillators and the detectors made from them 
did not show directionality of response. 

In order to have a high counting rate it is desirable 
to use a scintillator with a large volume. For the 12.7- 
and 14-Mev neutron detector, it would have been 
possible to use a scintillation sphere 2 cm in diameter 
and still discriminate against y-ray pulses. A 1 cm 
diameter scintillator was used and was large enough to 
give an adequate counting rate. The maximum pulse 
due to y rays in this scintillator is produced by a 2.5- 
Mev electron which will have a range of 1 cm in the 
plastic. Such a pulse is the same size as that of a 6-Mev 
recoil proton. 

An adequate counting rate for 7.1-Mev neutrons was 
obtained with a single sphere with a diameter of 6.5 mm. 
An electron of 1.6 Mev will just traverse the sphere 
and produce a pulse in the scintillator equal to half that 
from a 7-Mev recoil proton. 

For the 4.7-Mev neutron detector, it was necessary 
to use spheres with a diameter of 2.5 mm. The range of 
a 0.75-Mev electron is 2.5 mm; an electron of this energy 
produces a pulse 45% as large as a 4.7-Mev recoil 
proton in the scintillator. A single sphere of 2.5-mm 
diameter did not give a satisfactory counting rate, so a 
detector was constructed using four such spheres. Two 


* McCrary, Taylor, and Bonner, Phys. Rev. 94, 808(A) (1954). 
*J. B. Birks, Phys. Rev. 84, 364 (1951); Taylor, Jentschke, 
Remley, Eby, and Kruger, Phys. Rev. 84, 1034 (1951). 
“Obtained from Nuclear Enterprises, Ltd., 1124 Grosvenor 
Avenue, Winnipeg, Canada. 
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Fic. 1. Diagram of neutron detector showing spherical scin- 


tillators, quartz light pipe, and position of the scattering 
sample 
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spheres were placed in each of two layers, the upper 
layer being supported on a glass disk and positioned so 
that the spheres were not directly above the spheres in 
the lower layer. To improve optical coupling and to 
place electron stopping material between the spheres, 
the volume of the detector was filled with Kel-F fluid" 
(Cl;F3Ce). A fluid containing no hydrogen was used to 
avoid production of recoil protons in the fluid. The 
minimum energy of an electron which passes through 
two spheres and the intervening Kel-F is 4 Mev. 

The 3.5-Mev neutron detector was constructed of 
scintillation spheres with a diameter of 1.5 mm. An 
electron of 0.5 Mev produces a pulse equal to 50 percent 
of the pulse from a 3.5-Mev proton and has a range of 
1.5 mm in the scintillator. Eight spheres were arranged 
at quadrant points of each of two layers in a glass tube 
of 10 mm inside diameter. Spheres in the upper layer 
were supported by a glass disk and were not directly 
over the spheres of the lower layer. The sealed volume 
was filled with Kel-F fluid. Only electrons with energies 
greater than 3 Mev could traverse two spheres and the 
minimum intervening material. The 3.5-Mev detector 


‘and mounting to hold the spherical absorbers is illus- 


trated in Fig. 1. The detectors were constructed on a 
quartz rod of such a length as to place the geometrical 
center of the detector at the center of the scattering 
shell. The detector and quartz were wrapped with 
0.0005 inch aluminum foil and scotch electrical tape 
and optically coupled to the Dumont 6291 photomulti- 
plier tube by silicone vacuum grease. 


"Mt Manufactured by W. M. Kellogg Company, Chemical Manu- 
facturing Division, Jersey City, New Jersey. 
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Nuclear reactions induced by particies ace elerated in 
the Rice Institute Van de Graaff accelerator were used 
To minimize back- 
neutrons scattered from matter near 


j 


used 


aS monoenergetic neutron sources 
vround effects of 
the source, a minimum amount of material was 
at the end of the vacuum tube for the target mounting, 
was accomplis! ed by com 


and cooling of the 
rhe 
were over a pit which was eight feet deep and covered 
} f 


target 
and the 


pressed air target counting apparatus 


by a one-quarter inch aluminum floor 
Neutrons of 3.5 Mev 
protons from the T(p,2)He’ reaction 


4.2-Mev 


it zero degrees to 


were produced by 


the incident beam. The target was tritium adsorbed in 
a zirconium layer which had been evaporated onto a 
tungsten blank. The particular target used was obtained 


from Oak Ridge Nationa 


ium layer of 1 mg/cn 
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Fic. 3. Pulse height distribution curve for 3.5-Mev neutrons in 


eight 1.5 diameter scintillators and pulse distribution of 
y rays of maximum effective energy 


of the incident beam of 675-kev energy to get 12.7-Mev 
neutrons and at 90° with respect to the 350-kev beam 
for the 14.1-Mev neutrons. 


DATA 


Figure 2 shows the pulse distribution curve of the 
neutron detector for 12.7-Mev neutrons and that ob- 
tained from the 2.62-Mev y radiation from a Th C” 
source. Figure 3 gives the similar pulse distribution 
curve which was obtained with 3.5-Mev neutrons and 
0.66-Mev y radiation. The pulse height distribution 
curve for neutrons is not quite flat, since the pulse 
height depends on the range of the particle producing 
the pulse and not its energy. 

Che pulse-height distribution curves in Figs. 2 and 3 
are typical experimental curves which also indicate the 
relative size of neutron pulses and maximum possible 
y-ray pulses. Theoretically the curve should drop off 
sharply at the upper end as indicated by the Ey dotted 
une. 

A bias value corresponding to 80% of the energy of 
the source neutrons the cross-section 
determination at 12.7 and 14.1 Mev and a value of 


> 


85% at 3.5, 4.7, and 7.1 Mev. Data were also obtained 


was used for 


with a lower bias in all the experiments. The efficiency 
neutron energy was 
measured for each detector, and the results for the 


of detection as a function of 
3.5-Mev neutron detector are shown in Fig. 4 when 
biased at 85% of the 3.5-Mev energy. The efficiency of 
detection curves for the other neutron detectors were 
similar in shape to that given in Fig. 4. 

The cross-section data were taken by measuring 
counting rates with the scatterer in position and 
The ratio of the counting rate with the 
scatterer in position to the counting rate without the 
scatterer is the experimental transmission. Results of 
these transmissions are given in Table I; each trans- 
6 to 20 separate experiments. 
bias, a trans- 


removed. 


mission is a mean of 
Simultaneously with the 80% or 85% 
mission using a lower bias was taken to find the de- 
pendence of the transmission on the choice of bias 


point 





NONELASTIC SCATTERING 


Figure 5 shows the geometry of the experimental 
arrangement. The transmission must be corrected be- 
cause of the uncompensated elastic scattering due (1) to 
the decreased efficiency of detecting the elastically 
scattered neutrons of slightly less energy because of 
energy loss to the struck nucleus, (2) a decrease in the 
efficiency of detecting neutrons of lower energy from 
the source which are emitted at an angle ¢, and (3) the 
nonuniform illumination of the spherical scatterers. 

The detector for neutrons of 3.5, 4.7, and 7.1 Mev 
was placed at zero degrees with respect to the direction 
of the accelerator beam on the target and subtended a 
very small solid angle at the source as indicated in 
Fig. 5. Thus the neutrons detected when the scatterer 
was not in position were emitted from the source at 
essentially zero degrees. When the scatterer was in 
position, the neutrons which did not reach the detector 
because of elastic scattering in the portion of the shell 
directly between the source and detector, at point A in 
Fig. 5 are assumed to equal (except for small correc- 
tions) the number of neutrons elastically scattered 
towards the detector by the rest of the spherical shell. 
Such elastically scattered neutrons will not have exactly 
the same energy as the incident neutrons and, as indi- 
cated by Fig. 4, will not have the same probability of 
being detected. The fraction of the incident neutrons 
is the number of 


Ne where .\ 


so scattered is (l—e 
nuclei per square centimeter of the scatterer and a, is 
the elastic scattering cross section. The value of a, is 
obtained by subtracting an assumed value of non- 
elastic scattering cross section a, from the total scatter- 
ing cross section o;. When necessary in view of later 
calculations, the assumed o, was revised. The energy 
lost by a neutron depends on the angle @ through which 
it is scattered. The number of elastically scattered 
neutrons as a function of angle of scattering is needed 
in order to make corrections (1), (2), and (3) listed 
above. 

Angular distributions have been studied with neu- 





ee ea 


COUNTING §EFFICM@NCY 


& 





Saas eae aera SS 
ee 30 32 se 56 38 
MEUTRON ENERGY (MEY) 





Fic. 4. Relative efficiency as function of neutron energy for 
detector biased at 85% energy for 3.5-Mev neutrons 
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SCATTERER 


Fic. 5. Diagram showing geometry of experimental arrange 
ment. Neutrons emitted at an angle @ to the direction of the beam 
are elastically scattered through angle @ or r~—@ to reach the 
detector. 


trons with energies of 1.0 Mev," 4.1 Mev," and 14 
Mev'* for several elements. Where angular distribution 
data for an element were not available, the distribution 
for the element of nearest atomic weight available was 
used. The 4.1-Mev angular distributions were used for 
the 3.5-Mev and 4.7-Mev data. The 14-Mev angular 
distributions were used for the 12.7- and 14.1-Mev 
data. The 4.1- and 14-Mev angular distributions are 
similar in that they both show large scattering at 
small angles. Therefore, since no angular distributions 
were available near 7 Mev, the effects expected from 
both 4- and 14-Mev angular distributions were calcu- 
lated for the 7.1-Mev data and a linear interpolation 
was made to get the effect expected from 7-Mev angular 
distributions. The errors introduced by this approxi- 
mation are quite small except in the case of the very 
light elements, Be and C, where the error was con- 
sidered to be too large to make the results very useful 
In the case of lead the correction for source energy 
spread and illumination is 3.7% of the number of 
elastically scattered neutrons with 4-Mev angular distri- 
butions, 1.4% with 14-Mey distributions, and 3.0% for 
the interpolated value at 7 Mev. 

The corrected for 
elastic scattering are given as 7 (corrected) in Table I. 
The difference between the experimental transmission 
and the corrected transmissions are smaller at the 
higher energies and with heavier nuclei. Considerable 
errors may result for light nuclei, especially in the case 
of Be and C where the corrections are large and the 
angular distributions do not extend past 90° for 14-Mev 


transmissions, uncompensated 


neutrons. 

The nonelastic cross sections were calculated from an 
expression derived by Bethe, Beyster, and Carter which 
takes account of multiple scattering in the shell: 


(Sm Fate Tere 


, 
Cnt Cel = 


experimental transmission (corrected), 7» 
non- 


where 7 
ce N*«, P,,= escape probability of the neutron, ¢, 
elastic cross section, ¢,= elastic cross section, o,;* 
“M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954) 
‘*M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955) 
J. H. Coon and R. W. Davis, Phys. Rev. 94, 786(A) (1954), 
and private communication. 


elastic 
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Taste I. Summary of experimental results. Tabulated are the experimental transmission 7 (expt.), the transmissions corrected for 
elastic scattering effects T (corrected), the calculated nonelastic cross section o,, the total scattering cross section o;, and the ratio of 
the nonelastic cross section to the geometrical cross section for each element. The nuclear radius is calculated from the relation 
R=14X10°"A! 


Cr Fe Ni Cu 


16.05 16.91 18.18 16.90 
3.5 Mev 
0.877 2 0.776 0.773 0.717 0.734 0.758 0.845 0.876 
0.913 ] 0.813 0.807 0.747 0.767 0.775 0.857 0.891 
0.68 +0.05 24+ 1440.04 1.1440.04 14824004 145200 03 +0.07 2.00+0.09 1.58 +0.07 1.73+0.06 
} 3.90 3.47 3.35 3.45 4.18 4.28 7.70 7.76 
0.62 0.60 0.76 0.72 O81 0.73 0.44 0.48 


4.7 Mev 
0.758 0.738 0.703 0.704 0.749 0.826 0.831 0.848 
0.797 0.777 0.741 0.737 0.769 0.838 0.851 0.867 
3240.03 1.3840.05 1.5420.06 16920.04 2.144007 2.3340.07 2.25+0.07 2.39 +0.06 
3.70 3.72 3.55 3.72 4.01 4.00 7.40 7.48 
78 0.79 0.87 0.91 0.88 0.92 0.66 0.70 


7.1 Mev 
782 0.758 0.743 0.754 0.770 0.844 0.825 0.851 
SOW 0.783 0.770 0.779 0.782 0.851 0.833 0.857 
240.04 1.3520.04 1.3320.06 1.372005 2.0120.07 2.1240.06 2.67 +0.07 2.66 +0.07 
50 3.44 3.60 3.73 4.12 4.08 5.60 60 
&1 0.36 O-4 0.82 0.91 0.92 0.85 0.84 


12.7 Mev 
O821 0.892 0.873 7 810 0.786 0.773 0.768 0.806 0.860 0.842 0.867 
oOari 0.910 0.876 7 813 0.789 0.776 0.771 0.808 0.861 0.843 0.868 
0.49 +0.08 0.564010 1.06 +4007 7 16 +0.07 1.3620.05 1.3520.05 1.4920.05 75+0.10 1.97 +0.09 2.58+0.09 2.47+0.14 
160 1.30 1.69 2.37 » 60 267 2.83 3.10 441 4.61 5.15 5.05 
092 0.91 1.11 ‘ 0.95 0.98 0.96 1.01 0.88 0.94 0.90 0.36 


14.1 Mev 
ORSS 0.899 0.886 72 802 0.786 0.761 77 0.804 0.870 0.843 0.866 
0.909 0.918 0.890 KOF 0.788 0.763 0.806 O87 0.844 0.867 
0.37 40.08 0.51 240.08 0.91 +0.05 : +0.04 1.3820.03 145+0.05 1 78+0.05 1.82+0.06 2.524009 2.50+0.07 
< >7? 


f 
i 
15 1.34 1.73 4 2.45 2.60 2 4.34 4.68 5.48 5.46 


0.72 0.86 0.99 i.02 1.02 1.05 0.91 0.88 0.89 0.88 


transport cross section :—a,)S, and To use this formula it is necessary to assume a value 
of o, and use it in the equation. The nonelastic cross 
section ¢, is subtracted from the known a, to deter- 
mine o,. The P,, values have been calculated by Bethe, 
Beyster, and Carter, and in this experiment had values 
which extended from 0.65 te 0.84. A trial and error 
process of successive approximations is necessary to 


a,(8)(1—cos#)dé 
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Fic. 6. Nonelastic (solid curve) and elastic (broken curve) Fic. 7. Nonelastic (solid curve) and elastic (broken curve) 
cross sections in Al, Ti, and Cr cross sections in Fe, Ni, and Cu 











achieve the final result. The calculated nonelastic cross 
sections o,, are given in Table I. These cross sections are 
too small by an amount depending on the number of 
inelastically scattered neutrons which are still counted 
by the biased detector. In general this is a small effect 
and an estimate of its magnitude can be obtained by 
comparing the cross sections calculated from the data 
with lower energy bias. 

Data taken with 3.5-Mev neutrons and a bias of 57% 
of the maximum energy instead of 85% gave an 
average decrease in the cross section of 11% for the 
elements chromium through bismuth. In most cases the 
energy of the first excited state is large enough so 
that inelastically scattered neutrons will have a very 
low efficiency for being counted when using the 85% 
bias. For example inelastically scattered neutrons from 
iron will lose 0.845 Mev or greater energy and will have 
a relative efficiency for being counted of 2% or less. 

With 4.7-Mev neutrons, data were taken with a bias 
of 70% as well as 85% of the energy. The average 
decrease in cross section with the 70% bias was 7%, 
indicating about 7% of the neutrons inelastically 
scattered to energies between 2.9 and 3.8 Mev. Silver 
is the only element with energy levels below about 
0.6 Mev. The probability of detection of 4.1-Mev 
neutrons was 50%. Therefore, neutrons exciting levels 
of 0.6 Mev or less would contribute less than 50% of 
their cross section to the observed value. 

With 12.7-Mev neutrons a bias point corresponding 
to 57% of the source neutron energy gave cross sections 
which were an average of only 4% smaller than for 
the 80% bias. This result indicates that only 4% of the 
inelastically scattered neutrons have an energy be- 
tween 7.2 and 10.2 Mev in agreement with the photo- 
plate-experiments of Graves and Rosen that most of 
the inelastically scattered neutrons have energies less 
than 5 Mev. 


DISCUSSION 


The results of the nonelastic cross sections are shown 
in Figs. 6, 7, 8, and 9. Recent data of Beyster, Henkel, 
and Nobles'’ at 1.0, 4.0, and 4.5 Mev are also included. 
Data just published by Graves and Davis'* with neu- 
trons of energies from 13.5 to 14.7 Mev are in general 
agreement with our 14.1-Mev data. The elastic scatter- 
ing cross sections were obtained by subtracting the 
nonelastic scattering cross section from the best total 
cross sections that are available.'*™ There is a marked 
difference in the variation with energy of the elastic 
and nonelastic cross sections. This difference is most 


? Beyster, Henkel, and Nobles, Phys. Rev. 97, 563 (1955). 

* E. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955). 

* N. Nereson and S. Darden, Phys. Rev. 89, 775 (1953); Phys. 
Rev. 94, 1678 (1954) ; and private communication. 

*® Neutron Cross Sections, U. S. Atomic Energy Commission 
Report AECU 2040 and 3 supplements (Technical Information 
Division, Department of Commerce, Washington, D. C., 1952). 

™ Bonner, Alba, Fernandez, and Mazari, Phys. Rev. 97, 985 
(1955). 

® McCrary, Taylor, and Bonner (unpublished data on Cr). 
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Fic. 8. Nonelastic (solid curve) and elastic (broken curve) 
cross sections in Ag and Sn. 


marked in the case of Ag and Sn where the elastic cross 
section becomes larger as the energy increases from 
5 to 14 Mev. In this same energy interval the non- 
elastic cross section decreases. In all the elements 
studied, except for Cu, the nonelastic cross section is 
greater than the elastic cross section at some particular 
energy. 
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Fic. 9. Nonelastic (solid curve) and elastic (broken curve) 
cross sections in Pb and Bi 























than one. At this energy these elements have an elastic 
cross section which is less than the nonelastic cross 
section. Similarly, it is noticed that for Pb and Bi at 
14 Mev the ratio o,/x(R+A)* is particularly low, and 
the elastic cross section is greater than the nonelastic 
cross section. Both these results can be explained by 
interference effects. 


y RADIATION FROM INELASTIC SCATTERING 
OF 12.7-MEV NEUTRONS 
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greater than 3 Mev from inelastic scattering of 12.7-Mev 


neutrons 


[he shape characteristics of the elastic scattering 
cross sections appear to vary smoothly with atomic 
weight. These variations of elastic scattering cross 
sections with atomic weight appear to fit qualitatively 
he predictions by the Weisskopf “cloudy crystal ball’’ 
model,™ where the location of wide resonances appears 
as a function of the nuclear radius. In this model the 
nuclear potential is taken as a complex square well of 
Vo(r)(1+ 10), where ¢ is some real number 


the form } 
which gives the absorption necessary to account for 
the formation of a compound nucleus. Feshbach, Porter, 
and Weisskopf fitted the total cross sections up to 
about 3 Mev with this model using a ¢ equal to 0.03 
The large nonelastic cross sections obtained in the 
present experiments require a larger ¢ at higher energies. 
Comparison of the measured nonelastic cross section 
to the geometrical cross section is shown in Table I 
The nuclear radius R was calculated from the relation: 
R=1.4x10-"A!. The nonelastic cross sections for 12.7 
and 14.1-Mev neutrons are very nearly equal to the 
geometrical cross sections: #(R+A)*. At 4.7 Mev the 
nonelastic cross sections are still between 0.8 and 0.9 of 
the geometrical cross section in Cr, Fe, Ni, Cu, Ag, 
and Sn; in the nuclei Pb and Bi, which have closed 
shells and a lower density of energy levels, the cross 
sections are only 0.66 and 0.70 of the geometrica! 
Comparison of nonelastic cross sections and elastic 
cross sections at 12 to 14 Mev indicates that there is an 
interference of waves entering the nucleus, suffering 
only a phase change without stronger interaction, and 
then interfering with the incident waves. At 14.1 Mev 
for Ai, Cr, Fe, and Ni, the ratio o,/#(R+ A) is greater 
® Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953) ; 
Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954 


When the 12.7-Mev data were taken, one of the 
channels of the pulse-height analyzer was set to count 
pulses with heights between 10 and 14 volts, as indi- 
cated by dotted lines on Fig. 2. Some of these pulses 
were produced by y rays with an energy greater than 
3 Mev. This channel corresponded to the largest 
pulses from neutrons with energies of from 5.2 to 6.3 
Mev. Since the results of Graves and Rosen show that 
there are very few inelastically scattered neutrons of 
this energy, any increase in the counts in this channel 
with the sphere in position are due largely to y radiation 
produced in the scatterer. There are more counts in 
this channel for many elements with the scatterer on 
than with the scatterer off. This increase in counting 
above the expected neutron counts was attributed to 
y rays produced by the inelastic scattering in the sphere. 
The ratio of y counts to the neutron absorption (1—7) 
is plotted as a function of atomic weight in Fig. 10. 
The fact that more high-energy y rays are observed 
from lighter elements than for the heavier ones is 
explained by the fact that (#,2m) reactions have higher 
cross sections for heavier elements and comprise a 
greater portion of the nonelastic cross section than for 
the lighter elements. This follows because in an (n,2n) 
reaction, y radiation above 3 Mev is not expected. 
The (n,2n) cross section for 12.7 Mev neutrons is not 
known for most of the elements studied. The results 
with Bi indicate that nearly all the nonelastic cross 
section of 2.5 barns is due to the (m,2m) cross section. 
The (n,2m) reaction is energetically impossible in 
aluminum and so this cross section must be zero. The 
experimental results indicate a small cross section for 
(n,2n) reactions in Ti, Cr, and Fe, which all give about 
the same amount of y radiation as aluminum. Less 
y radiation is observed from Ni, Cu, Ag, and Sn, and 
indicates a considerable cross section for the (n,2n) 
reactions in these elements for 12.7-Mev neutrons. 
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Scattering of 22-Mev a Particles by C**** 


V. K. Rasmussen,t D. W. Mricer, anp M. B. Sampson 
Department of Physics, Indiana University, Bloomington, Indiana 
(Received May 4, 1955) 


The elastic and inelastic scattering of 22-Mev a particles by carbon has been observed at a number of 
angles. Groups corresponding to the excitation of C" to the known 4.4-, 7.7-, and 9.6-Mev levels were 
found. There was no evidence for the higher states reported by others, except possibly at ~12.7-Mev 
excitation. A strong angular dependence and a marked lack of symmetry around 90° was observed. The 
excitation function for E, = 20.4 to 22.6 Mev indicates a resonance at E, = 21.8520.1 Mev, and the angular 
asymmetry indicates that there is at least one other level of opposite parity in this region. The Q-value 
for the second excited state was measured to be —7.64+0.07 Mev. By looking for the appropriate C" recoil 
ions it was established that this state decays to Be*+a with >80% probability. 


I. INTRODUCTION 


HE inelastic scattering of 22-Mev a particles by 
C” was chosen as the subject for preliminary 
investigation with the Indiana University heavy- 
particle spectrometer because of the simplicity of the 
level scheme below 10-Mev excitation and the availabil- 
ity of target materials. It was hoped that information 
might also be obtained concerning some of the levels that 
have been reported above 10 Mev, and that the angular 
distribution for various a groups might be determined. 
The present information about the level scheme of 
C” has been summarized by Ajzenberg and Lauritsen.’ 
There are well-established levels at 4.431+0.013 Mev 
and 9.613+0.012 Mev, the energies quoted having been 
obtained from observation of the N'(d,a) reaction.” 
The existence of a level around 7.5 Mev has, until 
recently, been open to some question. It is now clearly 
established and its location given as 7.68+0.03 Mev? 
A very broad (= 1.6 Mev) level at 9.7 Mev is reported 
by Jackson and Wanklyn.‘ Between 10- and 16-Mev 
excitation almost all of the available information is 
from the B'"(d.m) reaction, which indicates several 
levels in this energy region.® 


Il. EXPERIMENTAL PROCEDURE 
A. Spectrometer 


The Indiana University heavy-particle spectrometer 
is of the point-focusing type with the magnetic field 
varying as 1/\/r, as introduced by Siegbahn and 


t Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission 

* Parts of this work have been reported previously by Rasmus 
sen, Miller, Carmichael, and Sampson, Phys. Rev. 92, 852(A) 


(1953) and Miller, Rasmussen, and Sampson, Phys. Rev. 95, 
649(A) (1954) 
{Now at the Bartol Research Foundation, Swarthmore, 


Pennsylvania. 

‘F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

?R. Malm and W. W. Buechner, Phys. Rev. 81, 519 (1951). 

* Dunbar, Pixley, Wenzel, and Whaling, Phys. Rev. 92, 649 
(1953) 

‘J. D. Jackson and D. I. Wanklyn, Phys. Rev. 90, 381(A) 
(1953). 

*V.R. Johnson, Phys. Rev. $6, 302 (1952). 


Svartholm.® With some exceptions, principally that the 
mean radius of curvature for focused particles is 20 
in. instead of 16 in., it is a copy of the one designed and 
built at the California Institute of Technology.’ The 
spectrometer may be rotated with respect to the 


‘ cyclotron beam, so that all angles of observation from 


45° counter-clockwise through a minimum of 124° to 
145° clockwise are available. The target chamber, 
made from two short 15 in. i.d. steel cylinders joined by 
a sliding O-ring seal, allows these changes to be made 
continuously without breaking the vacuum (see Fig. 1). 

A null-reading, magnetic-balance type of fluxmeter 
is used to measure the magnetic field. Matched agate 
knife edges and V-blocks* are used to support both the 
balance beam and weight. The main parts of this 
balance are located between the counter and the 





Fic. 1. Schematic cross-sectional view of the target chamber 
and magnetic spectrometer at the minimum laboratory angle of 
12}°. For explanation of the various letters, see text 


*K. Siegbahn and N. Svartholm, Arkiv. Mat. Astron. Fysik 
33A, Nos. 21, 24 (1946). 

7 Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 852 
(1950); W. Whaling and C. W. Li, Phys. Rev. $1, 150 (1951) 
See also R. Malm and D. R. Inglis, Phys. Rev. 95, 993 (1954) for 
a description of another magnet of this type. 

* Obtained from Voland and Sons, Inc., New Rochelle, New 
York 
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The focusing magnet, designed by Professor N. 
Svartholm and Dr. F. E. Steigert, consists of two 
consecutive 12° sector magnets which give opposite 
deflections and produce radial focusing with minimum 
beam displacement. It changes the divergent incident 
beam into one that is slightly converging. The homo- 
geneous-field analyzing magnet provides a 32° beam 
deflection and brings the beam to a focus approximately 
at the set of slits marked C in Fig. 1. The slits marked 
B limit the vertical extent of the beam. Under usual 
operating conditions, the beam at the target position is 
~ x in. high and ~¥, in. wide with a horizontal angular 
divergence of ~1°. At times, the beam spot has been 
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Fic. 2. Natural a groups from a ThB deposit, taken with 
two different counter slit openings. K, = 20 070. 


magnet exciting coils. The fluxmeter coil proper, 
supported by an aluminum tube, extends a minimum 
of two inches into the field region from the edges of the 
magnet poles. This fluxmeter has, in general, been quite 
satisfactory, although small temperature effects are 
observed and there is a noticeable nonlinearity at 
high fields. The latter effect is a result either of small 
changes in field shape or of a local inhomogeneity in 
the field. 

Focused particles are detected by a thin-window 
proportional counter (P in Fig. 1). Adjustable slits 
(K) allow the counter aperture to be varied. Aluminum 
foils (F) of nominal thickness 1, 2, 4, 9, 19, 48, and 
75 mg/cm* can be moved in front of the counter 
independently to allow rough measurements of particle 
ranges from 1 to 158 mg/cm?. A 0.06-in. copper sheet 
can also be inserted so as to block the counter window 
completely. 

Figure 2 shows the three most prominent a groups 
from a ThB deposit, as observed with this instrument. 
The sharp curves have a momentum width about 
equal to the theoretical width’ of 1/600 predicted for 
the source and counter sizes employed. The broader 
curve, taken with wider counter slits, corresponds to 
the usual experimental conditions and is the one used 
to establish the basic energy scale. Since the fluxmeter 
current J, is proportional to 1/B, the energy calibration 
may be given in terms of a constant K,;= E/ 7. If one 
uses 8.776 Mev for the (relativistic) energy of the ThC’ 
a group, K;= 20070. During the course of these experi- 
ments the fluxmeter was modified, so that a different 
constant (given in the captions) is to be used for some 
of the later figures. 


B. Cyclotron Beam Focusing 


The external cyclotron beam passes through a 
focusing magnet, the cyclotron shielding, and an 
analyzing magnet before it reaches the target chamber. 


*D. L. Judd, Rev. Sci. Instr. 21, 213 (1950). 





found to be much narrower than this, apparently as a 
result of variations in cyclotron operating conditions. 
The energy and spread in energy of the useful beam are 
determined partly by the cyclotron fringing field and 
partly by the analyzing magnet. As estimated from the 
widths of scattered peaks, the spread in energy of the 
useful a-particle beam varies from ~75 to ~150 kev, 
depending on cyclotron conditions. The mean energy of 
the beam may also vary by an appreciable amount from 
day to day. These variations were limited to a certain 
extent by placing a set of adjustable slits between the 
cyclotron and the focusing magnet. 


C. Targets 


For experiments of this nature thin target backings 
are required. After some preliminary attempts to use 
gold or aluminum leaf, backings made by evaporating 
a semitransparent layer of aluminum onto thin 
(~1400 A) Zapon lacquer films were adopted. By 
keeping the film on the metal frame upon which it was 
originally picked up, it was possible to get very smooth 
targets which stood up quite well under bombardment 
after minor initial wrinkling at the beam spot. About 
0.1 mg/cm? of carbon was added to these films by spray- 
ing them with a dilute colloidal suspension of graphite 
in water or water-alcohol mixture.” The total thickness 
of the targets and, in some cases, the backing thickness 
(which proved to be almost negligible) were measured 
by observing the energy loss of ThC’ alphas. It was 
also possible in this way to estimate the target uni- 
formity, which was generally satisfactory although 
not quite as good as desired. 


Ill. RESULTS 
A. Observed a Groups 


The elastic a group and groups corresponding to the 
excitation of C® to its first three excited states were 
found at a number of angles. Typical curves are given 
in Fig. 3. These curves were taken with the $% 
“window” of Fig. 2. Almost ali of the observed width 
of each peak is due to the variation of the emitted 


= Aquadag, a product of the Acheson Colloids Corporation, 
was used. Their alcohol suspension would probably have been 


more satisfactory. 





rarer a sag eat 


; 
; 
i 
2 
Hi 
$ 





eters 


Fan) ona Ak Peeper age —— 


— poo vamrmermc t 





SCATTERING OF 22-=MEV a PARTICLES BY C'! 183 


particle energy over the finite acceptance angle of the 
spectrometer. Target thickness and inhomogeneiety 
and the energy spread of the incident beam also 
contribute to some extent to the observed peak widths. 
No detailed analysis of the separate contributions has 
been attempted, although the effect of varying single 
factors has been observed. 

It seemed of interest to attempt a fairly accurate 
measurement of the location of the state at ~7.7 Mev. 
An angle (79° lab) was chosen at which the a groups 
leaving C® at 7.7 Mev and 4.43 Mev fell close to the 
calibration points furnished by a ThB deposit. The 
beam energy was calculated from the location of the 
4.43 group. The lower energy @ group then gave a 
calculated level energy of 7.64+0.07 Mev, with the 
largest part of the probable error resulting from the 
widths of the peaks. Corrections for target thickness 
and relativistic effects were made, although the net 
result of these was small (~25 kev) since they also 
come into the beam-energy determination. 

Since work in this laboratory and elsewhere" 
suggested a possible 7-Mev level in C® (distinct from 
the 7.68-Mev state) which decayed either by y-ray 
or pair emission, a search for the corresponding a group 
was undertaken. Weak groups were observed at some 
angles, but the shift with angle indicated that C® was 
not the scattering nucleus. If such a level in C” exists, 
it is excited in this reaction with less than 0.005 times 
the intensity of the 4.4-Mev level at a laboratory angle 
of 55°. 

No other extended search for levels below 10 Mev 
was made. However, a search for the higher levels 
reported in the B"(d,n) reaction® was carried out at 
forward angles. The continuum of alphas from C®*—Be® 
+a made the detection of weak alpha groups difficult. 
As a result, no evidence for the higher states was found 
except for one group at 12}° (lab) (see Fig. 4) which 
may correspond to a C™ excitation of around 12.7 Mev. 
Other groups would have been observed if they had an 
intensity greater than about 5-10% that of the group 
to the 9.61-Mev state. The very broad group at 124° 
results from the scattering of alphas by hydrogen 
contamination in the target (this group did not interfere 
at other angles, since it cannot occur at angles > 15°). 
The continuum of a’s from Be* also would have obscured 
the very broad level at ~9.7 Mev reported in the 
C®(n,n')3a reaction by Jackson and Wanklyn.‘ It is 
only possible to say that such a broad level is excited 
with less than $ the probability of the sharp 9.6-Mev 
level. 


B. Angular Distributions 


It became apparent early in the course of these 
investigations that none of the observed a groups was 


"N.S. Wall and J. R. Rees (private communication). 
4G. Harries and W. T. Davies, Proc. Phys. Soc. (London) 
A65, 564 (1952); G. Harries, ibid. A67, 153 (1954). 
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Fic. 3. Typical elastic and inelastic a groups scattered 
from carbon at the angles noted. A, = 20 070, 


isotropic. Cross sections at quite a few angles were 
obtained before it was discovered that there were 
significant variations in intensity with small changes in 
beam energy as well as with changes in angle. To 
check on these effects, thick-target excitation functions 
(discussed below) were then run, and the results made 
it clear that significant angular data would require 
closer control of the beam energy than was feasible. 
However, certain qualitative statements about the 
angular distributions can be made for incident a energies 
of ~22 Mev, the angles given being c.m. angles and 
the cross sections being in mb per 4 steradians. 

(a) None of the four @ groups investigated is sym- 
metric around 90°, 

(b) The a groups leaving C" excited to 4.43 and 9.61 
Mev show a fairly smooth variation of cross section 
with angle. The 4.43 group rises to a backward (150°) 
maximum about 5 times as high and a forward (30°) 
maximum about 3 times as high as the minimum of 
~100 mb at 115°. A forward (30°) maximum over 10 
times the flat (~60 mb) distribution from 70° to 120° 
is observed for the 9.61 group. 
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C. Excitation Function 


The variation with energy of the cross section for 


elastic scattering and for inelastic scattering to the 


excited state was obtained for 
20.4 and 22.6 Mev. A semithick target, of 
thickness 2.6 mg/cm? or 0.75 Mev for 22-Mev a’s at 
manner 


beam energies 


first 
between 
normal incidence, was prepared in the same 
as the thin targets. The spectrometer was located at 
90°, with the acceptance aperture closed down to give 
somewhat better resolution. The target was placed at 
45° to the beam and was observed in reflection, i.e., 
the side on which the beam was incident also faced the 
spectrometer. Incident beam energies of 22.65, 22.40, 
and 22.0 Mev were obtained by small displacements of 
the cyclotron dees and the deflector. An energy of 
21.4 Mev was obtained by placing an aluminum foil in 
the path of the beam just outside the cyclotron. 
Typical curves obtained in this manner are shown in 
Fig. 5. The data was analyzed by the method of Snyder 


el al. (reference 7, p. 866) to give the excitation functions 
of Fig. 6. No attempt was made to correct for straggling 
in energy loss or angle, and the target was not perfectly 
smooth and homogeneous. For these, and possibly 
other reasons, the various runs do not join together as 
smoothly as might be desired. However, the method 


used to obtain large changes in beam energy was so 
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other similar curves. The solid curves represent our best estimate of the true excitation functions 


hazardous to proper cyclotron dee adjustment that it 
seemed better not to attempt to repeat the experiment. 
It should be noted that the initial 200-kevy rise of Fig. 5 
does represent the effective resolution for the 
excitation function, since an a particle that loses 90 kev 
in the target before being elastically scattered loses 
more energy before emerging and appears 200 kev 


not 


lower in the observed spectrum. 


D. C” Recoils 


At forward angles, even with the 1.8-mg/cm? mica 
counter window used in the early part of these experi- 
ments, pulses very large compared to maximum a 
pulses were observed. The range of these particles was 
small compared to that of an @ particle of the same 
Bzep, suggesting that these were C™ recoil ions. 

Since the mica window was cutting off at about 
12-Mev ion energy (in the sense that the pulses became 
so small that they were difficult to distinguish from 
alphas), a 1.1 mg/cm? nickel window with pinholes 
filled by very thin Zapon lacquer was substituted. 
The cut-off with this window was below 8.45 Mev. 
The 6*, 5*, and 4* charge states of these ions were then 
found at lab angles of 124° and 24° for both elastic 
recoils and for recoils which had been excited to 4.43 
Mev. Typical curves are shown in Fig. 7. By changing 
the angle between the target and the direction of 
observation, and noting the shift of the low-energy side 
of the peak, it was found that an “Aquadag”’ target 
that was 40-kev thick for 8.8-Mev a’s was approximately 
0.5-Mev thick for 13.6-Mev carbon ions. Information on 
the intensity ratios of ions with various energies in 
different charge states is given in Table I. 

Portions of the spectrum where recoils that had been 


excited to 9.6 Mev should be observed were scanned. 
Nothing was found, as would be expected from the 
instability of this state to a emission. Because of the 
astrophysical interest in the 7.7-Mev state’ and its 
mode of decay, a more extended search was made for 
recoil C® nuclei which had been excited to 7.7 Mev and 
had then decayed to the ground state of C” rather than 
to Be*+-a. The intensity to be expected was determined 
by observing the corresponding inelastic a group (both 
singly and doubly charged) in the backward direction. 
This gives the predicted curve of Fig. 8, assuming 100% 
decay of the 7.7-Mev state to the ground state of C", 
A similar experiment comparing the observed recoil C” 
ions that had been excited to the 4.43-Mev state and 
the corresponding inelastic backward a’s gave agree- 
ment to within 6%, thus checking the experimental 
method. The recoil C™ ions starting in the 7.7-Mev 
state would have an energy of 11.76 Mev, which is well 
above the cutoff for the nickel window (a clean peak 
for 8.45-Mev C® recoil ions was obtained with a similar 


window). 


Tase I. Relative number of C™ ions in various charge states.* 
C™ energy lonic charge 
Mev 6 5° 4” s° 
11.3” 15 50 32 3 
12.4° 22 57 21 
13.1” 26 53 22 
14.6° 29 §2 
15.6° 44 (37 19 
* For this data, the spectrometer was looking at the “Aquadag”™ face of 
the target 
* Data obtained in the course of a single run. Probable error, 45% 


* Data 
+10%, but 
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As shown in Fig. 8, no evidence for recoil C™ ions 
starting in the 7.7-Mev state was found. The back- 
ground counts that were obtained in this region most 
probably represent C" nuclei that have undergone 
large changes in energy or angle in the target, although 
a few singly charged a’s may have been counted also. 


IV. DISCUSSION 


At the rather high energies involved, it is not clear 
that the excitation function of Fig. 6 has any significant 
bearing on the properties of the compound nucleus, O"*. 
On the other hand, there does not seem to be any other 
picture of the reaction process that will explain the 
features of this data, so that the compound nucleus 
point of view will be adopted with the reservation that 
it may be completely irrelevant. On this basis, then, 
the inelastic scattering indicates a resonance at 
FE, = 21.85+0.1 Mev (O'™ excitation = 23.55 Mev) with 
a width of around 0.4 Mev. The lack of symmetry 
around 90° in the angular distributions shows that there 
is at least one other level, of opposite parity, in the 
neighborhood of 22 Mev (which the data easily allows). 
However, Wolfenstein’s calculations” would indicate 
that there cannot be a large number of additional 
levels, since this should result in symmetry about 90°. 
Interference between a levels could also 
result in the sensitive dependence of the angular 


few close 


“@ L. Wolfenstein, Phys. Rev. 82, 690 (1951) 


60 


CURRENT 


distributions on energy that was noted. The additional 
detail shown by the elastic-scattering data would be 
expected from the interference between resonance and 
other possible modes of scattering. This can, in principle, 
give additional information, but the accuracy of the 
present data is obviously not great enough to justify 
a detailed theoretical analysis. To illustrate the 
possible difficulties of such a calculation, it might be 
pointed out that rather high angular momentum 
transfers are possible, the barrier height being equal to 
the available center-of-mass kinetic energy for L~7. 
The level observed by Newson" should occur at 
E,=22.40 Mev, where the inelastic curve of Fig. 6 
shows a slight dip. The energy difference would seem 
to be outside experimental error; possibly this higher 
level is one that cannot be formed by two J=0 particles. 
One rather striking feature of the present experiment 
is the contrast between the ease with which the first 
three excited states of C" are observed and the failure 
to find what would seem to be well-established higher 
levels starting ~1.5 Mev above 9.61 Mev. In this 
connection, it should be noted that there is sufficient 
energy available to excite C® to 16.5 Mev while the 
barrier for s-wave a particles is ~3 Mev. We have been 
unable to discover any reason for this apparent cutoff. 
From the recoil data given in Fig. 8 and from other 
similar data, it is estimated that there is a greater 


“H.W. Newson, Phys. Rev. 51, 620 (1937 
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TaBLe II. Calculated lifetimes for 7.7-Mev state of C® for 
various possible spin and parity assignments. See text for assump- 
tions employed in the calculations. 
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than 80% probability that the 7.7-Mev state of C” 
will decay to Be’+a. This is in contradiction to the 
recent work of Uebergang'® who finds that the state 
decays predominantly by cascade y radiation (7.7-Mev 
radiation has not been observed'*). It may be that these 
two modes of decay have probabilities of the same order 
of magnitude, although this would seem rather unlikely. 
In an effort to clarify this point, calculations of the 
relative probabilities for the emission of an a@ particle 
(leaving Be® in its 0* ground state) and for decay by 
electromagnetic radiation have been made and are 
summarized in Table II.'’ The radius of the system 
Be*+a was taken as 1.45(8!+4!)x10-" cm and the 
reduced width, y.”, of the decaying C™ state was taken 
as h®/uR. Lifetimes for y radiation were calculated from 
the formulas given by Blatt and Weisskopf'* and that 
for nuclear pair emission (the 0* to 0* transition) was 
estimated from the measured value for the O"* pair 
state’ and the W® theoretical dependence.” The 
probabilities for electric-dipole transitions were reduced 
by an (arbitrary) factor of 10°, to allow for the isotopic 
spin selection rule forbidding A7=0 transitions in 
V=Z nuclei." The only spins and parities of the C” 
state that must be considered are either even-even or 
odd-odd.” 


 R. G. Uebergang, Australian J. Phys. 7, 279 (1954). 

‘6 Beghian, Halban, Husain, and Sanders, Phys. Rev. 90, 1129 
(1953) 

‘7 Similar results were reported by E. E 
98, 1183(A) (1955) 

8 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

% Devons, Goldring, and Lindsey, Proc. Phys. Soc. (London) 
A67, 134 (1954). 

*” J. R. Oppenheimer and J. Schwinger, Phys. Rev. 56, 1066 
(1939) 

1 L. A. Radicati, Phys. Rev. 87, 521 (1952); M. Gell-Mann and 
V. L. Telegdi, ibid. 91, 169 (1953) 

*® Our observation of this state in C® rules out 0~ completely, 
and other even-odd or odd-even states could not decay to the 0* 
ground state of Be*. Decay into three alphas, it would seem, would 
involve considerably smaller barrier penetration probabilities since 
the available energy would be more evenly distributed among the 


Salpeter, Phys. Rev. 
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Fic. 8. Search for recoil carbon ions which had been excited to 
7.7 Mev and then decayed to the ground state. The dots represent 
experimental points, while the solid curve represents the pia of 
the curve expected judging from the corresponding observed 
backward inelastic a’s. The rapid rise at the right is a tail of 6°, 
Q= —4.43 recoils. Background counts in this region are scattered 
C® ions plus possibly a few singly charged alpha particles (compare 
with Fig. 7). Ky=27 960 


Since observed a widths vary from the limit #?/uR 
to ~0.001 of that limit,” and since y-ray widths vary 
from somewhat larger to_very much smaller than the 
values given by the Blatt and Weisskopf formulas, we 
conclude from Table II only that spin and parity assign- 
ments of 0*, 1-, or 2+ for the 7.7-Mev state of C” are 
all consistent with the experimentally indicated compe- 
tition between a and y decay.™ 
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three alpha particles. One would also expect decay to the “tail” of 
the broad 2° first excited state of Be* at ~2.9 Mev to be quite 
weak 

™ See, for example, R. W. Hill, Phys. Rev. 90, 845 (1953); 
J. W. Bittner and R. D. Moffat, ibid. 96, 374 (1954) 

* J. Seed, Phil. Mag. 46, 100 (1955), has recently reported a 
7-7 correlation experiment which indicates a definite preference 
for 0*. However, he also states that he cannot definitely rule out 
3* or 4*, in which case it would geem difficult to rule out 1” or 2° 
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gamma ray following K capture had been 1 
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long-lived metastable state in Tc’ 


The observed gamma rays in Ti 

and 570 kev. A 

electrons indicate gamma energies of 90.2 and 
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ms are determined and a satisfactory nuclear level scheme 


separated Ru% 


about 1% of Ru’, the well- 
known gamma rays for Ru’ were found to be present 
but weak. There was also a very weak iridium impurity 
in the separated Ru isotope, so that its well-known 
spectrum was faintly observed. The half-life of the 
Ru®” activity was followed through more than eight 
octaves and was found to be 2.44 days, or 58.6 hours. 

observed electron conversion 
and Ir”, are 


not previously reported. Since the 


specimen contained 


he energies of the 


I those due to Ru 


lines, exclusive of 
presented in Table I. The interpretation of each line 
is given in the second column and where possible the 
relative intensities are presented in column 3. From 
these observations it can be concluded that there are 
at least four gamma rays associated with the 2.44-day 
radiation, with energies of 109.1, 216.1, 325.1, and 570 
kev. These energies were also observed as peaks with 
the scintillation spectrometer on “singles’’ studies, 
with the exception of the 109.1, which does, however, 
appear in strong coincidence with the 216.1. Coin- 
cidences between the 216.1- and 325.1-kev gammas are 
not observed. The spectrum in coincidence with the 
Ie AK x-rays is identical with the “singles” spectrum 
out to 400 kev; with the 570-kev 
peak was inconclusive because of its extreme weakness. 
Curve A of Fig. 1 
curve he spectrum in coincidence with the 


216.1-kev gamma ray. The photopeaks and conversion 


coincidence work 


shows the “singles” spectrum and 


B shows 


lines for these four gamma rays, observed over a period 
of time, all appear to die out with the same half-life. 
The absence of an annihilation peak at 511 kev in the 
result of a 


spectrum and the negative 


search for positrons with the magnetic double-focusing 


S intillation 


spectrometer indicate that Ru” decays principally, if 
not entirely, by A capture. 

In the specimen irradiated for 30 days, the long-lived 
Ru" and the Ir electron lines appeared relatively 
much stronger in comparison with the lines due to the 
2.44-day Ru” 


wn h were not 


However, certain new lines were evident 
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due to either of the above contaminants 
but which appeared to have a long half-life. Successive 
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died out, there still remained two pairs of 
with differences characteristic 


lines 
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of the K and Z work functions for Tc. Figure 2 shows 
(a) a plate made after the 3-day irradiation, (b) one 
made immediately following the 30-day irradiation, and 
(c) one made two weeks after the 30-day irradiation, 
when the 2.44-day activity had largely died out. It 
seems likely therefore that this is the radiation pre- 
viously observed’ to be associated with a metastable 
Tc*™™, whose half-life was noted to be from 90 to 95 
days. No attempt was made to verify this half-life, or 
that of the ground state of Tc’7(~10'Y). 

The energies of these gamma rays are 90.2 and 99.2 
kev, and their K/L conversion ratios are both approxi- 
mately unity. They are of about equal intensity as 
judged by the density of their K conversion lines, and 
are both highly converted, as they hardly appear in the 
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1. Singles and coincidence spectra for Tc® with 
the scintillation spectrometer 


scintillation spectrum. The high conversion coefficient, 
low K/L ratio, and long half-life indicate that these are 
high-order multipole transitions, probably E3 or M4. 
According to shell theory the ground state of Tc*’ is 
expected to be a go,2 level and the first excited state a 
Piz level. The difference in energy of these two gamma 
rays, namely 9 kev, suggests the existence of two low- 
lying states such as g/2 and 7/2+-, as has been reported‘ 
to exist in Tc”. 

The relative intensities of the electron lines associated 
with the 2.44-day activity were determined from 
microphotometer traces of the photographic plates, 
corrected for variations in radius and emulsion sensi- 
tivity with energy. The K/L ratios for the 109.1-, 
216.1-, and 325.1-kev gammas are 3.0+0.6, 7.3+0.3, 

* Mihelich, Goldhaber, and Wilson, Phys. Rev. $3, 216 (1951) 
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and 6.7+0.6, respectively. The 109.1-kev gamma has 
a high conversion coefficient, as it appears only weakly 
in the scintillation spectrometer although strong 
conversion lines are observed. Measurements of the 
relative intensities of both the photopeaks and K 
conversion lines of the 216.1- and 325.1-kev gammas 
indicate that the ratio of their K conversion coefficients 
must be approximately unity. The fact that the 216.1- 
kev gamma is much stronger than the 109.1, both 
converted and unconverted, that the 216.1 
follows the 109.1 and is supplied by an additional K 
capture branch whose degree of forbiddenness is no 
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greater than that of the K capture branch followed by 
the 109.1 transition. It is known from the coincidence 
data that the 216.1- and 325.1-kev radiations have 
half-lives shorter than about 10~* sec, and the half-life 
of the 109.1 must be of the same order of magnitude 
as that of the 325.1. A comparison of the measured 
K/L ratios with the empirical curves*® and of the infor- 
mation on conversion coefficients with the theoretical 
values® indicates that the 109.1-, 216.1-, and 325.1-kev 
*M. Goldhaber and A. Sunyar, Phys. Rev. 83, 906 (1951 


* Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL-1023 (unpublished). 
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transitions are, respectively, E2, M1, and E2. The 
570-kev gamma probably follows another weak K 
capture branch, but its terminal level is uncertain. A 
nuclear level scheme for Tc*’ consistent with the above 
information is shown in Fig. 3. 

Note added in proof.—A consideration of the ex- 
pected half-lives for the 9-, 90.2-, and 99.2-kev transi- 
tions indicates the possibility of interchanging the order 
of the 9- and 90.2-kev gammas. The 9-kev transition 
would then be interpreted as E3 and the 90.2-kev 
transition as of lower multipole order. 
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Distribution of the Number of Prompt Neutrons from the Spontaneous Fission of Pu*‘’t 


J. E. Hammer anv J. F. Kepuart 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 


(Received June 16, 1955) 


A measurement of the distribution of the number of neutrons per fission of Pu® yielded the following 
probabilities, P,., for 0,1,2, etc. neutrons: Po =0.062, P; =0.198, P,=0.374, P;=0.228, P,=0.114, P;=0.027, 
»,.= 0.000, The measurement was made with a liquid scintillation counter 


HE distribution in the number of prompt neutrons 

emitted in the spontaneous fission of Pu' has 

been investigated by means of a large liquid scintillator 
of high efficiency for the detection of neutrons. 

The neutron detector was similar to the one described 
by Cowan ef al.,! where neutrons are detected by 
cadmium capture gamma-ray pulses in the liquid 
scintillator. The detector consisted of a cylindrical 
tank 16 inches high and 16 inches in diameter with 32 
DuMont 1177 photomultiplier tubes. The detector was 
filled with toluene loaded to 4 g per liter with p- 
terphenyl. It used a wavelength shifter of POPOP? 
and was loaded with cadmium in the form of cadmium 
octoate’ to a concentration of 0.0025 cadmium atoms 
per hydrogen atom. 

A 45-microgram Pu sample was placed on a foil in 
a small parallel plate fission chamber at the center of 
the scintillator tank. A fission pulse from the fission 
chamber was used to initiate the process of recording the 
liquid scintillator output. Figure 1 is a block diagram of 
the experimental arrangement. All fission chamber 
pulses above an appropriate bias level triggered the 
control circuit. The control circuit then triggered a 
40-microsecond oscilloscope sweep and wound the 
camera. A provision for preventing an oscilloscope 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission 

' Cowan, Reines, Harrison, Anderson, and Hayes, Phys. Rev 
90, 493 (1953) 

* Hayes, Rogers, and Ott, J. Am. Chem. Soc. 77, 1850 (1955 

*A. Ronzio, U. S. Atomic Energy Commission Report AECU 
2924 (unpublished) 


sweep during the 10 second camera wind period was 
included in the control circuit. The output of the liquid 
scintillator was delayed and fed to the oscilloscope for 
display during the 40 microsecond sweep. The delay in 
the liquid scintillator channel was required to insure the 
display of the prompt fission gamma and neutron 
pulses from the scintillator. 

A pulse-height analysis was made of the output of 
the fission chamber in order to determine the bias 
required to include pulses from all modes of fission 
while keeping the accidental alpha pile-up rate to a 
negligible level. 

All pulses in the scintillation detector of energy 
greater than that equivalent to a 350-kev gamma ray 
were accepted. The gain of the over-all system associated 
with the liquid scintillator was frequently checked by 
observing the 4.43-Mev gamma ray from C” (obtained 
from the Be*(a,n)C™ reaction). 

In the 4197 fissions recorded, a total of 7029 pulses 
were observed. The background was determined by 
randomly triggered oscilloscope sweeps. The average 
background rate was found to be 0.123+0.008 pulses 
per 40 microsecond sweep, and no significant deviation 
from a Poisson distribution in time was observed. By 
using 2.20+0.03 for the average number of prompt 
neutrons per spontaneous fission** of Pu the efficiency 
of the scintillation detector for fission spectrum neutrons 
was determined. The efficiency, a, thus obtained was, 
together with its probable error, 0.716+0.012. 


* Terrell, Diven, and Martin, (private communication). 
* Carter, Haddad, Hand, and Smith (unpublished report). 
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The conversion from the distribution in the number of 
counter pulses per fission to the actual distribution in 
the number of neutrons per fission consists of corrections 
for resolving time, background, and counter efficiency. 

The correction for the finite resolving time must be 
made prior to the correction for background. The 
probability that pulses are unresolved is derived from 
the observed time distribution of the capture gamma- 
ray pulses with the background included. F(t), the 
time distribution of pulses per microsecond, after 
normalization to unity is shown in Fig. 2. 

The elementary probability that two pulses are 
unresolved when they are within the 40 microsecond 


sweep is: 
#@ usec 
s= f (Fi t) Pdt, 


where 7 is the resolving time for two pulses. 
An application of this elementary probability to the 
An applicat f this el tary bability to tl 


(1) 








observed distribution, g,’, of pulses per fission gives 
the relation 


(Vi 0 


where g, is now the distribution corrected for resolving 


time. is the binomial coefficient m !/2!(n—2) !. 


The background correction is then made considering 
the probability, B,,, of m background pulses per sweep. 
The g, found by means of relation (2) are related to the 
actual distribution of neutron pulses, 0,, by 


ga= >, BuaQn-m- (3) 


A solution of Eqs. (3) yields, Q,, the actual distribution 
of neutron pulses per fission. 
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192 J. E. HAMMEL AN 
Taste I. Emission probabilities. 
P» P; P; P; 
0.062 40.006 0.198+0.017 0.374+0.022 0.228+-0.024 
P, P, P, 
0.1144-0.022 0.027+0.013 0.000+0.005 
The final conversion to the probabilities, P,,, for 


the emission of m neutrons per fission is made consider- 
ing the efficiency, a, of the The 
distribution, Q,,, in the number of pulses is related to 


counter. actual 


the emission probabilities, P,, by the binomial 
distribution, 
“ m 
Vv, >: a"(1—a)'™""" Pos 4) 
mon n 


The inverse of the expression may be readily obtained, 


yielding 


Dj. FF. KEPBART 

The resultant emission probabilities obtained through 
the conversion outlined in the foregoing are given in 
Table I. 

The probable errors attached to the emission prob- 
abilities in Table I were obtained by calculating the 
effect of independent variations in the parameters used 
in calculating the emission probabilities. The root 
sum square of the variations in the emission probabil- 
ities caused by one standard deviation in the parameters 
gave the standard deviation in the emission probabil- 
ities. The variations considered were those on a, S, 


Br, and q,’. 
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Nuclear Scattering of Low-Energy Photons 
J. L. Burxuarprtt 
Department / cs and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
Received Jur e 28, 1955 
The elas hoton scattering cross sections at 90° for lead, indium, cadmium, and copper have been 
measured between 0.5 and 3.0 Mev. Besides the expected Rayleigh scattering by bound electrons and 
Thomson scattering by the nucleus, a scattering component due to nuclear excitation is evident in the cross 
sections. The echa f this scattering is discussed. 


UCLEAR scattering of photons has been the sub- 
ject of several recent experiments, partly because 
| i : 


’ 


the process itself and partly because it 


of interest in 
represents a means of investigating nuclear photon cap 
ture cross sections. The latter reason is particularly 
important at energies below particle-emission thresh 
olds, where eijastic and inelastic photon scattering are 
the only possible photonuclear reactions. The experi- 
ment reported below was an attempt to observe nuclear 
photon capture by means of elastic scattering at very 
low energies (0.5 to 3.0 Mev) where the capture cross 
section is just beginning to rise toward the dipole 


resonance 


Previous work in this low-energy region has all been 


done with radioactive sources,’~’ principally Co® and 


yorted by the joint program of the Office of 
Atomic Energy Commission. Part 
of the n luded in the Ph.D. thesis of the author at 
the Massachusetts Institute of Technology 
t National Science Foundation Predoctoral Fellow 1952-1954 
‘EF. Pollard and D. E. Alburger, Phys. Rev. 74, 926 (1948 
Moon and A. Storruste, Proc 


* This work was supt 
Nava! Research and the U.S 


aterial Was inc 





*P.B Phys. Soc. (London) A66 
S85 (1953 

*W. G. Davey, Proc. Phys. Soc. (London) A66, 1059 (1953 

*K. Ilakovac, Proc Phys Soc. (London) A67, 601 (1954 





Na™. Fuller and Hayward,® starting at slightly higher 
energies and continuing over the dipole resonance, use 
bremsstrahlung as a radiation source, as was done in 
other experiments in and above the resonance region.’-” 
Stearns" used the 17.6-Mev gamma ray resulting from 
the Li’(p,y) reaction. The present experiment was per- 
formed using bremsstrahlung as the primary radiation 
in order to obtain a high flux of photons and continu- 
ously variable energies. 

The continuous spectrum of the bremsstrahlung, how- 
ever, makes it impossible to determine whether a given 
scattered quantum resulted from an elastic or an in- 
elastic event, since the energy involved in the capture 
transition is in doubt by the difference between the 
energy of the scattered quantum and the electron beam 
energy. This uncertainty was minimized here by biasing 

*R. R. Wilson, Phys. Rev. 90, 720 


3 
* T. D. Strickler, Phys. Rev. 92, 923 (1953 
’L. Goldzah!l and P. Eberhard, Compt. rend. 240, 965 (1955). 
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* E. G. Fuller and E. Hayward, Phys. Rev. 94, 732 (1954); 95, 
1106 (1954 
* E. R. Gaerttner and M. L. Yeater, Phys. Rev. 76, 363 (1949). 


” Dressel, Goldhaber, and Hanson, Phys. Rev. 77, 754 (1950). 
“M. B. Stearns, Phys. Rev. 87, 706 (1952). 


NUCLEAR SCATTERING OF LOW-ENERGY 


_ the scintillation counters used as detectors to record 
only those scattered photons with energy greater than 
85% of the peak incident energy. Still higher bias would 
of course further reduce the uncertainty, but at too 
great a cost in intensity. The measured scattering is 
thus elastic, or very nearly so, and the term “elastic” 
will be used hereafter in the above sense. Since radiation 
widths increase very strongly with transition energy, it 
seems likely that most of the observed transitions are 
indeed elastic. 

For the energies below 3 Mev investigated in this 
experiment, the presence of electrons around the nuclei 
under investigation leads to serious difficulties. The 
nuclear scattering cross sections turn out to be a few 
microbarns per steradian at 90°, while the electronic 
Compton scattering cross sections are of the order of 
a few tenths of a barn per steradian per atom. The 
Compton scattering is strongly degraded in energy at 
90° and hence can be biased out, but it still can cause 
pileup in the relatively slow Nal scintillation counters. 
Elastic Rayleigh scattering by the K electrons, which 
cannot be separated experimentally from the other 
elastic scattering, is also appreciable in this energy 
region. This effect and others will be discussed ex- 
tensively in Sec. III. 


I. EXPERIMENTAL PROCEDURE 


The experiment was performed using the Electrical 
Engineering Department Van de Graaff generator at 
M.I.T.” The electron beam from the generator was 
focused on a water-cooled, }-inch thick gold target at 
the base of the accelerating tube, the target being 
grounded through a microammeter by which beam cur- 
rent was measured. Bremsstrahlung produced in the 
target proceeded through a lead and steel collimator to 
the scatterer, then through some lead absorbers and 
another collimator to scintillation counter No. 1, used 
as a monitor (see Fig. 1). Scintillation counter No. 2 
was located under twenty inches of lead shielding at the 
end of a collimator pointed at the scatterer. To reduce 
pile-up by preferentially absorbing the low energy 
Compton component of the scattered radiation, one to 
three }-inch lead sheets were placed over the entrance 
to this latter collimator. The absorber in the direct beam 
ranged from two to ten inches of lead, depending on the 
machine energy, and was used to reduce the incident 
bremsstrahlung flux to countable proportions. 

Four scatterers of identical dimensions were used: 
indium (Z=49) to compare with isomer excitation 
results"; cadmium (Z=48) to compare with indium, 
lead (Z=82) as a representative heavy element, and 
copper (Z=29) as a representative light-intermediate 
element. Various other metals were tried, but no star- 
tling differences appeared and only these four were 


‘2 J. G. Trump and R. J. Van de Graaff, J. Appl. Phys. 19, 599 
(1948 

“% Burkhardt, Winhold, and Dupree, Phys. Rev. 100, 199 
(1955); J. Goldemberg and L. Katz, Phys. Rev. 90, 308 (1953). 
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Fic. 1. Experimental arrangement. 


investigated systematically. Scattering from aluminum 
(Z=13), the lightest element attempted, was indis- 
tinguishable from background. The scatterers were 
cylindrical, 1.9 ém in diameter and 3.0 cm long. 

Nal scintillation crystals, 1} in. in diameter and 2 in. 
long, were mounted on DuMont 6292 photomultiplier 
tubes and sealed in light-tight containers. The resolution 
of these counters (width at half maximum of the photo- 
peak divided by y-ray energy) was 10% at 1.33 Mev 
and 5% at 2.76 Mev; they were connected through 
standard circuitry to a ten-channel pulse-height anal- 
yzer. An exceptionally stable high voltage power sup- 
ply" was used with the photomultiplier tubes, because 
the output of these tubes is roughly proportional to the 
seventh power of the high voltage and the width of 
each channel of the ten-channel analyzer was usually set 
at about 3% of the maximum pulse height. The high 
voltage (about 1200 volts) was found to vary by less 
than 0.01% over periods of many hours. 

The absolute efficiencies of the two scintillation 
counters were measured at 1.33 Mev and 2.76 Mev with 
calibrated Co and Na*™ sources supplied by the 
National Bureau of Standards. Efficiency is here taken 
to be the fraction of the number of gamma rays incident 
on the crystal which produce an output pulse in the 
photopeak of the scintillation counter spectrum. The 


Quarterly Progress Report, Neutron and Gamma Ray Shield- 
ing Group and Electronic Nuclear Instrumentation Group, 
Massachusetts Institute of Technology, March 31, 1951 (un- 
published), p. 36. 
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al.,"* so the calculated curve was normalized to the 


measured efficiencies agreed. fairly 
j : 


calculated by a method similar to that of 


experimental! points and used in all subsequent work. 
Originally it was intended that scattered and direct 


counting rates should be determined simultaneously, 


the ratio being, within constants, the differential scat- 


tering cross section. This procedure was used for a time, 


but it proved simpler to measure the primary spectrum 


" ea 
directly, without the scatterer interposed. Most of the 


data on scattered and direct flux were therefore taken 


separately and standardized against current and ex 
posure time, ten-channel analyzer in both 
f 


cases. Caretul 


using tne 


experiments were made to check the 
proportionality of counting rates to current at all 
energies order to be certain that pile-up in the 


scintillation crystals was not causing spurious counts. 


The energy scales of the counters were calibrated with 


0.59 and O.80 Mev Na™ (0.51 
1.17 and 1.33 Mev), and Na™ 
The Na™ has a half-life of 14.9 

as needed in the M.I.1 


the remaining isotopes are long-lived. There appear to 


y rays from Cs™ 
1 28 Mev Co*® 
ind 2.76 Mey 
hours and was made cyclotron 
simple spectra and well 
the region from 1.5 to 2.5 


1.74 Mev 


be no suitable sources with 
established y-ray 
Mev, so 


peaks i 
» 76-Mev 7 


energies in 


the Compton (2.35 Mev) and pair 


+} e 
ray were used as secondary 


this region. The counter output was found to be strictly 


Muller, and Wintersteiger, Helv. Phys. Acta 27, 3 
Berger and J. A. Doggett, Phys. Rev. 99, 663(A 


ad Mae ler 
1954); M. J 


1oS5 


linear with y-ray energy, as expected, a fact which aided 
in the calibration at intermediate energies. 


Il. RESULTS 


The number of counts recorded in the direct beam 
monitor per unit electron beam current per unit time for 
various electron energies is shown in Fig. 2. The small 
black points are experimental data; they have been 
corrected for the attenuation by the lead absorber in the 
beam, but not for the efficiency of the counter. The 
attenuation correction was made using the absorption 
coefficients of White'® which differ very slightly from 
those of Davisson and Evans" below 1 Mev. By calcula- 
tion and experimental check, it was shown that the 
experimental geometry was sufficiently good to justify 
the use of these coefficients without adjustment. As 
might be expected, the attenuation correction is some- 
what sensitive to the value of the absorption coefficients. 
The fractional error in the correction factor C is given 
very closely by 


AC/C=[A(ux)/ux ]InC, 


where yu is the absorption coefficient and x the thickness 
of the absorber. The values of C range from 40 to more 
than 10’, and a reasonable estimate for the maximum 
fractional error in ux is 3°. Thus the maximum frac- 
tional error in C is around 50%. For most of the points 
C was of the order of 10°, corresponding to an error of 
about 35%, which is consistent with the spread of the 
data. The line drawn through the experimental points 
was used in calculating the cross sections; it is con- 
sidered good to within roughly 20°, on the basis of the 
above discussion. 

The theoretical curve in Fig. 2 is based on a computa- 
tion of the bremsstrahlung flux from the particular thick 
target used in this experiment. This computation was 
made as follows. The Bethe-Heitler thin target brems- 
strahlung formula!’ was corrected for the use of the Born 
approximation by applying a factor derived from 
Sommerfeld’s exact calculation.” This corrected thin 
target spectrum, which has a finite value at the short 
wave limit, was integrated to give a thick target spec- 
trum, taking account of energy loss along the path of 
the electron. Only those electrons and photons with 
energy greater than 85% of the incident electron energy 
were considered, so screening could be neglected and 
the divergence at the low-energy end of the brems- 
strahlung spectrum caused no difficulty. The thick 
target spectrum thus derived was corrected for self- 


*G. R. White, National Bureau of Standards Report NBS- 
1003, 1952 (unpublished 
C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 79 
1952 
*H. A. Bethe and W. Heitler, Pro London) Al46, 
1934 
*W. Heitler, The Quantum Theory 
1954). third edition, Sec 
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versity Press, Londor 25; J. C. Jaeger, 
Nature 140, 108 (1937 

» J. W. Motz and W. Miller, Phys. Rev. 96, 544 (1954) ; Motz, 
Miller, and Cialella, Phys. Rev. 96, 1344 (1954). 
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absorption in the gold target, and its angular distribu- 
tion was predicted from the electron scattering theory 
of Snyder and Scott.*! The latter theory was modified 
crudely to correct for energy loss in the target and 
deviations from the small-angle approximation. Finally 
a correction for the efficiency of the counter as a func- 
tion of energy led to the curve plotted in the figure. 
Considering the approximate nature of the calculation, 
the agreement is indeed gratifying. This computation 
is taken only as a rough substantiation of the shape and 
magnitude of the measured curve. 

It is interesting to note that the group at the National 
Bureau of Standards found the measured thick target 
bremsstrahlung fluxes in this energy region to be in ex- 
cess of computed values by about a factor of two.” Their 
calculation did not correct for the use of the Born 
approximation; had this correction been made, the 
discrepancy would match that shown in Fig. 2 almost 
exactly. 
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Fic. 3. Scattered photon flux 
* H. S. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949); see 
B. Rossi, High Energy Particles (Prentice-Hall, Inc., New York, 
1952), Sec. 2,17, 
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Fic. 4. Differential photon scattering cross sections at 90°. The 
points shown on the graph are taker: from references 3, 5, 7, 8, 
and 22. 


The number of events (corrected for the thin lead 
absorber) recorded by the scattered beam counter per 
unit electron beam current per unit time is shown in 
Fig. 3, plotted as a function of the weighted mean 
photon energy in the interval being counted. This 
weighted mean was determined from the shape of the 
scattered pulse-height spectrum measured on the ten- 
channel analyzer. Almost every point in the figure is the 
result of two or more (up to twenty) individual runs, 
each point representing from forty minutes to five hours 
total counting time. The plotted points are weighted 
averages of the individual runs, and the errors on the 
points are standard deviations computed from the 
spread of the individual values entering into each aver- 
age. In copper, cadmium, and indium these errors are 
primarily of statistical origin; but in lead, where the 
counting rates were higher, they arise mainly from 
variations in discriminator settings from run to run. 
The lines drawn through the data were used for subse- 
quent calculations. 

Dividing the scattering curves of Fig. 3 by the experi- 
mental bremsstrahlung flux of Fig. 2 and correcting for 
counter efficiencies, solid angles, the number of atoms in 
each scatterer, and absorption in the scatterers, we 
arrive at the differential elastic scattering cross sections 
at 90° which are plotted in Fig. 4. Data of Wilson,’ 
Goldzahal and Eberhard,’ Davey,’ and Storruste,” for 
scattering of y rays from sources, and that of Fuller and 
Hayward* for a bremsstrahlung experiment very similar 
to the one reported here, are shown for comparison. 
(Fuller and Hayward’s points were measured at 120°; 
their data have been converted to 90° using their 
assumed angular distribution proportional to 14-cos*#.) 


™ A. Storruste, thesis, University of Oslo, 1950 (unpublished), 
as reported in reference 3, 
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The next points of the last authors are 7.9X 10-*8 cm?/ 
steradian for lead and 7.5X 10-* cm*/steradian for cop- 
per at 7.4 Mev, so the cross sections are evidently rising 
steadily from 2 to 3 Mev on. Fullez and Hayward find 
that the differential scattering cross sections show the 
same behavior as the indium™ and rhodium” isomer 
excitation cross sections near neutron threshold, so that 
they are clearly observing nuclear scattering. Further- 
more, this scattering evidently proceeds by way of com- 
pound nucleus formation, at least at the higher energies. 
The cross sections measured here are in good agreement 
with the data of Wilson, Goldzah! and Eberhard, and 
Fuller and Hayward. The reason for the difference be- 
tween these measurements and those of the Birmingham 
group is not known. 


Ill. ANALYSIS 


The following list is believed to contain all the effects 
which can contribute to elastic or near-elastic scattering 
as measured in this experiment: a. Rayleigh scattering 
by bound electrons. b. Compton scattering by bound 
electrons. c. Raman scattering by bound electrons. 
d. Thompson scattering by the nucleus. e. Delbruck 
scattering in the nuclear Coulomb field. f. Brems- 
strahlung in the scatterer from photo-, Compton-, or 
pair-electrons. g. Scattering resulting from nuclear ex- 
citation. The first three processes are evidently closely 
related ; they correspond to scattering by a bound elec- 
tron which ends up in its original state, a continuum 
state, or an excited bound state, respectively. The last 
effect in the list constitutes the original objective of the 
experiment; in order to estimate its magnitude, the 
other contributions must be subtracted from the meas- 
ured cross sections. These other contributions will now 
be discussed briefly. 

a. No complete calcualtion of the Rayleigh scattering 
at relativistic energies has been published. The work of 
Franz,™ based on the Fermi-Thomas atom model and 
the approximation of small-angle scattering, has been 
used by Moon" to predict scattering at all angles. How- 
ever, large-angle scattering involves much greater mo- 
mentum transfer than forward scattering and hence 
depends on components of the electronic momentum 
distribution Franz 
calculation. Bethe has computed the atomic form- 
factor for Rayleigh scattering by the A shell using 
Dirac wave functions,** but in the approximation of 
nonrelativistic momentum transfer. Levinger®* shows 
that this approximation introduces large errors when 
the momentum transfer approaches mc, but his correc- 
tion is given in the form of an expansion which diverges 
beyond this point. Since the momentum transfer Ag 
for 90° scattering is 


Ag/mc= 1.41(E,/me*), 


which were neglected in the 


* CS. del Rio and V. L. Telegdi, Phys. Rev. 90, 439 (1953) 


™W. Franz, Z. Physik 95, 652 (1935) ; 98, 314 (1935 
bad P BK Moon, Proc Phys Soc London A63, 1189 
* J. S. Levinger, Phys. Rev. 87, 656 (1952 


1950 


BURKHARDT 


it is seen that Levinger’s expansion diverges over the 
entire energy range considered in this experiment. More- 
over, Brown and Woodward*’ have shown that the use 
of the first Born approximation (plane wave intermedi- 
ate state), implicit in the derivation of a form-factor, 
also introduces large errors. The second term in the 
Born expansion is found to be larger than the first 
for Ag>2.83 mc, but the succeeding terms decrease 
as powers of Z/137. The ratio of the second term 
to the first turns out to be inversely proportional 
to Z, and hence the second term is of greater im- 
portance in copper than in lead, but the reverse 
proves to be true for Levinger’s correction. The magni- 
tude of the difference between experiment and the un- 
corrected theory is shown in Fig. 5, where the cross sec- 
tions are plotted to larger scale. (Note that Bethe’s form 
factor takes account of the two K electrons only, the 
whole L shell being estimated to contribute only } as 
much ag:the K shell.) 








Fic. 5. Analysis of cross sections. The calculated Rayleigh 
plus Thompson cross sections, due to Bethe, are taken from 
reference 26. 
= G. E. Brown and J. B. Woodward, Proc. Phys. Soc. (London) 
A65, 977 (1952). 








b. Ordinary Compton scattering at 90° from free 
electrons produces photons of lower energies than those 
counted in this experiment. However, the Doppler shift 
for photons scattered from tightly bound electrons can 
bring them within the accepted interval. Even though 
this shifted part is but a small fraction of the total 
Compton scattering, its effect to the measured scatter- 
ing may be appreciable because of the very large 
Compton cross section. The magnitude of this effect, 
calculated from the work of Franz,** was found to be 
negligible (<2°%) in all cases except lead, but substan- 
tially all of the correction to the lead curve shown in 
Fig. 5 is due to this modified Compton scattering. 

c. Between the high-frequency cutoff of the Compton 
distribution (caused by the electron binding) and the 
Rayleigh line, a series of Raman lines should appear 
which must also be considered as a possible correction. 
However the only lines of appreciable intensity are those 
for which either the initial or final electron state is in 
the K shell, and the Pauli principle forbids virtually all 
of these in the elements considered. The correction is 
therefore negligible in all cases. 

d. Thomson scattering by the nucleus has a cross sec- 
tion (Z*/1836A)* times as large as the corresponding 
cross section for an electron. Since the wavelength of a 
3-Mev photon is still 50 times the nuclear radius of lead, 
one would expect pure Thomson scattering, with no 
Compton effect by the individual protons. Thomson and 
Rayleigh scattering are coherent and in phase,” so the 
calculated curves in Fig. 5 represent a coherent super- 
position of these two effects. 

e. The differential cross section for Delbruck scatter- 
ing (by virtual pair production and annihilation in the 
nuclear Coulomb field) for lead at 0° was calculated by 
Rohrlich and Gluckstern™ to be 0.59 and 9.2 millibarns 
per steradian at 1.33 and 2.62 Mev, respectively. Bethe 
and Rohrlich® show that the angular distribution is very 
strongly peaked forward, but their approximate for- 
mulas are only applicable for extreme relativistic ener- 
gies and angles of the order of mc*/E, or less. If their 
results are extrapolated graphically to large angles (a 
doubtful procedure), the differential cross section in 
lead at 90° is found to be about 3X 10-" cm?*/steradian 
at 1.33 Mev and twenty times smaller at 2.62 Mev. 
These values are completely negligible. If however the 
suggestion of Wilson’ is adopted and the angular dis- 
tribution of diffraction scattering from a black sphere 
of radius 4/mc is used, normalized to the calculated 
value at 0°, the cross section at 90° in lead turns out to 
be of the same order as that measured in this experi- 
ment. But Wilson’s procedure certainly overestimates 
the scattering at large angles, since scattering in the 
forward direction can occur much farther out from the 
nucleus than that at large angles, and hence the forward 


** W. Franz, Ann. Physik 29, 721 (1937). 

” A. M. Cormack, Phys. Rev. 94, 1397 (1954). 

” F. Rohrlich and R. L. Gluckstern, Phys. Rev. 86, 1 (1952). 
*"H. A. Bethe and F. Rohrlich, Phys. Rev. 86, 10 (1952). 
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peaking must be greater than the above estimate. The 
Delbruck scattering is of course coherent with the other 
elastic scattering, although the relative phases are un- 
known. At any rate, it seems likely that the Delbruck 
contribution to the measured scattering at 90° is small, 
if not negligible, in lead, and since it is proportional to 
Z‘, it is surely negligible in the remaining elements, 
even on Wilson’s model, 

f. The bremsstrahlung flux incident on the scatterer 
produces large numbers of photoelectrons, electron- 
positron pairs, and Compton-scattered electrons, all of 
which can radiate energy while slowing down in the 
scatterer. The pair electrons lose too much energy in 
formation to contribute to the measured cross section, 
because of the restriction of the measurements to near- 
elastic scattering. But both photo- and Compton-elec- 
trons can contribute, and a rough calculation shows 
that the effective cross section is about 3X 10~-” cm*/ 
steradian in lead at 2 and 3 Mev. This small correction 
has been included in Fig. 5. Since the bremsstrahlung 
cross section is proportional to Z*, and the Compton and 
photoelectric cross sections to Z and Z°, respectively, 
the correction is negligible in the lighter elements. 


IV. INTERPRETATION 


A comparison of the measured cross section curves in 
Fig. 5 with the theoretical Rayleigh plus Thomson cross 
sections shows fairly good agreement at low energies in 
lead, but progressively poorer agreement with decreas- 
ing atomic number. It should be emphasized that the 
measured data are plotted absolutely; they have not 
been normalized to the theoretical curves. In view of the 
uncertainties in the Rayleigh scattering calculation, the 
agreement in lead may be fortuitous, but it is encourag- 
ing to note that Storruste’s® value (~2 10~** cm?/ 
steradian) for lead at 0.41 Mev agrees very well with 
both the Bethe curve and the present experiment. This 
evidence lends added confidence to the absolute normali- 
zation of the measured curves. 

It is clear that the Rayleigh calculations are not 
sufficiently complete to be useful in the analysis of these 
data. It seems reasonable, on the other hand, to say 
that the low-energy ends of the measured cross sections 
represent the true Rayleigh plus Thomson scattering. 
The fact that the correction for the Born approximation 
is greater for smaller Z (see Sec. IIIa) adds support to 
this assumption, as does a recent exact calculation of 
lower energy Rayleigh scattering in mercury. The low- 
energy portions of the indium, cadmium, and copper 
cross-section curves were therefore extrapolated arbi- 
trarily to meet the (constant) Thomson cross section, 
as shown by the “assumed Rayleigh plus Thomson” 
curves in Fig. 5. The difference between these assumed 
curves and the measured data is then taken as a rough 


# A. Storruste, Proc. Phys. Soc. (London) A63, 1197 (1950). 

* Brown, Peierls, and Woodward, Proc. Roy. Soc. (London) 
A227, 51 (1954) ; Brenner, Brown, and Woodward, Proc. Roy. Soc. 
(London) A227, 59 (1954). 
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representation of the contribution of internal nuclear 
scattering. The lack of definite curvature at the high 
energy end of the lead data hardly justifies such treat- 
ment in that case. 

It is of interest to speculate on whether the nuclear 
absorption at these energies is the result of nuclear levels 
in this region or merely the effect of the long tail of the 
dipole resonance. Scattering by the tail of a higher 
energy resonance would be coherent with the Rayleigh 
and Thomson scattering, and exactly out of phase, 
whereas scattering by narrow levels which are com- 
pletely covered by the incident spectrum would effec- 
tively add incoherently. Levinger™ estimated the magni- 
tude of the dipole resonance scattering at low energies 
by the use of the dipole sum rule and dispersion theory 
and found that the scattering amplitude at 3 Mev is 
Thomson scattering 


only five to ten percent of the 


amplitude for the elements studied in this experiment. 
Thus it} 
caused by tl 


(one « 


evident that the scattering cannot be totally 
e tail of the dipole resonance 

in use Weisskopf’s estimates for single-particle 
gamma transition matrix elements’’ to predict the 
amount of scattering to be expected from energy levels 
gion of 


in these estimates prevent detailed numerical compari- 


in the re irradiation, although the uncertainties 


son between theory and experiment. It is found that the 
ir scattering is consistent in magnitude, 


1-dependence 


measured nucle 


energy dependence, and with predicted 
scattering from single-particle levels on the assumption 
that the transitions are predominantly electric quad- 
dipole contribution 
lead to 


rupole, with a possible magnetic 
Electric dipole transitions would too much 
scattering by a factor of ~10° while multipoles higher 
than £2 predict too little. 


for isomeric states differ by large factors from the single 


Since experimental lifetimes 


partic le estimates,” it is not possible to assign multi 
h 


e above 
intention is rather to give an idea of 


transitions involved. 


polarities to the scattering on the basis of t 


comparison ; the 
the strengths of the 

If the scattering actually occurs from narrow levels, 
the correction made for self-absorption in the scatterer 
may be in error, since that correction was made with the 
usual atomic absorption coefficients. Radiation scat- 
tered from a narrow level is shifted off resonance by 
nuclear recoil and hence not further attenuated by 
resonance absorption, but the incident spectrum seen 
by atoms inside the scatterer may be depleted in narrow 


regions around the resonance energies because of the 
large nuclear absorption of these energies. Rough calcu- 


lations indicate that, as an upper limit, this effect could 
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increase the nuclear component of the scattering by a 
factor of three over the measured data, the actual 
estimated value being much less. 

The nuclear scattering from indium can also be com- 
pared with the known cross section” for photoexcitation 
of the isomeric state In™*”. If the angular distribution 
of the nuclear scattering is assumed isotropic (reason- 
able within a factor of the order of two), then the total 
nuclear elastic scattering cross section at 3 Mev is ap- 
proximately ten times greater than the measured isomer 
excitation cross section at that energy, which fact 
correlates with the expectation that isomer production 
should be strongly suppressed because of the large spin 
change required. This point is discussed further in 
reference 13. 

A final point of some interest is the apparent differ- 
ence between the scattering from indium and cadmium. 
The curves of Fig. 4 show this difference, but the manner 
in which they were obtained from the actual data is not 
sufficiently reliable to draw a definite conclusion. How- 
ever, if the original scattering data (Fig. 3, corrected 
for the number of atoms/cm* and self-absorption in the 
scatterer) is examined, it is found that every point in 
indium is above the corresponding point in cadmium, 
and although most of the individual differences are not 
statistically significant, the total effect is. Bethe’s 
Rayleigh scattering formula is roughly proportional to 
Z', so that one would expect indium to differ from 
cadmium by a factor of 1.14 below roughly 1.2 Mev, and 
the average measured ratio of the first four points is 
1.28+0.19. But Thomson scattering is proportional to 
only Z? (ratio 1.04), and at the high-energy end, where 
this is the predominant background, the measured ratio 
is 1.404-0.17. The indium and cadmium scatterers were 
checked by x-ray scattering analysis and found to have 
no measurable impurities, so the measured difference is 
not attributable to contamination. One is therefore led 
either a significant difference 
the self-absorption by nuclear levels in 
that 
scattering cross section in indium is greater than that 
in cadmium by something of the order of 40°, perhaps 
because of the presumably higher level density in odd-A 
indium in predominantly even-A cadmium. 


to the conclusion that 
exists between 
the two else the nuclear elastic 


scatterers, or 
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The cross section for photoexcitation of In"**™ has been measured between 1 and 14 Mev. The cross 
section is found to rise to a narrow peak at 8 Mev, 2 Mev wide, of maximum value 1.2 mb. This peak is in- 
terpreted as the result of competition from neutron emission by the excited nucleus. Clear evidence for sharp 
levels in the excitation cross section is found below 2 Mev and the integrated cross sections for two levels are 


determined approximately. 





HE excitation of nuclei to isomeric states by 
photon irradiation is interesting because it gives 
several types of information about the electromagnetic 
interactions of nuclei. If a nucleus has an isomeric state 
of conveniently measurable half-life, it is possible to 
study the inelastic photon scattering process by meas- 
uring the production of the isomer. Below particle 
emission thresholds, where elastic and inelastic photon 
scattering are the only possible photonuclear reactions, 
one can sometimes estimate crudely the expected 
branching ratio for isomer production and thus obtain 
an indication of the size and shape of the photon capture 
cross section. The behavior of the isomer excitation 
cross section near photoneutron threshold should show 
whether or not competition plays a role in nuclear 
photon scattering. And finally, at low energies the cross 
section might be expected to give information about 
the level structure of the nucleus being studied. All of 
the above points have been investigated by other 
workers in the past.'~* 

The matrix element for direct excitation of an isomer 
is of course exceedingly small, this being the criterion 
for the existence of the isomeric state. Instead, isomer 
production must proceed by way of an excited inter- 
mediate state (only isomeric states of the target nucleus 
will be considered), although a compound nucleus in the 
sense of the statistical theory may not necessarily be 
formed. The excited intermediate state itself can decay 
in several ways: by particle emission with or without 
accompanying photon emission, if the energy is high 
enough, or by photon emission alone, directly or by 
cascade to the ground or isomeric state of the target 
nucleus. 

In the experiments to be described below, the isomer 
chosen for study was In''*", previously investigated in 
similar experiments at Notre Dame’ and Saskatchewan.‘ 

* This work was supported by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. Por- 
tions of the material were included in the Ph.D. thesis of the first 
author and the S.B. thesis of the third author at Massachusetts 
Institute of Technology 

+ National Science Foundation Predoctoral Fellow 1952-1954. 

t Present address, Department of Physics, University of Penn- 
sylvania, Philadelphia, Pennsylvania. 

1 E. Guth, Phys. Rev. 59, 325 (1941). 

?W.C. Miller and B. Waldman, Phys. Rev. 75, 425 (1949). 

74. G. W. Cameron and L. Katz, Phys. Rev. $4, 608 (1951). 


4 J. Goldemberg and L. Katz, Phys. Rev. 90, 308 (1953). 
*C. S. del Rio and V. L. Telegdi, Phys. Rev. 90, 439 (1953). 


The relatively long half-life (4.5 hours) and strongly 
converted gamma ray of this isomer make possible the 
use of standard Geiger-counting techniques, whose ab- 
solute efficiency can be determined with fair reliability. 
Also the large natural abundance (96%) of In"® is 
important because of the small cross section for the 
isomer-excitation reaction, while the absence of stable 
neighboring indium isotopes eliminates confusion from 
other possible reactions leading to In™*". The spin of 
the ground state is 9/2, positive parity, and that of the 
isomeric state is }, negative parity; the 0.335 Mev 
isomeric transition is thus magnetic 2*-pole. The con- 
version coefficient is known experimentally and pre- 
dicted theoretically to be very nearly unity.* 


I, EXPERIMENTAL PROCEDURE 
A. High Energy Experiment 


Two essentially separate experiments have been per- 
formed. In the first, two 2-mil indium foils were acti- 
vated in each run by placing them on either side of a 
5-mil tantalum radiator in the external analyzed elec- 
tron beam of the Massachusetts Institute of Technology 
linear accelerator. This stacked-foil technique was used 
to obtain the highest possible yields from thin-target 
bremsstrahlung and also to facilitate background sub- 
traction. Since the electron beam was to a first approxi- 
mation unchanged in passing through the three foils, 
the electrodisintegration plus background activities in 
the two indium foils were approximately identical and 
the difference in activity was caused by forward-directed 
bremsstrahlung made in the tantalum foil. Runs were 
made at a series of electron energies from 2 Mev to 
14 Mev, the high current output of the accelerator 
(approximately 0.2 wa analyzed beam) and the favorable 
exposure geometry making possible the low energy runs 
where activities were small. The lowest point (1.88Mev) 
was taken using only the Van de Graaff injector at a 
current of 1.25 wa. Exposures ranged from 15 to 90 
minutes. To decrease radiation contamination, the elec- 
tron beam collimators fitted to the linear accelerator 
were made of carbon. The beam cross section was 0.5 in. 
by 1 in., and the energy resolution of the analyzer was 
3%. Beam current was measured by stopping the elec- 


* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 537 
(1953) and references therein. 


199 





200 BURKHARDT, 
trons in a carbon Faraday cage, shielded against sec- 
ondary emission and grounded through a low impedance 
dc amplifier. To suppress ionization currents the Fara- 
day cage was placed inside an evacuated chamber, with 
a thin aluminum window to admit the electron beam, 
the foils under exposure being placed between the vac- 
uum chamber and the linear accelerator exit port. An 
excellent account of an almost identical experiment on 
copper has been given by Berman and Brown.’ 

As a check on the reliability of the exposure tech- 
nique, several runs were made using a more conven- 
tional geometry. A thin foil of thorium was placed in 
front of enough graphite to absorb the electron beam, 
and this assembly was placed inside the analyzer vac- 
uum chamber at the end of the collimator, with provi- 
sion made for measuring beam current. Since the low 
atomic number of carbon makes it a very poor radiator, 
the radiation produced by this target was essentially 
thin-target bremsstrahlung from the thorium. Several 
runs were then made with indium foils placed outside 
the vacuum chamber in this bremsstrahlung beam, and 
the results agreed with those obtained with stacked 
foils. Because the broad angular distribution of the 
radiation at low energies made it difficult to intercept 
all the bremsstrahlung with the indium foil (separated 
from the radiator by approximately one inch of carbon), 


this technique was less satisfactory than the stacked 


foil method and was therefore abandoned. 

Since inelastic neutron scattering can also produce 
In" 59 an experiment was performed to check the 
remote possibility that the observed activity differences 
between front and rear foils might be caused by neu- 
trons made in the radiator or elsewhere in the target 
room. Obviously this effect could only occur at high 
energies, above neutron threshold. A single indium foil 
was placed behind a four-inch lead target in the un- 


- 0 
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Activation curve for the photoexcitation of In'*, 
using thin-target bremsstrahlung 
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deflected beam of the accelerator and exposed for 15 
minutes at 2 wa and 13.5 Mev. The copious neutron flux 
thus produced gave rise to some neutron capture activ- 
ity (54 minute In"*") but no observable inelastic 
scattering. The upper limit thus placed on the ratio of 
(n,n’) to (n,y) assured that the neutron-produced activ- 
ity in the separate foils was negligible, and hence that 
the neutron contribution to the rear-front difference was 
negligible to a higher order. 

The activated foils were counted on standard end- 
window Geiger counters. Activity was plentiful at the 
higher energies, but below 4.5 Mev the net counting 
rates were generally below background, so that statis- 
tical errors on individual points became large. Above 
5 Mev, these errors are estimated to be less than +5%; 
at lower energies they may become as high as +20%, 
but in this region other corrections probably mask the 
statistical errors anyway. To determine the absolute 
efficiency of the Geiger counting procedure an activated 
indium foil was counted first in the standard manner 
and then in a 49 methane flow counter. Knowing this 
efficiency and the decay scheme of the isomer one can 
determine the true number of disintegrations occurring 
in the foil and hence, with the use of the bremsstrahlung 
spectrum, the magnitude of the activation cross section. 


B. Low-Energy Experiment 


The second experiment was performed with the 
Electrical Engineering Department Van de Graaff 
generator in Building 28 at Massachusetts Institute of 
Technology. Thick target bremsstrahlung was produced 
by stopping the electron beam in a }-inch thick water- 
cooled gold target at the base of the accelerating tube. 
Single 12-mil indium foils were exposed immediately 
below the aluminum window at the end of the tube, 
approximately one inch from the target. The target and 
tube extension were electrically connected and the cur- 
rent to them measured by a microammeter, all runs 
being made with 200 microamperes beam current. Ma- 
chine energy was measured with a generating voltmeter 
whose linear voltage scale was calibrated against 
the beryllium and deuterium photoneutron thresholds 
and is estimated to be accurate to within +50 kv. A 
very satisfactory check on its accuracy was obtained by 
comparison with the energies of Na*, Co®, and Cs™ 
gamma rays, using scintillation counters. 

The activation curve for In"*" produced by thick- 
target bremsstrahlung was obtained with the above 
apparatus between 1 and 2 Mev, using the same count- 
ing technique as in the high-energy experiment. Count- 
ing errors were less serious for the present experiment 
because of the high electron beam current employed. 
The bremsstrahlung spectrum of the machine was meas- 
ured in a separate experiment reported elsewhere.” 


J. L. Burkhardt, Phys. Rev. 100, 192 (1955). 





ISOMERIC STATE OF 


Il. RESULTS AND DISCUSSION 
A. High-Energy Experiment 


In the linear accelerator experiment several correc- 
tions to the raw activity data were needed, besides the 
trivial normalizations to standard beam current, ex- 
posure time, and foil mass. The electrodisintegration 
contributions to the activities in the foils are different 
in that the electron beam energy is lower in the rear foil 
than in the front, and the self-induced photodisintegra- 
tion activities (produced in each foil by bremsstrahlung 
from the same foil) differ for the same reasons. Correc- 
tions for these effects were made using the energy-loss 
data of Paul and Reich" and Goldwasser ef al.," in con- 
junction with the electrodisintegration theory of Blair” 
and experiments of Scott et al."4and Brown and Wilson." 
These energy corrections were relatively unimportant 
at high energies, but below about 4 Mev their magni- 
tude increased considerably, amounting to roughly a 
factor of two on the individual foil activities at 2 Mev. 
The large correction arises from the fact that the total 
foil thickness for the three foils (0.186 g/cm*) corre- 
sponds to an average energy loss of about 0.25 Mev for 
2 Mev incident electrons. No correction was needed for 
background activities produced by photon contamina- 
tion of the electron beam because these activities were 
equal in the two foils. 

With the above corrections the activation curve 
plotted in Fig. 1 was obtained. It shows the relative 
yield of In"™*" produced by the bremsstrahlung radiation 
from one indium and one tantalum foil bombarded with 
electrons of various energies. This activation curve was 
differentiated numerically using the Bethe-Heitler ex- 
treme relativistic bremsstrahlung spectrum, including 
screening,'® at 0.5-Mev intervals, and the resulting 
cross section is shown in Fig. 2. The uncertainty of the 
cross section in the peak region is ~30%, assuming the 
Bethe-Heitler spectrum is correct. The position of the 
peak is sensitive to the exact shape of the activation 
curve and is thus uncertain by about +1 Mev. The full 
width at half-maximum, likewise sensitive to the activa- 
tion curve shape, is 2 Mev, with an estimated uncer- 
tainty of +1 Mev. The low-energy end of the cross- 
section curve may be overestimated somewhat by the 
use of the extreme relativistic bremsstrahlung formula. 

The above cross section compares reasonably well in 
the location of the peak, but not in width or magnitude, 
with that of the Saskatchewan group‘ which finds a peak 
value of 2.2 10-*’ cm? (corrected to an internal con- 
version coefficient of unity) at 9 Mev with a width of 
9 Mev. That the narrower width is more plausible can 
be seen from the following considerations. First, it is 


1 W. Paul and H. Reich, Z. Physik. 127, 429 (1950) 

12 Goldwasser, Mills, and Hanson, Phys. Rev. 88, 1137 (1952). 
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apparent from both experiments that the peaked shape 
does not coincide with the dipole resonance maximum, 
but rather that the isomer excitation seems to peak near 
the (y,2) threshold around 9 Mev. Neutron emission 
should be much more probable than photon emission 
when both are energetically possible, so that one would 
expect the isomer excitation cross section to fall off 
rapidly above photoneutron threshold, forming a sharp 
peak as observed in this experiment. Further evidence 
in support of this view is contributed by the Rh'®* 
excitation cross section measured at Chicago,® which has 
a width of 3 Mev, and the photon scattering cross sec- 
tions investigated at the National Bureau of Stand- 
ards,'’ which show clearly the effects of neutron emission 
competition. 

With this explanation of the peak in terms of competi- 
tion, it would seem that the photon capture cross section 
should be smooth in the neighborhood of the neutron 
threshold, because capture and emission are then not 
directly related. Since the photoneutron cross section is 
a good representation of the capture cross section just 
above threshold, one would therefore expect the total 
photon capture cross section below neutron threshold to 
join smoothly on to the extrapolated photoneutron 
curve. Using the Saskatchewan In"® (y,») cross section,‘ 
it appears that the peak value of the photon capture 
cross section to be expected just below neutron threshold 
should be roughly 50X 10~*’ cm*. To compare this value 
with the measured cross section, one must estimate the 
fraction of excited nuclei which decay into the isomeric 
state. Since low multipole photon transitions are strongly 
favored when suitable spin states are available, a nu- 
cleus excited out of a 9/2+ state is much more likely 
to return to that state than to a nearby 4— state. By 
analogy with some measured isomer/ ground state ratios 
in (y,#) reactions, Goldemberg and Katz estimate as 
} the fraction going to the isomer by photon de-excita- 
tion in In". This estimate seems unconvincing, how- 
ever, since selection rules and statistical factors for neu- 
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3. 2. Cross section for the photoexcitation of In™**. 


" E. Hayward and E. G. Fuller, Phys. Rev. 95, 1106 (1954). 
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In order to obtain a cross section from the activation 
curve of Fig. 3, it is necessary to know the thick-target 
bremsstrahlung spectrum from the particular target 
used in this experiment. Since this spectrum should be 
a relatively smooth function of energy, it is evident that 
the cross section between 1 and 2 Mev consists mainly 
of sharp lines at 1.02+0.05 Mev and 1.45+0.05 Mev, 
with the possibility of some smaller unresolved levels 
and/or a continuous contribution as well. The only 
reason for repeating these results, all of which were ob- 
tained by the Notre Dame group earlier, is that the 
shape and intensity of the bremsstrahlung spectrum 
used here has been measured,” and it is thus possible to 
obtain values for the integrated cross sections of the 
two levels detected. Assuming that only these levels are 
important, it is found that /odE for the 1.02-Mev level 
is 2X 10-* Mev-cm’, and that for the 1.45-Mev level is 
1x10 


excitation of the isomer, not the photon capture cross 


2 Mev-cm®, where a is the cross section for photo- 


section. The estimated uncertainty of these values is of 
the order of a factor of four, resulting primarily from the 
difficulty of measuring the slope of the bremsstrahlung 
spectrum accurately. 

For sharp lines of the sort excited in this experiment, 
one would expect an integrated photon-capture cross 
section of the order of \*T’, where \ is the wavelength of 
the resonance x-rays and I the partial width of the level 
for decay directly to the ground state. If the fraction of 
the excited nuclei which decay into the isomeric state is 

8, it is then expected that {dE as measured 
here should be of the order of magnitude of \*I'8. Thus 
for the 1.45-Mev level, using the experimental inte- 
grated cross section, [8 should be about 10-" Mev. 

In the absence of detailed knowledge of the level 
scheme and transition matrix elements of In", one can 
only 


comment that this number appears reasonable, 


indicating that the observed transition is relatively 
improbable. (For example, l might be expected to be of 
naking 8 about 10~*.) It is in- 
teresting to note that Varma and Mandeville'® found a 


at 1.42 Mev, but they did not observe 


the order of millivolts, 


level in In" 


direct transitions between it and the ground state or 


any transitions connecting it with the isomeric state. In 
tact, 
or by cascade to both the ground 


nsity, which fac 


none of the levels they observed connects directly 
" 


anda 


isomeric states 


measurable inte t agrees with the 


with 


small value of [8 quoted above and the absence of 


evidence in the isomer excitation cross section for the 


several other levels shown in their paper. 
* J. Varma and C. E. Mandeville, Phys 97, 977 (1955 
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Magnetic Analysis of the Be’(p,p’)*Be*® and Be’(p,pn)Be* Reactions* 


C. R. Gosserr,t G. C. Puiurps, J. P. Scurrrer, anp P. M. WinpHam 
The Rice Institute, Houston, Texas 


(Received June 20, 1955) 


The energy distribution of protons from the bombardment of Be* with protons has been investigated by 
precision magnetic analysis in the region of excitation from the ground state through the 2.43-Mev state. 
A broad distribution of protons was found with a cutoff corresponding to a Q of —1.6752+-0.002 Mev in 
Be*. The asymmetry of the observed group and the proximity of the observed Q-value to the separation 
energy of a neutron from Be® suggests that the group consists of protons from the three body disintegration 
*B” — Be*+p+n, but the possibility of inelastic scattering to a state in Be*® cannot be excluded. An 
excitation energy of 2.432+0.004 Mev was found for the inelastic proton group from the known state, and 
a natural width <1 kev is ascribed to this state from experiments conducted at optimum resolution. 


OR some time the 2.43-Mev state of Be® has been 

believed to be the first excited state of this nucleus. 
However, a possible state at about 1.7 or 1.8 Mev of 
excitation has recently been reported.'* These reports 
are based upon scintillation spectrometer and low 
resolution magnetic spectrometer studies of the charged 
particle reactions leading to states in Be’. In order to 
investigate this region of excitation in Be® with an 
instrument of greater precision, The Rice Institute 
annular magnet has been employed to obtain spectra 
of the protons scattered from this nucleus. The region 
of excitation from the ground state through the 2.43- 
Mev state was examined. 

The apparatus and techniques are those described 
in an earlier paper’ with the exception of changes in 
the incident beam alignment procedures which have 
sufficiently lowered the background so that the detection 
of weak particle groups has become possible. These 
changes consisted of completely defining the width of 
the beam by slits in tubing external to the magnet gap, 
and utilizing the traveling slit® only to determine the 
position and angle of the incident beam with respect 
to the target and to shield the target and target slits 
from particles which have suffered small-angle scatter- 
ing at the external defining slits. The position measure- 
ments were made electrically, by determining the 
edges of the beam with the insulated traveling slit, 
rather than by direct definition of the beam by this 
slit. An order of magnitude reduction in the background 
level has been accomplished by these means. 


BROAD PROTON GROUP 


Figure 1 is a plot of the proton spectrum obtained 
with the annular magnet. The region of excitation from 
the ground state to about 1.4 Mev has been omitted 
from the plot as the background in this region showed 
no structure. In addition to groups corresponding to 
the ground state and 2.43-Mev state, a broad distri- 

* Supported by the U. S. Atomic Energy Commission. 

+t Now at the Naval Research Laboratory, Washington, D. C 

1 Moak, Good, and Kunz, Phys. Rev. 96, 1363 (1954); Alm- 
quist, Allen, and Bigham, Phys. Rev. 99, 631(A) (1955) 

?L. L. Lee and D. R. Inglis, Phys. Rev. 99, 96 (1955). 

+ Gossett, Phillips, and Eisinger, Phys. Rev. 98, 724 (1955). 


bution of protons appears. In order to establish that 
this proton group is associated with the Be* nucleus, 
the high energy edge of the group was observed at three 
different bombarding energies. The results of these 
experiments are shown in Fig. 2, with a scale showing 
excitation in Be®, and also in Table I, which lists the 
computed Q values. The agreement of these Q values 
establishes conclusively that this group is associated 
with the interaction of the incident protons and Be’ 
nuclei. 

The arrows of Fig. 1 indicate the points where the 
background level was normalized. These points repre- 
sent the range of momenta accepted in a single exposure 
of a plate. The normalization is necessary since the 
background level, while statistically constant over a 
single plate, differed from plate to plate due to the 
alignment procedure. The plates on which the back- 
ground was constant were corrected to an average 
value, and the plates upon which the broad distribution 
appeared were matched to the adjoining plates to give 
a smooth distribution. All of these corrections were 
such that they could not materially affect the shape of 
the distribution. 

Three possible mechanisms can be reasonably 
considered to explain the observed broad distribution : 
the two-stage process Be’(p,n) B*(p) Be®, the three-body 
breakup Be*(p,pn)Be*, and the inelastic scattering to 
a state in Be’. 

The two-stage process proceeding through a state 
in B® can be eliminated: while this process would 
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FiG. 1. Spectrum of protons from the Be’+- reaction. Bombarding 
energy 5.245 Mev. The target was a 15 microinch Be foil 
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Fic. 2. High energy cut-off of the broad group, B > pb+n+Be* 
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represents excitat on y in the nucleus Be* 

produce an asymmetric distribution, the energy of the 
proton group would not behave with change of bom 
barding energy as the observed group does. Moreover, 
this hypothesis would require, for the proton group 
observed, the existence of a state in B® below 1 Mev 
Che work of Ajzenberg and Buechner‘ and of Marion, 
Bonner, and Cook® indicate that no such state exists. 
Fig. 1 


a three-body mechanism is operative. The 


A possible explanation of the 
is that 
observed broad distribution and the proximity of the 


observed Q-value to the neutron separation energy 


spectrum in 


both favor this hypothesis. Such three-body effects 
were observed in the work of Ajzenberg and Buechner‘ 
on the Be*(p,n)B* reaction. Their results show a 
continuum of neutrons which rise sharply towards 
lower energies. They suggested that these neutrons are 
due to the three-body breakup. 

The expected momentum distribution from the 
three-body disintegration has not been worked out 
exactly. A treatment of this problem without considera- 
tion of the proton and neutron penetrabilities was 
considered by Uhlenbeck and Goudsmit,® who obtained 
a distribution symmetrical about half the maximum 


proton Calculations indicate, however, that 


energy. 

the inclusion of these penetrabilities in the computation 
*F. Ajzer Buechner, Phys. Rev. 91, 674 

1954). 

* Marion, Bonner, and Cook, this issue 

1955) } 

*G. E. Ublenbeck and S. Goudsmit, Zeeman, Verhandlungen 

M. Nyhoff, The Hague, 1935), pp. 201-211 


berg and W. W 


(Phys. Rev. 100, 91 
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will considerably affect the results, peaking the proton 
distribution towards higher momenta. However, the 
low energy side of the proton distribution function does 
not increase as rapidly with energy as was observed. 
Although the momentum distribution is not easily 
calculated for this problem, it may readily be shown 
that the maximum energy protons for the three-body 
breakup correspond to zero relative velocity between 
the neutron and the Be® nucleus. While this information 
validates the calculation of the Q value in the usual 
manner,’ it indicates that the line shape analysis,’ 
normally applied to discrete groups, does not apply 
in this case, since this situation is more analogous to a 
neutron threshold, and would thus be expected to 
show the E'*4 dependence generally observed for 
neutrons. Unfortunately, the statistical errors for the 
leading edge of the observed distribution are not 
sufficiently accurate to permit other than a linear 
fit. However, such a penetrability argument could be 
the explanation for the discrepancy between the Q 
value observed by the annular magnet, — 1.675+0.002 
Mev, and that observed by Mobley and Laubenstein,*® 
who obtained a Q value of —1.666+0.002 Mev for 


Taste I. Summary of observed Q values for the broad group 


Bomb. r ne 

Me 

- 1.6752 
1.6768 

— 1.6712 

— 1.6758 

—] 6776 


7996 
0308 
2423 
2445 


2537 


mu 


Mean — 1.675+0.002 


the (y,2) threshold. The discrepancy is well explained 
if p-wave neutrons are assumed. 

The published evidence for the existence of a state in 
Be’, in the region of the broad group observed with the 
annular magnet was based on the reaction Li’ (He’*,p) Be® 
and B"(d,a)C’. The observed groups could be due to 
the three-body decay schemes: B® — p+n-+Be® and 
C"— a+n+Be*. It may be shown that in these 
three-body disintegrations the Q value observed for 
the maximum energy charged particles corresponds to 
the binding energy of a neutron in Be’. The earlier 
spectra! all exhibit distributions which can be inter- 
preted as continua, not inconsistent with a three-body 
breakup. 

The possibility of explaining the observed group by 
inelastic scattering to a state in Be’ cannot be excluded. 
Whereas a Breit-Wigner resonance shape will not 
explain the distribution function, it is possible to fit the 
shape with a state of about 150-kev width when effects 
of the neutron threshold are considered. This large 


7K. F. Rev. 91, 1195 
(1953). 

7 K fe 
1950) 


Famularo and G. C. Phillips, Phys 


Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 





Be’(p,p’)*Be*® AND 
value would imply that this width is due to s-wave 
neutrons emission, so that the state would be $+, 
contrary to the independent particle model prediction.} 
Thus, if such a state in Be® exists at about 1.7 Mev of 
excitation it must have the unique property of lying 
partly in the bound, electromagnetic, region and partly 
in the virtual region of excitation and is probably a $+ 
state. The fact that the rather rapid low-energy fall- 
off of the group cannot be entirely accounted for 
by simple arguments based on barriers under the three- 
body hypothesis might perhaps be regarded as favoring 
this latter mechanism, although a quantum treatment 
of the three-body problem might show otherwise. 

No definite conclusions can be made at present as to 
which of the latter two mechanisms are responsible 
for the observed line shape. A further study of this 
level, perhaps through the B"(d,a)Be® reaction, as 
observed by Lee and Inglis,’ but with the available 
low background, high resolution spectrometer could 
establish the mechanism responsible for the observed 
group. 


TABLE II. Summary of observed Q values for 2.43 state of Be’. 


QO value 


Bombarding energy 
Mev) Mev 


— 2.4321 
— 2.4325 
5.2434 —2.4276 
5.2445 ~2.4321 
5.2537 — 2.4354 


Mean: ~2.432+0.004 


4.6117 
5.2434 


2.43-MEV STATE OF Be® 


A study of the well known 2.43-Mev state of Be® 
was conducted in conjunction with the study of the 
three-body disintegration. A summary of the Q values 
obtained in five bombardments is contained in Table II. 
On the basis of a systematic analysis of the possible 
sources of error, an error of +(.004 Mev is assigned. 
A comparison with other values*" reported for this 
state is contained in Table ITI. 

Since the observed protons of the group corresponding 
to this state had energies of about 1.05 and 1.45 Mev 
for the 4.61- and 5.25-Mev bombardments, respectively, 
it was necessary to consider the possible energy losses 
in the surface contaminant layers of the Be’ foil. 
Fortunately, in this case a means of evaluating this 
loss was available. The a-particle group from the 
Be*(p,a)*Li® group, leaving Li® in the 2.187 state, 
appeared in the momentum region near the proton 


$ Nolte added in proof.—Calculations by T. Lane (private com- 
munication) yield evidence for an S state at about this energy 
in Be’. 

* Browne, Williamson, Craig, and Donahue, Phys. Rev. 83, 
179 (1951). 

“Van Patter, Sperduto, Huang, Strait, and Buechner, Phys. 
Rev. 81, 233 (1951). 

4 R. B. Elliott and D. J. Livesay, Proc. Roy. Soc. (London) 
A224, 129 (1954). 


Be*(p,pn)Be® 


REACTIONS 


Taste ITI. Comparison of observed Q values (Mev) 
with other determinations. 








Experiment 
Be*(p,p’)*Be® 
mag spec 
Be*(p,p’)*Be® 
elec spec 
B" (da) *Be® 
mag spec 
B" (da)*Be® 


mag spec 


Reported value 


—2.432+0.004 


Reference 





Present work 
—2.43340.005 c) 
— 2.422 +0.005 10 
— 2.43140.006 il 


group from the 2.43 state of Be*. Since the energy loss 
of the a particles in the contaminant layer was a 
factor of 8 greater than that of the protons for the 
energies observed, it was possible to obtain a fairly 
sensitive estimate of the thickness of the contaminant 
layer from the difference between the observed Q value 
for the a group and that observed by Browne ef al.’ The 
losses for the protons were then computed for this 
thickness and the Q values corrected accordingly. It was 
found that corrections of less than 1 kev were required 
for protons in cases where reasonably fresh foils were 
used. In one extreme case, where the foil had been 
bombarded a number of times previously and showed 
quite heavy discoloration, a correction of only 3 kev 
was indicated. 

The observed width, shown in Fig. 1, of the proton 
group from the 2.43-Mev state, as compared to the 
width of the proton group from the ground state, was 
that to be expected from the additional energy loss 
of the lower energy protons in the foil. Since this 
method did not provide a very adequate means of 


ENERGY 

145 146 193 94 
” $d 
Be Be” f 
(2.432) (GNO) IY 


| 
E5244 E,*3.036 


MEV 


x6 


OF PROTONS 


NUMBER 











me 
175 » 201 
Bp KILOGAUSS-CM 





Fic’ 3. Comparison of observed widths of proton ous for 
scattering from the 2.43 Mev and ground states of Be’. 





206 GOSSETT, PHILLIPS, 


Taste IV. Observed cross sections at E,= 5.245 Mev. 





Angle of 


¢ 
Particle group mb/steradian observation degrees 


Ground state 23 +10 
Broad group 1.2 
2.43-Mev state 3.6 1.1 


174.2419 
172.341.9 
170.741.9 


determining the natural width of the state, a more 
sensitive method was devised. For this experiment a 
very thin beryllium target was evaporated onto a 
carbon foil. The proton group for the 2.43 state was 
then observed with a bombarding energy of 5.25 Mev, 
and the ground state group observed at a bombarding 
energy of 3.00 Mev, computed to give the protons the 
same energy loss in the physical thickness of the target. 
The results of this experiment are shown in Fig. 3. 
Both groups show a thickness at half maximum of 
3.2 kev. 

All controllable quantities were adjusted to produce 
equal effects on the two proton groups. Three factors 
then remain which could affect the observed widths; 
these are: the natural width of the state, changes in 
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the spectrometer width, and changes in the energy 
spread of the incident beam at the two different energies. 
Since it is believed that each of these factors should 
produce a greater observed width for the group from 
the 2.43-Mev state, it is concluded that this state 
has no observable natural width. An upper limit of 1 
kev may be set for the natural width to take into 
account any factors which may not have been 
considered. 

Since the 2.43-Mev state of Be® is about 766 kev 
unbound to neutron emission, an appreciable width 
would be expected for this state, if low angular mo- 
mentum neutron emission were possible. The fact that 
a narrow width is observed for the proton group 
implies that a high centrifugal barrier exists for the 
neutrons. Calculations indicate that a lower limit of 
J=5/2 may be set for the state on this basis. 

An estimate may be made of the cross sections for 
the proton groups of Fig. 1. The values and the angle 
at which they were observed are listed in Table IV. 
These values should be accurate to approximately 
+30), except in the case of the broad group, where the 
cross section is somewhat indeterminate from our data. 
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(p,y) Cross Sections 
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Several (p,> 
on incident energy 
variations by many orders of magnitude 


and target mass are very slight, 


cross sections were measured by activation with protons from 8 to 22 Mev. The dependences 
whereas a compound nucleus model would predict 
It seems probable, therefore, that the observed reactions are due 


to high-energy gamma transitions taking place prior to compound nucleus formation. The magnitudes 
involved indicate that these transitions have single-particle dipole matrix elements 


EXPERIMENTAL 


‘ROSS sections and excitation functions for several] 

4 (p,y) reactions were measured by stacked foil- 
induced activity techniques with the internal circu- 
lating beam of the Oak Ridge 86-inch cyclotron. The 
absolute cross sections were determined by the ratio 
method as described previously.' 

The C"(p,y)N™ cross section was measured by ob- 
serving the 10-min activity in an isotopically enriched? 
sample of carbon-12. A small (~10%%) correction was 
applied for the activity from the (p,m) reaction on C® 
which was present in 0.05% abundance. The sample 
contained a considerable amount of copper as impurity, 
so the cross section was determined relative to the 
known cross section of the Cu(p,n) reaction.’ The 

: B. L. Cohen and E. Newman, Phys. Rev. 99, 718 (1955 

* Enriched stable isotopes were obtained from the Isotope 
Research and Production Division of this laboratory 

+ Blaser, Boehm, Marmier, and Peaslee, Helv. Phys. Acta 24, 3 
(1951). 


amount of copper impurity was determined by an 
activation analysis carried out in the Oak Ridge 
graphite reactor. The (,y) excitation function could 
not be extended to high energies because a 10-min 
activity from Cu™(p,pn)Cu® is induced in copper by 
protons above 15 Mev. 

The Fe*(p,y)Co* cross section was determined by 
comparing the activity of 18-hr Co with that of 
44-min Mn* produced by the (p,a) reaction, in an 
isotopically enriched* sample of Fe*,O;. This measure- 
ment was not possible above the threshold of the 
Fe**(p,2n) reaction (~15 Mev) since that reaction also 
leads to Co. The cross section for the Fe*(p,q) 
reaction was measured by bombarding stacks of natural 
iron foils and comparing the Mn® activity in the low- 
energy foils with the Co® activity in the high-energy 
foils, where the (p,2) cross section is known.' 

The cross section and excitation function for the 
Ni®(p,y)Cu® activity was measured by bombarding 
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metal foils of isotopically enriched Ni® and comparing 
the 3.3-hour activity of Cu® with the 36-hour activity 
of Ni*’. The latter is produced by a (p,pm) reaction on 
Ni®*, which was present in 1.5% abundance. Only small 
corrections were necessary for the Cu® activity induced 
by (p,m) and (p,2m) reactions on Ni*™ and Ni® since 
these were present in only 0.02 and 0.01% abundances 
respectively. 

The cross section for Zn™(p,y)Ga® was determined 
by measuring excitation functions for the 250-day Zn® 
activity in stacks of natural! zinc foils. At high energies, 
this is produced by the (p,pm) reaction on Zn, but 
below the threshold for that reaction, it is produced 
principally as the daughter of Ga® from (p,y) on Zn“. 
The absolute values were obtained by comparison with 
the known cross section for Zn®(p,pn) at high energy.' 
It was also necessary to subtract a small background 
from neutron capture in Zn™. In general, the measured 
cross sections are accurate to within 20%. 


RESULTS 


The measured (f,y) cross sections are listed in 
Table I. The measurements for bismuth by Kelly* are 
also included. The last column of Table I was obtained 
by dividing the measured cross sections by the theo- 
retical reaction cross sections for protons (¢,). It is a 
measure of the competition between gamma-ray and 
particle emission. 


THEORY AND DISCUSSION 


In considering nuclear reactions in this energy region, 
it is interesting first to investigate whether the results 
can be explained by compound nucleus theory. In order 
for a (p,y) reaction to be observed, the compound 
nucleus which is formed after capture of the proton 
must de-excite electromagnetically to a level from 
which heavy particle emission is not energetically 
possible; that is, to a level within the particle binding 
energy, B(~6 Mev), of the ground state. 

This can happen either by a direct transition to one 
of these levels accompanied by emission of a high- 
energy gamma ray, or by a cascade process involving 
one or more intermediate levels. In the latter process, 
after each transition the probability is very- large 
(>99%) that a particle rather than another gamma ray 
is emitted, so that cascade processes could only be 
important if emission of quanta with energies about 
half the incident proton energy were hundreds of times 
more probable than emission of those with about the 
full incident proton energy. Measurements of energy 
distributions of gamma rays from proton bombardment 
of copper have been carried out by Gugelot with 18-Mev 
protons*; it was found that the probability does not 


*E. Kelly, University of California Radiation Laboratory 
Report UCRL-1044 (unpublished). 

* P. C. Gugelot, Brookhaven Conference on Statistical ts 
of the Nucleus, Brookhaven National Laboratory Report BNL- 
331, 1955 (unpublished). 
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TaBLe I. (p,y) cross sections. 











Incident 
proton Cross o(P.7 
energy section (X10) 
Reaction Q (Mev) (Mev) (mb) op 
C*#(p,7)N¥ 1.9 11 1.8 2.5 
5 2.5 44 
Fe*(,7)Co® 4.6 il 0.33 0.46 
Ni®(p,y)Cu® 5.5 22.5 0.9 08 
21 69 0.8 
16 0.7 08 
10 0.9 1.1 
Zn™(p,7)Ga™ 6 11 1.2 1.6 
8 1.3 2.1 
Bi™(p,7) Po™ 5.0 22.5 0.26 0.23 
20 0.4% 0.40 
15 0.63" 0.95 
10 0.17" 1.54 


* From reference 4 


increase nearly that fast with decreasing gamma-ray 
energy. It therefore can be concluded that the (p,y) 
reactions observed here are not the result of cascade 
processes, but rather of single high-energy gamma-ray 
transitions to levels within the particle binding energy 
of the ground state. 

It will be assumed here that all transitions are electric 
dipole. This is probably reasonably correct, and in any 
case, roughly the same conclusions would be reached 
regardless of the type of transitions. For simplicity, 
selection rules will be neglected. Since, in all cases, only 
ratios of cross sections will be discussed, this is equiva- 
lent to assuming that the same fraction of all possible 
transitions are allowed in each reaction. While this is 
not generally true, it should almost certainly not lead 
to large errors. 

The problem of radiative capture of heavy particles 
has been treated by Blatt and Weisskopf.* For the 
case under consideration, their formula (7.23), page 649 
for the gamma emission width, I',, reduces to 


D(E,+B) ptrr® dE 
— f E (1) 
zg 


r,~1.5<X10-*—— ae ——, 
Dy ‘ D(E,+B-—E) 
where D denotes level spacing, E, is the incident proton 
energy, E is the energy of the emitted gammas, and D, 
is the level spacing at low excitation energies. Applying 
(approximately) the theorem of the mean, and defining 
the level density, w, as 1/D, (1) becomes 
N (E,+B/2) 
r,~1.8X10-4— —_—_——., (2) 
Do wl E,+B) 


where NV is the number of states of the compound 
nucleus with energy less than B. 


*j. M. Blatt and V. F. Weissk 
(John Wiley and Sons, Inc,, New 


, Theoretical Nuclear Physics 
ork, 1952). 
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The width for emission of a particle, !, (where x is 
generally a neutron or a proton) is proportional to’ 


f o -Fwole,— E)dt 
6 F. 


red x (3) 
w(E,+B) w(E,>+B) 


where a, is the cross section for capture of particle x in 
an inverse process, ¢, is the maximum energy avilable 
for emission of particle 7, and F, is defined by the 
numerator. The last is identical (within a constant 
multiplier) with the F, of Blatt and Weisskopf who 
present curves of its dependence on energy and mass 
(reference 6, p. 373). 

If we neglect emission of all particles except that 
which is most probably emitted (which for bismuth is 
and in all other here, 
a proton), the cross section for a (p,y) reaction may 


a neutron cases considered 


be written® 
a(p,y = o,(T', i . (4 


Thus the quantity listed in the last column of Table I 


is, from (2), (3), and (4), 


Data on the energy dependence of o(p,7 
available from Table I for Ni® and Bi**. In comparing 
Eq. (7) 
it is immediately evident that large discrepancies exist. 
For example, in Ni®, the ratio between the cross sections 
at 10 and 22.5 Mev should be about 100 as compared 
with an observed ratio of 1.3. In Bi®*, this ratio should 
be about 10° as compared with an observed ratio of 6.7. 

While the theoretical derivation may appear to be 
on a somewhat uncertain basis, its results are qualita- 
essential difference 


Oo, are 


and the curves of reference 6 with the data, 


tively clear and reasonable. The 
between I’, and T, is that, for the latter, the number of 
final states increases exponentially with increasing in- 
cident energy, whereas for the former, the number of 
fina] states is a constant, consisting of the set of states 
with excitation energy less than B. The fact that the 
number of final states available for particle emission 
increases exponentially (rather than according to a 
power law, for example) would seem to be guaranteed 
by the fact that the observed energy spectra of emitted 
particles are Maxwellian with a low and slowly varying 
temperature. It is therefore difhcult to understand how 
the ratio can be as independent of energy as is indicated 
in Table I. 

Similar difficulties are encountered in investigating 


the dependence of the cross section on atomic num- 


? See, for example, V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 
Also, reference 6. 
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ber (Z). From (2), (3), and (4), this is 

o(pjy) 1 N 

- P Titel (6) 
op Ds F, 


The quantity Do varies rather slowly with Z, increasing 
by about a factor of ten from carbon to bismuth. The 
value of V can be estimated from level spacings found 
in slow neutron capture. This is about 100 times 
greater for bismuth (neglecting closed shell effects 
which do not enter into proton capture in bismuth) 
than for Fe, Ni, and Zn. However, F, is smaller for 
these than for bismuth by a factor of about 10°. Thus, 
a(p,y)/o, should be smaller for bismuth by at least a 
factor of 1000, whereas the observed cross sections are 
about equal. While there is considerably more uncer- 
tainty in (1) as regards the dependence on Z than on 
E,. such a large discrepancy would not be expected. 
Since there seems to be great difficulty in explaining 
the experimental results by a compound nucleus inter- 
action, other possibilities should be considered. 
Weisskopf* has suggested that direct, single particle 
transitions may take place to bound states. If such 
transitions occur with the full single particle matrix 
element, their probability per unit time, P, is given by® 


P=2(E/20 Mev)*(A!/4)?X 10'*/sec. (7) 


The time of interaction between the incident particle 
and the nucleus, 7, is given, approximately, by the 
nuclear radius divided by the velocity; since the 
emitted gamma-ray energy is approximately the same 
as the incident proton energy, this is 


r= (20 Mev/E)*(A4/4) X10 sec. (8) 


The probability for such a transition to occur in a 
nuclear encounter is 7P. Since this is just the quantity 
a(p,v)/o, (7) and (8) give 


a(p,7) E oa 4 
_— -(— ) x 10-*. (9) 
Tp 20 Mev/ 32 


The absolute values of ¢(p,y)/o, given by (9) are in 
satisfactory agreement with the observed values from 
Table I. The theoretical values seem to be too large by 
a small factor, but this can be explained by the fact 
that the interaction time, 7, is less than given by (8) 
because of competition from formation of a compound 
nucleus. 

There is no evidence in the data for the increase of 
o(p,y)/o, with energy or target nucleus mass predicted 
by (9); in fact, there seem to be trends in the opposite 
direction. However, this can be explained by variation 
in the matrix elements. 

The author is greatly indebted to V. F. Weisskopf 
and J. S. Levinger for their very helpful suggestions and 
criticisms, and to R. S. Livingston for his constant 
encouragement. 


* V. F. Weisskopf (private communication). 
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Highly monoergic electrons from a 22-Mev betatron have been used to study the Cu® activity in a pair of 
2-mil copper foils separated by a 10-mil copper radiator. The ratio of the photodisintegration to electro- 
disintegration in the foils decreases by less than 10% in the region from 14 to 20 Mev. The measured value 
of F at 20 Mev is 8.6 in reasonable agreement with the extrapolation of previous measurements at higher 
energies and with the value of 8.38 expected on the basis of simple virtual photon calculations. Analysis of 
the excitation curves gave a Cu™(y,n) cross section of 80 10°*" cm* which is 20% below most previous 


measurements. 





INTRODUCTION 


M”:: investigations of (y,#) reactions have been 
carried out using the bremsstrahlung spectra of 
electron accelerators. Activation curves are experi- 
mentally obtained by varying the kinetic energy of the 
electrons reaching the target (i.e., the maximum 
gamma-ray energy) and by observing the activity 
induced in samples per unit of irradiation. These 
activation curves are converted into cross sections with 
the aid of theoretical expressions for the shape of the 
bremsstrahlung spectrum. There is some uncertainty in 
the choice of a theoretical shape, associated with the 
questions of multiple traversals of the target by the 
electrons and the use of integrated (over angle) spectra 
as opposed to forward direction spectra. 

In addition to the problem of the choice of a spectrum, 
the interpretation of the monitor response to arrive at 
unit irradiation for the various energies presents diffi- 
culties. Here one must make assumptions as to the 
interactions of the radiation of different energy with 
the material of the monitor and as to the degree of 
equilibrium established between the primary (gamma 
ray) and the secondary (electron-positron) radiation. 
From these assumptions one may deduce the number of 
photons of a particular energy band per unit of irradia- 
tion at each energy used. In the present experiment 
electrons free from gamma rays and of homogeneous 
energy are focused onto a small spot upon a copper foil 
stack and the emerging electrons are trapped in a 
Faraday cage. The monitor interpretation now presents 
little difficulty, since electrons of all energies give the 
same response to charge measuring devices, while 
gamma rays are not measured at all. Further, it is 
evident that the proper spectrum to use in interpreting 
this experiment is the integrated spectrum for single 
traversal. Multiple traversal is ruled out and the short 
path length from the origin of the gamma rays to their 
absorption acts to integrate the spectrum, at least the 
forward hemisphere of it. There remain, of course, 
experimental uncertainties, accentuated by the fact 
that the cross section depends on the derivatives of the 
activation curve and some residual doubt concerning 
the accuracy of the radiation expression itself. 

One disadvantage of the present experiment is that 


to find the (y,) activity, the electrodisintegration 
activity which is due to the electrons passing through 
the sample must be subtracted from the total activity. 
Apart from energy losses and absorption, the (y,#) 
activity will be proportional to the depth in the stack. 
Thus the intercept of the activity at zero depth will 
give the electrodisintegration probability while the 
slope of activity versus depth will give the product of 
the radiation and photodisintegration probabilities. The 
complication of this picture by the energy losses will be 
considered in more detail under the analysis of the data. 

The technique of observing the variation of electron- 
induced radioactivity with depth in a stack of foils has 
been used previously in this laboratory.'* Brown and 
Wilson* have made extensive measurements with stacks 
of foils of Cu, Zn, Ag, and Ta in order to investigate the 
nature of the interaction of the electromagnetic field 
with these nuclei. Their results are expressed in terms 
of the ratio of the bremsstrahlung induced activity to 
that produced directly by the electrons. The present 
work extends these results to lower energies for Cu. 

Since the work was started, Berman and Brown,‘ 
hereafter referred to as BB, have reported on the 
measurements of the (y,) and (y,2m) cross sections in 
Cu® using electron beam techniques very similar to 
that described here. Their work is done with less energy 
resolution but extends up to 36 Mev. 


EXPERIMENTAL ARRANGEMENT AND PROCEDURE 


Absolute and relative measurements were made of the 
activity induced in a stack of copper foils irradiated by 
monoenergetic electrons at half-Mev intervals from the 
Cu® (y,n) threshold to 22 Mev. 

The stack consisted of an entrance and exit detector 
(whose activity was measured after irradiation) with 
or without a 10 mil radiator between the detector foils. 
The entrance and exit detectors were about 2 mils 
thick (true thickness 46.9 mg/cm*) and 1 in.X# in. 
in dimension. 

Irradiations employed the external electron beam of 


tte Laughlin, Hanson, and Orlin, Phys. Rev. 73, 420 
(1948). 
* L. H. Lanzl and A. O. Hanson, Phys. Rev. 83, 951 (1951). 
*K. L. Brown and R. Wilson, Phys. Rev. 93, 443 (1954). 
‘A. L. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954). 
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the 22-Mev betatron. A permendur peeler was used to 
increase the useful maximum energy of the electron 
beam. The emerging beam was collimated, and removed 
to a distance of about 10 feet where it was refocused by 
a magnetic lens to concentrate the electrons relative to 
gamma rays and neutrons. The focusing current was 
adjusted visually and photographically to bring the 
beam to a line focus (about } in. by ¢ in. in dimensions) 
at the point where the copper foil stack was to be 
placed, 

The foil stack lay deep in the mouth of a brass lined, 
aluminum Faraday cage (Fig. 1). The space in and 
around the Faraday cage and the foils was continuous 
with the vacuum of the betatron donut, so that prior 
to passing through the foils, and being trapped in the 
Faraday cage, the electrons were not retarded or 
scattered by any windows. 

The charge collected by the Faraday cage passed to 
a vibrating reed electrometer which measured the 
voltage on a condenser shunted by a resistance so as 
with the time the Cu® 
The voltage on the condenser (from a few 


to relax same constant as 
activity. 
tenths volt to one volt on one microfarad) measured on 
a potentiometer immediately after the betatron was 
turned off was th 
exposure corrected for decay up to that time. 


Various tests were made as to the performance of the 


us proportional to the integrated 


equipment used. For example, to demonstrate that only 
electrons were being detected by the Faraday cage, the 
beam was blocked by aluminum of thickness calculated 
to stop the electrons. It was observed that the condenser 
then charged at less than one ten thousandth of its 
previous rate. Placing the bottom of the 
aluminum Faraday cage to produce more brems- 
strahlung from the electron beam showed no effect on 
the ratio of foil activity to measured irradiation. 

Brass liners were added to the inside of the chamber 
until no effect due to backing the copper foils with 
material to scatter the emerging beam could be de- 
tected. Absence of this effect would indicate that no 


lead in 


appreciable part of the beam current was being lost due 


to scattering out or through the Faraday cage. Tests for 
collection of charge in the cable connecting the Faraday 
cage with the electrometer circuit, made by discon- 
necting the cable at the Faraday cage and leaving it in 
were lo determine if electrons were 


plac e, negative 
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Fic. 1. Faraday cage and foil holder 
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missing the center of the foil, or if neutron or gamma 
ray background was causing activity in the foils, side 
foils were irradiated inside the Faraday cage but out 
of the electron beam which showed no net count. Also 
a foil exposed in the usual way had a j-in. hole punched 
out of its center after irradiation and the remaining 
area showed a negligible count over cosmic ray back- 
ground. 

The activity in the entrance and exit detector foils 
were counted simultaneously between two pairs of 
Geiger counters during the intervals 2-6 and 7-13 
minutes after the end of the irradiation. Foils were 
interchanged during the 6-7 minute interval so as to 
eliminate a small difference in counting efficiency of the 
pairs of counters. 

The average counting efficiency of this arrangement 
was established at two energies by the comparison of 
the count of the Geiger counters on the exit foil, with 
the simultaneous count of the entrance foil in a 4r 
scintillation counter (foil sandwiched between two 
anthracene crystals), due account being taken of the 
measured ratio of exit activity to entrance activity. 

The counting efficiency of the pairs of Geiger counters 
relative to the 4r counter was found to be nearly 55 
percent. 

Since the 55% measured counting efficiency was felt 
to be high by comparison with the 25-30% (estimated) 
geometrical solid angle covered by the counters, further 
tests were made with a Sr-Y” source. This source con- 
sisted of a spot (} in. in diameter) of activity between 
two 0.002 in. copper foils of the same size and served as 
a counting standard for the Geiger counters. The total 
rate at which electrons emerged from this source was 
determined by means of the 47 scintillation counter as 
well as by a 2% gas proportional counter. The efficiency 
of the pairs of Geiger counters using this Sr-Y™ source 
was found to agree with that using Cu® sources. 

It was found that the measured angular distribution 
was nearly of the form cos@ where @ is measured from 
the normal to the plane of foil. This distribution, 
attributed to multiple scattering in the copper, was 
quantitatively sufficient to explain the observed Geiger 
counter efficiency. 

In determining the absolute energy scale, we rely on 
a Cu® (y,m) threshold taken with thick gold radiators 
and thick copper detectors. The energy calibration in 
the region required for the interpretation of this experi- 
ment is based essentially upon the copper threshold 
which was taken to be 10.62 Mev, consistent with 
previous magnetic calibrations of the electron beam at 
9.60 and 15.70 Mev* but perhaps somewhat lower than 
indicated by recent measurements elsewhere.*? Small 


* Goldwasser, Mills, and Hanson, Phys. Rev. 88, 1137 (1952). 
*M. Birnbaum, Phys. Rev. 93, 146 (1954). 
7 Recent comparisons of the Cu®(y,») threshold with the 
N™(y,”) and F"(y,s) thresholds at Saskatoon indicated a value 
of 10.72 Mev. Katz, Penfold, and Spicer (private communication) . 
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changes in this threshold serve only to move the energy 
scale of Figs. 3, 4, and 5 by a corresponding amount. 

Since we intended to analyze the data using the 
photon difference method of analysis, we undertook to 
reduce the effects of energy scale drift by taking con- 
secutively, alternating points (i.e., those 1 Mev apart) 
with frequent reversal of direction of traversal of the 
activation curve to fill in the intermediate points. 
Such a typical sequence of runs might be 17, 18, 19, 20, 
20.5, 19.5, 18.5, 17.5, 16.5, 17 Mev for example. In all, 
two sets of about fifty runs each, taken three months 
apart, were combined to give the final data, 

The observed count in each run was corrected for the 
observed background, dead time losses, and the decay 
of the Cu® activity. Initially the Cu® half-life was 
taken to be 10.0 minutes. In the subsequent analysis 
the half-life obtained from the observed ratio of the 
counts in the 2-6 minute periods to that in the 7-13 
minute periods was 9.55+0.15 minutes. This shorter 
half-life was at first attributed to a small amount of the 
5 minute neutron induced Cu" activity but this seemed 
to be excluded by the negative results with foils placed 
just out of the beam. This shorter half-life is in qualita- 
tive agreement with half-life of 9.734.0.02 minutes 
reported by Berman and Brown.‘ 

The absolute value of the cross section reported here 
is corrected to the observed half-life but nearly the 
same cross section is obtained by assuming a 10-minute 
period and enough 5-minute activity to account for 
the shorter period. 

A further correction to the observed absolute count 
as measured by the scintillation counter arises from the 
self-absorption of the positrons in the copper sample. 
This absorption can be estimated as 74% by the 
exponential approximation used by Baker and Katz* to 
fit their measurements on Cu foils up to 20 mil thick. 
However, measurements carried out on 4 mil to 2 mil 
foils specifically for this purpose led to a 4% absorption 
in the 2 mil foil which was used in this work. Subsequent 
calculations based on the two group diffusion theory of 
Bethe, Rose, and Smith using the positron energy 
spectrum of Cu® indicated an even lower absorption 
of 2.5%.* This correction is not very sensitive to the 
minimum energy of positrons detected by the scintilla- 
tion counter which was estimated to be 70 kev. The 
loss of positrons below this energy could introduce an 
error of less than 0.2% in the counter efficiency. 

In a typical run the betatron was operated at 19.44 
Mev and the charge remaining on the shunted condenser 
after the 10-minute irradiation was 1 microcoulomb. 
The two mil (46.9 mg/cm*) entrance foil inserted 
between the two anthracene crystals gave a net count 
of 72 140 in the interval between 2 and 6 minutes after 
the end of the irradiation. This would be 21.1% of the 
total count on the basis of a 10-minute half-life. This 
observed activity in the entrance foil is a mixture of 


*R. G. Baker and L. Katz, Nucleonics 11, 14 (1953). 
*M. B. Scott (unpublished report). 
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electron and bremsstrahlung induced activity which 
can be separated by the use of the activity of the exit 
foil. In this example the electron produced activity is 
0.890 of total activity of the entrance foil. A discussion 
of this analysis is found in the next section, 


ANALYSIS OF DATA 


Since the entrance and exit foils are behind different 
thicknesses of material, the ratio of the (y,m) activity 
A, to the electrodisintegration activity A, will be 
different in the two foils. The measured values of the 
activity of the entrance and exit foils, Ag and A, 
respectively, can thus be used to separate A, and A,. 
In order to do this accurately, however, it is necessary 
to allow for the energy loss and straggling of the elec- 
trons in the foil stack since the activities are strongly 
energy dependent. 

For a given incident energy Eo, the electrodisintegra- 
tion activity A,(Zo,x) at a depth x was calculated in 
terms of a linear attenuation coefficient &(£) as defined 
by the relation, 


A,(Eo,x) = A.(Eo,0)[1—k(Eo)x ] 


Ey 


-f A E)P(x,Eo,E)dE, (1) 
Et 


where £, is the (y,) threshold energy, E is the energy 
of an electron at a depth x whose incident energy was Ep. 
A,(Eo,0) or A,(E) is the measured electrodisintegration 
activity per unit thickness as obtained from the activity 
in the entrance foil extrapolated to zero thickness. 
P(x,Eo,E) is the probability of finding an electron at a 
depth x having an energy £ in a small unit energy 
interval. Since the energy loss distribution at a depth x 
can be represented by a group around the most probable 
energy loss having an half-width at half-maximum of 
about 0.1 of the energy loss, it was found unnecessary 
to calculate the effect of this distribution near the most 
probable energy in detail. On the other hand it was 
found that it was necessary to consider large individual 
energy losses arising from production of bremsstrahlung 
and from electron-electron collisions. The function P 
was therefore taken to be, 


B, C 
P(x,Eo,E) =a( Bet + ) (2) 
E,-E (E,-—E£E)* 


The first two terms in the Eq. (2) represent the 
radiation straggling based on a trapezoidal approxi- 
mation to the bremsstrahlung intensity curve. The 
third term is the familiar energy loss distribution 
associated with Rutherford scattering. P(x,Z»,Z) is 
taken as zero for energies E greater than a cutoff energy 
(E,—E.). This cutoff energy is chosen so that the 
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found by assuming all electrons lost the average total energy loss 
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average energy loss calculated by the relation 


gives the correct average total energy loss in a thick- 
ness x. a is chosen to normalize P to one electron. 
Bo, By, C and 1/a are approximately proportional to x. 
1,(Eo,0 


to permit analytic integration of Eq. (1 


The activity was expressed in the form 
a(E—E,)* 


and (3). a;, E; 
experimental curve of dA,/dE against E. Values of n;, 


and nm, are chosen to fit segments of an 


used were 2, 14, 1, and 4, and the segments were joined 
to make A, and dA,/dE continuous. 

The calculated values of & for a unit thickness of 
4 mils (nominal) or 93.8 mg/cm? are shown as circles 
in Fig. 2, together with values of k based upon the mean 
energy loss and the derivative dA,/dE. It is clear from 
the figure that the use of the mean energy loss (neglect 
of straggling) is a poor approximation near the 
threshold. 

In the linear approximation the activity per unit 


thickness due to electrodisintegration is 


dA,/dx= (1—kx)A,(Eo,0). (4) 


Since the photodisintegration activity arises from 
bremsstrahlung produced at all depths from 0 to x, 
the effective depth is just x/2 and the photon induced 


activity can be expressed as 


dA ,/dx=(1— (kx/2) jxg(Eo,0)A,(Eo,0), (5) 
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where g(Eo,0) is ratio of the photodisintegration activity 
behind a unit thickness to the electrodisintegration 
activity. In terms of these relations the activity in the 
entrance and exit foils are 


‘ “dA, dA, 
Adla)= f (+ as 
9 dx dx 
g—k_ gkt* 
-(1+5 t-—— )a.(te 
2 6 
T+2 “1dA, dA, 
seemife Coney 
T+t dx dx 


g—k 
=|1+ 
2 


gk 
——(7P?+97+3T?) | A.(Eoy, 
6 


(3t+-2T) 


where ¢ is the thickness of the detector foils and T is 
the thickness of the radiator foil. These two equations 
are solved for the unknowns A, and g. The activity due 
to electrodisintegration per unit thickness is 


Aol Eo) 
A,( E>») = 
(g—k)t 
1+ _ 


2 6 


An idea of the importance of the various terms is 
gained by noting that for thickness in units of 4 mils 
t, T, g, and k have magnitudes of 0.5, 5, 0.5, and 0.1, 
respectively. 

The (y,#) activity per unit thickness squared is 


k 
1 ,( Eo) = g( Eo) A.( Eo) = Nx -f oalyndE,, (9) 


where @ is the radiation cross section of Bethe-Heitler 
for a thin target. The cross section for electrodisintegra- 
tion is simply A,/ Vou", while o(y,") can be found from 
the equation above by the usual photon difference 
method.” The appropriate radiation spectrum for this 
purpose is one integrated over angle and normalized to 
one electron. 

In order to determine the mode by which the nucleus 
is excited (namely electric dipole, magnetic dipole or 
electric quadrupole modes),'! Blair pointed out that it 
is convenient to form the ratio 


A, 
I ini ices hastens, 
ene ANrvZ(Z+1) 
” L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
“J. S. Blair, Phys. Rev. 75, 907 (1949). 
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This ratio as averaged over the observed o(y,) for 
Cu® has been calculated and is presented in the work 
of Brown and Wilson.’ Their calculation has been 
extended to lower energies in the present work. The 
value of F in terms of the quantities previously defined 
is simply F = 16.28g, where g is the corrected ratio for 
a thickness of 93.8 mg/cm*. 


RESULTS AND DISCUSSION 


In the simplest approximation of no energy loss the 
difference between the activity in the exit foil and the 
entrance foil is simply that produced by bremsstrahlung 
generated in the entrance and radiator foils. In order 
to obtain sufficient bremsstrahlung produced activity 
for accurate analysis it was necessary to use a radiator 
about 10 mils thick. In this case the corrections for 
energy loss are rather large and it is important that 
these be made accurately. The ratio of the observed 
activity in the exit foil to that in the entrance foil is 
shown in Fig. 3. The upper set of corrected points 
assumes all electrons in the material lose energy uni- 
formly and that the energy at any depth in the foil is 
just the initial energy reduced by the average total 
energy loss due to ionization and radiation. The upper 
straight line and the open circles in the figure represent 
the same ratio after correcting for the energy loss in 
the material using the energy loss spectrum in the 
manner previously described. It is apparent that the 


points near threshold are particularly sensitive to 
different treatments of the energy loss. The normalized 
ratio of A, to A, is shown as F in Fig. 4. It can be seen 
that this ratio at 21 Mev is not very sensitive to the 
manner in which the energy loss correction is made. 
The values observed are reasonably consistent with the 





*— UNCORRECTED DATA 
<— CORRECTED USING TOTAL 











ELECTRON KINETIC ENERGY (MEV) 


Fic. 3. Ratios of the activities in the exit foils to those in the 
entrance foils. The crosses represent the ratios as corrected 
assuming all electrons lost the average total energy loss. 
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Fic. 4. Experimental values of F as obtained from the corrected 
values of the exit to entrance ratio. The two crosses are taken 
from the data which were corrected on the basis of the uniform 
energy loss used in Fig. 3. The solid lines represent the theoretical 
values of F for excitation of electric dipole, magnetic dipole, and 
electric quadrupole modes respectively. 


extrapolation of those found by Brown and Wilson. 
As pointed out by them the experimental points lie 
closest to the theoretical values for magnetic dipole 
mode of absorption, but that it is more likely that these 
results point to a small admixture of electric quadrupole 
absorption with the predominant giant electric dipole 
resonance. Although it would be of interest to look for 
a change in the ratio at energies below the giant reso- 
nance, pointing more specifically to the type of inter- 
action which is predominant in that region, it is un- 
fortunate that the ratio is not sensitive to the mode of 
excitation in this region. It is also the region in which 
experimental measurements as well as the theoretical 
calculations are most unreliable. 

The electrodisintegration cross section is determined 
with good accuracy since it depends largely on the 
activity in the first foil. This cross section is shown as 
curve 1 of Fig. 5. 

The photodisintegration cross section is obtained 
from the corrected photon induced activity A, by the 
photon difference method. This photon-induced activity 
is proportional to the product of o(e,e’n) and F as 
shown in Fig. 4. Since F does not vary much in the 
energy region used in this work it is interesting to note 
that in the region around 20 Mev o(e,e’n) also represents 
the photon induced activity behind 0.175 g/cm’ of 
copper. When increased to represent the corrected 
activity behind 0.3325 g/cm* as used by BB we get 
good agreement with the value of 3.3 10~* indicated 
in Fig. 4 of their paper. 

The photoneutron cross section is obtained from the 
activity A, by the photon difference method using the 
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section includes the following corrections in addition to 
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those for energv loss: (1) photon absorption in the 
stack (+1%), (2) multiple scattering in the stack 


2%), (3) Cu® K capture transitions not detected in 


scintillation counter (+2%), (4) extrapolation of total 


count to zero thickness from 0.002 inch (+4). The 
extraction of the electron beam became less reliable at 
higher energies so one cannot be very certain of the 
accuracy of the cross section at energies above 19 Mev. 

It does appear to be significant that the photo- 
neutron cross section is somewhat smaller and narrower 
than obtained by the earlier work using the x-ray beams. 
The maximum of 80 mb is less than values around 
100 mb obtained in such work.”-#-'* It is however, in 
better agreement with values around 85 mb obtained 
with 17.6-Mev rays 
at 20 Mev is 0.41 Mev barn as compared to 0.6 and 


16.17 The integral of the cross section 
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greater,’* but this work is not particularly suited for 
the determination of this integral because of the low 
maximum energy available. BB obtain a value of 0.55 
Mev barn for the integrated cross section up to 34 Mev 
which also is below that measured previously. Their 
value of this integral can be obtained from the activity 
at the high energy without a detailed knowledge of the 
shape of the cross section and should therefore be more 
reliable than most previous values. Thus the lower 
maximum cross section found in this work and the 
lower integrated cross section found by BB agree that 
the previously measured cross sections are high by 
more than 10%. 

A discrepancy of the order of 10% in the absolute 
cross section could arise from systematic errors in the 
measurement of the photon flux by means of ionization 
chambers.'* It could also be that the discrepancy arises 
in the determination of the total number of active 
atoms produced. The latest measurements made use of 
scintillation counters which completely enclose the foils. 
These techniques reduce many of the systematic errors 
which arise in determining the effective solid angle and 
in correcting for absorption and scattering in the sample. 
In the present work the main sources of error are those 
associated with the absolute measurement of charge 
with the Faraday cage, the determination of the 
absolute counting rates, and the determination of F. 
These errors are estimated to be 3% in each case yield- 
ing an over-all estimated error of about 5%. 


SUMMARY 


The electrodisintegration cross section and the photo- 
disintegration cross section have been determined in the 
energy range of 12 to 20 Mev. The maximum value of 
the (y,m) cross section is about 20° lower than that 
obtained earlier with x-ray beams. The ratio of photon 
induced activity to electron induced activity was found 
to be 5 to 10% above that predicted for a magnetic 
dipole excitation in agreement with the trend of previous 
work at higher energies. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the cooperation of 
T. J. Keegan in setting up and operating the betatron 
and the associated electron beam equipment. Han Sah 
was particularly helpful in the analysis of the first run 
and in the making of many of the measurements of the 
counter efficiency. We express our thanks to 
Dr..J. S. Laughlin of Memorial Hospital in New York 
City who made a permendur peeler available to us 
during this period. 


1 
aiso 


‘8 These questions have been discussed by L. D. Marinelli, 


Ann. Rev. Nuc. Sci. 3, 249 (1953). 





PHYSICAL REVIEW 


VOLUME 100, 


NUMBER 1 OCTOBER 1, 19585 


Alpha-Alpha Angular Correlations in B"(p,««)He‘t* 


E. H. Gerr,t E. B. Netson, anp E. A. Wouicx1f 
State University of Iowa, Iowa City, Towa 
(Received June 16, 1955) 


The angular correlation in the reaction B"(p,aa)He* has been measured between the alpha particle emitted 
from C®# and one of the break-up alpha particles from Be*. The measurement was made in a plane at 90 
degrees to the proton beam with bombarding energies of 163 and 290 kev. Thin targets of natural boron were 
used, and the alpha particles detected with thin scintillation counters. The theoretical correlation functions 
in the laboratory system were obtained by a numerical integration of the center-of-mass angular correlation 
functions over the 2.9-Mev level in Be’. The probability for decay of the C™ state was assumed to have the 
same energy dependence for different angular momenta of the emitted alpha particle. This energy variation 
was obtained from the energy spectrum of the alpha particles. Using the two lowest values of angular mo- 
mentum for the first alpha particle, the 163-kev data were found to be consistent with a 2+ state in C, 
and 2+ but not 0+ or 4+ in Be*. The data at 290 kev are not consistent with a pure state of spin 1— or 2— 
or 3+ in C®. They are in agreement with a pure state of 2+ or with a superposition of states at this energy. 


INTRODUCTION 


HE excited states in C® produced by the proton 
bombardment! of B" decay primarily by alpha 
emission to the first excited state of Be*. This state 
immediately breaks up into two more alpha particles 
whose maximum energy in the laboratory system is 
about the same as that of the first alpha particle. The 
energy relations between the states under consideration 
are shown in Fig. 1. The alpha particle which results 
from the decay of C" will be called a;, the more energetic 
of the Be® break-up alpha particles will be called ae, 
and the remaining one a3. The comparison of the 
experimental curves with the theoretical correlation 
functions calculated under different assumptions for 
the spins and angular momenta will be expected to 
yield information about the first excited state in Be* 
and the compound states in C®. 
Any state in Be* which breaks up into two alpha par- 
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Fic. 1. Energy relationships in the reaction B"(p,a)Het 
Energies are plotted vertically in Mev, with the ground state of 
C" taken as zero 
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ticles must have both even spin andeven parity. The spins 
and relative energies of the lower levels can be predicted 
from an alpha particle model bv analogy with the 
molecular rigid rotator. Inglis’ suggests that the first 
excited state at 2.9 Mev may be described by a mixture 
of central- and alpha-model wave functions, with the 
latter providing the state with its unusually large 
width. In either case, the spin of the first excited state 
is predicted to be 2. The experimental determination 
of the spin of this level has not been easy. Alpha-alpha 
scattering experiments at present show a gap in just 
this energy region.‘ Telegdi,’ studying the photo- 
disintegration of C" in photographic emulsions, 
observed the energy spectrum of the alpha particles. 
Using only the lowest possible values of angular 
momentum for the first alpha particle, he found his 
spectrum consistent with equal parts of electric quad- 
rupole and magnetic dipole absorption and a spin of 2 
but not 0 for the first excited state in Be*. Treacy® has 
measured the energy spectrum of alpha particles from 
the reaction B'(d,a)Be*® and computed the expected 
spectra for spins 0 and 2. The experimental spectrum 
was in better agreement with the curve for a spin of 2. 
A recent experiment’ by Hanna, LaVier, and Class 
finds that the beta-alpha angular correlation from Li* 
through the 2.9-Mev level is isotropic for electron 
energies from 1 to 10 Mev. If, as is usually supposed, 
the spin of Li® is 2, then the spin of the state in Be* 
must be either 0 or 2. However, this experiment is 
consistent with a Be* spin of 4 and a Li® spin of 3. 

The levels in C* will be designated by the proton 
energy needed to produce them by bombarding B". 
The 5 kev wide resonance at 163 kev yields alpha 
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transitions* to the ground and first excited states of 
Be*® as well as gamma rays’ in C”. A study” of the 
angular distribution of the alpha particles to the ground 
state of Be* indicates that the compound state in C” 
corresponding to the 163-kev proton resonance has a 
spin of 2 with even parity. This is in agreement with 
the angular correlation" of the 11.7- and 4.4-Mev 
gamma rays. The variation of the asymmetry of the 
alpha angular distribution with bombarding energy is 
explained by interference with a weak state of odd 
parity and spin 1. The yield of long range alpha particles 
has a very broad resonance at 1.4 Mev which pre- 
sumably contributes this background. 

The width of the resonance at 675 kev allows one” 
to place an upper limit of 1 on the proton angular 
momentum. Since the ground state of B" has a spin 
of ; 
ground state of Be* or 16-Mev gamma rays are observed, 


and odd parity, and no alpha particles to the 
certain restrictions can be placed on the values of spin 
and parity for this state. If the state is formed by 
s-wave protons, states of 1— or 2— are possible. 1— 
would provide both 12- and 16-Mev gamma rays by £1 
transitions, contrary to the observations. If the state 
is formed by p-wave protons, states of 0+, 1+, 2+, or 
3+ would be possible. The anisotropy of the gamma 
rays eliminates 0+. M1 transitions from a 1+ state 
could occur to either the 0+ ground state or the 2+ 
first excited state of C. 2+ would yield alpha particles 
to the ground state of Be’. 

The angular distributions of gamma rays" and alpha 
particles in the region above 675 kev show an asym- 
metry about 90 degrees to the proton beam which is 
approximately constant as a function of proton energy. 
French explains this on the assumption that the 675-kev 
and 1.4-Mev states are both formed by s-wave capture, 
and that there is interference with an even parity level 
at 2.6 Mev, whose contribution will be nearly constant 
over the range of energies observed. Recent work at 
Glasgow,'* however, on the gamma-ray angular distri- 
butions using only one multipole is best explained on 
the for the 675-kev state. This 


assumption of 2+ 


possibility is usually not considered because of the 


absence of alpha-particle transitions to the ground 


state of Be*, but the authors point out that, if one 
assumes the same ratio of ground state to first excited 
state transitions as in the case of the 163-kev resonance, 


the ground state group would be weaker than the 
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observed limits. Table I shows a compilation !:!*-3.15.16 
of the known characteristics of these resonances in C”. 
In the past few years, several investigators have 
found indications of states in Be*® other than the one 
at 2.9 Mev with excitation less than 6 Mev. Malm 
and Inglis'? and Titterton'® have discussed their 
existence. The observations by Malm and Inglis on 
the energy spectrum of alpha particles from B"(p,a)Be® 
at two different bombarding energies have been care- 
fully made with magnetic analysis and show no indi- 
cation of the disputed levels. Since this is the same 
reaction as is being studied here, it is assumed that the 
contributions of other states, if they exist, are negligible 
in comparison with the contribution from the state of 
2.9 Mev. 


PLAN OF THE EXPERIMENT 


In the measurement of an angular correlation, two 

detectors observe the cascade radiations from a decaying 
source. In this experiment, the source is made by the 
bombardment of a boron target by protons. The 
direction relative to the target of one of the scintillation 
detectors was fixed at 90 degrees to the proton beam. 
The other detector was constrained to move in a plane 
at 90 degrees to the beam and with an angle ¢ between 
its direction and that of the first counter. The coin- 
cidence counting rate C(¢) between these two detectors 
does not give the angular correlation function W(@) 
directly. C(@) depends also on the number of reactions 
produced per second, n, the solid angles of the counters 
dQ, and dQ., and their efficiencies, €, and €2: 
(1) 
The efficiencies can be measured as a function of the 
energy of the alpha particles. The magnitudes of the 
solid angles in the center-of-mass system are related to 
the alpha particle energies, and the transformation to 
the laboratory system can be calculated. Although the 
actual number of reactions, n, is not known, in practice 
the coincidence counting rate is normalized to a fixed 
number of monitor counts, and the proportionality 
factor remains as a parameter. 

In the reaction B"(p,aa)He', there are two successive 
processes. In the first, the emission of an alpha particle 


C(¢)= ne€,€2d2,d2.W (ob ‘R 
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from the excited C" gives the daughter Be* nucleus 
a momentum equal and opposite to that of the alpha 
particle, and one third of the energy of the disinte- 
gration process appears in the recoil motion. Figure 2 
is a diagram of the velocities involved in these processes. 
A lower limit on the angle between the detectors is set 
by the fact that below about 130 degrees in the labora- 
tory it becomes energetically possible to detect coin- 
cidences between a» and a3. For angles of 130 degrees or 
greater, no confusion will arise in interpreting all of 
the coincidences observed as between the first alpha 
particle and the more energetic of the break-up particles. 

Thin targets of natural boron on thin backings were 
used so that the alpha particles could be observed both 
from the face of the target and through the back of the 
target with little loss in energy. The counters moved in 
the plane normal to the proton beam, so that the 
maximum angle between them was 180 degrees. The 
counters were made as nearly identical as possible. 
Thus each of the two correlated alpha particles could 
be detected in either of the detectors with equal 
probability, and the observed coincidence counting 
rate was simply twice as large at all angles as it would 





Fic. 2. Velocity diagram for the process 
C" — Be™* +a; Be** — az:+Het*. 


have been had each counter been able to detect only 
one of the two particles. 


EXPERIMENTAL APPARATUS 


The measurement of the angular correlation was 
performed using the State University of Iowa Cock- 
croft-Walton accelerator. Figure 3 shows the target 
chamber. It is shaped like a pillbox, with the beam 
entering through a hole in one face. This half of the 
chamber is bolted on the machine, and the fixed counter 
is a part of it. The movable counter is a part of the 
other half of the chamber, which rotates on the first. 
The thin target used in this experiment is represented 
by the diagonal line in the center of the chamber. 
Its face is at 45 degrees to the incident beam and to the 
movable counter. As the movable counter rotates 
through 50 degrees, the fixed counter views the target 
face at an angle varying from +25 degrees to —25 
degrees. The counting rate from a polonium alpha 
source placed at the center of the chamber showed no 
asymmetry as the movable counter was rotated. 

The backings for the boron targets were prepared by 
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Fic. 3. Target chamber 
used in the alpha-alpha an 
gular correlation experi- 
ment. 








evaporating about 10 yg/cm* of aluminum on thin 
zapon films. The boron evaporated on the aluminum 
had about 5-kev stopping power for the protons used, 
as determined from the width of the yield curve of the 
resonance at 163-kev bombarding energy. 

The alpha particles were detected by thin Nal 
flakes. These were connected to RCA 5819 photo- 
multiplier tubes by Lucite light pipes, about six inches 
long and half an inch in diameter. The apertures in 
front of the crystals were quarter inch diameter holes 
in brass caps. The holes were covered with 25-microinch 
nickel foils in order to stop the protons scattered from 
the target. The foils placed a lower limit of 1 Mev on 
the energy of the alpha particles detectable by the 
system. The photomultipliers were selected for low 
noise level. 

The efficiency of the detectors as a function of energy 
was measured with alpha particles from a polonium 
source. The energy of the alpha particles was reduced 
by weighed nickel and aluminum foils. The energy 
loss was computed from the proton data for dE/dx in 
aluminum and copper, assuming doubly charged 
helium ions. Figure 4 shows the foil holder. The six 
foils were placed as close as possible to the detectors in 
order that the effect of multiple scattering should be a 
minimum. The two counters were found to have similar 
efficiencies and an energy resolution of about 20 


Fic. 4. Foil holder used 
in determining the effi- 
ciency of the detectors as a 
function of alpha-particle 
energy 
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SUMMARY OF DATA 
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alpha particles from the reaction 


The yield of 
B" (p,aa)He* was measured as a function of bombarding 


energy and found to be in substantial agreement with 
the more accurate measurements of von Ubisch.® 
6 the 


and 7 show relative coincidence 


Figures 
counting rates as a function of the laboratory angle 
between the counters for the two proton bombarding 
energies used: 163 and 290 kev. These numbers were 
} 


obtained by dividing the number of coincidences minus 


the estimated number of accidentals by the number of 
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At 163 kev, a typical counting rate in the individual 
channels was about 15 per second. The maximum 
coincidence counting rate was about 7 per hundred 
seconds, and the accidental rate was negligible. At 
290 kev, the individual channels had rates between 
80 and 130 counts per second, and the accidental rate 
measured by inserting a four microsecond delay line 
in one of the channels was found to agree with that 
calculated from the counting rates and the resolving 
time of the coincidence circuit. 


THEORY 


The theoretical expression for the angular correlation 
function is, apart from constant factors, the transition 
probability from the initial state, consisting of a boron 
nucleus and a proton approaching it with momentum 
p and spin i, to the final state, consisting of a helium 
nucleus and the two emitted alpha particles. Table II 
shows the symbols used in the following discussion. 
The j and m symbols refer to the spins and magnetic 


quantum numbers of the nuclear states, and the L 
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and yw symbols refer to the total angular momentum 
and magnetic quantum numbers of the absorbed or 
emitted particles. The channel spin s is the vector 
sum of the spins of the boron nucleus and the incident 
proton. Under the Bohr compound-nucleus assumption, 
the matrix D for the whole transition may be expressed 
as the product of three independent transformation 
matrices, A, B, and C. These correspond, respectively, to 
the the compound C” nucleus, of the 
with the first alpha particle emitted 
into a solid angle Q;, and of the final state with the 
second alpha particle emitted into a solid angle Qe. 
The wave function of the final state is now: 


formation of 
intermediate state 


(jam2Q2.2, | D! jmps) 
= (jymQ2,|C! j,9;) (71:2! B! forme) (joe! Al jmps). (2) 


The axis of quantization wili be chosen to be along 
the direction of the proton beam, and thus the polar 
angle @ of both counters will be 90 degrees. The direction 
of emission of the first alpha particle is chosen as the 
axis from which the azimuthal angle ¢ is measured, so 
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TABLE II. Symbols used in the theoretical] discussion. 














BY + proton Cus a + Be* 
jm i,t} Jo,mo 0 jim 0 jum 


5 Lin 


that the angle between the counters is given by the 
azimuthal angle of the second alpha particle. The 
dependence of the nuclear matrix elements on the 
direction of emission of the alpha particles may be 
expressed in spherical harmonics, Y,*, with the 
dependence on magnetic quantum numbers appearing 
in Clebsch-Gordan coefficients. 

For the formation of the compound nucleus in C®, 
(jomo! Al jmps) => (j} mi! smo)A(jojs) 


x (LsOmy Jomo) (LsOmy| ps). (3) 


Here A(jojs) is the reduced matrix element, and the 
magnetic quantum number of the orbital angular 
momentum of the incident protons is zero because of the 
choice of the axis of quantization. We only consider 
the lowest possible value of angular momentum for the 
formation of the state. For this geometry, (/sOmpo| ps), 
apart from constant factors, reduces to (2/+1)!. 
For the second transition, 


( jym,Q,| B| forme) 


= PS VrA(Q; \(frLiamyyy Jomo) Bi Jojrl > (4) 
and for the breakup of Be’, 
(jomaQe| C| jm) 

=> V171(Q2) (joLemous| jim IC(jijele i Oe 


In this case, the spin 72 of He* is zero, so the Clebsch- 
Gordan coefficient reduces to 1. 
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In the following we will assume that j, j:, 72, and ZL» 
are constant, so that terms involving only them, such 
as C(j,j2L2), will be common to all terms of the sum- 
mation. All such factors will have no effect on the 
angular correlation, and will be discarded. The final 
state wave function is now 

= > (2U+-1)'¥ nes (Qe) V 11 (Q;) (Lol somes! jommo) 

X (LsOmo| jomo)( j}mi| smo)A(sjo)B( fol). (6) 


Table III presents the computed angular correlation 
functions in the center of mass for each set of conditions 
considered. @ is the angle between the detectors. The 
value of m indicates the power of cos@ by which the 
sum of all the terms indicated in the row to the right 
is to be multiplied. Each numerical coefficient is to 
be multiplied by the variable in whose column it occurs. 
For example, in the case of spin 2— in C® and 2+ in 
Be®, the angular correlation is 


W (¢) = 1+-0.25B?+ B cos8+ cos*¢(— 1+3.5B? 
— 6B cos8)+cos'¢(— 3.75B°+-5B cosp). 


The only unknown quantities are the values of the 
matrix elements for the decay of C"* for different 
angular momenta of the first alpha particle. The ratio 
of the squares of the reduced matrix elements 
A(2)/A(1)|? for values of the channel spin equal 
to 1 and 2 at the 163-kev resonance has been measured 
to be 0.42+0.02 by Thomson et al.” We define 
Be®=B(L+2)/B(L) where L is the lowest value of 
angular momentum possible for the first alpha particle, 
and @ is the difference in phase between the two partial 
waves. Similarly, if three values of angular momentum 
are possible, Ce’ = B(L+4)/B(ZL). 


TaBLe III. Theoretical angular correlation functions. 
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8 0 +-72030/11 0 +46305/88 0 ~ (15435/11)7# 
a. @ 49 0 0 +12705/352 +-(231/4)(35/22)8 0 

2 10 +810/11 —414(10/11)4 — 2940/352 — (8691 /4)(35/22)) +- (7965 /44)7* 
4 105 — 3780/11 + 1596(10/11 +83790/352 + (49959/4)(35/22)4 ~ (§4495/44)7* 
6 0 +4410/11 ~ 1470(10/11)4 — 202860/352 — (89145 /4)(35/22)) + (114975/44)7* 
8 0 0 0 + 169785/352 + (48510/4)(35/22)) — (72765/44)7' 

2 2 Ss 2 © 1 + 0.25 +1 
2 we 4 35 —6 
4 0 — 3.75 +5 

3 2 am. 2.6 + 10 +4 +8(5/2)4 
2 + O8 —48 —90(5/2)4 
4 — 108 +44 +82(5/2) 

1 2 is. &:.8 + 2 + 3 —2(6) 
2 + 6 — 6 +24(6)8 
4 0 +15 — (6) 
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- 
Alpha Energy in Mev 
Fic. & Energy spectrum of alpha partic les from B"(p.ac He* 
measured by Whaling showing continuum subtraction and division 
of the level into five parts. 4 is the ratio of the displacement in 








widt 


itn 


level to the half at half 
f the histograms are centered at 6=0,+1, 


from the center of the 
maximum. The sections 


and +2; their height 


energy 

$s are proportional to the area under the 

experimental curve between the vertical lines 

absorbed all of the 
he penetrability 

for different values of angular momentum of the alpha 


the alpha particle wave 


These transition matrices have 


energy dependent factors including t 
particles, and the phases of 
functions in a Coulomb field. A theoretical calculation 
of these energy dependences is made particularly 
difficult in this case because the nuclear potential seen 
by an alpha particle decaying from C® is not a simple 
and it does 


square well, not have a unique radius. 


The next section will be concerned with the problems 
which arise from the fact that the level in Be? is not in 
fact a sharp level as has been assumed in this section. 
In general, it will be expected that the parameters 
B, C, cos8, and cosy will vary with the energy of the 
first alpha particle as it decays to the different parts 
of the 2.9-Mev level. For the purpose of this discussion, 
it has been assumed that this variation can be neglected, 
and the matrix elements can be considered as constant 


" 


unknowns in the analysis. 


COMPUTATIONS 


The correlation function observed in the laboratory 
of 
because of the large motion of the recoiling Be*® nucleus” 


differs from that computed in the center mass 
(see Fig. 2). This causes both the angle between the 
alpha particles and the differential solid angle into 
which the second alpha particle is emitted to be trans- 
and solid angle in the 
laboratory. If the level in Be* were sharp, this corre- 


spondence would The observed correlation 


formed into a different angle 


be unique 
is due to contributions from the various parts of the 
broad level, and it was necessary to make a numerical! 
integration before obtaining a theoretical curve which 
could be compared with the experimental results. At 
the time when these analyses were first being made, 

® These relationships have also been computed by H. Glattli 
Nuovo cimento 12, 174 (1954 
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Whaling’s” data on the energy spectrum from the 
reaction B"(p,aa)He* at 1 Mev were the only ones 
available. Since subsequent measurements at similar 
or lower bombarding energies are in substantial agree- 
ment with them, his data have been used here. Measure- 
ments at higher energies show proportionately more 
background from the simultaneous breakup of C” 
into three alpha particles. Whaling’s alpha-particle 
spectrum, shown in Fig. 8, has a narrow peak due to 
transitions to the ground state of Be*, which is much 
more prominent at his bombarding energy than at those 
used in this experiment. The broad peak is due to the 
state at 2.9 Mev and is superimposed on the continuum 
of break-up alpha particles. The exact shape of their 
spectrum will depend on the angular correlation as well 
as the smearing due to the level width. For the purpose 
of this analysis, a constant background up to the 
maximum az energy was subtracted under the peak. 
It is recognized that the amount subtracted was too 
small, since for every a, there are two break-up particles. 
This approximation thus probably gives undue promi- 
nence to the center of the level. The level shape, thus 
determined, was further approximated by a histogram 
in five sections. These were labeled by 6, which is the 
ratio of the displacement in energy from the center of 
the level the half-width at half-maximum. The 
sections were centered at 6=0, +1, and +2. A graph 
of this division is shown in Fig. 8. 

The correlation observed in the laboratory results 
from an integration over the contributions from the 
whole level. If C(@’) is the a;—az coincidence counting 
rate in the laboratory per unit solid angle in both 
counters, and wy, is the weight of the part of the level 
labeled by 4, then, 


to 


C(¢’)dQ,dQ,’ = ne,dQy>_s€2(d5 QW (5 ws. (7) 
Note that e,; and dQ, are the same in the center-of-mass 
and laboratory systems since the C® nucleus is nearly 
at rest. W(@) are the center-of-mass angular correlation 
functions which appear in Table ITI. 


dQs( ds) 


C(¢’) ne1>_ €2(ds) 


_€ 
const), 


Ww 
Wid), (8) 
/ 


x W (d Ws 


where f is the ratio of differential solid angle in the 
laboratory to that in the center of mass. Negligible 
error is introduced if the efficiency for detection of the 
first alpha particle is taken to be one. The second alpha 
particle changes energy so rapidly that it virtually 
cannot be observed for center-of-mass angles less than 
90 degrees, correspending to about 130 degrees in the 
laboratory. The energy of a; was computed as a function 
of the laboratory angle between a, and a3, and it was 





C. W. Li and W. Whaling, Phys. Rev. 81, 661 (1951); and 
W. Whaling, private communication. 

















a a 


found that observable coincidences between a: and 
a; will occur only at 130 degrees and then only for 
transitions to the uppermost part cf ‘he level. Here 
the energy is still quite small, and i: was estimated 
that there would be a contribution of jess than 4 
percent to the coincidence counting rate at this angle. 
No az—a; coincidences will be observed at larger 
angles. 

All of the center-of-mass angular correlations dis- 
cussed in the section on theory for the case of j;=2 
reduce to the form: 


W (@)=1+4 cos*6+ cos‘, (9) 


where the coefficients are functions of two unknown 
parameters. This general correlation function was 
integrated over the level and a least-squares solution 
made to the experimenta! data for the unknowns a, 6, 
and a normalization parameter. Then for any set of 
conditions the definitions of a and 6 yielded the values 
of the theoretical parameters directly. Separate solutions 
had to be made for functions with more than two 
unknown parameters, or with higher powers of cosd. 
The correction to the observed correlation function 
due to the finite size of the counter apertures was 
small compared to the statistical errors of the points. 
The resolution function for circular apertures was 
calculated by numerical integration, dividing the 
circles into ten sections, and assuming no variation 
with 6. The half-width at half-maximum of a triangle 
which fits this resolution function was 5.25 degrees. 
Using the formulas of Church and Kraushaar,” a 
correlation function at 163 kev is modified as follows: 


without correction: W (@)= — 1.926 cos*¢@+ 1.230 cos‘¢, 
with correction: W (@) = — 1.972 cos*6+ 1.280 cos‘¢. 


Transitions to the ground state of Be* can also 
contribute to the angular correlation. The alpha 
particles from the decay of C” have an energy of 6 Mev 
and are detected with 100 percent efficiency. The 
energy released in the decay of the ground state of 
Be® is so small, 95 kev, that the major contribution to 
the energy of the break-up particles is from the recoil 
of Be®. Their energies range from 1.0 to 2.0 Mev, so 
that these alpha particles are detectable, although 
with low efficiency. Because of their small component 
of velocity from the center-of-mass decay, all the 
break-up alpha particles are emitted in the laboratory 
in the direction opposite to the emission of the first 
alpha particle, within a cone of half-angle about 10 
degrees. This means that only the data at angles of 
170 degrees or greater will be affected. 

The data at 290-kev bombarding energy were 
analyzed by the method of least squares in terms of the 
center-of-mass angles excluding the data at 170, 175, 
and 180 degrees. The resulting curve, shown in Fig. 7, 
lies below the experimental points at these angles. 


"= E. L. Church and J. J. Kraushaar, Phys. Rev. 86, 419 (1952). 
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The coefficients are: 
a=+1.544+0.29 b=—1.17+0.26, 
omitting 170, 175, and 180 degree points: 

a=+2.08 b=—1.74. 


Although the errors are large, it is not necessary for 
their interpretation that these coefficients be known 
more precisely. 

Fewer experimental points were available for the 
correlation at 163-kev bombarding energy, so a correc- 
tion to the experimental data was estimated. The 
angular correlation was measured in two different 
sets of runs. The efficiency for detection of the break-up 
alpha particles from the ground state was increased 
by about 40% in the second measurement. No 
difference within the statistical uncertainty of the 
points was observed in the shape of the curve for 
angles greater than 130 degrees. If the number of 
coincidences due to the ground state transitions had 
been greater than 30% of the total number of observed 
coincidences at 180 degrees, the second curve would 
have been higher than the first by an amount outside of 
the combined errors of observation. The curve shown 
in Fig. 6 is the least-squares solution to the data after 
a 30% contribution at 180 degrees has been subtracted. 
Assuming no correction to the data due to the ground- 
state group, the coefficients of the general correlation 
at a proton energy of 163 kev are 

a= —1.9740.56 b=+1.28+0.95, 
and, with the point at 170 degrees omitted, and the 
point at 180 degrees reduced by 30% 
a= —1.84 b= 1.04. 


using all data: 


and 


DISCUSSION 
A. Correlation at 163 kev 


An immediate conclusion can be drawn from the 
data at 163 kev. Since the angular correlation is 
strongly anisotropic, the spin of the 2.9-Mev level in 
Be* cannot be zero.” 

Assuming 2+ for the spins and parities of the C” 
and Be?’ states, possible angular momenta for the first 
alpha particle are 0, 2, and 4. If only the contributions 
of angular momenta 0 and 2 are considered, the relative 
amplitudes and phases for the first alpha particle of 
the s- and d-partial waves provide two parameters, and 
the normalization a third. On comparing the coefficients 
of the least squares fits to the experimental data with 
those of the theoretical correlation function (see Table 
III), we obtain the following values for B and cos@: 
no correction for ground-state transitions: 

B=1.01, cos§=0.44, 
180-degree point reduced by 30%: 
B=0.80, cos3=0.60. 

=F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 


(1952) quote Nelson and Wolicki on this point, using unpublished 
data from this experiment. 
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Either of these cases fits the experimental data satis- 
factorily, and the values of B and cos@ are not unreason- 
able. Any additional terms due to the inclusion of the 
higher angular momentum would fit at least as well, but, 
since there are so few angles at which data were taken, 
any improvement would be meaningless. This certainly 
does not mean that an angular momentum of 4 does not 
contribute to the reaction, but that these data are 
insufficient to determine the amount of its contribution. 
Table III also gives the angular correlation function 
for the case of a spin of 4 for the 2.9-Mev state in Be’. 
The state in C” 
possible values of angular momentum for the first 
alpha particle are 2, 4, and 6. The spin of 4 in Be* 
introduces terms in cos*®@ and cos*¢ into the correlation 
function. Using only the two lowest values of angular 
momentum, the theoretical expressions were evaluated 
angle at which observations were made, and 


is again assumed to be 2+-. Here the 


for ea h 
the resulting equations were solved by the method of 
least squares for the parameters B*, cos§, and the 
Here B and cos$ compare the partial 
L,=2, with the 
section on t The curve calcu- 


normalization 
of L,=4 


the 


in accordance 


heory. 


waves with 
definitions in 
lated on the basis of the least-squares fit increased 
towards 180 degrees instead of decreasing, badly 
disagreeing with the experimental curve. This disagree- 


ment was found regardless of the reduction assumed 
for the 180-degree point. A second solution was made 
This 


solution, 


including all three values of angular momentum 

additional in the 
corresponding to the new amplitude and phase, and 
Table III 
BC cos(gs s 


theoretical unkno 


gives two parameters 
there is also 
all the other 


the expression in shows that 


a term in which involves 
wns. It was impossible to separate the 
components of this term in the solution, so that, with 
the normalization parameter, there were a total of six 
inknowns. Since there are only six experimental data, 
has meaning only in so far as the parameters 
This B 


was found to be negative and very small. If we assume 


a solution 


have reasonable values. was not the case. 


t it sl d a 


tha IL SO 


found 


tually be small and positive, it is still 
that L,=6 is more probable than L,=2, and 
roughly ten times as probable as L,;=4. Although the 
for high angular momentum 

6 is not expected to predominate 


potential barrier is 
probably small, L 
in this manner 

two kinds of errors that enter into the 
First, errors as arise from 


ies of the measurement of the angular 


There are 
calculations there are such 
the inaccurac 
the estimation of the correction at large 
les, the errors of the efficiency measurement that 
integration of the correlation function 
over and the error in the relative contri- 
butions of the two values of channel spin measured by 


correlation, 


ang 
enter into the 


the leve 


Thomson ef al.” The second kind of error is the type 
inherent in the use of this theoretical analysis: namely, 
the assumption that the matrix elements for different 
angular momenta do not differ violently in their 
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variation with energy, and that their values averaged 
over the level are meaningful. The use of thin targets 
allowed us to measure the angular correlation at the 
peak of the 163-kev resonance, and we have assumed 
that no other state in C® contributed. Within this 
context, the present data are in qualitative disagree- 
ment with a choice of 0 or of 4 for spin of the 2.9-Mev 
level in Be*, and we conclude that the spin is 2. 


B. Correlation at 290 kev 


The state in C” responsible for the correlation at 
290 kev may be either the resonance at 675 kev or the 
one at 1.4 Mev. We first consider the case where the 
correlation is due only to the 675-kev resonance. We 
assume pure s-wave capture if the state is 2—, and 
pure p-wave capture if the state is 3+, and either 
ji=2 or 4 for the 2.9-Mev level in Be*. The calculated 
correlations for all of these cases (see Table III) 
become zero at 180 degrees. Thus the observed nearly 
isotropic correlation is in clear disagreement with a 
pure 2— or 3+ state in C” at 290 kev. We can however 
not reject a pure 2+ state at 675 kev as suggested by 
the Glasgow group,’® since a choice of B= +0.41 and 
cos8=0 fits our experimental angular correlation using 
their value for channel spin ratio. 

Instead of the 675-kev state, the broad resonance 
at 1.4 Mev might be responsible for the correlation at 
290 kev. Table III gives the angular correlation 
function for s-wave proton capture, a pure 1— state 
in C”, and spin 2+ in Be*. For no real value of the 
parameter B does the computed correlation agree with 
the observations. It is, however, possible to obtain 
qualitative agreement with the observed data using a 
mixture of 2— and 1— states, even if only the lowest 
values of angular momentum are considered for the 
alpha particles. 

The angular correlation at 290 kev may be compared 
with the results of an experiment performed by 
Dissanaike.* He measured the energy spectrum of the 
alpha particles from this reaction with magnetic 
analysis as a function of bombarding energy from 250 
to 1400 kev. The spectrum had the same form over the 
region investigated. From the velocity diagram, Fig. 1, 
it is clear that the angle between a; and az is uniquely 
related to the energy of az for a sharp level. Dissanaike 
has assumed that the energy spectrum of the first 
alpha particle is given by a Breit-Wigner curve and 
has then computed the energy spectrum of the break-up 
alpha particles corresponding to isotropic emission of 
the first alpha particle. By assuming an angular 
correlation function W(¢), and performing an inte- 
gration over the level, he was able to infer the energy 
spectrum of the break-up alpha particles. The spectrum 
was consistent with a correlation of 1+3 cos*¢, corre- 
sponding to a 1— level and L,=1, and also with a 2— 


™ G. A. Dissanaike, Ph.D. thesis, Downing College, Cambridge, 
1953 (unpublished) 
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level if both p- and f-wave alpha particles were consid- 
ered, using an f/ p wave amplitude ratio of 0.6, cos8=—1, 
giving W=1+7 cos*@—8 cos’g?. In comparing the 
results of the two experiments, it should be mentioned 
that the energy spectrum is not sensitive to the form 
of the angular correlation near 180 degrees, since the 
available solid angle is smallest there. 


CONCLUSION 


The alpha-alpha angular correlation at 163 kev is 
consistent with a pure state of spin 2 in C® and 2+ but 
not 0+ or 4+ for the first excited state in Be*. The 
nonresonant angular correlation at 290 kev cannot be 
explained on the basis of a pure state with spin 2— or 
3+, corresponding to the 675-kev resonance, or 1—, 
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corresponding to the 1.4-Mev resonance. The corre- 
lation is satisfactorily explained either by a mixture of 
these two states or by the assumption of a spin of 2+ 
for the 675-kev state alone. 
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The 
) 


of 23 hours and emits gamma rays of 116 kev (M1 
incidence. 
energy 


1. INTRODUCTION 


HE nuclide Cr** has been reported! as a spallation 
product, decaying by electron capture only, with 
a half-life of 23 hours. It was identified by the growth 
and decay of its daughter V**. The radiations from Cr* 
were detected with an end window type Geiger-Muller 
tube; no appreciable amount of positrons was found in 
oa! 
The ground state of V** very probably has a spin 4 or 
5 and even parity. This can be concluded from the spins 
of the levels in Ti** and the decay properties’ of V“. 
The relatively short period of Cr indicates an allowed 
transition even for decay energies as large as 6 Mev. 
Now since Cr** should have a ground state spin 0 with 
even parity, this implies that the decay goes by way 
of an excited state in V** with spin 0 or 1 and even 
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' Rudstam, Stevenson, Folger, Phys. Rev. 87, 358 (1952) 

* Nuclear data mentioned in this paper without further reference 
are taken from 
K. Way ef al., Nuclear Data, National Bureau of Standards Circular 
No. 499 (U. S. Government Printing Office, Washington, D. C 
1950); Hollander, Perlman, and Seaborg, Revs. Modern Phys 
25, 469 (1953). The yearly compilations in Nuclear Science Ab 
stracts 6, 24B (1952); 7, 24B (1953); 8, 24B (1954) 
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nuclide Cr“ has been produced by spallation of Ni. It decays by electron capture only with a half life 


and 305 kev (£2) of equal intensity, which are in co 


The genetic relationship with 16.2-day V“ establishes the mass assignment. The total decay 
of Cr** can be estimated as 1.452-0.20 Mev. Two alternative decay schemes are proposed. 


parity. In this mass region, low lying states with widely 
different spin values are known to exist in various odd- 
odd nuclides (Sc“, Sc and Mn™); presumably they 
arise from different couplings of the fr;2 proton with 
the f7,2. neutron.’ 

The decay of Cr should therefore be accompanied 
by at least one gamma ray, possibly leading to a meta- 
stable state of V™. 


2. SAMPLE PREPARATION 


Cr“ can be produced in good yield by the interaction 
of high energy particles with a target material of con- 
siderably greater mass number (so called “spallation” 
reactions). For such reactions the yield is relatively 
independent of the mass and charge number (A,Z) of 
the target material chosen,‘ provided that AA is not too 
large (<10 for 380-Mev protons) and that AZ is not too 
small. These considerations suggest the choice of natural 
nickel (689%, Ni®*) as the target material. 

It should be pointed out that in such an irradiation 
Cr® and Cr will also be produced, the Cr® in about 
equal yield (estimated) as Cr“ and the Cr®™ in about 
twenty times greater yield (estimated). The Cr® with 
only a 42-min half-life can be allowed to die, and the 


*R. W. King and D. C. Peaslee, Phys. Rev. 90, 1001 (1953) 
* E. Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 
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Fic.” 1.”Gamma spec- 
trum of Cr*. Curve a 
shows the spectrum 
taken with the source 
at } in. from the de- 
tector, for curve } this 
distance is } in. Curves 
c and d show the spec 
trum in coincidence with 
the 0.305 y and 0.116 
y, respectively. Curve e 
was taken 2 days later 
and shows the charac 
teristic radiations of V* 
growing in 











Cr", though produced in far greater yield than the 
Cr, will contribute only a few percent to the total 
gamma activity of the sample at the end of the ir- 
and 


radiation because of its long half-life (27 days 


particular decay scheme (electron capture with a y ray 
in 10%, 


The targets, consisting of powdered nickel metal 


of the disintegrations). 
wrapped in thin aluminum foil, were irradiated with 
the 380-Mev circulating proton beam of the Nevis 
cyclotron for about two hours. After irradiation, the 
powder was dissolved in nitric acid, the chromium was 
oxidized to chromate with persulfate, and then was 
extracted as peroxychromic acid with ethyl acetate. To 
purify the sample it was extracted twice more. After the 
final extraction the chromium was reduced with hy 
drazine to the +3 state and precipitated as the hy 
droxide. For the gamma-ray spectrometer samples 
about 1 mg of chromium +3 carrier was added initially, 
while for the beta-ray spectrometer sample the pro- 
cedure was followed using 50 yg of carrier and the 
sample mounted by evaporating the final solution 
dryness on a thin film. 

rhe high purity of the sample was shown by the fact 
that no annihilatioa radiation could be detected after 


‘ 
to 


| x 
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sufficient time had been allowed for the decay of Cr®. 
It is to be expected that any impurity would be on the 


neutron deficient side of the stability line because of 
the relatively low neutron number of Ni®. 


3. GAMMA-RAY SPECTRUM 


The gamma ray spectrum of the chemically separated 
Cr fraction was studied with an energy- and efficjency- 


calibrated single-channel scintillation spectrometer 
(resolution 9% at 661 kev). For periods up to a few 
hours after the end of the bombardment the spectrum 
showed an appreciable amount of annihilation radiation 
decaying with a half-life of the order of 1 hour. The same 
short period was also found in the decay curve followed 
with an end window Geiger-Muller counter. It is 
attributed to the presence of 42-min Cr®. 

Curve a of Fig. 1 shows the gamma-ray spectrum at 
~8 hours after the end of the bombardment. Prominent 
peaks are evident at 11642 (7;) and at 305+10 kev 
(y2), there is a much smaller peak at 420+ 10 kev and a 
small annihilation peak. No other gamma rays are seen 
in the decay of Cr**; the bump at the low-energy side of 
71 is at the correct energy for the associated escape peak. 
This run was taken with the source at a distance of 
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} inch from the crystal. The dotted curve 6 shows the 
region above 350 kev with the source at only } inch 
distance. This demonstrates that the peak at 420 kev 
arises mainly from pile up of the two strong gamma rays. 

The peak at 305 kev is not due to Cr®. The intensity 
is too high by about an order of magnitude, the energy 
compared to that of the 0.325 line in pure Cr® con- 
sistently turned out to be lower by about 20 kev and its 
intensity relative to 7; did not change appreciably over 
the first few days. The 325-kev line due to the Cr® 
contamination was seen only after a few days. 

The relative intensities of y; and ye were determined 
within 12 hr after the end of the bombardment by 
comparison with Se”. In the region above 250 kev the 
relative efficiency of the scintillation spectrometer was 
determined by a method described in an earlier paper.® 
The intensity of y; is 90+15% of that of v2. It is also 
possible to give an upper limit of 2% for any positrons 
in the decay of Cr“ and a rough upper limit of 2% for a 
cross over gamma ray of 420 kev. 

For one of the sources used the evolution of the 
scintillation spectrum was followed for a period of three 
weeks. The characteristic radiations of V“ were seen to 
grow in (compare Fig. 1, curve e). The height of the var- 
ious peaks was compared to those of standard sources of 
Se7®, Cr®!, Na™, Bi’, and Co™. After the peak heights 
of y: and yz are corrected for the Compton contri- 
butions due to the other gamma rays, their decay 
yielded a half-life of 23+1 hour for Cr“ over a period 
of 6 half-lives. The growth and decay of the peaks due 
to V“ over a period of three weeks was compatible with 
the expected genetic relationship between y; and 2 on 
the one hand and the 0.511-, 0.99-, and 1.32-Mev lines 
on the other hand. 

The occurrence of a strong sum pulse at 420 kev (see 
Fig. 1) in contrast to the absence of a sum pulse at 230 
kev, indicates that y; and 72 are probably in cascade. 
A coincidence experiment, using the selective coin- 
cidence scintillation spectrometer described ia an earlier 
paper,® was performed. Curve c and d of Fig. 1 show that 
7, and 7; are indeed in coincidence and the dropping off 
of the counting rate at higher energy shows that there 
are no other coincident gamma rays. In addition the 
coincidence spectrum of Se’® was studied under the same 
conditions. From a comparison of the results of these 
two coincidence experiments the intensity of y: is 


TABLE I. Decay properties of Cr*. 





23+1 hour ? 16.2-day V@ 


No 8° (O.S11y7 <1%) 





Energy Rel. int. a 
116+2 kev 95+10 0.02+1 
305+ 10 kev 100 0.00643 


71 and +: are in coincidence 
No other 7's 


* Koerts, Macklin, Farrelly, van Lieshout, and Wu, Phys. Rev. 
98, 1230 (1955) 


ous BEcege ' £2. 


ie? y** ie? y** 
23 25 23 25 


Fic. 2. Proposed decay schemes for Cr* 


95+ 10% of that of ye. Since the resolving time of the 
coincidence apparatus is ~10~" sec, it is clear that the 
delay between 7; and 7; is certainly less than 10~* sec. 


4. CONVERSION ELECTRON SPECTRUM 


The conversion electron spectrum, studied in the 
Columbia solenoidal spectrometer, showed peaks cor- 
responding to 7; and 2, but no other peaks of compa- 
rable intensity. The intensities of these two conversion 
peaks were compared to that due to the well-known 
0.56-Mev gamma transition in Bi®’. The same two 
sources of Cr“ and Bi®’ were then compared for their 
gamma intensities with the efficiency-calibrated scin- 
tillation spectrometer. This comparison gave conversion 
coefficients of a=0.02 for the 116-kev transition and 
a=0.006 for the 305-kev transition, the uncertainty 
amounting to 50%. This is only compatible with a 
dipole transition for y, and a quadrupole for +». 


5. DISCUSSION 


Taking the experimental lower limit of ~50 for the 
ratio of electron capture to positron emission and using 
the graphs by Feenberg and Trigg,® an upper limit of 
1.25 Mev can be placed on the energy difference be- 
tween the initial and final states in the capture process. 
Assuming log (2/;+-1)ff>4.5 for an allowed capture 
process (a super-allowed transition is not expected in 
this case), a lower limit of 0.85 Mev is found for this 
same energy difference. 

The combined gamma (95+10) and conversion 
electron intensities (2+1) of +; are practically equal 
to the total intensity of the 305-kev transition (101). 
The approximate equality of the two cascading gamma 
rays indicates that there is no appreciable electron 
capture to the intermediate level. This excludes an 
allowed transition to the intermediate state. Since only 
even parity states are expected in V“, the intermediate 
level can therefore be populated only by a second or 
higher forbidden electron capture tra 1sition. This indi- 


*E. Feenberg and G. L. Trigg, Revs. Modern Phys. 22, 399 
(1950). 
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cates that the electron capture takes place to the 421- 
it follows that the mass 
1.25 
tions of beta decay 
The 
properties of Cr* are listed in Table I 
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A SURVEY 

produced in light elements by 26-Mev nitrogen 
ions from the Oak Ridge National Laboratory 63-Inch 
Cyclotron was made by Reynolds, Scott, and Zucker 
The 
actions in carbon which result in radioactive residual 
nuclei were reported In thi > €X- 
f of Be®(N"an)F'* is 


lunction 
ported for energies from 6 to 29 Mev 


of nitrogen-induced nuclear reactions 


excitation functions of three nitrogen-induced re- 


previously 


citation the reaction re- 


he experimental method is similar to that described 


previously.2 Thick targets of beryllium metal were 


bombarded in the deflected nitrogen beam at various 


maximum nitrogen energies. The energy of the incident 


beam was varied by placing nickel foils in front of the 


targets. Bombardments were made in two ways. In the 


first method, a disk with twelve holes on the periphery, 


eleven of which contained beryllium and appropriate 


Rey Zucker, Proc. Nat ‘ Sci. 39, 975 


1953 


*H. L. Reynolds and A. Zucker, Phys. Rev 


RG, CH KOERTS, AND WU 

and Weisskopf. For scheme A, the upper limit on the 
intensity of the cross over relative to the 116-kev 
transition is ~1X10~*, for scheme B its upper limit 
relative to the 305-kev transition is ~1X10~*. Neither 
of the two excited states is expected to have a half life 
of over 10 ; thus the decay of Cr** does not seem 
to lead to a metastable state of V**. 

From our data for the various gamma-ray intensities, 
it follows that for a 380-Mev proton bombardment of 
Ni the cross section for the production of 27-day Cr* 
is 18+2 times the cross section for the production of 
23-hour Cr’ (assuming 10% K capture to the 0.32-Mev 
level in V*). 
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absorbers, was rotated through the beam at approxi- 
mately. 5 rpm. A Faraday cup was placed beyond the 
rotation of the disk the current 
passing through the empty hole was measured and in- 
t thus determining the number of particles 
I Fluctuations in beam intensity 
since bombardments lasted for 30 
fter bombardment the targets were 
removed and the amount of 112-minute F"’ activity was 
shielded Geiger counters which were 
calibrated by standard procedures.” 


disk so that for eact 


egrated, 
striking each target. 
were averaged out 


minutes or ionger. z 


measured with 

In the second method, targets were bombarded in- 
dividually inside the Faraday cup. The energy absorbers 
iced inside the cup to avoid making corrections 
tron charge exchange in the foils. The results 
from the two methods are in good agreement, as shown 
by the yield curve in Fig. 1. The points indicated by 
dots were obtained with the rotating disk while the 
crosses represent data obtained from the direct bom- 
bardments in the Faraday cup. The probable error in 


were pl 


for ele 





REACTION Be'*(N'‘,an)F?® 


the absolute yield is about 20%, mainly due to in- 
accuracies in Geiger-counter calibration. At energies 
below 10 Mev the errors are probably larger due to 
energy straggling, the 600-kev spread in the beam 
energy, and poorer statistics at low counting rates. The 
energy of the incident nitrogen ions was determined by 
passing the nitrogen beam into hydrogen gas and meas- 
uring the range of elastically scattered protons at zero 
degrees to the incident beam.’ 

The smooth curve drawn through the yields was 
differentiated to obtain the cross section as a function 
of energy, as shown in Fig. 2. The range of nitrogen in 
Be’ was obtained by using the known range of nitrogen 
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Fic. 1. Yield of the reaction Be*(N“,an)F™ as a function of 
energy. The dots represent runs made with the rotating disk; the 
crosses represent data obtained from direct bombardment in a 
Faraday cup 


in nickel’ and the relative stopping power in nickel and 
beryllium for protons of equa! velocity. 

Since this reaction is detected by the F"* activity, it 
is not known if the other reaction products are He’, or 
He‘ and a neutron, or both. No other reactions leading 
to radioactive products have been observed from the 
nitrogen bombardment of Be*. This is to be expected 
because of the low Q-values for other reactions of this 
type. Of course, there are other competing reactions in 


* Reynolds, Scott, and Zucker, Phys. Rev. 95, 671 (1954). 
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Fic. 2. Absolute cross section for the reaction Be®(N“,an)F" 
as a function of the nitrogen ion energy. Solid line; experimental ; 
dashed line: calculated. 


beryllium, but they lead to stable residual nuclei which 
are not observed in this type of experiment. 

It can be seen, from Fig. 2, that the cross section rises 
exponentially as the energy increases until the Coulomb 
barrier is reached. The shape of the curve suggests a 
barrier penetration phenomenon. The total cross section 
for the formation of the compound nucleus Na™ was 
computed from the relation 


or=aN > (21+-1) Pig:. 


The penetrabilities P; for charged-particle reactions 
were taken from Feshbach ef al.‘ The sticking probabil- 
ity & is assumed to be unity. At maximum energy, 
1 values as high as 13 enter into the cross section. The 
values for nuclear radii, 3.8X10~"cm for Be* and 
3.9 10~-" for N™, used in this calculation were obtained 
from the fast neutron scattering data of Coon et al.’ The 
dashed line in Fig. 2 represents the computed total 
cross section, divided by seven for purposes of normali- 
zation so that a visual comparison with the data can 
be made. The similarity between the data and the total 
cross section calculation indicates that the reaction rate 
is determined primarily by the entrance barrier penetra- 
tion of the nuclei. The fact that the ratio of this reaction 
cross section to the total cross section remains nearly 
constant over this large an energy region is unexpected 
since there are many competing reactions possible. 

*Feshbach, Shapiro, and Weisskopf, U. S. Atomic Energy 
Commission Report NYO-3077, 1953 (unpublished) 

* Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952) 
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The energy parameters are assigned the following 
values: 
3.873 mMU, 
15.575 mMU, 
= —2.57 mMU, 


—3.95 mMU. 


In the case m= 5 the geometrical structure assumed 
in earlier work! has contiguity k=9, appropriate to a 
trigonal bipyramid. This causes an anomoly in the 
calculated results for both Ne* and O'* which can be 
resolved by using the contiguity appropriate to a 


tetragonal pyramid, k=8. 
This paper will develop a structural model of nuclei 


and discuss the validity of energy formulas such as (1) 
and (1’). It will be shown that energy expressions of 
this form can be derived from the energy mean value 
of a linear combination of determinantal functions 
which takes into account the largest effects of con- 
figuration interaction, in connection with a Hartree- 
Fock calculation. This is only strictly true when the 
single determinant of minimum energy is invariant 
under spatial rotations; otherwise the energy mean 
value includes a rotational energy which cannot neces- 
sarily be described by the formulas under consideration. 
The fact that the parameters K., K,, Qaa’, and Qa» can 
be taken to be constant over a large range of nuclei 
follows from the argument to be given here if energy 
effects due to distortion of the structural units (a par- 
ticles or neutron pairs) are small and if rotational 
energy effects are small for the Hartree-Fock functions 
of minimum energy appropriate to nuclear ground 
states. 
2. NUCLEAR WAVE FUNCTIONS 


If it is assumed that nuclear structure is determined 
by a Hamiltonian operator of the form 


A 


H’= ¥ K'(i)+ ¥& OG, 9), (3) 


then the empirical correlations of the a-particle model 

suggest that eigenfunctions of this operator may be 

found by methods similar to those used in molecular 

spectroscopy. The corresponding molecular Hamil- 
tonian is 

CZaLp 

Hm +E.(ta,:+-), (4) 


Tas 
where E,(ra,---) is the total electronic energy for a 
given configuration of The Hamiltonian (4) 
describes the motion of nuclei only; all effects of elec- 


nu lei. 


tronic motion have been replaced by a potential func- 
tion E,, which can depend only on the relative separa- 
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tions of the nuclei. Hence if T(a)= — (#®/2M,)V," then 


i 
Ha= ¥ T(a)+U(ras,°**). 


a=! 


The a-particle model arises from analogy between 
(3) and (5). If the nuclear interaction potential Q’ (i,j) 
represents an attraction at short range which is essen- 
tially the same for any two nucleons, a nuclear wave 
function will have maximum amplitude when the spatial 
coordinates of any four particles are identical, if the 
four possible spin-isotopic spin variables are different. 
By antisymmetry, a cluster of four particles is the 
largest that can arise in this way. 

The molecular analogy would be valid if these 
clusters could be treated as interacting mass points, 
held rigidly apart at definite relative distances. This 
structural property of molecules arises from the form of 
the potential U(ras,---), which has a sharp minimum 
value at certain internuclear distances, and becomes a 
repulsion at distances still very large compared with 
the effective nuclear radii. In contrast, the nuclear 
interaction operator Q’(i,j) is presumably attractive 
for all internucleon separations small enough that 
specifically effects over the 
Coulomb interaction. Even if Q’(i,7) should have a 


nuclear predominate 


“hard core” and a minimum value for some nonzero 
separation, this would determine the average relative 
separation of nucleons within an a-particle cluster 
rather than the intercluster separation, For reasonable 
values of the kinetic energy the nucleons making up an 
a-particle cluster have appreciable probability density 
in regions occupied by neighboring a particles. The 
rigid intercluster separations required by the a-particle 
model must be attributed to the exclusion principle, 
acting through the requirement that a wave function 
be totally antisymmetric in the coordinates of indis- 
tinguishable particles (fermions). This does not rule out 
a possible structural similarity between nuclei and 
molecules, but it indicates that it is fallacious to apply 
the perturbation methods of molecular spectroscopy 
to nuclei without further @ priori analysis. 

A systematic way of constructing totally antisym- 
metric wave functions can be developed from analysis 
of general properties of solutions of Hartree-Fock 
equations and the effects of configuration interaction.’ 
An approximate wave function is built up by linear 
superposition of Slater determinants (detors) chosen 
from a complete set of single-particle functions 
(orbilals). The orbitals from which a given detor is 
constructed will be called the occupied orbitals of that 


*L. Brillouin, Les Champs self-consistent de Hartree el de Fock 
(Hermann et Cie., Paris, 1934), No. 159 in series: Actualités 
Scientifiques et Industrielles; C. Moller and M. S. Plesset, Phys 
Rev. 46, 618 (1934); R. K. Nesbet, Proc. Roy. Soc. (London) 
A230, 312 (1955) 
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detor. In order to reduce the effects of configuration 
interaction, the complete set of orbitals can be chosen 
to include a subset of A orbitals (for a system of A 
nucleons) which are occupied orbitals of a detor %, of 
minimum energy. These orbitals satisfy Hartree-Fock 
equations of the form 


6) 


Here K» is an Hermitian operator (the single-particle 
Hamiltonian for 9) constructed from the occupied 
orbitals of #9. Under any unitary transformation of 
the occupied orbitals, 9 is invariant except for a unit 
phase factor and is Hermitian, 
there is some unitary transformation which diagonalizes 


is invariant. Since K 


the matrix [¢,; |, so the Hartree-Fock equations (for a 
single detor 4.) can be put into the canonical form 
HK fa) t.2 


From Eqs. (7) it is clear that if 3» is invariant under 


some group of symmetry operations (which may include 
spin or isotopic spin rotations as well as rotation or 
inversion in ordinary space) then the canonical occupied 
orbitals of &) can be classified as basis elements of 


irreducible representations of this group. Moreover, 


since HK is invariant under this group, the occupied 


orbitals must transform into themselves under all 
operations of the group. More precisely, the occupied 
orbitals span a unitary representation of the symmetry 
group. Occupied orbitals which satisfy Eqs. (6) span 
reducible representations in general, but in the canonical 
form (7 


physical language, the occupied orbitals of &p fill closed 


the representations are irreducible. In more 


shells with respect to the invariance group of X 

There is no @ priori reason, however, why the group 
of Ho should be the full rotation-inversion group. This 
means that the canonical Hartree-Fock orbitals cannot 
in general be assigned an angular quantum number 


l or 


inless the occupied orbitals fill closed /-shells or 
j-shells, respectively. 

The ground-state eigenfunction of the many-particle 
Hamiltonian H’ can be expanded as a linear combination 
of detors chosen from a complete set. Consider the 
complete set of detors obtained from the Hartree-Fock 
detor 4» by replacing occupied orbitals by other orbitals 
Let H, be a matrix 
element of the many-particle Hamiltonian between ® 


from a complete orthonormal set 


and some other detor &, chosen from the complete set 
It can be shown’ that under the conditions (6) or (7) 
all matrix elements H, 


from #» by replacing just two occupied orbitals. This is 


vanish unless #, is obtained 


true if any unitary transformation of orbitals is made 
which does not mix occupied orbitals with the remaining 
members of the complete set. By second-order perturba- 
tion theory, if the Hartree-Fock detor is not degenerate, 
the coefficients of perturbing detors in expansion of an 


NESBET 


exact wave function are 


—H, -] | 
— = fers f arabs (tou.*(2) 
So ~Re. Bitied 


X0'(1,2)6,(1)6(2)— fdr fdr, 


Xu.*(2)0"(1,2)6u(1)(2)}. (8) 


Here detor #, is obtained from #9 by replacing two 
occupied orbitals ¢;,¢, by orthogonal orbitals $j, des. 
If O’(i,7) is a potential operator of short range spatial 
dependence then the integrals in the numerator of (8) 
will be large only when the orbitals $;, %j, dx, and di, 
are all spatially dense in a volume comparable to that 
occupied by a single @ particle. Since all four orbitals 
must be orthogonal there can only be a limited number 
of orbitals ¢, and ¢,, with this property which do not 
also have so many nodes in the region occupied by ¢; 
and ¢ that the energy differences H,,—Hoo become 
large. 

The numerators of (8) can be maximized by making 
a transformation of occupied orbitals which localizes 
them as much as possible, and by choosing the un- 
occupied orthogonal orbitals to be similarly localized. 
Properties of a special class of such transformations of 
occupied orbitals have been analyzed in detail by 
Lennard-Jones ef al., with reference to molecular elec- 
tronic wave functions.‘ 

Except for effects due to degeneracy, it should be a 
good approximation to neglect all coefficients (8) 
arising from simultaneous changes of orbitals which are 
orthogonal primarily because of spatial localization. 
If the occupied orbitals of @) can be transformed into 
sets of two (for neutron pairs) or four (for a-particle 
structures) which have similar spatial localization, then 
a set of localized spatial cells are defined. The approxi- 
mation suggested here is to neglect all terms (8) 
arising from substitutions which mix orbitals in different 
spatial cells. This approximation will be used in Sec. 3 to 
derive an energy formula which includes (1) and (1’) 
as special cases. 

There are two types of degeneracy which can lead to 
significant energy effects. The first is due to localization 
of the wave function as a whole. For bound states the 
Hartree-Fock detor » will be constructed from quadra- 
tically integrable orbitals and will itself be quadratically 
integrable with a fixed center of mass. Hence ®p is not 
invariant under translation. No finite linear combina- 
tion of quadratically integrable detors can be an eigen- 
function of total linear momentum; this introduces a 
spurious kinetic energy of localization, since the mean 

‘J. E. Lennard-Jones, Proc. Roy. Soc. (London) A198, 1, 14 
(1949); G. G. Hall and J. E. Lennard-Jones, Proc. Roy. Soc. 
(London) A202, 155 (1950); J. E. Lennard-Jones and J. A. Pople, 
Proc. Roy. Soc. (London) / , 166 (1950); and later papers in 
this series. 
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value of the kinetic energy of the mass center, 7(P), 
cannot vanish for a localized function. Following 
Inglis,’ the Hamiltonian (3) should be replaced by 


A 
H=H'—T(P)= & K(i)+ X Qj). (9) 


=! i>j 


This defines new operators K and Q. Interactions in 
T(P) which involve more than two particles have been 
neglected. In the nonrelativistic case 


2 he? 
>» ve— p> (V,)-(V,), 
2M i 


M ae] 


1 
oes ° 


where M is the total mass of the system. 

Since H and T(P) commute, it is adequate to calcu- 
late eigenfunctions of H rather than of H’. The modified 
Hamiltonian H can have integrable eigenfunctions, ex- 
pressed as wave packets in the coordinates of the center 
of mass. 

It is much more difficult to deal with the energy 
effect due to orientation, when the Hartree-Fock detor 
is not invariant under rotation. There is then a spurious 
rotational kinetic energy and a potential energy due to 
centrifugal distortion. In principle this energy can be 
recovered by averaging an oriented function over all 
directions. One procedure for doing this is to expand 
all orbitals in terms of a single orthonormal set of 
orbitals which are eigenfunctions of angular momentum, 
expressed as radial functions multiplied by spherical 
harmonics and by the elementary spin and isotopic spin 
eigenfunctions. Any detor constructed from the original 
orbitals can be represented as a linear combination of 
detors whose occupied orbitals are eigenfunctions of 
angular momentum. By standard vector-coupling 
methods linear combinations of detors of this kind can 
be formed which are eigenfunctions of total angular 
momentum. Unless the occupied orbitals of &o and of 
the perturbing detors of greatest weight in configuration 
interaction can each be approximated by a relatively 
small number of different functions from the set of 
angular momentum eigenfunctions, this expansion 
procedure can become too complicated to be practically 
useful. 

The kinetic energy of rotation cannot be represented 
by an operator which commutes with the total Hamil- 
tonian. Even an approximate rotational operator such as 


1 
Th)-¢ ——1,, 
” 2 > M p,2 , 
where p,2=x7+ 7, etc.; u=x, y, 2, cannot be repre- 
sented as a sum of one- and two-particle operators. 
Hence Inglis’ method for dealing with 7(P) cannot 
be used with 7(L). For this reason the energy formulas 
to be derived in Sec. 3 do not take account of this 
energy of orientation. 


*D. R. Inglis, Phys. Rev. 51, 531 (1937). 
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3. ENERGY FORMULA 


An expression will be derived for the total energy of 
an approximate nuclear wave function Wo constructed 
from some detor ®) of minimum energy. It is assumed 
that the occupied orbitals of ) can be transformed into 
spatially localized orbitals which define a set of localized 
spatial cells. Each spatial cell is occupied by no more 
than four particles. 

The following notation will be used for integrals, 
where the integration includes summation over all 
discrete variables*: 


(Q| std far f drad.t(t)o.*(2)0(1,2)6,(0)602), 
(R}‘;|*)=(Q|4|*)—(Q]} 414), 
(|) fdrse.t(1)K(1)6,(0). 


The approximate wave function Wo is a linear com- 
bination of detors which will be denoted #,s. Index 8 
specifies a particular localized spatial cell. Index a deter- 
mines a pair of indices k, / for two occupied orbitals 
in cell 8 of the Hartree-Fock detor ». The occupied 
orbitals ¢xg and dig of Bp are replaced by two orbitals 
gras and d:.g in the detor ag. Detors ®, which differ 
from ®» by only a single orbital are omitted from Wo, 
since ®p is assumed to have minimum energy and this 
implies that all matrix elements H,o vanish. Coefficients 
Ca of the detors ,3 can be estimated by the perturba- 
tion formula (8). The coefficients can be determined 
more exactly by minimizing the energy of 


Vo = CoPo+ » CaPag. 


a>o 
The energy mean value for Wo is 


E=>) | cal|*Haat2 Re > Ca*Ca'Hea’ 


a a>a’ 


=) Ket 2 Oss, 
6 


6>s’ 


(10) 


where 
RoE lel] E (KI Mya) + F(R?) 
bad j i>?’ 
+2Re > 
a>a’>?0 


+2 Re ¥> ca*co(R| ** up| *y). 


a>d 


Ca*Ca'dpg'H ap a's 


* This notation differs from the usual Dirac notation in that 
indices referring to complex conjugate orbitals, not acted upon 
by the operator, are raised and placed after the operator as 
superscripts. Thus (i#|Q|jl) is written (Q|*;|*;). This notation 
is used here to be consistent with reference 8, where it was intro- 
duced to facilitate a general discussion of the configuration inter- 
action problem. 
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and 

Vas > Ca > (R| 9 j0g| jet’) (11) 
~ rhe 

Matrix elements H,2 4's either vanish or are of the form 
(R81. 9) Frag) or (R| * xarg| tas). These expressions 
follow from the usual formulas for matrix elements be- 
tween detors,’ taking account of the fact that any two 
detors &,s and ®,-s of the set under consideration must 
differ by four orbitals when 8#(" and a,a’ #0. 

It should be emphasized that only three assumptions 
have been made in deriving this formula: 

First, it is assumed that occupied orbitals of the 
detor of minimum energy can be transformed into 
orbitals which are spatially localized and represent 
spatial cells occupied by four or less particles. The 
degree of localization must be sufficient to allow neglect 
of quantities of the form (8), in which the numerators 
ire double-exchange integrals (integrals involving four 
orthonormal! orbitals), when the orbitals are taken from 
two different spatial ceils 

Second, the approximate wave function YW» will in 
general be an oriented function. Energy effects arising 
from orientation (which introduces a spurious kinetic 
energy of rotation and a change in potential energy due 
to centrifugal distortion) cannot be represented by an 
expression of the form (10). Hence to use this energy 


1 ¢h 


Lidl 


formula without modification it must be assume 
effects due to orientation are small 

Third, it is ass imed that ex ept for degenerac 1es 
arising from orientation all detors which have zero 
coefficients in the second-order perturbation expansion 


of VW» can be neglected in configuration interaction 


[he first assumption would seem to be a natural! con 


sequence of an attractive nuclear interaction potentia 
of short range. Particles are prevented from collapsing 


| *; 
energy as spatial 


> 


together by the increase of 
orbitals become more concentrated or have nodes in 


th density. The exclusion principle acts 


regions ot! ! 
through the requirement that al orbitals be orthogonal. 
The structure of minimum energy would be one whi 


superimposed as many particles as possible in spatia 


orbitals without nodes in their regions of greatest 
pin or isotopic spin orthogonality, 

mutually orthogonal primarily 

tial densities occur in different 


ore in the interaction potential 


his qualitative behavior, except 





dividual spatial cells less compact 


rgv formula (10) can be classified 





Che terms of the en 
into those occurring within the same cell, between 


contiguous cells, and between distant cells. For an inter- 


action operator of sufficiently short range, the inter- 


action energy (ss between spatial cells which are not 
contiguous should be negligible. If the structure within 
each spatial cell, due to the large binding energy of 
7E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (The University Press, Cambridge, 1951), pp. 1609-174 
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attracting particles in superimposed spatial orbitals, 
is insensitive to the structure of other spatial cells, then 
the parameters Kg will depend only on the type of 
particle occupying cell 8, and parameter (gg. for con- 
tiguous cells should depend only on the nature of the 
two cells. For light even-even nuclei, these further as- 
sumptions reduce the energy formula (10) to the two 
expressions (1) and (1’), which are found to be con- 
sistent with observed nuclear binding energies over the 
range of data given in Table I. 

A test of internal consistency is given by considering 
the consequences of assuming that Q(i,7) is strictly 
spin- and charge-symmetric. In this case there is no 
distinction between neutron and proton, and for V=Z 
the detor &,) will be a spin and charge singlet. The 
occupied orbitals of ) can be represented as a number 
of localized orthogonal spatial functions, each multi- 
plied by the four orthogonal spin-isotopic spin functions. 
In configuration interaction, coefficients c, will be 
equal for all of the six degenerate detors which can be 
constructed from &, by double substitution of orbitals 
with the same spatial factor. This is also true for the set 
of twelve degenerate detors obtained by double sub- 
stitution of orbitals with two different spatial factors. 
Since all c, are equal in either of these cases, the approxi- 
mate eigenfunction will also be a spin and charge singlet. 
If V=Z+2, neither &) nor Vp can be exact eigenfunc- 
tions of total isotopic spin, but the deviation from 
isotopic spin eigenfunctions depends on integrals over 
orbitals in two different spatial cells. Under the as- 
sumptions already made in deriving formula (10) these 
quantities can be neglected. 

If O(i,7) is the charge-symmetric operator 


O4,7 HO 50 HOT; TA Aer (05-05) (75°75) Wis, 


‘ 
then explicit expressions can be derived for the energy 
parameters of formulas (1) and (1’). 

By (11), for the single detor ®p, 

we pai 

Ka=2(Kp\%)+2(Ka|%e 

+ (6a9— 6a, —6a,— 184,,)(Q| %a\ a), 

K,=2(K,,|",)+ (ao—3a,+0,—3a,,)(Q!’,|’,) 

Vaa' = 1640(Q “a)* a 


— (4a9+12¢,4+ 12a,+364,,)(Q %\% a), (12) 


— (2a9+6a,+6a,+ 184,,)(Q%,' ’a) 


— (2a + 6a,+ 2a,7-64,, (Q 


The indices a, » refer to localized spatial orbitals. 
Similar relations are obtained for Wo, if &o is a spin and 
isotopic spin eigenfunction. If a and » cells are spatially 
similar these formulas imply that 


—. =20 (13) 


aa ~"ar 
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LOCALIZED ORBITALS 
This relation holds for the approximate wave function 
Wo if in the case VN=Z+2 the deviation of Sy) and Wo 
from eigenfunctions of total isotopic spin is neglected. 
The relation (13) does not agree with the semi- 
empirical parameter values (2). The simplest charge- 
dependent operator which might be considered is 


0, 7)=S(i,7)+eeC (4,7), 


where S(i,j) is charge-symmetric and C(i,j) is an 
ordinary potential. The symbol e is a charge operator 
with dimensionless eigenvalues 1 and 0, respectively, 
in proton and neutron states. This allows for the 
ordinary Coulomb interaction but does not exclude 
some other charge-dependent effect of short range. If 
configuration interaction is neglected and a- and 
v-localized orbitals are spatially identical, Eqs. (11) 
and (12) require that 


San’ t4(C|%a|* a) —2(C|%a'|* a), 
‘@) 


ae * 
are bye) 


aa’- 
Then from the parameter values (2) 


a, |*.)=144mMU. 


(Ci*, )—4(C (14) 


For comparison, the Coulomb repulsion energy be- 
tween two electron charges 10~" cm apart is 1.54 mMU. 
This establishes the consistency of the values (2) found 
for energy parameters with the assumption that the 
interaction operator Q’(i,j) is a charge-symmetric 
attraction of short range, modified by the ordinary 
Coulomb potential 
If S(i,7) were an ordinary potential, then 


—0.494mMU. (15) 


1/9). 
a)—_s ‘“ * @) 


If S(i,7) were a pure Majorana operator, 


(S\a,\a ~1(§)\ a |a’ —0.494mMU. (15’) 


Another relationship which can be derived from (12), as- 
suming a 6-function potential and neglecting configura- 
tion interaction, is 


(16) 


Ov =4Q0art4(a,—a,)(Q)|",|” »’). 


This is still valid when a Coulomb potential is included. 


If a,=a,, then 


410,,= —1.32 mMU. 


(17) 


Mass defects for the unstable nucleus Ti* and its 
isobar Ca“ have been calculated using the value — 1.32 
mMU for Q,, and are included in Table I. If 1.10 mMU 
is subtracted from the energy of Ti* for the two elec- 
trons included in the neutral atom the calculated mass 
defects become equal for these two isobars. The 
structure of maximum contiguity for m= 11 (number of 
spatial cells) is rather unsymmetrical and might not 
correspond to a possible model. If so, the value k= 29 
is too large and the mass difference between Ti* and 
Ca“ would be even larger than that calculated. Since 
contiguity increases more rapidly than the number of 
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spatial cells in this range there should be no stable nuclei 
heavier than Ca® for which NV=Z, since it is ener- 
getically profitable to expand an a cell into two con- 
tiguous » cells in a structure of sufficiently high con- 
tiguity. This follows from the energy parameters (2), 
which indicate that the binding energy between two 
a cells is less in magnitude than that between a » cell 
and an a cell. 


4. STRUCTURE OF ODD NUCLEI 


If a single neutron is added to a structure of a cells 
and neutron pairs, then by orthogonality the additional 
orbital must have a node in each cell already occupied, 
or else it must be outside all cells. The additional orbital 
can be concentrated in a region of small volume or super- 
imposed on occupied cells only at the expense of an 
increase in kinetic energy. The fact that He® is not 
stable indicates that the kinetic energy due to an extra 
node in an orbital concentrated within an a cell more 
than compensates for the potential energy of interaction 
between this orbital and the wave function describing 
the a cell. Hence in general an additional neutron must 
be thought of as occupying a diffuse orbital. 

If the core structure (a and » cells) is oriented, then 
the orientation must be resolved by vector-coupling or 
by averaging over a sphere. Vector-coupling will project 
the entire function Wp onto an irreducible representation 
of the rotation group (an eigenfunction of angular 
momentum). 
between a single diffuse orbital and the core structure. 
In some cases it may be possible to describe the vector- 
coupled angular momentum eigenfunction in terms of a 
single diffuse orbital orthogonal to the spherically 
symmetrical core obtained by spherically averaging an 
oriented core. 


This process may cause some mixing 


Occupied orbitals of a detor of lowest energy should 
fall into two categories; the majority can be transformed 
into a localized structure, leading to important con- 
figuration interaction effects and a core energy given 
by formula (10). The remaining occupied orbitals are 
diffuse. Since the numerator of (8) is relatively small for 
diffuse orbitals, configuration interaction will be less 
important for these orbitals unless there are degeneracies 
or near degeneracies which also make the denominator 
of (8) small. 

In correlating the binding energies of light nuclei 
by formula (10), it was not found possible to obtain a 
consistent parametrization of energies for localized 
cells other than @ particles and neutron pairs. This is 
with the relative magnitude of binding 
energies between charged and uncharged particles in 
contiguous cells found in Sec. 3. It seems reasonable that 
the relatively strong Coulomb interaction (14) between 
contiguous cells can be balanced by the nuclear attrac- 
tive potential (15) only when enough neutrons and 
protons are present to make a cells possible. A single 
neutron orbital should be diffuse because of the kinetic 


consistent 











234 ; R. 


energy effect, and protons not in a cells are assigned to 
external diffuse orbitals because of the Coulomb 
repulsion. 

The physical model of nuclear structure described 
here is consistent with the a particle and neutron pair 
energy formulas as well as with the currently accepted 
form of the independent-particle model, for light nuclei. 
The latter has been used largely to correlate nuclear 
spins and moments, and attributes these effects to a 
relatively smal] number of particles in diffuse orbitals 
outside a spherically symmetrical core. The present 
analysis indicates that when configuration interaction 
is taken into account the core may be adequately 
described as a structure built up from localized cells. 
The fact that this structure will in general be oriented 
rather than spherically symmetrical, and must be re- 
solved into spherical symmetry by an operation which is 
difficult to describe either mathematically or physically, 
should be taken into account when using the inde- 
pendent-particle model. 

If the independent-particle model is based on the 
Hartree-Fock equations, there is a systematic way to 
estimate and calculate the effects of configuration inter- 
action. Any restriction on the exact solution of Hartree- 
Fock equations for a single detor introduces configura- 
tion interaction effects.* Unless these are shown to be 
small, the independent-particle approximation may lead 
to a fallacious interpretation of nuclear structure. 

One form of the Hartree-Fock method is based on 
minimizing the energy of a certain linear combination 
of detors which is an eigenfunction of total angular 
momentum. Occupied orbitais are constrained to be 
eigenfunctions of angular momentum (either with space 
and spin angular momentum treated separately, in 
LS-coupling, or together, in jj-coupling). One possible 
explanation of the correlation of nuclear binding 
energies given by the a-particle or neutron pair model 
is that except for the light nuclei, He*®, Be*, and Be’®, 
energy effects due to orientation are smal! compared 
with the effect of localization of spatial cells. When this 
is true, it may be a bad approximation to constrain 
orbitals in the independent-particle model to be eigen- 
functions of angular momentum, unless the occupied 
orbitals of the detor of lowest energy, under this 
constraint, fill closed shells of spherical harmonics 
which allow a transformation to localized orbitals. In 
jj-coupling, spatial shells of spherical harmonics are 
filled only if for given / both j-shells, 7=/+4, are filled 
and if all functions in both j-shells have the same radial 
factors. 

5. DISCUSSION 


If the argument of Sec. 4 is valid, then heavier nuclei 
should consist of a core which can be described by the 
neutron pair model, with binding energy given by 
formulas similar to (1) and (1’) with a correction for the 
Coulomb repulsion between distant orbitals, together 


~@R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 
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with a relatively small number of external diffuse 
orbitals. It should be possible to account for the stability 
properties of heavier nuclei on the basis of the neutron. 
pair model and the values of energy parameters found 
for light nuclei. 

The values found for individual integrals in Sec. 3 
[ (14), (15), and (15’)] indicate that the nuclear attrac- 
tive potential must die away very rapidly at distances 
greater than the radius of ana particle. Hence the energy 
formulas (1) or (1) lead to the nuclear saturation 
property if the internal energy of an a cell is independent 
of the total number of particles present. This requires 
that the internal energy of an a cell be sufficiently sensi- 
tive to distortion of the cell to prevent the effective 
radius from being altered by interaction with neigh- 
boring cells. The balance between kinetic and potential 
energy must be such that contiguous cells are kept 
separate. 

A sufficient condition for instability of an infinite 
nucleus built entirely from neutron pairs, assumed to be 
a closed-packed structure of rigid spherical » cells, is 


2K ,+230y>Ke+120a». (18) 


This follows from the energy change required to con- 
dense two interior y cells into a single a@ cell. With 
energy parameters other than Q,, taken from (2), this 
implies 


0, >—3.24mMU, (19) 
or from (16), for a 6-function interaction, 
(a,—a,)(Q|",|"")> —0.48 mMU. (20) 


Apart from this condition the energy formulas (1) 
and (1’) give no information on the exchange character 
of the nuclear interaction, since they are based on a 
model which incorporates the saturation property 
ab initio. 

The relationship between parameter K, and the 
binding energy of the deuteron, pointed out in Sec. 1, 
which could be interpreted to mean that the singlet 
state of the neutron pair has the same binding energy 
as the triplet state of the deuteron, was found only after 
K, had been derived without reference to the deuteron. 
This does not necessarily imply that a stable neutron 
pair must exist, for the v cell occurs within a larger 
nucleus and is stabilized by interaction with its en- 
vironment. Presumably an isolated neutron pair would 
decay rapidly by 8 emission into a deuteron. The 
apparent equality of binding energies is not easily 
explained. For the purposes of this paper K, is to be 
considered a purely empirical parameter defined only 
for observed nuclei heavier than C”. 

The author is indebted to Dr. N. Kemmer for dis- 
cussions on several problems connected with this work. 
He is also grateful to the National Science Foundation 
for the grant of a Predoctoral Fellowship. This paper 
is part of a doctoral dissertation submitted to the 
University of Cambridge, England. 
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d,p Reactions from C’* and C**} 
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Observations have been made of the proton groups resulting from the deuteron bombardment of a carbon 
d target enriched to 60% in C™. A total of twenty-four such groups was observed, of which eleven have been 
‘ assigned to levels in C“ and thirteen to levels in C“. The experimental angular distributions are compared 
'” with the predictions of stripping theory. The excitation values for twelve previously unreported levels have 
been obtained with probable errors of +0.02 Mev. These levels are at 7.47, 9.50, and 9.90 Mev in C¥ and 

at 6.59, 7.35, 8.32, 9.80, 10.43, 10.50, 12.60, 12.85, and 12.96 Mev in C™. 


























‘a 
« 
INTRODUCTION determine the angular momentum transfer and parity 
STUDY has been made of the C"(d,p)C™ and change of the reactions. 
“8(d,p)C™ reactions. The apparatus used has 
C™(d,p)C™ reactions. The apparatus used has EXPERIMENTAL PROCEDURE 

been previously described.' A collimated beam of 14.8- 

Mev deuterons is incident upon the target. Outgoing The target used in obtaining most of the data here 
particles are magnetically analyzed and are detected presented was elemental carbon enriched to 60% in C¥ 
by a CsI(TI) crystal. Data were obtained at eleven and was prepared by cracking methyl iodide on a thin 
angles lying between 9.8° and 86.6° in the laboratory tantalum strip.’ Targets of natural carbon were used 
system. The observed angular distributions are shown _ as aids in identifying particle groups and assigning them 

and Butler-type calculations are used when possible to to the proper isotope. The elemental carbon targets 
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Fic. 1. Proton spectrum observed at 16.6° from a 60% C™ target bombarded by 14.8-Mev deuterons 
The peaks are labeled by the state of the residual nucleus to which they belong 


+ Work done in the Sarah Mellon Scaife Radiation Laboratory and assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission 

! Bender, Reilley, Allen, Ely, Arthur, and Hausman, Rev. Sci. Instr. 23, 542 (1952); see also Levine, Bender, and McGruer, Phys. 
Rev. 97, 1249 (1955 

2 We are indebted to T. Lauritsen for furnishing the target 
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Fic. 2. Energy levels C* and C™ based upon the present 


work 
resolution are 


unreported 


of 
Levels whose widths are greater than the experimental 


cross-hatched. Asterisks denote levels previously 


were self-supporting and showed no sign of deterioration 
after several hundred hours of bombardment by a 0.5- 
microampere beam. 

The charged particle spectrum observed in survey 
runs consisted of protons, deuterons, tritons, and a 
particles. In order to simplify the spectrum, aluminum 
foils were placed ahead of the detector, their thickness 
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Fic. 3. Angular distribution of the C"(d,p)C™ 9.50-Mev level 
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Fic. 4. Angular distribution of the C“(d,p)C™ 12.85-Mev level. 


being chosen so as to ensure that only protons would 
be detected. 
RESULTS 


A. Energy Levels 


Figure 1 shows the number of protons observed as a 
function of the analyzing magnetic field at a laboratory 
angle of 16.6 degrees. The assignment of the levels to 
the proper carbon isotope was made by comparing the 
relative intensities of the proton groups resulting from 
a natural carbon target (1.1% C™) and from the en- 
riched target. Confirmation of the assignments was 
possible by measuring the variation in recoil energy 
with angle. The small proton group appearing at 16.5 
Mev in Fig. 1 has been demonstrated to be the O” 
ground state both by the variation in recoil energy with 
angle and by the increased intensity of the group upon 
substitution of an oxygen-containing target (mylar). 
Figure 2 shows the energy level diagrams of C¥ and C™ 
based upon the present work. Three previously un- 
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Fic. 5. Angular distribution of the C"(d,p)C" ground state. 
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Fic. 6. Angular distribution of the C'(d,p)C® 3.09-Mev level 


reported levels were found in C" and nine in C™. In 
addition, two levels in C® previously reported’ at 7.67 
and 7.75 Mev are thought to have been more accu- 
rately located at 7.53+0.02 Mev and 7.64+0.02 Mev 
respectively. 

The very broad asymmetric proton group shown in 
Fig. 1 at ~8.75 Mev has been shown to consist of 
contributions from both C"+d and C"+d reactions by 
scanning the region with both natural and enriched 
targets. Both groups are broad, have full widths at half 
maximum of 1.10+0.3 Mev, occur at the same value 
of outgoing particle energy, and are of approximately 
equal intensity. However, since no such structure has 
appeared in scanning the same region with targets of 
Ag, Al, or Be, the groups would thus not appear to be 
instrumental in nature. If they are associated with 
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ae energy levels in C¥ and C™, they correspond to excita- 
tion energies of 8.4 Mev in C" and 11.9 Mev in C™. The 
angular distributions are strongly peaked in the forward 
ar direction; this suggests formation by a stripping 
process. 
Two other levels are observed to have widths greater 
s+ Ob - than the instrumental resolution. These are the C¥ 7.64- 
F « © 4.5010 en (Outed Mev level and the C* 12.60-Mev level which have 3 
5 , laboratory widths of 0.070+0.015 Mev and 0.130 -* 
co | +0.020 Mev respectively after correcting for instru- 
7 mental contributions. 
°o 
r i , 
=) ‘ B. Angular Distributions . 
Fata Angular distributions have been obtained for all 
..<¢* twenty-four levels observed. All but one have distribu- 
ee eee tions with maxima in the forward direction. The exce 
esos 2 tion is the C* 9.50-Mev level, whose nearly isotropi 
Cen degrees) ion is th 50-] , whose nearly isotropic 
Fic. 11. Angular distribution of the C#(d,p)C™ 6.09-Mev level. 
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@ 
Level width anoured 

Reaction Ex (Mev Mev) le re X10°8 cm Spin (parity )* Spin Warity)® (450%) 
C8(d,p)C# 0 1 40 1/2- 1/2-, 3/27 26 
3.086 0 4.0 1/2* 1/2* 103 
3.685 1 40 3/27 1/2-, 3/27 16 
3.855 2 5.4 5/2* 3/2*, §/2* 152 

6.868 0,2 5.0, 4.0 3/2*, 5/2* (1/2*, 3/2*, 5/2*) 3.6 

7.470+0.02 ~08 

7.53340.02 9.6 

7.641+0.02 0.070+0.015 7.5 
84 +0.30 1.10 +0.30 100 

9.500+0.02 1.6 

9.897 +0.02 2.2 

10.759+0.02 4.5 
C¥#(d,p)C™ 0 1 54 or O°, 1*, 2* 10 
6.091 0 4.5 (17) ow. 3" 62 

6.589+0.02 0,2 7.5, 5.4 ee ee 1.6 
6.723 2 5.4 et gt ty 74 
6.894 1 5.4 (0 o*, 1*, 2° 22 
7.346+0.02 2 5.4 Ye 56 

8.321+0.02 2.2 

9.800+0.02 7A 

10.4334+0.02 ~19 

10.505+0.02 ~14 
11.9 +0.30 1.10 +0.30 90 

12.601+0.02 0.130+-0.020 63 

12.854+-0.02 10 

1.9 


12.958+-0.02 





> Present work 


distribution (Fig. 3) suggests that it is formed through 
the compound nucleus N™. 

Comparison of experimental angular distributions 
with the stripping theory of Butler can yield informa- 
tion about the orbital angular momentum transfer of 
the captured neutron (/,). On the basis of the present 
work, using 14.8-Mev incident deuterons, stripping 
theory is usually quite definite in the assignment of /, 
to levels having excitations less than the neutron bind- 
ing energy of the final nucleus. However, for continuum 
states, the theoretically predicted angular distributions 
for different values of /, lie too close together to permit 
a choice to be made between /,=0, 1, or 2. A typical 
result for high excitation is shown in Fig. 4, which 
compares the observed angular distribution of the C™ 
12.85-Mev level with the theory for /,=0, 1, and 2. 

Figures 5 through 9 show the observed angular dis- 
tributions for the first five states of C™, the solid curves 
being the Butler curves which best fit the data. For 
the 6.87-Mev level /,=0 and 2 provided equally good 
fits. Both are shown in Fig. 9. The C™ results are in 
agreement with previously assigned® values of spin and 
parity for these levels. 

A similar comparison of the experimental and strip- 
ping distributions is made in Figs. 10 through 15 for 


® As given by F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955) 





i 


the first six states of C“. For most of these levels it was 
possible to determine /, unambiguously. Figure 13 com- 
pares the observed angular distribution of the C™ 6.72- 
Mev level with the Butler curves for /,=0, 1, and 2. 
In the case of the C™ 6.59-Mev level equally good fits 
to the data were provided by /,=0 and /,=2. A 50% 
admixture of the two provided a better fit than either 
one alone, and is shown in Fig. 12. 

The results of the present investigation are summa- 
rized in Table I. The values of absolute differential cross 
section listed are those determined at the forward 
maximum for those levels which showed maxima, and 
at the lowest angle of observation (6,=9.8°) for those 
levels whose cross sections were still increasing toward 
zero angle. Except for the C” 7.47 Mev and the C¥ 
10.43 and 10.50-Mev levels which were not resolved 
at all angles, the absolute cross sections are uncertain 
to +50%, owing chiefly to uncertainty of the target 
thickness. Relative cross sections are probably good to 
+10%. Spin and parity assignments which were arrived 
at by choosing between not very different stripping 
curves are shown in parentheses. 

We wish to acknowledge the help received from Dr. 
A. J. Allen and Mr. W. F. Vogelsang during the course 
of this project. 
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1 
two-parti le system wh 


er restrictions on the momentum dependence 
sJ of the phase shifts for a nonrelativistic scattering 
problem have been discussed recently by Wigner.’ In 
this note we derive a somewhat stronger restriction for 
the phase shifts for the relativistic scattering of neutral 
particles confined to a single channel. The latter 
condition essentially means that we are dealing with 
a first-quantized field. 

The proof is based upon the unitarity of the partial 
S-matrix referring to a single phase shift and to the 
completeness, outside some radius do, of the asymptotic 


wave functions describing the scatterer and scattered 


particle in the center-of-mass system in a given state 
of angular momentum. We shall restrict our discussion 
to S-waves; analogous theorems are valid for other 
angular momenta 

For nonrelativistic S-wave scattering, unitarity and 
have been shown?’ to lead to the con 
S(hié 


is a regular function of & for Im k>0O 


completen ss 
that 

continuation,‘ 
as long as no bound states are present. If there are no 


clusion “Ta>aol, if it has an analytic 


branch points, Ning Hu® has shown that one can 
therefore write 
k—k,* k+k, 
S(k)=&"* é ielTT . (1) 
. k—k, k+k,* 
a>do, Imk,<0. 


rhe &, for different s are not assumed to be necessarily 
distinct. The form of Eq. (1) is dictated by the absence 


of poles in the upper half plane and by the condition 
S(k) = CA® =e 24H = S*(—k). (2) 


For a relativistic particle the energy is a double- 
valued function, E= + (+ °)!; in general the scatter- 
ing amplitude depends both on & and E so that cuts 
must be introduced in the &-plane along the imaginary 
k axis from in toi and —in to —i@. Following Hu,’ 
we can write 


S(k,E) 
(k,+k,*)(E—E,*)— (E,*—E,) (k—k,*) 
e : “TI, , ; (2) 
(kh, +k,*)(E—E,)—(E,—E,*)(k—b,) 


xork was supported 


* This 
Commission 
FE. P. Wigner, Phys. Rev. 98, 145 (1955 
?W. Heisenberg, Z. Naturforsch. 1, 608 
* Ning Hu, Phys. Rev. 74, 131 (1948 
*N. G. van Kampen, Phys. Rev. 89, 1072 (1953) and Phy 
91, 1267 (1953 


in part by the U. S. Atomic Energy 
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omentum derivative of the scattering phase shifts of a relativistic neutral 
en the interaction is of finite range. 


S(k) has a pole at k=k,, E=E,=(k?+-y*)! but need 
not have a pole at k=k,, E=—E,; we have S*(k,E) 
=§(—k,E£) in accord with unitarity but there is no 
simple relation between S(#,E) and S(k,—£). But for 
a real field (neutral particles only) S(k,E)=S(k,—E), 
so that for every factor in Eq. (3) contributing a pole 
at k,, E, there is one contributing a pole at k,, —E,. 
When the pair of factors with E, are multiplied, Eq. 
(3) reduces to the form of Eq. (1). 

We may solve Eq. (1) for the phase shift and obtain 


5(k)= —ak+>D., tana, (k)= —ak+>,6,(k), (4) 
where we have introduced the angle 
6,(k)=tan"a, (k), (5) 
and the function a,(k), 


a,(k)=2k Imk,/ (k°— |, |”). (5’) 


The properties of the derivative of S(&) with respect 
to k, denoted by a dot, are related to those of the 
derivatives of @ and a, 

: ; a, 
6=—a+) 6,=-—a+> (6) 
s o 1+a,? 


Because the poles of S are all in the lower half-plane, 
however, & is always positive, 


+/k,|? 
&,= (—2 Imk,) >0 (7) 
(R°— | Rk,|*)* 
whence 


§>—a. (8) 


Actually, the properties of a, permit a still stronger 
statement on the lower limit of 6. By comparing Eqs. 
(5’) and (7), we may conclude that 


a,> \a,'/k. (9) 


But this implies that 8, has the lower limit 


1 ja, 1 
— sin2@, (10) 
kita, 2k 


and that, in turn, 6 has to be greater than —a by a 
positive definite amount 


bs 1 
6>—a+— > sin20,| >—a+ 


2k 2k 


sin2(6+ka)). (11) 
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The last part of the inequality can be easily deduced by 

induction, starting with a sum over two terms, 

| sin (6,+6¢) | = | sin®, cos#.+cos#, sind, | 

sin@; cos#,| + | sin#, cosé, 
<|siné;!+/sin@.|. (12) 


A 


Equation (11) above corresponds to Eq. (5a) of 
reference 1, but differs in that the oscillating term 
always makes a positive contribution. 

When bound states are present S(k) of Eq. (1) has 
simple poles in the upper half-plane at k=ik, such that 
the.energy of the bound state is (u’—&,*)!. Then the 
rhs of Eq. (1) will have a factor 


k+iky 
- (13) 
» k—ik, 
and Eq. (11) becomes 
’ 1 ky 
5>—a+—!sin(26+2ka)|-—yo — , (14) 
2k +h? 


Another inequality which can be stronger than 
Eq. (11) and is valid for real fields even if inelastic 
processes enter at higher k, follows from an application 
of Cauchy’s theorem to exp[2i6(k)+2ika]. Since the 
integrand has no poles in the finite half-plane if there 
are no bound states, Cauchy’s theorem yields 


* 


P > dt 
f ei t +ta) (15) 
ri t—k 


“x 


e2ilb(k)+ka) - 


By differentiating Eq. (15) logarithmically and using 
6(k) = —5(—&), we obtain 


: 1 = di sin*[ 6(t)—6(k)+at—ak | 
6(k) = —at+ i) (16) 


x/_. (t—k)* 
>—a. 


The integrand of the right-hand side is always positive. 
Therefore a knowledge of 6(k), even over a limited 
region of k, contributes a lower limit to the entire 
integral in Eq. (16).* 

For the partial S-matrix ci Eq. (3), which describes 
the scattering of a charged relativistic particle, even 
the inequality (8) will not hold in general; it does not 
seem possible, therefore, to apply the inequalities (8), 
(12), and (16) to the scattering of charged mesons. 
Furthermore the possibility of charge exchange makes 
even Eq. (3) inadequate for the S-wave scattering of 

‘If multiple processes occur at momenta greater than k, Eq 


(16) still holds with the sin*( of the integrand replaced by 
¢-%1 sin?( )+¢-% sinh(é.), where 5; is the imaginary part of 6 


x mesons by nucleons. Under the transformation 
E—-—E the partial S-matrix e for r*+p— rt+)p 
becomes that for r-+p— x~+-p.® In a charge-inde- 
pendent theory, for instance, #~+) — r°+n can take 
place, e**“-*? cannot be unitary, and 6;(—£) cannot 
be real. 

Nevertheless some information about the range of 
interaction can be inferred for the meson-nucleon 
system. Completeness and unitarity give the relation 


at 


f dke**"S[ k, + (k?+p*)*] 


x 
x 


+f dke*'SCk, — (k?-+y*)!]=0, 


—w 


where S[k, + (&?+*)!] may be the partial S-matrix for 
ré+p—>rt+p or +p— "+n. Charge inde- 
pendence relates the charge exchange amplitude to the 
two elastic amplitudes, and the r* amplitude becomes 
the complex conjugate of that for #~ when the sign of 
the energy is changed. Completeness, unitarity, and 
charge independence lead to the single relation 


P x Qertes(t) +-g2 oi t) 
Derioalh 4 grids (h = f : di, (17) 
ri J_., t—k 


where 
o3(k) =5,(k)+-ka and i(k) =6,(k)+ ka. 


Differentiating both sides of Eq. (17) with respect to 
k and then setting k=0, we obtain 


* 2 sin’os(/)+sin*¢;(/) 
26;(0)+-4(0) +3a rf dt, (18) 
- ad 


With Orear’s extrapolated phase shifts, 


k k 
6;3=—O.11— and 46,=+0.16—, (19) 
MC ue 


the complete neglect of the positive definite integral 
yields a >0.02(h/yc). 

A stronger limit on a is easily obtained if we use a 
linear approximation to the S-wave phase shifts.’ The 
integration in Eq. (18) can be carried out, with the 
result 

263(0)+-61(0) = 2| d3(0)| +14, (0)!. (20) 


From this we can infer 


a>0.11(h/pc). (21) 
* M. Goldberger, Phys. Rev. 99, 979 (1955). We are indebted to 
Professor Goldberger for furnishing us a copy of his paper before 
publication 
7 J. Orear, Phys. Rev. 96, 176 (1954 
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Recent measurements at high energies indicate that the total cross sections for collisions of both nucleons 
and # mesons with deuterons are noticeably smaller than the sums of the corresponding cross sections for 
free neutrons and protons. A formalism for calculating the cross sections of the deuteron is developed, based 
on the assumption that the interactions of the incident particle with the neutron and proton may individually 
be treated by the general methods of diffraction theory. The nonadditivity of the free-particle cross sections 
is shown to be due largely to “eclipses” in which either the neutron or the proton lies in the shadow cast by 
the other, an effect in which quantum mechanical diffraction plays an important role. Simple representations 
of the high-energy interactions and the ground-state wave function of the deuteron are found to lead to 


cross-section defects of the magnitude observed 


I. INTRODUCTION 


[' has often been suggested that in collisions with 
incident particles of sufficiently high energy the 
neutron and proton comprising a deuteron may be 
considered as independent scatterers. For de Broglie 
wavelengths much smaller than the deuteron radius, 
it is argued, interference effects vanish, and any cross 
section should equal the sum of the corresponding 
neutron and proton cross sections measured separately. 
Recent measurements of 
Bev 0.1% 10~" cm) seem, on the contrary, 
to reveal a substantial lack of additivity of the neutron 
and proton cross sections, in deuterium.'* Measure- 
ments with incident protons and incident neutrons 


nucleon attenuation at 1.4 
(where A 


both indicate that the deuteron cross section is less 
than the sum of the free-particle cross sections. The 
measured differences, although obviously subject to 
uncertainty, amount to 9 mb and 6 mb respectively, 
values to be compared with o(n,p)=42 mb and o(p,p 

418 mb 

A very similar situation has been found to arise in 
measurements’ of interactions of x mesons with hydro- 


0.2K10°" 


cm). The observations, which we shali discuss later in 


ven and deuterium at 800 Mev (where A 
4 


detail, furnish support for the hypothesis of charge 
symmetry and show that the deuteron cross section is 
once again smaller than the sum of the free-particle 
cross sections. The measured differences in this case are 
6 mb and 4 mb, values to be compared with the 
magnitudes o(#~,p)=41 mb and o(x*,p)=18 mb. 
Some simple considerations may be of help ir 
indicating the nature of the effect. At these energies 
the attenuation of the incident amplitude by incoherent 
processes such as meson production may be schemat- 
ically represented as due to a certain amount of absorp- 
tion of the incident wave by the nucleons. Since the 
incident wavelengths in these cases are evidently much 
smaller than the ranges of interaction, the nucleons may 


Coor, Hill, Hornyak, Smith, and Snow, Phys. Rev. 98, 1369 


(1985 
*Chen, Leavitt, and Shapiro (private communication). See 
also Phys. Rev. 95, 663(A) (1954 


‘Dr. O. Piccioni has kindly supplied these data 


be thought of as casting fairly well-defined shadows. 
It is then clear that absorption or scattering by either 
nucleon is reduced when it enters the shadow of the 
other. Astronomers have long been familiar with a 
time-reversed analog of this effect; the decrease in 
luminosity of binary star systems during eclipses. 

To observe the mechanism of the effect more closely 
we may begin by considering an elementary model. 
We represent the regions of interaction surrounding 
the nucleons as black spheres, each of which will then 
have a total cross section (comprising absorption and 
diffraction scattering) equal to twice its absorption 
(i.e., geometrical) cross section. The effect of eclipsing 
is most easily seen on the total absorption cross section 
of the system. This is because absorptions by the two 
nucleons are mutually exclusive events, and because no 
interference effects are involved, which 
are both lacking in the consideration of scattering. 
To find the deviation of the total absorption cross 
section from the sum of the two absorption cross 
sections, we must correct for the fact that those 
particles whose initial trajectories cross both regions of 
interaction are absorbed in the first and not the second. 

The geometrical cross section of the first nucleon will 
be o,/2, where a; is its total cross section. We require 
the probability that a straight line passing through the 
first region of interaction also intersects the second. We 
shall assume, for the moment, that the interaction 
ranges are small compared with the average value of 

r|, the separation of the nucleons. Then, since the 
probability density of the second nucleon is isotropic* 
about the first, the required probability is }02(1/4ar*)4 
which is the average solid angle subtended by the 
second region, as viewed from the first. The correction 
to the absorption cross section of the system arising 
from collisions in which the shadow of region 1 falls on 
region 2 is thus — }o,02(1/42r*),. An identical correction 
comes from collisions in which the regions are inter- 
changed. Hence we have 


conditions 


Oapa= $01+ 402— (o302/8r)(1/r*) 4 (1) 


*We neglect the d-state admixture and the effects of spin in 


the deuteron 
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CROSS SECTIONS 


for the absorption cross section. The total cross section 
of the system is most simply found by appealing to the 
fact that, whatever their configuration may be, the 
total cross section of the black interaction regions equals 
twice their absorption cross section. We therefore have 
the expression for the total cross section 


Oa=03+02— (0102/44) (1/P*) 4. (2) 


Assuming that the deuteron has a radius of the order 
of the triplet effective range r.=1.7X10~" cm, it is 
easily verified that the correction term has the appro- 
priate order of magnitude, 6 to 9 mb for nucleon 
scattering. We shall return to a more quantitative 
discussion of the effect at a later point. 

Although the representation of the interaction regions 
as black spheres has been helpful in the foregoing 
derivation, it must be emphasized that the evidence 
available to date is not sufficiently detailed to support 
such a model firmly. While meson production may 
indeed represent a considerable absorption, the spatial 
distributions of opacity remain unknown within wide 
limits. Nor can we exclude the possibility of coherent 
scattering taking place within the interaction regions. 
For these reasons then, in examining the effect further, 
we shall avoid placing any strong restrictions on the 
nature of the interactions involved. 


Il. CALCULATION OF THE TOTAL CROSS SECTION 


In the energy region of interest, incident particles 
have wavelengths considerably smaller than their 
ranges of interaction with nucleons. If it may be 
assumed that the energies of interaction of the incident 
particles with the nucleons are smaller than the incident 
kinetic energies, the collisions may be described by 
methods which are essentially those of diffraction 
theory.’ In the diffraction approximation we assume 
that the incident plane wave sweeps, virtually unde- 
viated, through the region of interaction, and emerges 
suffering only a position-dependent change of phase 
and amplitude. 

If we let b be an impact-parameter vector in the 
plane perpendicular to the direction of incidence, the 
scattering process may be characterized by a function 
x(b) which represents the change of phase, at a point 
b of the emerging wave front caused by passage through 
the region of interaction. The decrease of amplitude 
due to incoherent processes is represented by allowing 
x(b) to assume complex values (Imy <0). The coherent 
scattering at small angles is then given by®-* 


k 
f(k’ k) = fe Kiba _1)4, (3) 


2xi 


5G. Moliére, Z. Naturforsch. 2a, 133 (1947); Fernbach, Serber, 
and Taylor, Phys. Rev. 75, 1352 (1949). 

* If the interaction is due to a potential V(r), the phase function 
x(b) is given by (A) (.*V (2+b)ds, where 2 is the component 
of r in the direction of propagation and p is the incident velocity. 
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in which k is the initial propagation vector and k’ the 
deflected one. The integration is carried out over a 
plane perpendicular to the direction of incidence. We 
shall find it convenient to employ the abbreviation 


l(b) =1—e-*®), (4) 


Then for axially symmetric regions of interaction 
centered at b=0, the scattering amplitude reduces to 


f(l’,k) =ik f To(\k—k’|B)P(B)bdb, (5) 
0 


We shall assume that the interactions of the incident 
particles with nucleons are completely characterized 
by functions x(b) or I'(b) defined separately for the 
neutron and proton. In the work that follows, we make 
use of the scattering amplitudes only at or near the 
forward direction k’=k. It is this restriction which 
justifies the neglect of recoil effects implicit in the 
use of (3) and (5) for the description of scattering by 
isolated nucleons.’ 

In discussing scattering by deuterons and more 
complicated systems, the possibility of excitation of 
the system requires explicit treatment of its internal 
degrees of freedom. For this purpose a generalization of 
the diffraction procedures already outlined has been 
developed. While the application of the method is 
sufficiently direct in the present context, we shall return 
to a fuller discussion of its mathematical basis along- 
with certain more general procedures in future work. 

We may formulate the problem in a general way by 
considering the scattering by a bound system of 
nucleons whose individual velocities are small compared 
with the velocity of the incident particle. The nucleons 
may then be considered frozen in their instantaneous 
positions, say r,---r4, during the particle’s passage 
through the system. Assuming that the incident 
particle interacts with the nucleons through two-body 
forces, the total phase change of the emerging wave, 
Xtot(b), will be the sum of the phase changes produced 
by the individual nucleons. If the projections of the 
coordinates m---r4 on a plane perpendicular to the 
direction of incidence are q,---q,4, we may write 


A 
Xo (b,qu--qa)= ¥ xi(b—q,). (6) 


pol 
The function I analogous to (2) is then 


Pot (b,qu- + -qu)=1—expl—id> xx )(b—qy) ]. (7) 
7 Recoil effects are in fact easily included in a somewhat more 
general formulation of the method outlined in the succeeding 
paragraphs, but the corrections they represent for k’ different 
from k are characteristically quite small. This is because the 
assumptions inherent in the diffraction approximation restrict 
the scattering predominantly to small angles. The forwardness of 
the scattering does not, however, exclude the possibility of internal 
excitation of scatterers containing more than one nucleon. To 
find the coherent scattering amplitude we must exclude the latter 
explicitly 
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If the nucleons were rigidly fixed in their instantaneous 
positions, substitution of this expression in (3) would 
yield the scattering amplitude. Since the nucleons are 
not fixed in position the quantity I'y:(b,q.---qu) is 
to be regarded as an operator inducing transitions of 
the nuclear system as well as deflections of the scattered 
particle. In particular, if we are interested in elasti 


scattering, we must employ the diagonal element of 


I'soe(b,qi---qa) in the nuclear ground state.* For the 
reasons previously stated,’ we may ignore the recoil 


‘ 


momentum of the nucleus as a whole by letting its 
center of mass remain fixed at the origin. Then the 


elastic scattering amplitude is 


q[Iar;, (8 


where the r-integrations are over the configuration space 


of the A | 


1 independent nucleon position 





To apply this approximation to scattering by 
deuterons, we introduce the relative coordinates 

r=f,—-f:, q=4qi-— 4, 9 

and let o(r) be the wave function of the deuteron ground 


state. Then the elastic scattering amplitude according 


to (8) reduces to 


where use has been made of the normalization 
Ey ¢g\r dr a 


Now the expression exp{—iLxi+x2]} may be writter 


in the form 


exp{ —iLxi(b+4q)+x2(b—}q)} 

1—I',(b+4q) J[1—T'.(b—4q)], (11 
so that the scattering amplitude may be resolved into 
the terms 


R. J. G 


L 


LUBER 


This expansion separates the scattering into the 
amplitudes contributed by the nucleons individually 
plus a term representing the corrections due to the 
presence of two nucleons. The b-integrations of the 
first two terms, after translation of their origins in the 
b-plane, indeed reduce to the neutron and proton 
scattering amplitudes given by (1). 

Since our interest centers, for the present, on the 
total cross section, and this may be found from the 
forward scattering amplitude, we specialize at once to 
the case k=k’, and introduce the abbrevaitions 


F(0)=F(kk), f(0)= f(kk). (13) 


Then, introducing the individual forward scattering 
amplitudes via (3) and (4), we have 


k 
Fo f,(0)+ f.(0)+ J 
2ri 


XTi (b+4q)le 


6 
— 


(b—4q)d bdr. (14) 


To find the total cross section of the deuteron, we 
make use of the fact that the attenuation of the 
incident beam may be described as a destructive 
interference with the coherent amplitude scattered in 
the forward direction. This relates the total cross 
section to the imaginary part of the forward amplitude 
in the familar way: 


oag= (49r/k) ImF (0), (15) 
and for the individual nucleons 


a;= (4r/k) Imf,(0). (16) 


Then, taking the imaginary part of F(0) as given by 
(14), we find the general expression for the deuteron 


cross section: 


XP,(b+4q)P2(b—}q)d bdr. (17) 


The relation of the two-particle term to the “eclipse” 
corrections mentioned in the introduction may be seen 
in a general way at this point. The functions I'(b) 
defined by (4) go to zero for impact parameters lying 
outside the range of interaction. The integral over b 
in the two-particle term therefore vanishes except when 
the relative position of the nucleons is such that the 
region of interaction about one casts its “shadow” on 
the other. 

Since the wave function of the deuteron is spherically 
symmetrical to a good approximation, it is convenient 
to express the two-particle term in a way which takes 
advantage of this. As a first step we calculate the term 
for a spherically symmetric wave function in which the 
neutron and proton remain a fixed distance p apart; 

















that is, we take 
| o(r) |?= (44p*)8(|r] —p). (18) 


The r-integration in (17) may then be separated into 
an integration over z, the component of r in the direction 
of incidence, and an integration of q over the perpendic- 
ular plane. The z-integration is easily carried out. 
Writing S(p) for the two-nucleon correction in this case, 
we have 


ga=oit+e2+S(p), p fixed (19) 


where 


S(p) = — (2xp*)* Re fd “bd ql: (b+4q)ls(b—}q) 


me ; 1 d™q 
xf 5{ (¢?+2*)'—p}dz =— f : y 
Tp \ai<p (p’—¢")! 


xRe f ri(b+ha)ra(b- bq)d™b. (20) 


This result for a fixed distance between the nucleons 
may now be employed to find the correction to the 
cross section for any spherically symmetric representa- 
tion of the deuteron wave function. The correction in 
the general case, which we represent as da, is obtained 
by averaging S(p) over the radial distribution function. 


Ca=91+-02+- 60, (21) 


60 = f ¢(p)|*S(p)4xp*dp. (22) 
0 


For neutron-proton separations r much larger than 
the interaction ranges, S(r) reduces to 


S(r)~— (xr) Re f Pi(b+Sa)rs(b—Ja)d ba 4, 


or, introducing q;=b+ 4/2, q.=b—q/2, 


S(r)~ — (xr) Rel fri(adea freer}. 


The latter integrals are proportional to the individual 
forward scattering amplitudes given by (3) and (4), 
so that S(r) reduces to 


S(r)~(49/k'r*) Ref f,(0) f2(0)}. (23) 


This is of course an asymptotic expression, valid at 
large distances, but its r-dependence is roughly correct 
down to the radii of the interaction regions themselves. 
Hence, if there is a sufficiently small probability that 
the interaction regions overlap, we have 


bo = (44r/k*) Ref f:(0) f2(0))} (ra. (24) 
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Fic. 1. The function S(r), which represents the correction to 
the total cross section when the neutron-proton separation is 
held at the fixed value r, is plotted in units of 2ra*. The dashed 
curve represents the asymptotic form the function assumes at 
large distances. 


A further simplification may be achieved if it is 
assumed that the high-energy interactions are purely 
absorptive. The absorption, which represents incoherent 
processes such as meson production is, of course, always 
accompanied by elastic diffraction scattering. This 
assumption, that the incident wave suffers no real 
shift of phase, but only a decrease of amplitude (i.e., 
x;(b) is purely imaginary), implies that the scattering 
amplitudes (3) are purely imaginary. We then have 
f;(0)= (ik/4)o;, and substitution of these relations in 
(24) yields 


60 = — (1 ‘4m )oyootr Na. (25) 


This is just the expression found in the introductory 
considerations, which treated the interaction regions 
as black spheres. It is evident now, however, that the 
result is substantially more general. The interactions 
need not be perfectly opaque and indeed the opacity of 
a nucleon may be distributed arbitrarily within ranges 
small compared with the size of the two-body system. 
It must be mentioned, though, that the absorption of 
the system is no longer given in general by (1), since 
the absorption and total cross sections are no longer 
simply related by a factor of two. 

It is instructive to calculate the absorption and 
scattering cross sections separately. Their sum, of 
course, furnishes a check on the total cross sections 
discussed thus far. The correction to the absorption 
cross section is still given by the argument of the 
introduction, but employing the individual absorption 
cross sections 01, and a4 instead of geometrical areas, 


57 be = = (1 ‘Qe ) OF 2) 4. (26) 


The considerations required to find the scattering are 
rather more lengthy. It is necessary to take account of 
all scattering processes involving breakup of the 
deuteron as well as the elastic collisions. This is accom- 
plished by integrating the scattered intensity over 
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angles and summing the squares of al] matrix elements 
of the operator I',.«(b,q:- - - qu). The resulting expression 
is a sum of terms representing scattering by the individ- 
ual nucleons, interference between them, and corrections 
due to double scattering and scattering by one followed 
by absorption by the other. When these are summed 
and added to (26), they indeed reduce to the much 
simpler expressions given above for the total cross 
section. 


Ill. RESULTS AND DISCUSSION 


In the foregoing work we have analyzed the total 
cross section of the deuteron in a way which remains 
valid for the wide range of high-energy interactions 
which may be treated by the methods of diffraction 
theory. While it is anticipated that the actual interac- 
tions of high-energy incident particles with neutrons 
and protons will be found to have this character, too 
few observations exist as yet to permit conclusive 
analysis of the data. In particular, lacking measure- 
ments of the differential cross sections for elastic 
scattering, very little can as yet be said concerning the 
phase change functions x ;(b), or the “shadow” functions 
r,(b)=1— exp[ix,(b)], which figure in the general 
results (20) and (22). We shall therefore confine 
ourselves for the present to the use of simple models 
for the high-energy interactions. In this way rough 
estimates of the effect may be reached along with 
comparisons of the relative magnitudes involved. 

The experimental total cross sections'* for nucleon- 
nucleon encounters at 1.4 Bev are 


a(p,p)=48 mb and o(n,p)=42 mb. 


Two attenuation measurements have also been per- 
formed with deuterium. With a beam of incident 
protons, a subtractive experiment’ involving deuterium- 
and hydrogen-bearing targets yields o(p, [d—p]})=33 
mb which is 9 mb smaller than o(p,n)=o(n,p). The 
subtractive measurement added to o(p,p) indicates a 
proton-deuteron cross section o(p,d)=81 mb. With 
neutrons incident on deuterium,!' the total cross section 
of the deuteron is found to be o(n,d)=84 mb, a value 
whose closeness to the corresponding result for protons 
strongly supports the hypothesis of charge symmetry. 
If it is assumed then that the free neutron-neutron 
cross section is the same as o(p,p) given above, the sum 
of the free-particle cross sections o(n,n)+o(n,p) is 
found to exceed o(n,d) by 6 mb. As a further conse- 
quence of charge symmetry, these differences of 9 mb 
and 6 mb must be considered as two measurements of 
the same number. Since they are differences of experi- 
mental cross sections, their errors may of course be 
relatively large, but it will be of interest to see whether 
or not the results predicted lie in the range they indicate. 

Since little more is known about nucleon interactions 
at 1.4 Bev than is contained in the above total cross 
section measurements, we shall employ them to define 
the radii of opaque regions of interaction. The black- 
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sphere model to which we thus return is at least 
roughly consistent with measurements’ made at 
somewhat lower energies of the relative proportions of 
elastic and inelastic processes occurring in proton- 
proton scattering. Since the neutron and proton cross 
sections are not very different, we shall simplify the 
calculations by assuming their regions of interaction 
identical. The radius a=0.85X 10-" cm corresponds to 
a mean nucleon-nucleon cross section 2ra?= 45.4 mb. 

Whether this interaction range may be considered 
small or not depends in large measure on the form 
assumed for the deuteron wave function. As we shall 
see, the experimental data such a wave function must 
be required to fit, leave the radial distribution function 
quite undetermined at small neutron-proton separations. 
In particular for models which concentrate the probabil- 
ity densities at small distances, it will be necessary to 
use the general formulation of the result given by (20) 
and (22). 

The functions I’ ;(b) for the black-sphere interactions 
assume the particularly simple form 


1,b<a 
l',(b)= l'2(b)= 
0, b><a. 


(27) 


With the aid of these, the function S(r), which repre- 
sents the correction to the total cross section when the 
neutron-proton separation is held at the fixed value r, 
is easily found. Introducing the variable 


x=r/2a, (28) 
we have for x <1: 
S(r) = —2wa*{ 1+ (4/39) (x71 — x) K (x) 
— (4/3x)(x"+2x)E(x)} (29) 
and for x >1: 
S(r) = —2ma*{ 1+ (4/34) (x°—1)K (x) 
— (4/39) (x2°+1)E(x")}, (30) 


where the functions K and E are the complete elliptic 
integrals of the first and second kind, respectively. 
A graph of — (1/2xa*)S(r) is given in Fig. 1, where it 
is compared with the asymptotic form a*/2r’, which is 
valid at large distances. It may be seen that the 
asymptotic form deviates widely from the correct 
function only for radii r smaller than the range of 
interaction a. 

The deviation of the total cross section from the sum 
of the free-particle cross sections is found by averaging 
the function S(r) over the radial distribution function 
of the deuteron. For this purpose we shall discuss three 
possible models of the deuteron, selected to illustrate 
different ways in which the probability density may 
behave at small distances. The constants which any 
representation of the deuteron wave function must be 
chosen to fit are: the triplet effective range r,=1.7 


* Smith, McReynolds, and Snow. Phys. Rev. 97, 1186 (1955). 
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X10-* cm, and the binding energy, which may also 
be stated in terms of the parameter a, the logarithmic 
derivative of the radial wave function at large distances, 
a= (1/4.31) X10" cm™. 

If the interaction which binds the deuteron is 
represented as a square-well potential, its radius is 
found to be 2.07 10-" cm. The value of S(r) averaged 
over the radial distribution function appropriate to 
this potential yields 6s = 5.7 mb, a value quite consistent 
with the smaller of the two measurements. The value 
found by employing the asymptotic result (25) exceeds 
this by about 20%, an error which corresponds to a 
probability of only 4% that the neutron-proton separa- 
tion is less than 0.85 10~" cm. The use of the asymp- 
totic approximation must therefore be restricted to 
distributions which are less concentrated at small 
distances. 

A model of the deuteron somewhat more in keeping 
with the original proposals of the meson theory would 
be based on a potential which becomes singular as 1/r 
near the origin and decreases exponentially at large 
distances. The Hulthén potential, V(r)~A(er—1)" 
for which the wave function is proportional to e~*” 
xX (1—e~")/r, represents a convenient choice of this 
type. The parameter \ is found to be 1.2110" cm™, 
a value which corresponds to an increased concentration 
of the wave function near the origin. The mean value 
of S(r), in this case, yields 6s1=—7.2 mb, which lies 
between the measured values of the cross-section defect. 

A third type of deuteron model which has recently 
received considerable discussion is based on the 
assumption of a “hard core”’ in the low-energy neutron- 
proton interaction. The particles are assumed subject 
to an infinite repulsive potential which prevents their 
approach closer than a distance r,. An example of this 
model is furnished by one of the computations of 
Blatt and Kalos based on a core of radius r,=0.531 
X10-" cm surrounded by a potential of the type 
proposed by Lévy, with parameters providing an 
approximate fit to the known constants for the triplet 
state.” The average value of S(r) in this case gives 

=-—4.5 mb. The asymptotic approximation (25), as 
may be expected, is more accurate here than in the 
square-well case. Since the radial distribution lies almost 
entirely in'the region r>a, the asymptotic estimate is 
on the low side, by about 10%. 

The value 4.5 mb for the cross-section defect in the 
hard-core example considered is smaller than either of 
the measured values, 9 mb and 6 mb, though perhaps 
not small enough to exclude this model in view of the 
various uncertainties involved. However, since the case 
is one in which the asymptotic approximation is 
serviceable, certain general remarks may be made 
about the dependence of the result on the form assumed 


“J. M. Blatt and M. H. Kalos, Phys. Rev. 92, 1563 (1953) 
The wave function employed corresponds to the parameters listed 
on line 2 of Table I. The core radius is the smallest reported upon. 
We are indebted to Mr. J. Bernstein for supplying the tables 
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for the high-energy interactions. In particular, the 
validity of the asymptotic expression (25) for arbitrary 
interactions of a purely absorptive character indicates 
that the result should not be very sensitive to variations 
in the opacity distributions which leave the total 
cross sections unchanged. If the interactions are 
assumed to be refractive as well as absorptive, the 
forward scattering amplitudes are no longer purely 
imaginary, and we must return to the more general 
relation (24) to find da. This may be rewritten as 


bo~ — (1/49) {o172— (40/k)* 


XRe/:(0) Refi(0)} (ra, (31) 


from which it is evident that similar signs for the real 
parts of the forward scattering amplitudes would result 
in a decrease of the predicted effect, and hence a strong 
need for a more compact deuteron model. For models 
in which the probability density is substantially more 
concentrated, however, the asymptotic approximation 
becomes less accurate and the influence of other 
assumptions concerning the interactions can only be 
found by recalculating the general expression (22), 
While the black-sphere model we have employed in 
the absence of scattering data may well prove inaccurate, 
it seems clear that an effect of the magnitude observed 
may be explained with other strongly absorptive 
interactions by suitably adjusting the radia] distribution 
of the deuteron. 

A test of consistency may be made on the radial 
distribution required by analysis of the similar effect 
which is found to occur in collisions of x mesons with 
deuterons. The total cross sections at 800 Mev for 
collisions of #* mesons with protons are* 


a(x~,p)=41 mb, o(x~,p)=18 mb, (32) 


while subtractive measurements performed with 


deuterium- and hydrogen-bearing targets yield 
o(x+,(d—-p]}])=35 mb, o(x-,[d—p])=14 mb. (33) 


These results, which involve probable errors of about 
2 mb, may be added in pairs to yield the deuteron 
cross sections 


a(x+,d)=53 mb, o(x~,d)=55 mb. 


The agreement of these results offers further support 
for the hypothesis of charge symmetry, so that the 
cross sections (32) and (33) must be interpreted as 
implying that the deuteron cross section is less than 
the sum of the free-particle cross sections by about 
5 mb. In the absence of other data on meson interactions 
at this energy, we may merely remark that the assump- 
tion of purely absorptive interactions, together with 
the use of the deuteron wave functions employed above, 
furnishes estimates of the effect in the range from 1 to 
3 mb. A larger effect may be due to nonvanishing refrac- 
tive effects or concentration of the density distribution 
of the deuteron at smaller radii. 
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In concluding we may mention still another factor 
whose possible influence on the effect may be of interest. 
We have assumed from the outset that the complex 
phase changes brought about by the passage of a wave 
through the two regions of interaction are additive. 
When the interaction regions overlap, any nonlinearity 
in the superposition of their fields may imply nonaddi- 


tivity of the phase changes. This too would contribute 
to the observed cross-section defect, but its analysis 
must clearly follow a more complete investigation of 
the linear effects. The author is greatly indebted to 
Dr. Anatole Shapiro for calling the measurements of 
the effect to his attention, and to C. Sommerfield and 
J. Bernstein for aid with some of the calculations. 





PHYSICAI REVIEW VOLUMI 100, NUMBER 1 OCTOBER 1, 1955 


A Theory of New Particles 


Ryoyu UtryamMa 
Institute for Advanced Study, Princeton, New Jersey 


Received May 31, 1955 


A tentative scheme is developed to formulate the behavior of the new unstable particles. This scheme 


is a straightforward generalization of the usual charge-independent meson theory. The selection rules for 


isetonmic spin are ident 


} 





tastability of the new particles 


1. INTRODUCTION 


YEVERAL attempts! to interpret the contradictions 
.J between the copious productions of the new par- 
ticles and their metastabilities have been published. 
Among these attempts the “two-coupling-constant 
theory,”” due to Pais, seems most successful. In this 
theory the production processes are due to an inter- 
action with a large coupling-constant while the other 
small coupling-constant is responsible for decay proc- 
esses. Pais’ recent theory' based on the four-dimensional 
w space seems especially attractive. However there may 
remain, of course, other kinds of formalisms within the 
framework of the “two-coupling-constant theory.” 

In the present paper, the details of a theory of the 
baryons and mesons will be presented. In this theory 
particies will be distinguished by \a IsoLopk spin § 
(b) curious particle constant A, and (c) intrinsic spatial 
parity € in addition to the usual mass, spin, and charge. 
The theory is constructed so that the selection rules in- 
volving J, J,, and A are identical with those proposed 


s 


by Gell-Mann.? In addition we will show that it 
natural to introduce an additional selection rule in- 
volving the intrinsic parity «. This last aspect was 
briefly discussed in a paper by Tobocman and the 


author.’ 


, 
t 

In the usual formalism, the neutron and the proton 
are described by a spinor ¥“(a=1,2) in a three-dimen- 


A. Pais, Physica 19, 869 (1953); A. Pais, Proc. Nat. Acad. Sci 

40, 484 (1954); M. Gell-Mann and A. Pais, Proceedings of the In 

ternational Physics Conference, Glasgow, July, 1954 (Pergamon 

Press, London, 1955); T. Nakano and R. Utiyama, Progr 

Theoret. Phys. (Japan) 11, 411 (1954); T. Nakano and K. Nishi 
jima, Progr. Theoret. Phys. (Japan) 10, 581 (1953 

*R. Utivama and W. Tobocman, Phys. Rev. 98, 780 (1955). In 


the present paper this will be cited as U.T 


tical with those suggested by Gell-Mann. Owing to the particular form of the inter 


“i in this scheme, we can derive a new selection rule which seems to be of some use in inter 


sional r space. Similarly the charged and neutral mesons 
are described by a vector ¢ (or a symmetric spinor of 
the second rank x%= x (a,8=1,2)) in r+ space. The 
interaction Lagrangian between the two fields in the 
usual charge-independent theory is 


govy sty D~ ax sta. 1.1) 


ll * , 


ab © — (1/2) (gi— 12), x? =x = (1/2)g3. 


Now we consider a straightforward generalization of 
(1.1), namely 


ta, i gay ys: T (a any. (1.2) 
n a@iaz---aq=l,2 


Here x‘*''****) is a symmetric spinor of the mth rank in 
7 space and is assumed to describe a meson field with 
the ordinary spin 0 and + spin n/2, and y is a wave 
function corresponding to some assembly of baryons 


with ordinary spin 4 and various values of r+ spin. 
T a}-+aq) iS Some square matrix which is considered to 


be a generalization of the usual 7 matrix. 

In this treatment, we shall include only three kinds 
of meson fields: the ordinary x-meson field (x,.) or ¢),’ 
the @-meson field with 7 spin }(x@)*), and the r-meson 
field with + spin 4 (x )"). As to the baryons we shall 
include the nucleon field (¥,v)*), the A particle with 
r spin 0 (¥.4)), the Y particles with r spin 1 (yx), 
and the cascade particle Y with 7 spin 4 (¥,)*). Con- 





4 Indices a, 8, are spinor indices in + space. The ordinary 
spinor indices of baryons are omitted 
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sequently the strong interaction Lagrangian (1.2) has 
the form 


Lint ” =e a. (Ws: T as ~ vx r oad 
8 


a 1,2 


toys Ta hxc) * ths: Ta x02)" 
+-(Hermitian conj.). (1.3) 


The structure of the three kinds of T-matrices can be 
determined by the requirements that (1.3) be invariant 
under Lorentz transformations, gauge transformations 
and under rotations in r space (charge independence). 

On account of our special assumption that the strong 
coupling between the meson-family and the baryons is 
a Ys interaction, a new selection rule involving the 
intrinsic parities can be derived which may be of some 
use in interpreting the metastability of the new particles. 
The selection rule derived from the invariance under 
r rotations is sufficient to interpret the metastability 
of all the known particles. However, if more new par- 
ticles are discovered in future, more selection rules may 
be necessary to guarantee the singular metastability of 
the newcomers. The intrinsic parity rule mentioned 
above may be of use in this connection. 

In the following sections, we shall give explicit ex- 
pressions for the 7T-matrices and derive the above- 
mentioned new selection rule. Further we shall consider 
the possible types of electromagnetic and weak inter- 
actions. 

2. ROTATION-INVARIANCE IN <« SPACE 


The total Lagrangian density is written as 


L=Lyt+LutLin™’, (2.1) 
La=il(y"d,+M)y, La Ox" Ox +x*u"x), 
where x and x* are defined by 
(x¢n)™ 
* *a38 ta 7 | r 
K=O XOXO Vs L= (XO Is 
Xin)", J 
and p* stands for 
c 2h 
furry eo. } 
v= | Es I, 
0 Kir "EF. 


where E, is an (nXn) unit matrix. 
As to the wave functions of baryons, we shall take 


the following representation : 


vin)® 
, , *,. 
7 Via » wy ‘aoe ¥ 4 
ix)” = (ony, Woayy F)™, Very”) (2.2) 
¥ y a 
In this case, the mass operator M has the form 
M anykE: 0 
MwE 
M A i ’ 
M Zz E; | 


| 


LH M Y E, 


Under an infinitesimal rotation in r space ¥ and x 
are assumed to be transformed in the following way: 


3 
yy w’=(1+ (1/2) } e,D*)y 
ia 


1 


3 
x— x’=(1+(i/2) © exnD*)x (2.3) 
j k=l 


(€n=—e2;, J, R=1, 2, 3). 
Here D and ® are respectively given by 


D(}) 


Dio 
” D(1) 
D(}) 
and 
DU 0 
D DG : 
0 D(}) 


where D(/) (/=0, or 4 or 1) stands for an irreducible 
Hermitian representation matrix of (2/+1) degree for 
the generator of the r-rotation group. 

Now let us assume charge independence for the 
strong interaction, namely, we assume the invariance 
of the Lagrangian under any r+ rotation. Then we get 
the following relation 


BL ing) =8(g-PrsTY- x) =0, 


where T means* 


and T-x the scalar product of T and x. 
Substituting (2.3) into the above equation, we get 
TD*=[ D*,T), 
or equivalently 


YE Tap'‘* (a’B’ | D*(1)|a8)=[D*,T as), 


a =! 


: S Tw (a | DF (A 12) \a)= (D*,T. ‘ (2.4) 
and 
E Te” (a’|D*(1/2)\a)=DA,Ta”} 


7 
a 


Now in our particular representation shown in (2.2), 
the 7-matrices can be split into various rectangular 
submatrices in the following way: 


((QiT|4) CITIO) GITIA) TIA) 
» |(l}T{4) (ClTIO) (CO}T\1) (O}T)4)} 
= | Fe yt 
’ 1(i}714) (i;T\|O) (ai7}1) (1)7|4))? 2.5) 
LGIT}4) GITIO) GIT) GITID) 


*a and 6 are not matrix suffices but spinor indices taking values 
1 or 2. Each T is an 8X8 matrix whose matrix indices are omitted. 
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where (1'/T\l') is a (2/4+1)X(2l+1) rectangular 
matrix. 
By virtue of the relations (2.4 


of T’s are given by 


the zero submatrices 


UT? h)=0 for 1—l’#+1 or 0, 
UT? M)=0 for l-’#+}, (2.6) 
LT Lj=0 for I—-’=+} 


(see Appendix 
Since Lz and Ly are invariant under transformation 
r angular mo- 


(2.3), we get the conservation-law of 


mentum 


a 
f * jks aos ; ~ 
vy DY — il xP D* 0%, — dx" D* x} J=0. (2.7 
oy” 
In particular, we have 
av ax* 
r. x 
lz J vy Dah rt c Uz ” vex) ax 
al ar 
const Dz dD", Uz WW” 2.8 


3. GAUGE INVARIANCE AND ELECTROMAGNETIC 
INTERACTION 


lo introduce the electromagnetic interaction, (2.1 


must be replaced by the following expressions: 

Lp — Ly’ = if{y*(0,—ieCA,)+Mjy, 

Ly — Ly’ = —{(0,—ieC’A,)x}* 
x { (0 teC”’ 


8) a} — Festa 2 
“\xi—-x°ex- (3.1 
L,’ and Ly’ are invariant under the following infini 


tesimal gauge transformation 


yw =[1+ied(x)C W, — 
rie | 5 
x x’ =(1+1eA(x)C’ ]x. 


‘ are defined as follows: 


C=Dz+A, C’ 


Here C and ¢ 
z+ fw. 


and in that particular representation in which Dz and 


Dz are diagonal, C, C’, A, and A’ have the forms‘ 
1 
0, 
a ; . 0 | 
me 0 Dz+} 0 
0 =i, he -E 
0 
—1 
33 
1 
0 
-1, 0 0 0 
( 1 ) = Dz+ LE, 
0 0 VE 
0 1 
0 


* These representations of C and C’ correspond to the following 


representations of ¥ and x 


~~ 


JTIYAMA 





Now L;j,:‘5? must be invariant under the transforma- 
tion (3.2). From this requirement, we have 
TC’=[(C-T], 
or 
[A-T]—TA’=T-Dz—[Dz,T]=0 
on account of (2.4). Thus, we have the following repre- 
sentation for 7-matrices: 


(Ne 
| - - 0 
Ihe hig a i 
O» Nox Os 
T® - T = | 0, Nove ‘ (3.4) 
Os O2 


where V; and Nj stand for iXi and iXk submatrices 
having nonvanishing elements respectively. 
The conservation of charge is now expressed by 


0 
O f Wy'Cy+ ixtc’( ~iet'Au) x 
ot 
. 


a 
1 ( —ieC’A | crx is const. (3.5) 
| al 


(3.5) 





If we omit the electromagnetic interaction, 


bec omes 


; ox Ox* 
O fl» Cy+ int fae cx} fas const. (3.6) 


ar at 


From (3.6) and (2.8), we have the law of conservation 
of A for the strong coupling: 


[ 


Since every transition process must conserve the total 
charge Q, the conservation of A for the strong coupling 
is synonymous with that of Jz for such a coupling. 

Besides the gauge transformation, our Lagrangian is 
invariant under the phase transformation of baryon- 
fields 


. 


| Ox Ox* 
vy Aptis x*A'—— A'x} |dx=const. (3.7) 
{ ot ot 





. 


Yves, Pode, 


must be noted that all the baryon fields are 


a=const. 


Here it 


assumed to be complex functions. From this invariance, 


we get the conservation of the number of baryons. 


proton 
neutron a 
r® 
A° © 
‘= z* y ie e* 
2 ’ 
> a ” 
ny ” aed 
ro | in 
y- 
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4. INVERSION-INVARIANCE AND THE 
SELECTION-RULE 


It is easily seen that our Lagrangian is invariant 
under the proper Lorentz group. As to spatial inversion, 
however, some care is needed. As Yang and Tiomno® 
pointed out, spinor fields have four possible transforma- 
tion characters under inversion in ordinary space: 


¥(x) > ey (—2), 


(A) «= (B) e=—1, (C) e=t, (D) e=—1. (4.1) 


Since the @ meson is assumed in the present paper to 

be a scalar field owing to its decay mode, and since 

we assume that the strong coupling interaction is a 

ys interaction, we are forced to introduce baryon fields 

with various intrinsic parities. 

Now let us consider any element of the S-matrix 

(f\S\i)= (¥/* -SW,) 

is rewritten under inversion as 


=[ (1¥,)*-ISI-. (1¥,) }. 


whi h 

fi S\1 

Here J is a unitary operator representing inversion. 

Now suppose that ¥, and Wy, are the eigenstates of J, 
i.€., 

IV,;= ni: 


Iv;=0%;,, 1=+1 or —1, 


and that S is invariant under inversion (no external 
field is present), namely, 
[ST=S, (4.2) 
Then we get 
(f|S\i)=nany(f| S| i) 
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Fic. 1. Representation of T‘”). 


*C. N. Yang and J. Tiomno, Phys. Rev. 79, 495 (1950); 
S. Watanabe, Sci. Papers Inst. Phys. Chem. Research (Tokyo) 
39, 157 (1941); Wick, Wightman, and Wigner, Phys. Rev. 88, 101 
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Fic. 2. Representation of T®, 


This is nothing but the usual conservation law of 
parity.’ (4.2) is a trivial relation in ordinary meson 
theory. However, in our case this requirement gives 
rise to some restrictions on the form of the interaction. 

By using (3.4), Liny‘*’ can be written in the following 
way: 


Lin =g XS xcaWorrsT (a.0,07) "Wor, (4.4) 


4.6.0’ 
where x.) means some kind of meson, ¥qa) and Pa) 
stand for some kinds of baryons, and finally T (4,50 
stands for some rectangular submatrix shown in (3.4) 
Now (4.2) is equivalent to 


ft S)(y)I- d's = fiw’, 


and from this relation, we get 


(4.5) 


— €g€s* ey = 1. 


Here «¢, is equal to +1 and means the intrinsic parity 
of x(a), @ and &, (¢€* is a complex conjugate of ¢) are 
the intrinsic parities of baryons introduced in (4.1).* 
If the ordinary nucleon is assumed to be a type-A 
spinor, the spinors of type-C and -D can be excluded from 
consideration on account of (4.5). From (4.4) and (4.5), 
we see that some of the submatrices in (3.4) must be 
put equal to zero. If we assume the parity assignment 
as shown in the table which was given in the paper of 
U. T., the representation of 7-matrices is given by 


7 Of course in » the parity due to the orbital angular momentum 
is included 
‘In the present paper the intrinsic parity is defined in the 
following way; (i) spinor field is transformed under inversion as 
VQ) ~ evd(—»), 
(ii) tensor or scalar field is transformed as 
A yy) —> (1) *A yp...) | 


n=the number of suffices which are not equal to 4 among 4m, 
vy, --*h. In both cases, ¢ is called the intrinsic parity of the field 
considered. 
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Here ¢ is the product of the intrinsic parities of all the 
particles present, m 1s r il mber of a e kinds 
of mesons present d dicate eu il al 1 
final quar €S Tespe r The relatio 16) is easily 
verified by considering any particular Dvson-Feynman 
diagram and supposing it at every vertex of the 
diagram the relation (4.5 ilid 
l is new rT é Ss ¢ é que to the }] r ar 
choice ol é era ] ivgrangia i d. I ourse 
does not ontrad ¢ i tv ol e usual parity 
law (4.3 
5. ELECTROMAGNETIC INTERACTION AND 
WEAK INTERACTION 
The | igrangia f the el tromagne eractio 
ntroduced in Se 3 
I P é 1 wy ¥ é 1, x*( ey +A <* *) 
CA A*e* Cty 5.1 
& r. 
Ihe matrices C and C’ are diagonal in the particular 
representat \ h x and y have the representa- 
tions shown in footnote 5. Therefore transitions due to 
5.1) do give rise to any change of characters of 
barvons and mesons Ir other words, the conservatior 
of A and the « rule (4.6) are also valid for these transi 
tions 
In the usual meson theory, besides (5.1), we have 
another kind of electromagnetic interaction, namely, 





Il 
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the so-called “‘Pauli-type interaction” : 
LHL YY WP Pe 


u=the magnetic moment of nucleons. 


= Oy. {  aeen 0,A pe 


Similarly, we can introduce in the present framework 
the following gauge invariant electromagnetic inter- 
action : 


L®), = hl [yy JUVE,., (5.2) 


where the matrix U is an (8X8)-matrix and plays a 
similar role to that of our T-matrices. 

This U-matrix is not necessarily diagonal but the 
requirements of the conservation of A and the e rule 
4.6) lead to the following representation of U: 


if =° and A° have the same intrinsic parity, 


. fi 
wm (0 0 
0 2 | 
M3 0 a 0 
I O ps O O | 
a 0 Ls 0 
e+. 2 ms 
, O 
0 M7 
O ps 


where the yw,’s and a are some real constants; 
ii) if 2° and A° have the opposite parities, U’ is diagonal. 


In the case (i) a fast y decay of E° to A° is possible if 
the value of a is suitably chosen. 

So far, we have discussed only the strong and elec- 
tromagnetic interactions. For both types of interactions 
the ¢ rule (4.6) and the conservation of A-values and of 
number of baryons are always valid. 

Now let us discuss the possible types of weak inter- 


the 


actions. These we define in the following way; a weak 
interaction is one which violates the ¢ rule or the con- 
servation of A-values or both. However, the require- 
ments of gauge-invariance and of the conservation of 
the number of baryons should be also satisfied, for this 
interaction. 
We shall 


possible cases. 


discuss separately the following three 


1) A is conserved but ¢ rule is violated 


The interaction Lagrangian is 


L,) = f(PVy -x+Hermitian conj. 5.3) 
where 
\ V ag’ Va Va" 
and 
i<Kg. 
Each V-matrix can be determined (to some extent) by 


the requirements of the gauge invariance and of the 


conservation of A. Namely, by using the notation of 


Sex . 


3, these two requirements lead to 


(C,V] 


Vc’ 4) 


(gauge invariance (5. 








TABLE I. Assignments of r spin and intrinsic parity. 


L;" (5.11 


SLWY¥ -x+Hermitian conj. }. 


The Y-matrices must have the following properties: 


YC’=[C,Y], 
YA’'#[A,Y], 
A|Y@ IA B| YY‘! B)=0, 5.12) 
{|¥“ A BY | B)=0, 
{1;¥ |B B\ Y® | A)=0. 
From (5.8)—(5.10) and (5.12), we can derive concrete 


representations for W and Y 





A THEORY OF NEW 
Particle PLN A° z*,2,z 
Spatial spin 1/2 1/2 1/2 
Spatial parity A B A 
(+ {(—) (+) 
r-spin 1/2 0 1 
8 - 1-value 1/2 0 0 
Wave function ¥in)* ¥(A) v2 
¥ 
. 
. 
and 
VA'=[A,V] (conservation of A). (5.5) 
Furthermore since (5.3) is a non-ys interaction, V has 
the following property : 
(A[ VA B\ V™ | B)=0, 
(AIV®IA BV)! B)=0, (5.6 
(A|V)| B)=(B| V™) A)=0. 
These conditions (5.4)—(5.6) lead to a concrete repr2- 
sentation for the V-matrix. For example, in our par- 
ticular case, as shown in Table I, the representation of 
V‘* is given in Fig. 4, where a and } are some complex 
numbers while c must be a pure imaginary constant. 
(ii) € rule is valid but A value is not conserved. 
The interaction Lagrangian is 
L,*) = f(yysWy -x+Hermitian conj. }. (5.7) 
In this case, W must satisfy the following relations: 
Wc’=([C,W], (5.8 
WA'+[A,W], (5.9 
(A|W®|B B|W‘| A)=0, 
(A\W@|B BIW | A)=0, (5.10) 
(A|W®! A)= (B/W | B)=0. 

‘ ‘ 5.9) is just the formal expression of the following 
postulate: we must put equal to zero all those matrix 
elements which allow transitions conserving the A-value. 

. (iii) € rule and conservation of A are violated 

. 
In this final case, the Lagrangian is 
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Fic. 4. Representation of V‘"). 
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APPENDIX’ 


We shall explain briefly how to get the representation 
of T-matrices. As an example, let us consider the second 
equation of (2.4): 

: Ta (a D#* (4) \a) [D*,T," (2.4) 
Now let us take a particular representation for D“*’ as 
given in Sec. 3. In such a representation the D’s are 


*The method here developed is quite similar to what was 
presented by Bhabha in his paper: H. J. Bhabha, Revs. Modern 
Phys. 17, 200 (1945 
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oan , } ral 4 > = 
given by the following expressions: put 


Dp= D®+iD", D,=D*-—iD", Dz 


l,m 


m=, 1 


m.m')-element of a 


means al 


ibmatrix of D. Further- 


} 
tangular 
anguiar-s 


a) is represented in the following way 
a| D™(4) |p 


» defined by 


Ast 


used 


Sub- 


UTIYAMA 
Thus, if 
we have 
(l, —1|7,|1+4, —l-—3 
(1,1) T,|l—4, l-4 
(A.10). 


Accordingly, the nonvanishing elements of 7-matrices 
take the forms 


Similarly, from (A.5) we can derive the relation 


fi lim t+ ? 


l,m Tz la 


: All 
fo*(1m 
By substituting (A.11) into (A.2) and , the follow- 
ng recursion formula can be derived: 
l—m-+2)! lm 


l+m—1 


(l—m+-1)*- fi* (1, m—1 


l+m)*. f>-(1,m—1 


l+-m)*- fet (Lm) = (l+-m+1 


l—m-+-1)*- f=- (Lm) = (l—m)'- fs 


Therefore, we have the solution 


fi* (lm) « (l—m-+-1)?, 


ji 


fr (Lm) « (l+-m 


fat (lm l+-m+1 


fs-(lm) « (l—m 


Substituting these into (A.3) and (A.4), we get the final 


solution 
m+1 


lm 


, 
ails 
l.m)=b,(l+m 


*(Lm —a,(l+m+1 


l,m) =6,(l—m)', 


and }; 


l. For example, in our 


where a; are arbitrary complex constants only 


depending or case we have 


0 kv2 


On account of the gauge invariance, c, e, g, and # must 
vanish, Further, the e rule makes a and d vanish because 


of our parity assignments 
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East-West Asymmetry of Positive and Negative Mesons at the Geomagnetic Equator* 


F. B. Harris,t Massachusetts Institute of Technology, Laboratory for Nuclear Science, Cambridge, Massachusetts 
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The intensities of positive and negative « mesons at zenith angles of 45° in the east-west plane and at the 
vertical have been measured at atmospheric depth 548 g cm™ near the geomagnetic equator. The data are 
analyzed through use of the empirical production spectrum and unidimensional equation for ~-meson 
production employed by Sands and by Olbert. A careful theoretical discussion is given, taking into account 
in detail the various effects arising both from the variation of the geomagnetic cutoff with direction of 
incidence of the primaries and from the curvature of the trajectories of the mesons in the earth’s magnetic 
field after their production in the atmosphere. It is found that, to bring the 45° and vertical data into accord, 


it is necessary 

to express the production spectrum, at any 
=A|R’+a(M 
cidence at that location 


1 


charged particles in the primary cosmic radiation 


I. INTRODUCTION 


HE various directional asymmetries observed in 
radiation arise through 
The first of these is the 


the secondary cosmi 


two principal mechanisms. 
action of the magnetic field of the earth upon the 
primary particles. The second is the curvature, in the 


same magnetic field, of the trajectories of the secondary 
particles after their production in the atmosphere. 
Fortunately, it is possible mathematically to consider 
the two processes as taking place consecutively, rather 
is, the depth of the atmosphere 
omparison with the radii of 


than concurrently. That 
is sufficiently small in 
curvature of those primary trajectories which are of 
interest that the primaries can be considered to undergo 
all of their deflection outside the atmosphere and to 
follow rectilinear trajectories after their entrance into 
The much 
with respect to their primary 


the secondaries however, 


degraded in energy 


atmosphere. 


parents, have considerable curvature in the magnetic 
field. The depth of the atmosphere is small enough 
compared with the radius of the earth that the portion 
of the 
phenomena occur can be considered plane. 

We shall follow Sands! and Olbert?* in employing 
an empirical differential range spectrum of u mesons 


earth’s surface above which the secondary 


at production of the form 


G R’ 1(a+ R’ ’ (1) 

Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Utica College of Syracuse University, 
York 

¢ Now at the Centro Brasileiro de Pesquizas Fisicas, Rio de 
Janeiro, Brazil 

1M. Sands, Phys. Rev. 77, 180 (1950 

*S. Olbert, Phys. Rev. 92, 454 (1953 

*S. Olbert, Technical Report No. 61, Laboratory for Nuclear 
Massachusetts Institute of Technology, 1954 (un 


Utica, New 


Science, 
published 
‘S Olbert 


Phys. Rev. 96, 1400 (1954 


to assume an rms angle of production of the parent * mesons of 14°+2 
geographical location, by the single equation G(R’) 
}*, where M, is the cutoff magnetic rigidity for the primaries in a given direction of in 
The data do not indicate the presence of any appreciable number of negatively 


It is then possible 


where R’ is the range of the u meson at production. 
Sands derived values for the three constants of Eq. (1) 
on the basis of data on the vertical intensity at one 
latitude. Olbert reasoned that since very high-energy 
u mesons can come only from high-energy primaries, 
i.e., those which are not affected by the earth’s magnetic 
field, the spectrum for large values of R’ must be 
independent of position on the earth, provided the 
primary radiation in the neighborhood of the earth is 
isotropic. Now the only one of the three empirical 
constants in the foregoing expression to which G(R’) is 
insensitive at large ranges is a, so that if indeed the 
empirical expression for the production spectrum does 
have this same general form at all locations on the earth, 
the constants A and m must be the same everywhere. 
He thus extended Eq. (1) to apply to the vertical 
direction at various geomagnetic latitides, a becoming 
a function of geomagnetic latitude. His values of the 
various parameters were based on more complete data 
than were Sands’. 

The purpose of this paper is threefold: (a) to extend 
the range of applicability of Eq. (1) to include not 
only any location on the earth and any altitude, but 
also any direction of observation, (b) to relate a more 
precisely to the geomagnetic cutoff, and (c) to develop 
a theory whereby the intensities of positive and negative 
@ mesons in a given direction may be separately 
computed and the primary and secondary effects on the 
east-west asymmetries understood. 


Il. GEOMAGNETIC EFFECTS 


The behavior of a particle in a magnetic field in 
vacuo depends exclusively upon its magnetic rigidity 
M, or ratio of momentum to charge. The magnetic 
rigidity in Bv is numerically equal to the momentum 
in Bev/c for singly charged particles, but of course not 
for multiply charged particles. 

For a given direction of incidence at a particular 
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» 8} 

zg Mz \\Mc \M 
= € x \ 
\ 
z 
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¥ x 60 ‘ 8) 


ohtude (degrees 


and M,, 


he three critical magnetic rigidities, M,, Mo, 





i ‘ cal directi ncorrected for eccentricity of the earth’s 
ij as fu tic latitude X. At a given latitude 
article ia than M, arrive vertically, while 

articles of VW, can arrive. M, is a tentative 

t ivalent **« icing, as near as possible the 
ame secondary effects as the true rigidity spectrum of primaries 


location on the earth, the terrestrial magnetic field acts 


as a rigidity filter on the primary radiation. No particles 


having rigidity less than M,, computed from either the 


Stérmer cone or the simple shadow cone,’:* can reach 


the earth in the given direction. Particles of all rigidities 


greater than VU 


computed from the main ha 


from that direction. Between M, and Mo, 


imbra,”’ some rigidities are allowed, 


cone, 


can arrive 


in the so-called “‘pen 
others forbidden, the tron 


region ranging mostly 
] 


forbidden at the equator to mostly allowed at the 
If, at 


accessible to particles of a certain rigidity, partic les of 


poles a certain location, a given direction is 


that rigidity will arrive at the top of the atmosphere 


in that direction with the same intensity as that whicl 
they would have in the absence of the magnetic field.’ 
Since experimentally what is observed in the 
penumbra is some sort of “average” or effective 
intensity having a value between zero and the full 


intensity, In practice it Is Customary 


effective “cutoff ngidity” M, at a given lo and 


ation 


in a given direction, above which all particles are 


assumed to arrive with full intensity and below wl 
| 
| 


the intensity is zero. M, is naturally intermediate in 


Jf at very 


value between M, and Mz, coinciding wit! 


low latitudes and with M;, at very high latitudes 
Curves of M,; and M,," and a tentative curve of M.., 
at the vertical as functions of geomagnetic lati 


tude are 
under the assumption of a centrally 

‘Cc Astrophys. 1, 237 (1930 
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*G. Lemattre and M. S. Vallarta, Phys. Rev. 49, 719 (1936 
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' For curves of proton energies corresponding to M 
in various directions, see M. S. Vallarta, Phys. Rev 
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located magnetic dipole. In the east-west plane at the 
equator, the Stérmer and main cones very nearly 
coincide, so that the simple Stérmer theory holds 
approximately. 

Actually the true field of the earth is much better 
represented by a dipole located at 342 km from the 
center."* For most purposes, the simplest procedure is to 
consider first the symmetrical case, and then make 
corrections for the eccentricity of the dipole. 

The magnitudes of the several critical rigidities mentioned 
above depend inversely upon the square of the radius of the earth. 
Hence, the most important correction which must be made upon 
the symmetrical case is that due to the fact that the actual 

he earth to the 
of the earth. 


surface of 


distance from the observer on the 





eccentrically placed dipole is not equal to the 
The i 


by the relatior 


fractional correction to one of the critica 





ties is given 


AM/M 0.106 cosa cos(w— 18.2 2 

where A 1s the geomagnet ati ea he geomagnetic 
gitude 

A secone it rather less importa corre is due to the 

fact that the magnetic vertical, again because of the eccentric 

position of the dipole, does not coincide with the gravitational 





vertical rection can be applied proper! y referring 





all directions to a new meridian plane, which has been rotated 
through an angle @,, with respect to the geographical meridian 


plane, about an axis parallel to the axis of the earth’s dipole. 


This angle can be computed as follows 


sind,. = 0.053 sir 18.2 3 


dicates that the new reference plane lies 





east of the meridian plane. It is seen that the angle of rotation 
varies from zero to about 3 1¢ the vertical, one can derive the 
following approximate expression for the fractional correction 
due to this efiect, usel except at ver gh iat t 





sM/M 0.027 sin 


-18.2°) cos*a 4 
Thus we have, at the vertical, the 


W=M [1 


following general expression 
-0.106 cos lw 
18.2°) cos*A J, 5) 


] 


ts its uncorrected 


here M represents the corrected value of one 


rigidities, either M,, M2, or M., and Mg represer 


vaiue (1¢., Computer 


ere of the critica 
cast i a centra cated dipole 
Geomagnetic latitude A can be computed from the following 


expression 





sink = cos78.5° cos(Q—69.0 sA+ 8.5° sinA, 6 
latitude and longitude respectively. 
de w ca e co ed from a similar 
expression as follows 
cos(w—69.0°) = (cos 
<i sin78.5 5s (Q2—69.0 sA s78.5° sinA 7 
In both the above for is. wes g r rth latitude 


are considered positive 


Ill. INTENSITY OF uw MESONS IN THE 
ATMOSPHERE 


a) Discussion 


The 


direction at a given atmospheri 
I 


intensity of ~ mesons observed in a given 
depth at a given 


# J. Bartels and S. Chapman, Geomagnetism (Oxford University 
Press, London. 1940 651 
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location on the earth depends upon a large number of 
factors. The observed «1 mesons comprise contributions 
from # mesons decaying in flight at all atmospheric 
levels above the point of observation. Their energy 
at production is greater than that at observation by an 
amount determined by the ionization loss experienced 
in transit, and the fraction of those produced at a given 
level arriving at the level of observation is influenced 
by the survival probability of « mesons. 

The x mesons decaying at any particular level have 
in turn been produced in nuclear interactions at all 
levels above that at which they decay. In addition to 
the considerations mentioned above for the case of 
u mesons, the number of x mesons succeeding in giving 
birth to u mesons depends also upon the cross section 
for nuclear interaction of x mesons. 

The number of + mesons produced at a given level 
depends, of course, upon the intensity and composition 
of the nucleonic component at that level. If the primary 
particles are all of one sign, the character of the 
nucleonic component at the top of the atmosphere is 
determined, to a good order of approximation, only by 
the one parameter M,, the effective cutoff rigidity. 
With Olbert,? we shall consider that this meson- 
producing component is then absorbed exponentially 
in the atmosphere with a mean free path of 121 g cm™ 

The intensity of ~ mesons in a given direction will 
thus depend not only upon the quantity of intervening 
material, but also upon the value of M, in that direction. 
Since the survival probability depends chiefly upon 
linear spatial distance traversed, the intensity will 
depend also upon zenith angle due to the different 
density distribution found at an angle (if equal masses 
of intervening air are considered). For the same reason, 
it will depend upon the temperature distribution in the 
atmosphere above the point of observation. This 
last effect has been considered in some detail by 
Olbert.?4 

If one examines in more detail the problem of the 
paths of ~ mesons in the atmosphere, it becomes 
evident that the above analysis must be modified 
to take into account the fact that their trajectories are 
appreciably curved due to the action of the terrestrial 
magnetic field after their production. In other words, 
the ~ mesons observed in a certain direction have 
arisen from various points along a curved trajectory 
stretching back from the point of observation. Proceed- 
ing upward along this trajectory, the curvature is 
toward the east for positive mesons and toward the 
west for negatives. This problem was first studied by 
Rossi,” and later by Johnson" and Bowen." 

Olbert’s computations,’ for mesons having ranges 
between 100 and 6000 g cm™ at sea level, assume that 
the parent + mesons decay instantaneously and that 
the direction of the primary particle is preserved in 
4B. Rossi, Atti. accad. nazi. Lincei 15, 62 (1932). 

“ T. H. Johnson, Phys. Rev. 59, 11 (1941) 
TS. Bowen, Phys. Rev. 45, 349 (1943 
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the x- and u-meson production processes. Even with 
this simplification, the curvature of path profoundly 
complicates the computation of the u-meson intensities, 
especially at directions other than the vertical. 

Let us consider, for example, mesons arriving from 
some zenith angle in the east. The positives come in 
along a trajectory which bends farther away from the 
vertical as one moves upward, while the negatives 
follow a trajectory which bends closer to the vertical 
at the higher altitudes. Comparing positives and 
negatives born at the same altitude, one sees that the 
negatives on the average have traversed a shorter 
distance and a smaller mass of air than the positives, 
giving rise to two effects: (a) the negatives on the 
average have lower energies at birth than the positives, 
and (b) the survival probability of the negatives is 
greater on the average than that of the positives. Both 
these effects tend to favor the negatives. It must be 
borne in mind that the mesons observed come from 
all points of the trajectory, and that therefore the total 
number will depend upon a summation of all such 
contributions. The positive trajectory is longer than 
the negative, i.e., a greater mass of air is available in 
which the positives may be produced than the negatives. 
However, at mountain altitudes, this last effect is 
masked by the first two. All these effects are reversed 
in the west, and the net result is to favor the positives 
in that direction. 

In the east, again due to the curvature, the negative 
mesons arise on the average from primaries incident 
at angles somewhat nearer the vertical than the angle 
of observation, while the reverse is true of the positives. 
Thus, the primaries which produce the negatives have, 
on the average, passed through less absorbing material 
than those which produce the positives. Like the 
effects discussed in the preceding paragraph, this effect 
favors negatives in the east and positives in the west. 

It has been noted above that intensities in different 
directions are different because of different values of 
M.. This effect is such as to favor the west over the 
east for both positives and negatives, since M, is 
always greater in the east than in the west for pre- 
dominantly positive primaries. There is another, but 
very much effect of this kind, 
particles of opposite sign observed in the same direction. 
The negatives arise on the average from primaries 
incident in more westerly directions than the positives, 
that is, from directions where M, is smaller. Hence, 
this effect tends to favor negative mesons in all direc- 
tions, except very near the western horizon, where 
the negative trajectories intersect the earth. 

Another quantity which affects the relative numbers 
of positive and negative mesons observed is what will 
be called the “positive excess at production.” This is 
defined as the difference between the numbers of posi- 
tives and negatives produced, divided by the average 
of the two numbers. It will be a function not only of 


smaller, involving 
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the energy of meson produced, but also presumably 
will vary with the energy of the producing particle. 

It can easily be seen that, because of the complexity 
of the phenomena involved, the observed “positive 
in a given direction is only very indirectly 
vertical, 


excess” 
related to that at production. Even at the 
where the discrepancy is least serious, the observed 
excess depends to a considerable extent upon small 
terms in the expression for the yu-meson intensities. 


The 


speaking in terms of a positive excess defined for a 


procedure, adopted by some investigators, of 


given zenith angle as 


2(Wi4+E£,—W_—E_)/(W,+£,4+W_+E 


where W’,, for example, represents intensity of positives 
in the west, is to be discouraged, as this quantity is of 
but doubtful significance. 

Another quantity not susceptible of direct physical 
interpretation 1s the east-west asymmetry defined as 
2(W—E)/(W+E 


natural mixture of 


for positives, negatives, or the 


both. In the last case (i.e., the 
natural mixture), 1 
purely to the asymmetry of the primaries, althoug 
not exactly. 

Since there are so many variables involved in the 
roblem, naturally much more information can be 
I ; 
sleaned from a study of the positives and negatives 
£ ; J 
separately at various angles and at 
Groetzinger McClure"* 
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Fic. 2. The parameter a occurring in the expression for the 


production spectrum G(R’), as a function of cutoff rigidity M 


The solid curve was derived from Olbert’s results in the vertical 
direction. His points are shown by solid circles. The dashed curve 
represents the tentative extrapolation of this curve used in the 


early stages of the analysis 

The values of aw and ag obtained with the uncorrected theory 
are shown by hollow The ! 
value of aw under the assumption that the latter lies or 
while the hollow diamond indicates the value derive: F 
the basis of the same assumption. The dotted curve then repres« 
the corresponding extension of Olbert’s curve 
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“*G. Groetzinger and G. W. McClure, Rev. 77, 777 
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magnetic latitude 49° N) and Chicago (51° N). Both 
these locations are considered to be above the knee 
of the latitude curve, that is, they are sufficiently far 
north so that the cutoff rigidity M, is low enough im all 
directions to admit essentially all primaries important 
in producing the observed secondary cosmic radiation. 
Thus the asymmetries observed should be due only to 
the various effects of the curvature of the secondaries 
in the atmosphere after production. The experimental 
data are indeed consistent with such an interpretation, 
there being an asymmetry of positives toward the west, 
and a nearly equal asymmetry of negatives toward the 
east, of approximately the expected magnitude. 

If the same observations are made at or near the 
equator, there is superposed upon the above asym- 
metries the effect of the primary asymmetry 


at that latitude. 


large 


b) Differential Range Spectrum of u Mesons 
at Production 


The number of mesons (positive and negative) of 
range between R’ and R’+dR’ produced in a given 
direction at a given level of the atmosphere per gram 
of material, per steradian of solid angle, per second 
will here be represented by G(R’) exp(—y/L)dR’, 
where G(R’) is the differential u-meson production 
spectrum of Eq. (1) 
intervening between the point of production 


y is the quantity of matter in 
g cm 
and the top of the atmosphere in the direction of produc- 
and L 


lion, is the absorption mean free path of the 


rpt 
nucleonic component in g cm~*. G depends, of course, 
ipon the composition of the incident radiation, and 
hence upon latitude, longitude, zenith angle, and 


azimuth. Implicit in this representation is the assump- 


tion that the composition of the nucleonic component 


does not change significantly as it passes down through 
but that it is merely attenuated 


the atmosphere, 
exponentially. 


To the extent that the spectrum of the primary 


radiation is really describable in terms of the single 
cutoff rigidity M., it is evident that a is a function of 
MW. only. This relationship is shown in Fig. 2 for the 
range of cutoff rigidities covered by Olbert’s work. 
The ordinates of the points shown were taken from 
Olbert,’4 while the abscissas were computed by us, 
sing Eq. (5), for the actual flight path followed in 
taking the data’? upon which Olbert’s figures are based. 
rhe val f 

taken, 


the other two parameters have been 
from Olbert, viz.: 


at least tentatively, directly 
be 1 n=3.58. 


31X10 g** cm? 
are here interested in 


sterad 


» sex 
Since we the intensities of 


positive and negative mesons individually, it is neces- 


sary to consider two production spectra, which will be 
designated by G,(R’+a), 
the meson, +1. These are related to the positive excess 
at production 6(R’,a) and the total production spectrum 


where a is simply the sign of 


M. Conversi, Phys. Rev. 79, 750 (1950 
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G(R’+a) as follows: 
G,(R’+a)=}[1+405(R’,a) |G(R’+a). (8) 


(c) Definitions 


Before proceeding to a consideration of the intensities, 
it will be convenient here to define and explain certain 
of the quantities which will enter into the discussion: 


H—depth of atmosphere at point of observation 
(g cm). 

B—\ocal horizontal terrestrial magnetic field (Gauss). 

p(Z)—density of atmosphere at vertical height Z 
above point of observation (g cm™). 

L—absorption mean free path of nucleonic component 
(taken to be 121 g cm™). 

u—rest mass of the u» meson (1.07108 ev/¢). 

7r—lifetime of the u meson (2.10 10~* sec). 

q—charge of the meson (+e, the electronic charge). 

R—residual range of meson at point of observation 
(g cm~ air equivalent). 

S—arc length upward along trajectory of meson 

from point of observation (g cm™). 

Z—vertical height in the upward direction from 
point of observation (g cm~*). 

©—zenith angle of observation in east-west plane 
(considered positive if east of the vertical). 

6—zenith angle at point on trajectory, i.e., angle 
between tangent to curve and vertical at that point. 

p—momentum of meson on arrival. 

p’—momentum of same meson at distance S along 
its trajec tory. 

w,(S,R)—probability of survival until observation 
of a o meson produced at distance S on trajectory 
which would arrive at point of observation with 
range R. 


(d) Computation of the Intensities at 
the Equator 


In the discussion which follows, three assumptions 
have been made: (a) x mesons decay instantaneously, 
(b) meson and y-meson production is collimated 
along the direction of flight of the original producing 
particle, and (c) multiple scattering of u mesons in air 
is negligible. 

For a detailed discussion of the range of validity of 
the above model, see reference 3. We shall return to 
these assumptions later 

In our case, we are interested specifically in the 
intensities of positive and negative « mesons at various 
zenith angles in the east-west plane. In view of the 
above model of u-meson production, we may write for 
these intensities 


i-(R,©) 


H—Z 
= f G.(R+s+0) exp( — scot )us(S RMS, (9) 
0 L 
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where the exponential expresses the absorption of the 
producing radiation, and the angle @ is nof assumed to 
remain constant along the trajectory. The integration 
is carried from zero out to a point at which the survival 
probability has reduced the integrand essentially to 
zero. 

It is possible to reduce Eq. (9) to the following form 
(see Appendix for details) : 


i,(R,Q)=C cos” OJ [1+ 405(R,a,) ] 


-OG@H)G) 
“mol )Gaa)ab 


where the following abbreviations have been made: 
(a) C=4A(nH)-", (b) a,=a(Q), as distinguished from 
a=a(@), (c) y=erB/y. The quantity 4(R,a,) is the 
average positive excess at production of mesons 
arriving in direction © with residual range R. 

For computational purposes it was found convenient 
to express a; as a;+A, where a, is an arbitrarily chosen 
central value of a, presumably intermediate between 
the values expected in the directions to b* considered, 
and A is a smaller quantity which is a function of ©. 

The J’s which appear in Eq. (10) are all functions 
of R and cos®. They have been computed'* for 
Chacaltaya [see Part IV, Sec. (b) ], and are shown for 
+45° in Fig. 3 and for the vertical in Fig. 4. At 45° 
a value of 621 g cm™ was used for a,, while at the 
vertical it was 640 g cm™*. The quantity J, is absent 
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Fic. 3. The functions J,;(R, cos@), in terms of which the in- 
tensities i,(R,©@) are expressible, computed for @= +-45°. 


“ F. B. Harris, thesis, Massachusetts Institute of Technology, 
January, 1955 (unpublished) 
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vertica term in 


occurs vanishes identically 


The constant C does not affect om parative intensity 


measurements taker me observatory. In 


addition, since even function of the 


the multipli ( R 


enter into east-west 


cose does not 


angle, 


asymmetry measurements based 


on the differential intensities 


Because of the complexity of the theory, and because 


irvature effects are 


the survival probability and the « 


expressible in terms of the same integrals (see 


Appendix), it has been impractical to try to keep 


separate all 


e effects which come into play in deter 


mining the intensities. However, Eq. (10) does separate 


a given zenith angle in e east-west plane, the 


various causes leading to the observed asymmetries 
and the observed positive excesses 

The factor containing 6(R.a, expresses the 
of the positive 
which (J./J;) o 
metry dire: tly traceable to the east-west 
of the primary radix In the 
(J, y embodies the effect 


between the 


excess at production. The 
irs prod ices that part of the asym 
umetry 


term ir 
e! in 


ition ast lactor, the 


purely he difference 


trajectories followed 


positives and 


negatives, while the term in (J,/J,) is a hybrid, 


resulting from the variation in the primary radiation 


along the trajectory due to the change in slope 


IV. THE EXPERIMENT 


a) The Apparatus 


end view of the apparatus used in 


experiment to be described is shown in Fig. 5 


pieces marked I, II, III, and IV are long thin slabs of 


A schematix 


iron, Cac h wo ind Ww ith several layers of heav y enameled 
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wire. Sections I and II together form a complete 
magnetic circuit, being closed at the ends of the slabs 
by two pieces of the same material (not shown in the 
figure). Sections III and IV form a similar but separate 
circuit. In operation a magnetic field of 
17 000 gauss is maintained, having one sense in I and 
III, and the opposite sense in IT and IV. 

The counters, marked A, B, C, D, and X in the 
figure, have a 20 in. effective length, and are of ;% in. 
and 3% in. i.d., respectively. Those having the same 
literal designation have their outputs connected directly 


magnetic 


together. 

The entire ensemble, magnets and counters, and 
another identical ensemble are mounted on axes 
parallel to those of the counters. The twin units can be 
swung separately to the vertical or to 22}°, 45°, or 
674° from the vertical in either direction. The entire 
apparatus, in addition, can be rotated about a vertical 
axis and set at any desired azimuth. 

In each case two threefold coincidences, (A,B,D) 
and (A,C,D), and two fourfold coincidences, (A,B,D,X) 
(A,C,D,X), are counted. By taking directly the 
difference between readings of corresponding threefold 
and fourfold coincidences, obtains the anti- 
coincidence rates (A,B,D,—X 1,.C,D,—X), i.e., 
for the former, those events in which there are simul- 
A, B, or Bs, and D, but no simul- 
count in any of the counters X. The two 
counting rates above will be referred 


and 


one 
and 


taneous counts in 
taneous 
anticoincidence 
to as channel I counting rate and channel IT counting 
rate, respectively. 

The apparatus tends to select either positive or 
negative particles, depending upon the direction of the 
Groetzinger and McClure,"* 


current. with a closely 


x, Yay X 


ty. 


LIE 


> 


Lng 
Praterireumrrs 


Seeae 


Fic. 5. End view of one of the 
tical magnet arrange 
The smaller circles repre 
Geiger tubes, the larger 
For clarity, the 
pieces completing the 
(vis., I-IT 


omitted 


two ider 


CEREEIMEE CEST EEIZAS 
ZPIELIEN. 


ments 


Ize 


sent § ir 
ones l-in. tubes 


iron end 


J 


rePogtes corer 


=z 


two magnetic circuits 


and ITI-IV 


from the figure 


hav e been 








POSITIVE AND 
similar apparatus, found the probability of traversal 
of a particle of the wrong sign to be negligible. 

The sensitivity of a counter telescope to « mesons of 
various ranges is describable in terms of an “acceptance 
function” r(R). This function is so defined that, if the 
intensity of such particles i,(R) is constant over the 
opening angle of the telescope, the number of particles 
per second having ranges between R and R+dR 
counted by the telescope is given by 


dN,(R)=r(R)i,(R)dR. (11) 


Evidently, in our case there are two such functions, 
r,(R) and r2(R), one for each channel. They are shown 
in Fig. 6. 

In their computation, an approximate analytical 
expression for the range-momentum relation in iron 
and copper was used for those particles entering the 
apparatus in a plane perpendicular to the axes of the 
counters. For those particles entering at an angle to 
this plane, it was assumed that this angle remains 
constant during the motion, and that the projection 
of the trajectory in the plane is the same as the trajec- 
tory of a particle entering parallel to the plane and 
having the same average radius of curvature in the 
magnetic field. A large number of these trajectories was 
computed, and the necessary multiple integrations 
actually performed numerically. 

The computation of Fig. 6 also took into account 
the effect of multiple scattering of the mesons in the 
material of the magnets. If one considers the paths of 
mesons known to pass through the two points A and 
B, separated by a distance x, the lateral distribution in 
space at the midpoint can be shown to be Gaussian, and 
it is possible to derive an expression for the mean square 
lateral displacement.'* The spreading due to scattering 
was considered to be superposed upon the deflection 
due to the curvature in the magnetic field. The accept- 
ance function is not very sensitive to the exact value 
of the mean square displacement, the effect being to 
‘smear out” the acceptance function, making the peak 
lower and spreading it out laterally. An approximate 
value of mean square displacement was chosen for each 
value of range of the incident particle, assuming that 
the particles are incident at an “‘average’’ angle with 
the plane perpendicular to the magnetic field in the 
equipment. It can be shown that this angle is 
about 134°. 

Also included in Fig. 6 for comparison are the two 
other acceptance functions, 7;/(R) and r2/(R), which 
apply when there is no field in the iron. Note that these 
latter represent the sensitivity of the instrument to 
particles of either sign, not to those of one sign ex- 
clusively. They are due entirely to scattering. The 
zero-field counting rates are approximately one-sixth 
the sum of positive and negative counting rates in a 
given direction. 


# See, e.g,. B. Rossi, High-Energy Particles (Prentice-Hall, Inc., 
New York, 1952), p. 72. 
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Fic. 6. Acceptance functions of one magnet assembly. r; and re 
apply to particles of one sign only accepted by channels I and II, 
respectively, with field in the magnets on. r;’ and rq’ apply to 
particles of any sign accepted by channels I and IT, respectively, 
with field in the magnets off. 


(b) Description of the Experiment 


The apparatus has been operated at the Laboratorio 
de Fisica Césmica on Mt. Chacaltaya, Bolivia since 
May, 1952. Certain data pertinent to this laboratory 
appear below: 

A= 16.4" S, 


2Q=68.0° W, 
A= 4.9°S, 


7¥=4.8X10-°, 

H=548 g cm™, 

mean annual air 
mm Hg, 

w= 68.0° W, altitude= 5210 m (17 100 ft), 

B=0,27 gauss,” mean annual air temperature 

as = 2.2°C. 


pressure = 403 


The equipment was oriented with the counter axes 
magnetic north-south so that the two units could be 
inclined either magnetic east or west of the vertical. 
Measurements have been made at the various east 
and west zenith angles permitted by the equipment, as 
well as at the vertical, for positives, negatives, and with 
zero field in the magnets. In the east-west measure- 
ments, particles of a given sign were always counted at 
corresponding angles in east and west simultaneously, 
in order to reduce the effect of short-term variations in 
total cosmic-ray intensity on the asymmetries. 

In these measurements, the two units can be inclined 
either toward or away from each other, the roles played 
by the two being thus easily interchangeable. These 
positions are designated A and v, respectively. In 
addition, there exist two other possibilities, for in either 
the A or the v position, the apparatus can be rotated 
180° about the vertical axis. The equipment is operated 
approximately equal times in the four possible positions, 
a change being made about every 80 hours. For the 
vertical measurements, the two telescopes were operated 


™ U.S. Coast and Geodetic Survey, Magnetic Observations in the 
American Republics (U.S. Department of Commerce, Washington, 
D. C., 1946), Serial 677. 
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with opposite signs, the magnet currents in both units 
being reversed at intervals. 


(c) Tentative Evaluation of the Data 


The measurements to be discussed here were taken 
at the vertical and at 45°. It has been assumed that all, 
or nearly all, the anticoincidence counts represent the 
passage of single » mesons through the apparatus. In 
channel I, the number of threefold 
approximately twice the number of anticoincidences, 
while in channel II the threefold rate is some eight 
times the anticoincidence rate. 

In order to compute the expected counting rates in 


( on iden es is 


our two channels, it is necessary to integrate Eq. (11 
over all values of R. To do so, it is convenient to choose 
an average value of 6(R,Q) weighted, say, according to 
r(R)J,(R, cos@). This quantity will be denoted by 
5,(O) or 6,(©), depending upon the channel to which 
we refer. It has been tacitly assumed that since the 
cone of acceptance of the telescope is symmetrical 
the direction of 
assembly, ©, the effect of the variation in intensity over 
the cone cancels out, at least in first order, and that 
therefore the that at th 


about inclination of the magnet 


effective intensity is zenit 
angle ©. 

After the integrations over the acceptance function, 
mentioned in the preceding paragraph, the various 
terms occurring in the expression for i,(R,©) are found 
to have their counterparts in the expressions for the 


exper ted counting rates.’” In our case, these co inting 


rates will be represented by W,, Ei, Vi, Wo, Eo, and 
Vo for each channel, W, E, and V indicating 45° west, 
45° east, and vertical, respectively, and the + and 0 


indicating polarity of the field in the iron or its absence 

The terms involving the derivative are very small 
and can be evaluated approximately using the curve 
of Fig. 2, extrapolated as shown to higher values of M. 
in order to include directions east of the 
Chacaltaya, the quantity (da/d@)/H has the following 
approximate values: 0.075 (45° west), 0.216 (vertical), 
and 0.613 (45° east). 

Before proceeding to a comparison of the data with 
the theoretical expressions it must be noted that even 
if (A/H), 6;, and 6, are known for each direction the 
observed counting rates will differ from those predicted 
by the theory in two principal ways: 

First, there is a small number of spurious events 
which succeed in triggering the proper combination of 
counters. In events of this type, the incoming particle 


vertical. At 


may pass through two of the three counters necessary 
for a coincidence, while the third counter is triggered 
by another particle ejected at an angle by the incoming 
particle, either in a nuclear disintegration or in a 
knock-on process. Alternatively, the first particle may 
pass through one counter and its product through 
two, etc. Hence the number of such counts should be 
practically independent of the direction, presence, or 
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absence of the magnetic field in the iron. In addition, 
it should be roughly the same for both channels. 

Second, a normalizing constant must be employed 
to correct for the error introduced in the computation 
of the acceptance functions by the many approximations 
it was necessary to make. Another fact which will 
affect the normalizing constant is that a certain fraction 
of the particles passing through the proper three 
counters to cause a coincidence also produce knock-ons 
which trigger the anticoincidence counters, thus 
causing these events to be disregarded. The normali- 
zation is not necessarily the same for the two channels, 
nor for the zero-field case. 

We shall assume that both these effects are present 
in some degree. It will also be assumed that 6, and 6, 
are unknown in all directions, that A (and therefore a) 
is unknown at 45° east and west, but that the value 
given by Fig. 2 for the vertical is correct. 

From measured single and twofold coincidence rates, 
obtained by monitoring the equipment while in opera- 
tion, it can be shown that corrections to the threefold 
and fourfold rates due to accidental coincidences and 
to counter dead time are entirely negligible. 

here is a sufficient number of independent counting 
rates to evaluate the spurious counting rate, the 
normalization factors, and all the above unknowns. 
In fact, the problem is somewhat overdetermined, 
there being several counting rates not needed for the 
determination of the above quantities. This procedure 
yields the values of a shown.on Fig. 2, plotted at 
M.=10.6 and 23.3 Bv respectively, the corrected 45° 
west and east values at Chacaltaya. (The vertical value 
is 13.5 Bv, corresponding to a= 640 g cm~ on the curve.) 
he internal consistency of the data is excellent, as the 
superfluous counting rates are entirely compatible with 
the others, well within the experimental errors. 


(d) Positive Excesses at Production 


a eal 8 : 
With the aid of Eq. (10), one pn easily construct the 
observed positive excess in a givén direction, as follows: 


i,(R,O)—i_(R,9) 

e(R,O) =2—— : , (12) 

1+(R,O)+1_(R,O) 

or, after simplification and neglecting certain very 
small terms in the denominator, 


’ J «CR, cos) 
6(R,a,) = €(R,O)+2y tano 
Ji R. cos®) 


J(R, cosO) 
+2y H 
Ji(R, cos@) 


' da dé le. 


Corresponding expressions for 6,(@) and 6,(@), 
involving «(©0) and «(@), the observed excesses 
computed directly from the counting rates, and also 
involving the integrals of the J’s, can be derived.'* It 

















TABLE I. Positive excesses observed (¢) and at production (8). 
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Direction « $1 





+0.300+0.017 
—0.104+0.021 
+0.073+0.008 


45° east 


is worth noting that 6, and 6, can then be determined 
from the counting rates independently of the normali- 
zation, and are almost independent of the spurious 
rates, provided the latter are small. The e’s and 6’s for 
the various directions are shown in Table I. The errors 
in the 6’s shown are those corresponding to the statis- 
tical probable errors combined with an allowance for a 
possible 10% error in the computation of the numerical 
terms. However, the computations are seriously 
affected by the presence of small terms in the expression 
for the intensities of positives and negatives in a given 
direction. 


Vv. MODIFICATIONS TO THE THEORY 


Both aw and ag lie significantly below Olbert’s curve 
(and its extrapolation, admittedly very uncertain). 
Physically, this means that all the intensities, both 
west and east, are rather higher than one would have 
expected in comparison with the vertical intensities. Of 
course, the points shown have been computed on the 
assumption that Ay=0, or in other words that ay = 640 
g cm~*. However, a change in the value assumed for 
ay does not improve this situation appreciably. We 
have investigated this possibility and have found that, 
even if one assumes that the curve of Fig. 2 lies much 
higher or lower, the computed values of aw and ag 
will be raised or lowered by a very nearly equal amount, 
and will therefore not be brought much nearer the curve. 

Since all our 45° counting rates have in effect been 
normalized to the vertical, we must seek some effect 
or effects which come into play at 45° in a different 
way from that at the vertical. The first such effect 
which comes to mind is the possible existence of 
negative primaries. The cutoff at the vertical as a 
function of geomagnetic latitude is the same for 
primaries of either sign, while east and west about the 
(corrected) vertical are interchanged for the two types 
of particles. Hence, asymmetries in the east-west 
plane at the equator would be reduced by the presence 
of any considerable number of negative primaries, 
below what would be expected assuming the primaries 
to be exclusively positive in sign. Applied to our case, 
this means that aw would lie above the curve derived 
from vertical data on the latitude effect, and ag would 


lie below it. This is not adequate to explain the observed - 


discrepancies. 

In fact, disregarding the vertical data for the moment, 
one can compute, independently of the normalization, 
the asymmetries of positives and negatives on the 


+0.172+0.021 
+0.103+0.028 
+0.091-+0.008 


oe é: 


+0.121+0,.069 
+0,0704-0.092 
+0. 100+0.028 


+0.301+-0.067 
—0.212+0.089 
+0.075+0.028 


assumption that a is really given by the curve and 
extrapolation of Fig. 2, i.e., that the western and 
eastern values are 609 and 746 g cm™ respectively. 
The results of this procedure are shown below, A, being 
defined in the conventional way as 2(W,—E,)/ 
(Wsi4+E,): 


Computed Experimental 


A, (channel I) +0.447 +0.5054-0.018 
A_ (channel I) +0.049 +0.110+0.018 
A, (channel IT) +-0.534 +-0.5694-0.037 
A. (channel IT) +0.030 +-0,069-4-0.040 


No error has been indicated for the calculated values, 
although this is presumably fairly large, due to the 
fact that the extrapolation of Fig. 2 is quite arbitrary. 
In view of this last fact, the above agreement must be 
considered good. If one hypothesizes that a certain 
fraction of the primaries is negatively charged, one 
may speculate as to the possible effect of this admixture 
on the calculated asymmetries. For example, in the 
event that the negative primaries may be considered 
completely symmetrical in all their properties to the 
positive component of the radiation (that is, same 
rigidity spectrum, same multiplicity of #-meson 
production, negative excess at production of secondaries 
instead of positive excess, etc.), that portion of the 
u-meson intensity due to the positive fraction of the 
primary radiation can be computed as described above, 
while for that portion due to the negative fraction 
W, and E_ are interchanged, etc. 

Focussing attention on channel I, under the above 
conditions one computes by the method of the preceding 
paragraph the values 0.403 and —0.007 for the two 
asymmetries if the fraction of negative primaries is 
10%, and 0.359 and —0.063 if it is 20%. In other 
words, as one assumes increasing numbers of negative 
primaries, the agreement with the experimental data 
becomes progressively poorer. The situation in channel 
II is not materially different. We take this as a strong 
indication for the absence of any considerable number 
of negatively charged particles in the primary cosmic 
radiation. 

The second factor which can operate to make our 
normalization procedure give an erroneous result is 
the fact that we do not really observe the intensity 
at angle ©, but rather the average of the intensities 
taken from two cones of directions, one slightly to one 
side of ©, the other slightly to the opposite side. 
A Taylor’s series expansion about © yields the intensity 
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at angle O+6,: 


1(O+6,) 


1 di 1 di 
-i(@))1+( ,) a+ ( ) a-| 14) 
i dé - i df 


If we interpret 6, as the magnitude of the angle which 
the central direction of the cone of observation makes 
on each side with the direction ©, the observed intensity 
is the average of the two intensities of Eq. (14), or 


1 d*1 
1=i(@|1+4( ) a>] 15) 
t dF ) 


The term involving the first derivative cancels out in 
the averaging, and the fractional magnitude of the 
effect on the intensity at © is therefore }(i-'d*i/d#)6,’. 
The next term (that in the fourth power of 6,) and al 
higher even power terms are negligible. 

Biehl, Neher, and Roesch” investigated the zenith 
angle dependence of the local cosmic radiation in the 
east-west plane at the geomagnetic equator over Peru 
From their curves for atmospheric depth 310 g cm 
and 20.8 cm of lead absorber, one can make a crude 
estimate of the effect in our case. In channel I of our 
apparatus it is of the order of 0.4% to 2.0%, 
the other channel the effect is about three times as large 
In neither case is the effect large enough to account for 
the unexpectedly large counting rates at 45°. 

The third possible explanation is that the assumptions 


while in 


involved in the highly simplified model of u-meson 
production here employed must be re-examined. It is 
possible that the meson-producing component of the 
cosmic radiation does not vary strictly exponentially 
with atmospheric depth, especially in the uppermost 
part of the atmosphere. If this is the case, it is difficult 
to estimate the effect on our computations. However, 
at these altitudes, very considerable proportions of the 
observed mesons arise at ali levels above that of 
observation, and it is hard to imagine that such an 
effect could account for more than one or two percent 
in the normalization. 

The effect of the scattering of the mesons will be 
similar to that discussed in connection with 4, but it is 
even smaller, the root-mean-square scattering angle 
being of the order of only 3°. 

A significantly larger effect results from the lack of 
collimation in the production of mesons. Observations 
in photographic emulsions at high altitudes” indicate 
that most # mesons having minimum _jonization 
produced in nuclear events are collimated in a cone of 
about 15° half-angle about the direction of the primary 
particle. 

The maximum angle of emission in the laboratory 
system of a ~ meson whose parent x meson has mo- 

™ Biehl, Neher, and Roesch, Phys. Rev. 76, 914 (1949 


® Brown, Camerini, Fowler, Heitler, King, and Powell, Phil 
Mag. 40, 862 (1949 
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mentum p, can be calculated straightforwardly. The 
parent of our “typical” ~ meson has p,/m,c=20 (very 
approximate), corresponding to a maximum angle of 
emission of about 1°. This is negligible in comparison 
with the spreading which occurs in the primary collision. 

Thus « mesons produced at angle @ at a certain point 
along the trajectory leading to detection in the 
apparatus arise from primaries not in the direction 6, 
but rather in a cone of directions surrounding that of 
the trajectory at that point. Let us, for simplicity, 
consider only the variation in the east-west plane, at 
least for the inclined directions. For a pair of angles 
§6+6, distributed symmetrically about 6, the intensities 
of the primary radiation at a certain point are propor- 


tional to 
H-Z 
exr| —( —) sec(o0.) | 
L 


where, however, we have neglected the small variation 
of a between 6—@, and 6+6,. This function can be 
expanded in a series about @, and the resulting two 
intensities averaged. As before, the term in the first 
derivative vanishes, and we can write for the over-all 
average of the intensities over the cone of incidence 
of the primaries 


H-Z 
1=i00){1+8( - ) seo 
i 
H-—Z 
x| ( ) secf(sec*@—1)— (2 seco) pe], (16) 
L 


where now 6, must be interpreted as the root-mean- 
square angle of spread in the production of + mesons, 
projected into the east-west plane. At the vertical, the 
situation is slightly different because of the cylindrical 
symmetry about that direction, and we must use the 
root-mean-square angle in space. 

Examination of Eq. (16) indicates that one needs 
some sort of average value of both (H—Z)/L and 
(H—Z)*/L?. The appropriate ones are the averages 
weighted according to the relative numbers of mesons 
produced at various heights, or, to a high order of 
approximation, according to the function ¥(Z,R, cos@) 
defined in the Appendix. If one computes the numerical 
values of these two averages for a residual range of 600 
g cm~ (central value for channel I) and substitutes the 
trigonometrical factors for the vertical and for 45°, 
one obtains the fractional effects (on the intensities 
one would have in the case of perfect collimation) 
as follows: 


—0.8562 (vertical); +0.1402 (45°). 


The coefficient at the vertical is always negative, 
but its magnitude is to some extent a function of R 
because of the dependence of the “distribution-in- 
production height” of observed mesons on R. 
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At 45°, however, the situation is more complex. 
Here, at high altitudes the curve of primary intensity 
vs zenith angle is concave downward, while at lower 
altitudes a point of inflection intervenes, and the curve 
is concave upward. Hence, for low residual ranges, 
where the distribution function favors the lower 
altitudes, the coefficient is positive, while for higher 
ranges (greater than about 700 g cm~*) the coefficient 
is negative. 

It is interesting to note that Olbert actually deter- 
mined the production spectrum of u-mesons produced 
in the vertical direction, rather than the production 
spectrum corresponding to primaries incident al the 
vertical. It is the latter quantity which is of more 
fundamental interest. Olbert’s spectrum, which can be 
derived from it through application of the correction 
given above, is usable to a good order of approximation 
provided one considers vertical data only. However, 
when one tries to apply his production spectrum to 
data at zenith angles other than zero there will be 
serious discrepancies. Since the vertical effect is 
negative, our “‘real’’ production spectrum will differ 
from Olbert’s “effective production spectrum at the 
vertical’ in that the normalizing constant A will be 
somewhat greater. 

As before noted, the correction does depend on R, 
and therefore it is not strictly correct to apply a simple 
numerical correction to Olbert’s constant A in order 
to find its ‘‘true” value. Evidently, there will be some 
effect on the constants m and a as well. We suggest 
that it would be highly advisable, when sufficient data 
exist, to repeat Olbert’s computation of the u-meson 
spectrum, taking this last effect into account in detail. 

We shall be content for the present to modify 
Olbert’s normalization in such a way that his spectrum 
coincides with the “true” one for range R= 600 g cm~* 
It is worthy of note at this point that, at least to a 
first order of approximation, the much smaller effects 
due to 6; and to scattering of the mesons in air can be 
lumped together with @,. Another effect, which is 
important at the vertical but not at 45°, is that due to 
the distribution of the solid angle to the north and 
south of the east-west plane. The root-mean-square 
angle between the incoming trajectory and the east- 
west plane is about 16}°, and its effect, too, can be 
approximately lumped with 6». 

Let it be assumed, for the moment, that aw actually 
lies on the Olbert curve. It is then possible to compute, 
within certain accuracy, using the channel LI zero-field 
data at the vertical and at 45° west, the spurious rates 
at the vertical and at 45°. One can then derive from 
the channel I data with field, vertical and 45°, both the 
root-mean-square angle of production of # mesons 
needed to bring the 45° and vertical data into accord 
and the corresponding value of ag. The angle needed 
is 14°+2°, a value certainly not inconsistent with the 
observations of Brown e/ al. and the value of ag 


” 


obtained is 78545 g cm™, a point lying not too far 
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from the tentative extrapolation of the curve used 
until now. 

We consider this result, taken conjointly with the 
foregoing considerations, to be sufficient justification 
for assuming that aw actually does lie on the curve. 
One would, of course, not expect perfect agreement with 
the extrapolated portion of the curve, as it is highly 
arbitrary. Olbert’s curve has been extended in Fig. 2 
to include the point at 45° east, obtained as described 
above. 

We are now in a position to attempt the crude 
modification of Olbert’s production spectrum mentioned 
above. Using the angle 14° characteristic of the x-meson 
production, which brought about the best agreement 
of our results with Olbert’s. work, one finds for the 
“@. effect”? at the vertical at sea level —5.4%. (This 
figure does not include any possible effect due to the 
finite opening angle of the equipment used in obtaining 
the data upon which Olbert’s computations are based.) 
We may now conclude that, in order to obtain the 
“true” production spectrum, at least in the region of 
range R= 600 g cm™?, we must modify Olbert’s constant 
A as follows: 

A’= A/(1—0.054). (17) 

We find thus that A must be increased from 7.31 to 
7.73X10'. Now, according to Olbert,?* the average 
depth of production of mesons arriving at sea level with 
range 600 g cm™ is about 213 g cm™, and since sea 
level corresponds to an atmospheric depth of 1033 
g cm™, the average range of such particles at production 
is some 820 g cm™ greater than that at observation, or 
about 1400 g cm~*. Hence we conclude that the “‘true”’ 
production spectrum G(R’), at least in the vicinity of 
R’= 1400 g cm™, is given approximately by 
G(R’) =7.73X 10°CR’+a(M,) }* 

(g~* cm? sec sterad™'), (18) 
where a(M,) is given by Fig. 2. Note that Eq. (18) is 
now considered to hold anywhere on the earth's surface 
and in any direction of incidence. 

It is now possible to compute a new set of theoretical 
counting rates for our apparatus, based on the corrected 
production spectrum and the values of aw and a,x 
taken from the correct a(M.) curve of Fig. 2, and 
corrected for the 4, effect. The latter is slightly different 
for channel II from the values given above, due to the 
fact that the “typical” meson has a different range. 
These theoretical counting rates are shown, for both 
channels, in Table [1.% Also shown are the experimental 
rates, corrected for spurious counts and the equipment 
normalization. It was necessary to recompute the 
normalization factors, which are shown, together with 
the original spurious rates, in Table III.” Table II 


* Certain of the quantities in Tables II and III differ slightly 
from their counterparts in reference 18, because the method of 
evaluating some of the parameters of the theory has since been 
somewhat improved from a statistical standpoint 
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Taste Il. Comparison of experimental] and theoretical 
counting rates. (All in hr 








I heoretica £ 
count ng rate 
Channel Direction Sign wrected N 
I 45° west + 16.31 16.31+0.27 ab 
I 45° east + 9.73 9.73+0.19 ab 
I 45° west 12.05 12.05+0.21 s.b 
I 45° east 10.78 10.78 +0.20 at 
I 45° west 442 4 30+0.14 
I 45° east 3.12 3.14+0.12 
I vertical 26.24 26.24+0.49 at 
I vertical 24.40 24 40+0 46 at 
I vertical 7.36 8 05+0.35 
il 45° west 3.27 3.18+0.16 
Il 45° east 1.77 1.77+0.13 
I! 45° west 2.42 2.35+0.14 
Il 45° east - 2.19 2.19+0.14 
II 45° west 0.53 0.45+0.13 
II 45° east 0.36 0.35+0.12 
II vertical + 5.17 § 42+0.39 
Il vertical 4.30 §.03+0.39 
II vertical 0.91 1.10+0.40 
* Data used in the determination of az 
angie of #-meson | eed e 
Apparent perte agreeme ther ‘ xD 
( om par altve alues ea z x 
absolute value “ at ws x ‘ 
* Data used for proximate dete g 


indicates which of the data have been used to compute 
the various parameters of the theory. The values of the 
positive excesses at production shown in Table I are 
not affected by the above corrections. 

It is clear from Table II that the theory is adequate 
to explain all the observed counting rates. Work is 
soon to be undertaken on an analysis of data taken 
at zenith angles of 224° and 674°. It is hoped that the 
results of this analysis will provide confirmation of the 
theory developed in this paper. 

For the purpose of comparison with other experiments 
the conventionally measured east-west asymmetries A 
for positives, negatives, sum of positives and negatives, 


Table IV. 


worthy that, where the statistical accuracy admits of 


and zero-field are tabulated in It is note- 


direct comparison, the asymmetry of the sum of posi- 


tives and negatives agrees very well with the asym- 
is confirming our 


latter 


metry measured with zero field, th 
interpretation that the particles detected in the 
case consist of a “natural mixture” of positives and 
negatives scattered in the iron of the magnets. Both 
these figures can be compared, at least qualitatively, 
with the results of Biehl, Neher, and Roesch.” They 
found, over Peru, a total asymmetry which increased 
, with increasing 


and which decreased 


with increasing absorber thickness (i.e 
energy of the observed particles), 

with increasing atmospheric depth. Their result at 
45°. with 20.8 cm of lead absorber at 310 g cm 
atmospheric depth, nearly approximates the 
conditions of our data, with a total asymmetry of 
‘0.304+0.015. Our data were taken at rather greater 
atmospheric depth, but corresponded to particles of 
rather higher energy, and in channel I the sum of 
positives and negatives gave 0.321+0.017 


most 
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Taste III. Normalization factors and spurious counting rates. 





Spurious counting rate—either channel 


vertical 1.01 +0.35 hr™ 
45 0.50 +0.10 hr“ 


Normalization factor—vertical or 45° 


0.830+0.011 
0.790+0.014 
0.979+0.029 
0.977+0.158 


channel I (field on) 
channel I (field off 
channei IT (field on 
channel IT (field off) 








We are grateful to Professor Bruno Rossi, under 
whose guidance this work was performed. 


APPENDIX 


The purpose of this appendix is to outline the 
derivation of Eq. (10) of the text. 

The change in direction of a « meson due to curvature 
in the earth’s magnetic field as we proceed upward a 
distance dS’ along its trajectory is 


d6= (ceB/ p’)(dS'/p). (19) 
his expression yields, upon integration, 
6—@=cya, (20) 


where the following abbreviations have been made: 


1 " jc 
f x a. (22) 
to%, p'(R+S") p(Z’) 


rhe probability of survival of the meson from the 
point of production to the point of observation can 
also be expressed in terms of the latter quantity, as 
follows: 

w,(5,R)= exp(—a). (23) 

It is convenient in what follows to refer all compu- 
tations to a “zero-order trajectory,” i.e., we expand 
all variables, their functions, and integrals about the 
values they would have if the mesons came in along a 
straight line trajectory in the direction in which they 
are observed. The subscript ¢ will be used to indicate 
such quantities. 

In order to evaluate a, it is convenient also to have an 
analytical expression for the range-momentum relation 
of u-mesons in air, and we shall here employ that found 
by Olbert?: 

uc/ p’=(R')=n(b+R’) =x. (24) 
Che values of the constants in Eq. (24) are as follows: 
n=53.5 g cm™, b6=56 g cm™, «=2.07X10™. 

Now dS is given by dZ sec#, and also approximately, 
for angles 6 near ©, 


sec? = secO (1+ tan@eya). (25) 











POSITIVE AND 
If one expands ¥(R’) about the “zero-order trajec- 
tory,” one obtains 


V(R) = (RY) + (S'—S WV (RY), 
where R,’=R+S,/=R+Z’' secO. 
By means of Eqs. (20), (24), (25), and (26) it is 
possible to obtain,’* after considerable manipulation 
and substitution, the following expression: 


(26) 


a=aot} tanOcyae?— tanOoy 


02) 7 fe?'ao(Z")dZ" 
xf : : Jaw sec@, (27) 
0 


Z'+l 
where 
l= (R+5) cos0, (28) 
a= (n/re) fi2(Z’+D-[dZ"/p(Z’)], (29) 
Ao= (x re) fo*[dZ" p(Z’) |. (30) 


It is to be noted that the quantity y giving the 
magnitude of the local magnetic field is quite small 
(never more than about 6X10~*) compared with 
unity and that also, due to the small magnitude of «, 
the integral Xo is quite small compared with a». Thus Ao 
can be considered to be of the order of yao. The function 
a itself is of the order of unity. Therefore, in the 
derivation of Eq. (27), terms of the order of y’ao and 
Xo, and all smaller terms, have been neglected. 

The integral ao is a function of vertical height Z, 
and depends parametrically upon the quantity / 
defined in Eq. (28) above. In other words, for a given 
location on the earth’s surface, a family of curves of 
ap vs Z can be constructed with / as a parameter.'* 
These curves then serve, at least in the east-west 
plane, for computations at any zenith angle. Note that 
| is symmetrical about the vertical. 

The other integral A» is simply a function of Z, and a 
single curve is adequate to express the relationship 
at any particular location on the earth."8 

Both integrals depend on the density distribution in 
the atmosphere above the point of observation. Hence, 
since 


1 ( ~) T(Z') 
o(Z’) \ong/ H-Z" 


where 7(Z’) is the absolute temperature, ® is the 
universal gas constant, IM is the average molecular 
weight of air, and g is the acceleration of gravity, they 
likewise can be considered functions of the femperature 
distribution in the atmosphere, and computed as 


(31) 


TaBLe IV. East-west asymmetry A conventionally measured 


Channel II 
+0.569+40.037 
+0009 +0.040 
+0.330+0.0609 
+0.244+0 405 


Type of measurement 


Channel I 


positive particles 
negative particles 
positives + negatives 
zero field 


+0 505+0.018 
+0.110+0.018 
+0.3214-0.017 
+0.312+0.044 
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H-Z 


follows: 


ao= (n/rc)(R/Meg) 


x Se (Z'4+- D(H —Z'Y"T (2)dZ’, (32) 
Ao= (x/rc)(R/Mg) fo? (H—Z')"T(Z")dZ'. (33) 


It is more convenient to work with the temperature 
than directly with the density, as the former is known 
directly from meteorological data. The temperature 
distribution is a function of geographic latitude, and 
it is therefore not possible to compute universal curves 
for ap and Xo. The distribution is, however, quite 
constant throughout the equatorial regions. It is 
shown for this region in Fig. 7, as taken from Olbert.* 
Equation (9) can be rewritten as 


H 
i,(R,O) = if [1+ 406(R’,a) | 
0 


H—Z 
x G(R’ +a) exp(- ; sect a) secbdZ. (34) 


4 


The positive excess at production 6 is a number rather 
less than unity, and presumably does not vary very 
rapidly with R’ and a. Therefore, any difference in 
along the curved path from that computed along the 
zero-order trajectory must be negligible, and we have 
5(R’,a) =4(R,',a,). Eqs. (25) and (27) can be substituted 
into Eq. (34), and the small terms in y removed from 
the exponential through use of the expansion e*~ 1+. 

It is advisable, for computational purposes, to 
expand the function G(R’+<a) about the value it takes 
on when a is equal to some arbitrarily chosen central 
value a), in terms of the deviation of the true value of a 
from this central value. 

To this end, we write 


a,= a;+A(0). (35) 


The choice of a; in a practical case is dictated by 
considerations of convenience. If a is known in the 
vertical direction, that figure might be a good choice for 
a;. At any rate, some value intermediate between those 





268 HARRIS 
expected for a in a given application should be used. 
Che value of a along the trajectory differs from a, also 
to a very small extent due to the deviation of @ from 
© along the trajectory. It is then possible to expand 


G(R'+a 


G R’ Ta) 


as 1ollOWS: 

G R/ T ay) 

A cos 
H 


nHl| Z+ 37 


After substitution of Eq 36) into Eq $4 and 
some turther manipulation and simpuiication, one 


expression ot the toliowing form tor the 
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INTRODUCTION 


UCH of the knowledge which we now have about 
M the nature of the interaction between pions and 
nucleons has come trom experiments on the scattering 
of pions by protons. In interpreting these experiments, 


the practice has been to carry out a phase shift analy- 


sis'~’ of the data so as to be able to specify the magn: 
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intensities: 
i,(R,O) =4A (nH)-* cos""'0 fo4[1+406(Ry’,a,) | 


XW (Z,R, cos@)[1+ other terms }dZ, (38) 


where 
(ZR, cos) 
H-Z 
=<," expi — = —Xo 


L 


secO—ao}. (39) 


Now 46 is quite small compared to unity, and hence if 
we define a weighted average of 6 as 


So#WV(Z,R, cosO)6(Ri’,a,)dZ 


6(R,a,) . : 
So#WV (ZR, cos )dZ 


(40) 


we may write to an excellent order of approximation 
i,(R,O)=4A (nH) 
x JotV ZR, « os@)[ 1 +-other terms |dZ. 


19 1+406(R,a,) | 


(41) 


The integral in Eq. (41) can be evaluated numerically 
term by term, and the result, after further manipu- 


lation,'* is Eq. (10) of the text. 


ive pions, and of the charge exchange 
at 165 Mev using a liquid hydrogen 
gative pions were measured by the trans 
al cross sections of 199+11 mb for 


ding cross sections obtained by trans 


ne the most probable values of 


ns were found, three being of the Fermi 


near 63°. as near 20°, with the other 


tude of the interaction in each of the possible states of 
This 


considerably by the lack of sufficiently 


the pion-proton system. program has been 

impered 
complete and accurate data in general, and of positive 
pion data above 135 Mev, in particular. Because of 


this, it was possible to obtain good fits to the experi- 
mental data with a number of different phase shift 
solutions, so that the whole analysis remained somewhat 
ambiguous. 

The present work is part of a program to improve 
the knowledge of the phase shifts by carrying out more 
careful measurements with both x* and x~ pions. This 
report covers the experiments carried out at 165 Mev 


ludes a phase shift analysis of these data. 





SCATTERING OF 


Fis. Arrangement for 
the sae scattering of 
pions by hydrogen. Dis- 
tances shown are for x*. 
For x~ counters 3 and 5 
were 10.3 in. and counters 
4 and 6 were 20.2 in. from 
the center of the hydrogen 


EXPERIMENTAL ARRANGEMENT 


The arrangement was essentiaily the same as that 
used in previous work from this laboratory.'**” Details 
of the geometry for the elastic scattering are given in 
Fig. 1. Counters 1 and 2 were plastic scintillators } 
inch thick and 2 inchesX 2; inches for the x* experi- 
ment. For the x~ measurement these were reduced in 
width from 2,5 inches to 1} inches. Counters No. 3, 4, 
5, and 6 were the 4 inchX6 inch liquid scintillators 
described previously.! The use of four such counters 
made it possible to observe the scattered pions at two 
angles simultaneously. Proton contamination in the x* 
beam was removed by a 1.48-g/cm* polyethylene filter 
placed at the entrance to an 8-inch collimator in front 
of counter No. 1. 

The charge exchange scattering x~+ P — 2°+N was 
observed by detecting the gamma rays from the x 
decay using the anticoincidence technique of Glicks- 
man.® The geometry for this experiment is shown in 
Fig. 2 

In addition to the angular distribution measure- 
ments, a transmission measurement was made to obtain 
the total cross sections in an independent way. The 
geometry for this is shown in Fig. 3. Counters 3 and 4 
were liquid scintillators in Lucite cells having an 8-inch 
diameter sensitive area. 


PION BEAMS 


The energy of the pion beams was determined from 
a range curve in copper using the transmission geometry 


Fic. 2. Arrangement for observing the charge exchange 
scattering of negative pions in hydrogen. 


* Fermi, Glicksman, Martin, and Nagle, Phys. Rev. 92, 161 
(1953) 


* M. Glicksman, Phys. Rev. 95, 1045 (1954) 


PIONS BY H 


AT 165 MEV 


COLLIMATOR 


POLYETHYLENE 
ABSORBER 


<ALUMINUM ABSORBER 
axe mney we 
COUNTERS 


(Fig. 3) with the hydrogen target removed. For #* the 
mean range was reached by the insertion of 75.3 g/cm? 
of copper in the beam. To obtain the correct value of 
the range this should be increased by 1.7 g/cm* to take 
into account the multiple scattering of the pions in 
traversing the copper. This correction was not applied 
in our previous work.'-*-** The copper equivalent of 
the final counters was 4.1 g/cm*. This includes the 
addition of 0.3 g/cm? to account for the path obliquity 
in the counters. Thus, the total range was taken to be 
81.1 g/cm* of Cu. According to Aron’s tables,” using 
6.72 as the ratio of proton to pion mass, we find that 
pions with this range have an energy of 166.6 Mev. 
When the hydrogen was in place they lost 1.7 Mev in 
arriving at the center of the hydrogen so that the energy 
there was 164.9 Mev. Analysis of the range curve 
showed, further, an energy spread of 3.7 Mev. With 
the amount of copper needed to reach the mean range 
was 74.8 g/cm?*. This was sufficiently close to the result 
obtained with w+ that we adopted 165 Mev with an 
energy spread of +6 Mev for both wt and fr 
experiments. 

The muon content of the beam at the center of the 
hydrogen was estimated, from an analysis of the range 
curve, to be 4.5+1.0 percent for both x* and r~. The 
electron content of the beams was negligible. 

It was necessary to survey the distribution of the 
pion beams in space in order to determine the average 
thickness of hydrogen traversed and to average properly 
the solid angle subtended by the counters at the hy- 
drogen. This was done by means of a small scintillator 
} inchX} inch in area which could be moved across 
the beam. From such data we were able to determine 
that the mean thickness of hydrogen traversed was 
(3.699+0.074) x 10” atoms/cm? for r*. In the case of 


ABSORBER ~~“ 


Fic. 3. Transmission method for measuring the total cross 
section of pions in hydrogen. L= 19.75 in. for #~; L= 13.31 in 
for r*. 


®W. A. Aron, 
Report, UCRL-1 


University of California Radiation Laboratory 
325 (unpublished) 
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x” a narrower beam was used and the average thickness 
of hydrogen was (3.778+0.038) K 10” atoms/cm’. 


TRANSMISSION EXPERIMENTS 


Two transmission measurements were made with x*. 
In the first, diameter scintillators were 
used to detect the transmitted pions with the geometry 
of Fig. 3. This measures the total cross section for pions 
scattered at laboratory angles greater than 16.7°. A 
copper absorber of thickness 8.37 g/cm* was inserted 
scattered 


two 8-inch 


between the last two counters so that the 
protons would not be counted. The ratio of the quad- 
ruple coincidence rate with and without hydrogen was 


found to be 


(O/D)x 0.8384+-0.0019 

0.9390+-0.0025 
O/D)x.o"% 08929+0.0013 
inchX6 inch 


with 8.78 g/cm* of aluminum absorber we 


In a second measurement using 4 
counters 


obtained 
0.7694+-0.0011 
Rk 0.9388+-0.0019. 
0.8196+0.0012 


In this case, the measurement included pions scattered 
at laboratory angles greater than 15.4” on the average. 

Under the assumption that the muons in the beam 
do not interact, and neglecting the effects of multiple 
Coulomb scattering and of #—y decay in the liquid 


hydrogen, the cross section is given by 


1 


ox. R 


\ 


where .V is the number of hydrogen atoms/cm’, r is the 
ratio of muons to pions in the beam and T is the 
transmission for pions of the counter and copper ab 
sorber assembly used to detect the transmitted particles. 
For the x* measurements r/7=0.052+0.011. 

For the first measurement the cross section turned 
out to be (179.4+8.3)« 10-77 
measurement gave (179.9+6.8)«10~-*’ 


cm’, whereas the second 
cm*. The total 
scattering cross section is obtained by adding the 


contribution of those pions which are scattered by the 


¢ 


hydrogen into the solid angle subtended by the detect- 
ing counters. This contribution, excluding the Coulomb 


, 
scattering, was estimated from the angular distribution 


Tasie I. Measurements of elastic scattering of positive pion 


Lab 

OMe QO Dina QO D) aa 

vio “10° x10 
1835+ 196 
910+ 114 
7544117 
1106+ 109 
932+110 


1399+ 132 
537+ 70 
7202 76 
364+ 
561% 66 


32344145 
1467+ 90 
1474+ 89 
1490+ 91 
14934 &8 
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measurements. It amounted to (9.3+2.3)10-?? cm? 
for the first, and to (7.941.5)K10-*? cm? for the 
second transmission measurement. Combining the 
measurements we obtained 


Srotai (#*) = (188.24+5.4) K 10-27 cm?. 

The transmission measurement with ~ was made 
with the 8-inch diameter scintillators and a 10.26 
g/cm? aluminum absorber. In two measurements we 
obtained 


0.80259+-0.00040 
: =0.97662+0.00066, 


R3= 
0.82180+0.00038 


0.79536+0.00028 
R, = ().97619-+0.00046. 
0.81476+0.00025 


Using r/T7=0.055+0.012 we obtained a cross section 
of (66.8+-1.5)10~*? cm? excluding pions scattered by 
angles less than 11.4°. This contribution, obtained from 
the angular distribution measurements, amounted to 
(0.7+0.1)X 10-7 cm? so that the total interaction cross 


section of x~ with hydrogen was found to be 


Sroray (FF 67.5+1.5) XK 10-*? cm’. 


These total cross sections are in good agreement with 
those measured by Ashkin ef al." 


ELASTIC SCATTERING OF POSITIVE PIONS 


Measurements of the angular distribution of the 
scattered pions were made at five different laboratory 
angles. Using the arrangement of Fig. 1, the scattering 
was observed at two angles at the same time. Due to the 
low intensity of the positive pion beam, it was necessary 
to use large detecting counters rather close to the 
target in order to obtain acceptable counting rates. 
This complicated the reduction of the data because the 
finite size of the detectors and of the target, as well as 
the variation of the differential cross section with angle 
had to be taken into account. 

The experimental results are collected in Table I, 
which gives the ratios of quadruple to double coin- 
cidences with and without hydrogen in the target, as 
well as the net effect, taken to be the difference be- 


Details of the scattering arrangement for x*. 


Taste Il 


Detec 
Alumi tion 
scattering num effi 
factor absorber 
VW g/cm* 


Multiple 


0.952 8.78 
0.980 2.59 
0.979 0 
0.973 0 
0.975 


0.2307 
0.2281 
0.2266 
0.2180 
0.1530 


' Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 


1104 (1954 
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Taste III. Differential cross sections for 165 Mev x* 
in center of mass system. 











Cosine 
center of mass 
angle 
cosy 


Differential cross 
section (do /dw)* 
0.7851 
0.2793 
—6.2618 
— 0.6767 
—0.9209 


tween the two. The errors shown are the standard 
deviations obtained from the total counts observed. 
The net quadruples to doubles ratio is 


(O/D) nee = N feMo (0) A0G. (2) 


In this equation, NV is the average number of hydrogen 
atoms per cm? traversed by the beam, f is the fraction 
of pions in the beam, e« is the efficiency of the detector 
for pions, M is the factor which corrects for the effect 
of multiple scattering in the target, and o(@) is the 
differential cross section in the laboratory. The solid 
angle, AQ, and G, a geometrical factor dependent on 
o’ (6) and o”’ (6), are tabulated in Table IT. The calcula- 
tion of AQ and G is described in the companion paper.” 
The distance d from the center of the counter to the 
center of the beam is included in the table, since the 
beam survey showed a 0.12-inch displacement of its 
center toward the counters. The counter was 4 inches X 6 
inches. The effective length of the beam in the target 
was 3.74 inches, and its cross section was 2 inches «2 
inches. 

At angles 30° and 60° absorbers were introduced be- 
tween the last that the scattered 
protons would not be recorded. The detection efficiency 
was calculated taking into account the nuclear inter- 
action of the scattered pions with the materials in their 
path. For aluminum we used a cross section of 490 
millibarns for this and for carbon, 330 millibarns, based 
on some transmission measurements we had carried 
out. The efficiencies which were deduced taking these 
values are listed in Table IT. 

The multiple scattering correction was made follow- 
ing the method described in the companion paper."* The 
factor M, which is the ratio of single scattering plus 
in-scattering minus out-scattering to single scattering, 
was estimated roughly from our knowledge of the 
energy and angular dependence of the scattering cross 
section. It will be seen from the values of M listed in 
Table II that the correction is not very important. 

The differential cross sections in the laboratory sys- 
tem were deduced from the observed counting rates 
using Eq. (2), taking for NV the value 3.699x 10” 
hydrogen atoms per cm*, for f the value 0.955, and 
for the other quantities, their values as given in Table 


two counters so 


* Anderson, Davidon, Glicksman, and Kruse, following paper 
[Phys. Rev. 100, 279 (1955) ]} 


AT 165 MEV 


TaBLe IV. Observed counting rates in the measurement 
of the charge exchange scattering 


(O'/D) net 
x10* 


190.2+8.0 


Lab angle (0'/D) sou 


(degrees x10 
30 254.3468 
0 141.9+64 
90 118.2+4.7 
120 136.9+5,2 
150 181.0+6.0 


IT. This is the way in which the results listed in the last 
column of Table I were obtained. The errors quoted 
were obtained by assigning uncertainties of 2 percent 
in N, 1 percent in f, 2 percent in ¢, 2 percent in M, 
3 percent in AQ, and 2 percent in G, and compounding 
these with the counting errors in the standard way. 

Numerical integration of these differential cross sec- 
tions leads to the value 


de 
anf dQ= (199+ 11) 10-*? cm?, 


dQ 
This result is somewhat higher, but not outside the 
experimental! error, than that obtained from the trans- 
mission measurement. 
The transformation of these results to the center of 
mass system is given in Table III. 
We also fitted these data to an expression of the form 


da/dw=a+b cosx+c cos*x, (3) 


obtaining, by the method of least squares, the values, 


+ 


at+= §8&.85+1.18 millibarns/steradian 


-3.66+1.76 millibarns/steradian 


+ 
‘ = 


21.11+3.40 millibarns/steradian. 


CHARGE EXCHANGE SCATTERING OF NEGATIVE 
PIONS 


The measurement of the charge exchange scattering 
cross sections is complicated by the fact that we cannot 
observe the neutral pions directly. At best, we can 
observe the gamma rays into which they decay. This 
has been done with the anticoincidence arrangement of 
Fig. 3. The arrangement is not sensitive to charged 
particles incident on it. Its sensitivity to gamma rays 
is due principally to the electron pairs which are pro- 
duced, for the most part, in the lead converter. The 
data for this experiment are collected in Table IV. In 
this table 0” is the quadruple coincidence of counters 
1, 2, 3, and 4, with counter 5 in anticoincidence, while 
D is the double coincidence of counters 1 and 2. 

In our earlier work we used such data to deduce the 
differential cross sections for the production of gamma 
rays by means of a formula analogous to Eq. (2). For 
the efficiency we used the value calculated for the 
average gamma-ray energy. This is not quite correct, 
as Bodansky, Sachs, and Steinberger*® have shown. The 
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Tape V. Efficiency for detecting gamma rays 


Efficiency « for lab angle 
30° or 150° 9” 
0.130 
0.352 
0.490 
0.628 
0.671 


Gamma ray energy 
Ey Mev 

0) 0.133 

w@ 0.363 

WD 0.502 

150 0.638 

200 0.676 


gamma rays are emitted over a brcad energy spectrum, 
extending to low energies where the efficiency of the 
detector is falling rapidly. As a consequence, the efh- 
ciency for the average gamma rays is not a good 
approximation to the average effi iency. In the present 
work we have, due largely to the insistence of Dr. 
Jay Orear, attempted to take the energy dependence of 
the efficiency explicitly into account, in the manner of 
Bodansky, Sachs, and Steinberger? In this we have 
been only moderately successful, due to our lack of 


knowledge of this dependence. 


In what follows, we recapitulate the analysis given 
by Bodansky, Sachs, and Steinberger,’ in order to make 
clear the way in which we preferred to deal with the 
problem 

The differential cross section for neutral pion pro 
duction in the center of mass system is written as an 


expansion in Legendre polynomials 


dao/dwy => a:P(a P 


emission 
with respect to the incident #~. In the system in which 


rest, the y rays are emitted isotropically 


where cos™'a is the center of mass angle of r 
the wx” 1s at 


with energy equal to } the rest energy of the x’, 


) 
Mix < 


Since two gamma rays are emitted for each x° decay, 


J 
‘ 


the number emitted into solid angle dw» in the rest 


system of the x” will be 


da ) d ‘ 


1/2 


but in the solid angle dw’ of the center of mass system 


the number of gamma rays will be 
(1 


transformation from this system in 


The Lorentz 


which the x’ is at rest to the center of mass system gives 
dwo/ du 1/(y—nx), (6 


where yuoc is the energy and quoc is the momentum of 


the x° in the center of mass system, while cos~'x is the 
angle of emission of the y ray with respect to the direc- 


tion of the x in this system. Thus, 
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The number of gamma rays emitted at angle cos“'y 
with respect to x~ direction in the center of mass system 
may be obtained from this by using the addition theorem 


4r ; 
P(a)=—— >: Y *(x)V "(y). (8) 
2i+-1 = 


Then 


d de, 1 1 4dr 
-f — — >: ar = 
dx dw (y--nx)? 2x t+ = 21+1 
XE Ve) V(y)de’, ) 


where dé’ is the element of polar angle associated with 
dw’. 

ddo, _ 
—— = ss aP1(y) (y—nx) P(x). (10) 


Transforming to the laboratory system, the factor 
analogous to (6) is 


du dQ= (vo 02) ° (11) 


where no/¥o is the velocity of the center of mass and 
cos~'z is the angle in the laboratory at which the y rays 
were observed. We obtain 


i do, 
(yo—noz)? & arPi(y)(y—nx)?Pi(x). (12) 
dx dQ t 
The energy of the gamma rays observed at z depends on 
the coordinates x and y according to the relation 
E= Eo(yotnoy) (y—nx)", 
—j 


(13) 
y= (yo2— Mo) (Yo— 102) 


so that the observed counting rate will be given by 


Ov 
( ) C(yo— 202)? & arkiés(z)Pi(y), (14) 


D 


where 


k fonm 2P.(x)dx 


is the same factor evaluated in A which gives the in- 
tensity of the gamma rays belonging to the spherical 
harmonic of order /. For the present experiment the 
values are 2, 1.297, and 0.6769, for ko, &;, and ks, 
respectively. 

rhe explicit dependence of the efficiency on the y-ray 
energy occurs in the expression for the average efficiency, 


é,(z)=k, fea) ym) *P(x)dx. (15) 


e(x,z) can be found if e(£) is known through the use of 
Eqs. (13). 
The factor C is the product of the factors VfA9GM 
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Tasie VI. Apparent center of mass cross sections for gamma rays due to charge exchange scattering. 





Multiple 
scattering 
factor 
M 


Geometrical 
factor 
sterad G 


0.986 
1.006 
1.015 
0.993 
0.995 


Solid angle 
42 


Q/D)* x10° 


188.4+8.0 
118.7+7.3 

96.2+5.4 
100.2+6.5 
119.7+7.5 


0.989 
0.992 
0.990 
0.989 
0.989 


0.0885 
0.0872 
0.0867 
0.0872 
0.0885 


which have the same meaning and which are evaluated 
in the same spirit as the corresponding factors in Eq. 
(2). Strictly speaking, C depends on / and x and should 
be incorporated in the integrand of (15). However, in 
view of the much larger uncertainties involved in 
estimating e(£) it would be meaningless to attempt to 
take this dependence into account. We found it con- 
venient to define an “apparent” cross section for gamma- 
ray production in the center of mass system 


(2) 
dw z 
so that we could express the measurements in a form 
which was convenient for machine calculation of the 


(O/D).7(yo— 02)" 
(16) 
V fAQe (2) MG 


phase shifts. 


de, ° €,(2 
= AgkoPo(y)+ ark, 
dw/, éo( 


) 
Py(y) 


e( 


€2(3) 
+adske P2(y), (17) 
€9(Z) 
limiting the expansion to /=2 
only s and p waves contribute to the scattering. 

In determining the efficiency of our counting arrange- 
ment for gamma rays we followed the same general 
procedure described in A. However, instead of using 
Wilson’s" calculations to give the transmission and 
multiple scattering of the electrons in lead, we carried 
out some experiments using electrons from our betatron. 

The trasmission and multiple scattering of electrons of 
various energies up to 90 Mev were measured as a 
function of thickness of lead using a counting geometry 
similar to that used in the pion scattering work. Further 
details of these experiments are given in the companion 
paper." This enabled us to determine the efficiency, 
especially at low energy, somewhat more reliably than 
using Wilson’s calculations. Nevertheless, these im- 
provements did not remove the major uncertainties in 
our knowledge of the efficiency and this remains the 
weakest aspect of our work. 

In Table V the efficiency of our counting arrangement 
for gamma rays is given as a function of gamma-ray 
energy. The values differ slightly for laboratory angles 


on the supposition that 


s R. R. Wilson, Phys. Rev. 84, 100 (1951) 


Apparent center of 
mass cross section 
for gammas due 
to x 
de* 
Efficiency 


(ye — wes)? és 
0.6911 
0.8336 
1.0498 
1.2910 
1.4832 


dw 
mb /sterad) 


749+1.20 
5.884 1.00 
6.364 1.05 
8.5541.43 
11.97+2.00 


0.558 
0.536 
0.505 
0.490 
0.472 


30° (or 150°) and 90°, so that the values for 60° (or 
120°) could be reckoned by interpolation. From these 
results the values of é, @, and & were calculated by 
numerical integration using Eq. (15). Values of && and 
of the ratios é,/é and é@/% appropriate for the present 
experiment are tabulated in Table VI. 

The counting rates given in the last column of 
Table IV include a small contribution due to the radia- 
tive capture process 


oT) —- wT: 


We were able to estimate this contribution from the 
knowledge of the inverse process,’ deducing the formula 


(da/dw)~+4=0.072—0.024 cos*x mb/sterad 
7 x 


by detailed balance. This correction has been included 
in tabulating the quantity (Q0/D)° in Table VI. 

The apparent cross section for the production of 
gamma rays due to the charge exchange process was 
calculated using these results by means of Eq. (16). 
We took V=3.778XK10" atoms/cm’, f=0.955, and 
other factors as listed in Table VI. Errors were assigned 
as follows: 1 percent for V, 1 percent for /, 3 percent 
for AQ, 15 percent for é, and 2 percent for MG. 

In accordance with Eq. (17) we were able to write 
the following five relations connecting the experimental 
results and the coefficients do, a), and ds. 


Lab angle 


749+ 1.20= 2ay+-1.2144,4+-0.392a2, (18a) 


5. 88+ 1.00 = 2a94-0.488a,—0.306a2, (18b) 


6.36+ 1.05 = 2ag-—-0.3424;—0.389a2, (18c) 


8.55+1.43 = 2a9— 1.023a;+0.11842, (18d) 


150 11.9742.00= 2a9—1.461a;+0.704a,. (180) 


When these equations are solved by the method of least 
squares the following values are obtained : 
3.70+0.28, 
- 1.054-0.66, 
3.66+ 1.49. 
Ann 


ag= 
a,= 
a= 


4M. Gell-Mann and K. M. Watson, Rev. Nuc. Sci. 4, 


219 (1954) 
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Taste VII. Measurements of the elastic scattering given includes an error of 1 percent in the value of V, 
sl cai GEO an error of 1 percent in the value of /, and errors of 2 
meen . aed , percent of e_ and of 2 percent in AQ. . 
egree: X10 x10 X10 The total cross section for the elastic scattering of 
294 531.7492 451.648.3 80.1+124 negative pions was calculated by a numerical integra- 
30.0 286.1+8.0 213.6+7.5 72.5411.0 tion of these results to have the value 
00 77 8+3.0 4$2.622.2 35.24% 3.7 
fo | igz2 As BES ole + x)= (2D51.5)X10- emt a. 
150.0 81.7+3.6 5542.3 2+ £5 Adding to this the value (46.5+3.5)X10-*? cm? due 
to charge exchange and the value (0.80+0.20) 10-7 
Ps Tae cm? due to radiative capture, the total cross section for 
rhe coefficients a°*, &, c’ appropriate to Eq. (3) are negative pions obtained in this way is found to have the > ® 
simply related to these and have the values value : 
a 1.87+0.76. Trai (® (69.8+3.8)X10-*7 cm?, 
b 1.050.066, in reasonable agreement with the result of the trans- 
, 5.49+ 2.24 mission measurement. 
: ; rhe differential cross sections for the elastic scatter- 
We can also calculate the integrated value of the cross ing for the center of mass system are given in Table IX. 
section due to ¢ irve exchange 
, PHASE SHIFT ANALYSIS 
( ja tra 16.523.5)X10-" cm \s in the earlier work,’ a phase shift analysis of the 
~ data was carried out using an electronic computer. We 
The eter siven here is emailer than it would if we are grateful to Donald Flanders and to Jean Hall of 
had not neglected the correlation on the errors assigned the Argonne National Laboratory for the opportunity 
1o Che Giliclencies eenenet the eelations (8 to use the AVIDAC for this purpose As before, the 
ross sections were expressed in terms of the phase 
ELASTIC SCATTERING OF NEGATIVE PIONS shifts, limiting the analysis to include only s and p 
' waves in states of isotopic spin } and 3. Starting with 
Phis experiment was carried out in a manner similar 4», initial set of six phase shifts, the machine computes 
that for the positive pions. Because of the higher 4h. cum 
lux which was available it was possible to use a better wy A? 
defined geometry. This simplified the reduction of the OE ae = (19) 
ta. The experimental data are given in Table VII iml 
The errors given are the standard deviations due to 
statistics alone vhere a;, -**, a3 are the six phase shifts with the 
A smal! percentage of the counting rate recorded in notation of A, e, is the experimental error, and A, is 
the last column of Table VII is due to the gamma-ray the deviation of the calculated from the observed cross 
production process. This was obtained by estimating section. The machine then proceeds to vary each phase 
he efficiency of this arrangement for detecting gamma __ angle in turn, seeking the set which gives the minimum 
rays, and using the data of the gamma-ray measure- value of M. It first varies a, by either plus or minus 1 ’ , 
ments. This contribution was subtracted in obtaining degree, computes the corresponding value of M, and 
the value (0/D)~ due to the elastic scattering of selects the altered or original value of the phase angle 
negative pions alone, given in the second column of according to which gave the smaller VW. It then proceeds , ~ 
Table VIII. Proceeding as for the positive pions we to vary the next angle, and the next in order, until no 
calculated the differential cross sections in the labora- further decrease in M is obtained. The variation is then 


tory given in the last column of Table VIII. The error reduced to } degree and the same procedure is re- 


Taste VIII. Scattering of negative pions in the laboratory system 





Multiple Differential] cross section 
Lat g s ngle < : ~ £ Detection in laboratory system 

Py c 2 efficiency da~/dw 
egree D)~ x10" tera ul ‘ 10-** em? /sterad 

wu) 70.2483 0.0870 0.991 0.979 0.835 4.21+0.53 

+) 31 1437 0.0562 1.004 0.984 0.907 1.71+0.21 

oO 2.2433 0.0559 1.009 0.986 0.939 1.07+0.13 
120 w0+278 0.0562 0.996 0.986 0 0.939 1.08+0.16 
1s0 317+43 0.0570 0.997 0.987 0 0.939 1.67+0.24 














SCATTERING OF 


Tas_e IX. Differential cross sections for elastic scattering of 
negative pions in the center of mass system. 


Cosine of center Differential cross 





mass angle section (de/dw) 
cosx (10-* cm?/sterad 
0.7851 2.74+0.34 
0.2793 1.3824:0.17 
— 0.2618 1.14+0.19 
— 0.6767 1.48+0.22 
— 0.9209 


2.74+0.39 


peated. The variation is reduced by a factor of two at 
each stage until it is 2-7 degrees. When the machine is 
unable to reduce M further using this variation it 
prints out the final set of a’s and the corresponding 
cross sections and stops. 

In the present work we required the solution to fit 
17 different measurements instead of 9 as previously. 
These were the differential cross sections for the positive 
(Table III), negative (Table IX), and charge exchange 
[Eq. (18) ] scattering processes, measured at each of 
five angles, and the total cross sections of positive and 
negative pions, obtained from transmission meas- 
urements.'® Thus, the experimental knowledge was 
more completely exploited here than was possible 
previously .3~* 

For the initial values of the phase shifts, we chose 
sets obtained from Ashkin dia- 
grams.'* Such construction utilizes only a part of the 
experimental data and leads to a multiplicity of possible 
solutions. The multiplicity can be as large as 16, not 
counting those solutions which differ only in that the 
signs of all the phase shifts are reversed. In our con- 
struction of these diagrams, we varied the input data 
as liberally as possible within the limits allowed by the 


the construction of 


TaBLe X 

a 18 ) 

a3 +61.0 +31 

as + 3.5 +89 

a 9 3 +9 — 3 
as +2 -6 12 +2 ~6 12 
a —% 6 -12 -s + —12 
Track #1 #2 #3 #4 #5 #6 
a - 20 0 - 2 7 — 19 9 Same - 19 6 
ay; + 63.0 62.1 +33.7 as + 32.7 
rit 3.7 + 13 +93.7 #10 +942 
a, + 80 — 2.1 + 94 - 13 
en+ 10 - 56 + 06 7.7 
an 10.6 —13.1 — 56 —10.6 
VW 5.27 5.30 6.08 52 
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experimental error so as to obtain as many starting 
sets as was reasonable. 

In the Ashkin construction the phase shifts are ob- 
tained from the intersection of two circles. Thus, one 
starts out by finding two possible values for a, in the 
present case, — 18.5 degrees and — 27 degrees. Each of 
these leads to two possible sets of values for the pair, 
33 and a3;. That for which as; is large and ay, is small is 
known as the Fermi solution. The other, known as the 
Yang form, may be obtained from the first by means of 
the transformation 


a 33 = Hy 33, 
> (20) 
a3, =~ a1, 
where 


ns=angle of (2¢?*«33+- ¢?'«) 


This solution is characterized by an ay; which is larger 
than ay;. Each of the four possible solutions for this 
} state leads to two solutions for a, and 
these in turn to possibilities which correspond to the 
Fermi and Yang sets for the isotopic spin 4 state. It 
frequently happens that some of the possibilities are 
not allowed by the data. In the present case we found 


isotopic spin 


some 12 possibilities which appeared to be acceptable. 
These are displayed in Table X. With these as the start 
ing point, the machine found the solutions shown in 
the same table. 

It will be seen that 7 solutions remain even when all 
the experimental data is included and a least squares 
fit is demanded. For a given solution, the value of M 
may serve as a measure of the goodness of the fit. In 
the usual theory of least squares, where the measure- 
ments are truly independent, the errors truly statistical, 


Phase shifts at 165 Mev 


P ‘ 
53 +27 
+ 6 +S 
‘ " P " 
8 4 +8 4 
y ‘ P ‘ 5 
5 3 12 5 +3 12 
+7 9 12 +7 9 12 
#7 #8 #9 #10 #11 #12 
Same 6.0 Same 35.5 28.2 Same 
as 60.1 as 4+-27.7 +304 as 
#2 65 #2 +730 82.2 26 
+ OS + 48 BO 
+ 1.7 7.8 + 20 
11.3 10.6 RO 
5.44 6.25 6.21 


‘6 For a variety of reasons the numbers actually fed into the computer differed in minor ways from the final values listed in the tables 


The effect on the fina! results should not be significant 


J. Ashkin and S. H. Vosko, Phys. Rev. 91, 1248 (1953) 
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Tasie XI. Calculated cross sections compared with observed values* for 165 Mev. Here \*=8.874X 10°?" cm’. 


Lab Expt 
Quantity angle alue Error #1 
4A *da®* /du x) 8.43 0.99 9.20 
@ 440 0.59 4.02 
W 4.79 0.77 431 
120 9.63 1.12 gO 
150 13.66 1.76 12.79 
364 "da /du H) 11.10 1.37 10.91 
@ 5.59 0.09 5.54 
Ww) 461 0.77 4.45 
120 6.01 0.89 6.82 
150 11.11 1.47 9.55 
184 *do* /d 0) 15.86 2.53 14.52 
wo 12.09 201 11.23 
wt) 13.15 2.15 12.73 
120 17.48 2.92 18.19 
150 2441 4.05 23.00 
4, or R423 243 RS RO 
$04 *er 273.83 641 274.02 
. e a " 4 liffe 


and where the derived quantities have a linear de- 
pendence on the measured quantities in the vicinity 
of the solution, the expectation value of M is 11 for 
fitting 17 independent data with 6 parameters. In the 
present case these conditions were not well satisfied. 
An effort was made not to overestimate the errors and 
thereby exaggerate the goodness of fit. However, the 
errors do include contributions due to uncertainties in 
the measurements, not purely statistical in nature. 
Moreover, the errors quoted for the cross sections are 
not all independent. The error which occurs in .V, the 
number of hydrogen atoms per cm*, is common to all 
Errors efh- 


ciency for detecting gamma rays are common to all the 


the measurements. which appear in the 
For these reasons the 
less than 11. 


had 


charge exchange cross sections 


expectation value should be considerably 
found 


It was not 


values of M 


surprising that the solutions 


near 6. 
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Fic. 4. Scattering of pions by protons at 165 Mev 


The curves correspond to solution 1 








Calculated values 





Solution 
#2 #6 #8 #10 #11 
9.00 9.02 9.26 9.17 9.38 
4.12 4.12 3.98 4.02 4.00 
4.38 4.38 4.26 4.20 4.25 
8.41 8.42 8.62 8.31 8.64 
12.34 12.37 12.87 12.34 12.94 
10.65 10.71 10.96 11.15 11.42 
5.41 544 5.57 5.27 5.65 
440 441 4.45 4.14 4.33 
6.83 6.83 6.81 6.86 6.72 
9.58 9.57 9.51 9.93 9.52 
16.43 16.32 14.66 15.07 14.48 
11.78 11.55 11.23 12.10 10.97 
12.33 12.21 12.65 13.19 12.31 
17.52 17.69 18.06 17.69 17.73 
22.99 23.43 23.50 22.20 23.15 
84.92 85.00 85.86 84.30 86.38 
276.48 276.24 273.94 276.49 271.46 


r ways from the values given in the tables above 

It is very difficult to distinguish from these experi- 
ments alone, which of the solutions found is the correct 
one. The values of M found were between 5.21 and 
6.25, a variation small compared to the expected rms 
deviation ((M—M)*),,!= (2M)i=3.5. This is also made 
clear in Table XI where the values of the cross sections 
found by the machine for the various solutions are 
compared with the input values. Study of this table 
shows that the machine-found values tend to cluster 
together, indicating that a considerable improvement 
in the precision of the measurements would be re- 
quired to make a clear decision in favor of any one of 
the possible solutions. A comparison of the experi- 
mental data with that of solution 1 is given in Fig. 4. 

The reason for the multiplicity of solutions which 
occurs at 165 Mev can be understood, in part, by 
examining the Ashkin diagram shown in Fig. 5. In 
Ashkin’s procedure the solutions for a; are obtained 
from the intersection of two circles. In the present case, 
these circles are almost tangent to one another so that 
the two solutions marked a and 6 come close together. 
In fact, all values of a; which lie within the shaded 
region give almost equally good fits to the experi- 
mental data. The corresponding values of as; and a3; 
are also shown shaded. Solutions 1, 2, and 8 all fall 
within the shaded region. The corresponding Yang 
forms of these are those which fall between the dashed 
lines of the diagram and include solutions 4, 6, and 11. 


SENSITIVITY OF THE PHASE SHIFTS 


In order to obtain a better idea as to how well the 
phase shifts are determined by the experiments, the 
machine was started with the phase shifts of solution 1 
and the phase shifts were then varied either single or in 
pairs until the value M=8 was reached. This made it 
possible to draw the contours shown in Fig. 6. In first 
order, these contours should form a 6-dimensional hyper- 
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Fermi-type solutions for 
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in shaded area. Yang- 


type solutions for ass 2a'33 =64° 
and a, are included 
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ellipsoid and any set of phase shifts lying within this 
figure should be acceptable according to the experi- 
ments. Figure 6 attempts to show some of the projec- 
tions of this hyperellipsoid. It shows, in orthographic 
projection, the ellipsoid corresponding to the isotopic 
spin } state, and separately, that for the isotopic spin } 
state. The elongated form of the ellipses for as and ays, 
and for a; and ag; is due to degeneracy of the solutions 
for a; already referred to. 


DISCUSSION 


For purposes of discussion, it seems desirable to con- 
centrate the attention on the solutions of the Fermi 
type, and set aside the solutions of the Yang type. This 
step receives some justification based on simplicity. 
The Yang-type solutions have a-; and a3; both large, 
instead of just as; large for the Fermi type. When the 
Yang-type solutions are followed to higher energy, as 
has been done by de Hoffmann, Metropolis, Alei and 
Bethe,‘ and by Martin,’ they lead to three resonances 
instead of one for the Fermi-type solution. 

Our solution 1 is quite close to the one which de Hoff- 
mann, Metropolis, Alei, and Bethe‘ believe to be the 
correct one. They analyzed the available negative pion 
data between 120 and 217 Mev and selected those 
solutions which varied continuously with energy, and 
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gave positive pion total cross sections in agreement 
with the experimental values. In their preferred solution, 
a3; goes through 90° at about 195 Mev while the other 
p phase shifts are small. The same solution was also 
found by Glicksman® by setting ay) =a);=ay;=0. 

The choice of interaction corresponding to a3; domi- 
nant and resonant is the one first proposed by Breuck- 
ner’? to account for the early pion scattering results. 
The same choice has provided the basis for a successful 
interpretation of a number of the features of the process 
of pion production by nucleons as well as by gamma 
rays. Thus, Brueckner and Watson'* have pointed out 
that the angular distribution observed"’ for the reaction 
p+ p-xt+d is not very different from the form 
0.3+-cos*x which it would have with the p, state of the 
pion-nucleon system dominant. Subsequently, a more 
detailed study by Rosenfeld” and a general review by 
Gell-Mann and Watson" have reaffirmed this point of 
view. A similar argument operates in the photoproduc- 
tion process, where again the emission of the pion in 
the p, state would give an isotropic distribution whereas 


17K. A. Brueckner, Phys. Rev. 86, 106 (1952). 

‘*K. A. Brueckner and K. M. Watson, Phys. Rev. 86, 923 
(1952). 

” Cartwright, Richman, Whitehead and Wilcox, Phys. Rev. 
91, 677 (1953). 

* A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 
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I 6. Orthographic projection of error es of the phase shifts for isotopic spin states } and } 


the actual angular distributions” show the marked _ said of the Fermi-type solutions arrived at by Martin® 
from emission in the py who set a;;=a,;=9, and also the solution of Glicksman*® 
state \ notewortny cal ulat on by Chew based ona who set a};—ay3=—a ,=0. Thus the general behavior of 


static, cut-off, pseudo-vector meson theory, with mod- a3; seems to be rather well determined, at least in the 
erately weak coupling, reproduces quite well the phase vicinity of 165 Mev and below. This is because the 
shifts given by de Hoffmann ef al.,‘ and by Glicksman,® 4,3 interaction is so dominant. 

and at the same time, much of the available photo-pion The behavior of the other phase shifts has been less 
productio ita. These qualitative arguments well established by the analyses carried out thus far. 





lausible the choice of solution 1, but they do not They all have the defect of having neglected the pos- 

finally rule out the other possibilities sible effect of d waves. We hope to improve this situa- 
| e behavior Ol a and 1 as loun 1 by le H timann, tion in our future work. 

Metropolis, Alei, and Bethe* is confirmed at 165 Mev 


by our value for these phase angles. The same can be ACKNOWLEDGMENTS 
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Scattering of Positive Pions by Hydrogen at 189 Mev* 


H. L. Anperson, W. C. Davipon, M. Giicxsman,t anp U. E. Kruse 
Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received April 13, 1955) 


The differential and total cross section of pions on hydrogen has been measured for 189 Mev positive 
pions. Liquid hydrogen was used as the scatterer; the incident and scattered pions were detected with 
scintillation counters. The angular distribution was fitted by : = (7.2420.76) + (3.141.3) cosy + (25.6:+2.6) 
cos*y millibarns per sterad. The total cross section measured by transmission was 194.1+-5.2 millibarns 
\ phase shift analysis was made using these results in conjunction with data obtained previously on the 
scattering of negative pions. The analysis was restricted to S and P waves and assumed conservation of 
isotopic spin. Four solutions were obtained. The one which is consistent with the requirements of causality 





and which corresponds to the preferred solution of de Hoffmann ef al. is a; = —2.8°+4.5 
= —11.6°45.1°, ag3=98.8°+3.6 


ay, = ~—2.6°47.5°, ay= —2.1°+3.8 , Gai 


INTRODUCTION 


HE scattering of pions with nucleons has been 
interpreted in terms of a set of phase shifts 
specifying the interaction in the possible states of the 
pion-nucleon system. In particular, the high-energy 
data have been analyzed by several authors,'* and a 
preferred set of phase shifts has been proposed. This 
set has a resonance behavior for the state of isotopic 
spin $ and total angular momentum }. These analyses 
were based primarily on measurements of r~ differential 
cross sections, supplemented to some extent by some 
data on x* total cross sections. The present experiments 
were undertaken to complement the w~ scattering data 
at 191 Mev‘ with the corresponding * data, and in this 
way improve the knowledge of the phase shifts at 
this energy. The present work extends that carried 
out at 165 Mev and reported in a companion paper.° 
Due to the low intensity of positive pions available, 
a rather poor geometry was used. This necessitated 
special corrections in analyzing the data. The same 
corrections were used to reanalyze the previous nega- 
tive pion data. A separate experiment to determine the 
efficiencies of the counters used in the charge exchange 
reactions led to a reanalysis of this reaction. All the 
results of counter measurements were then used as a 
basis for a new phase-shift analysis. The accuracy of 
the phase-shift solutions was also explored 


EXPERIMENTAL ARRANGEMENT 


The experimental arrangement was essentially the 
same as that used in previous work from the laboratory.* 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission 

t Now at David Sarnoff Research Center, RCA Laboratories, 
Princeton, New Jersey 

' Fermi, Metropolis, and Alei, Phys. Rev. 95, 158 (1954 

?de Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, 
1586 (1954). 

*R. L. Martin, Phys. Rev. 95, 1606 (1954) 

‘M. Glicksman, Phys. Rev. 95, 1045 (1954 

*H. L. Anderson and M. Glicksman, preceding paper [Phys 
Rev. 100, 268 (1955 

* Anderson, Fermi, Martin, and Nagle, Phys 
(1953 
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11.3°+3.2°, 


, ay™= 


A larger liquid hydrogen target of 6-inch diameter was 
used. Details of the geometry are shown in Fig. 1. 
Counters 1 and 2 were plastic scintillators }-inch thick 
and 2 inchesX 2,5 inches. Counters 3, 4, 5, and 6 were 
4-inch X 6-inch liquid scintillators described previously.® 
The use of four such counters made it possible to observe 
the scattered pions at two angles simultaneously, 

Transmission measurements were made to obtain 
the total cross sections independently. Measurements 
were taken with the 4-inchX6-inch counters set at 0°. 
In addition, 8-inch diameter liquid scintillation counters 
were used in the geometry of Fig. 2. A similar arrange- 
ment with the 8-inch counters was employed for 
range measurements in copper. 


PION BEAMS 


A beam of positive pions was obtained by bombarding 
a copper target in the cyclotron. Pions created in the 
backward direction emerged from the cyclotron and 
passed through a channel in the shielding to the experi- 
mental area. After passing through an analysing magnet 
and a proton filter of polyethylene, the pion flux was 
determined by counters 1 and 2. The flux available was 
roughly 300 pions/min. This was considerably greater 
than what could be obtained using a beryllium target. 

The energy of the pions was determined from a 
range measurement in copper. The mean range corre- 
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Fic. 1. Arrangement for observing the scattering 


of positive pions in hydrogen. 
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Fic. 2. Arrangement for making transmission measurements 
on positive pions in hydrogen 


sponded to 90.68 g/cm*. Corrections for multiple scat- 
tering in the copper and counters and for energy loss in 
the target walls and counters gave a mean range at the 
center of the empty target of 97.33 g/cm*. From the 
range curves of Aron’ the corresponding energy of the 
pions at the center of the hydrogen filled target was 
188.5 Mev. The effective energy spectrum had a full 
width at half maximum of 13.2 Mev. The fraction of 
muons in the beam was determined from the range 
2.2 percent of the beam were muons that had 
through the analyzing magnet. A further 1.9 
percent decayed in flight so as to be included by the 
monitoring counters. Thus 4.1 percent of the number 
of counts in counters 1 and 2 were due to muons. 

In order to determine the distribution of the beam 
in the hydrogen target, the horizontal intensity distribu- 
tion at the target position was measured directly with a 
scintillator } inch wide and 2 inches high. The results 
were used to obtain the effective number of hydrogen 
scatterers and to correct for their finite extension. 


curve: 
come 


ELASTIC SCATTERING OF POSITIVE PIONS 


The differential cross section for the scattering of 
positive pions was measured at five angles. At 30° and 
60°, aluminum absorbers were placed between the 
counters to eliminate all recoil protons. Measurements 
were taken simultaneously at two scattering angles, and 
with the target alternately filled with liquid hydrogen 
or containing only hydrogen gas at near liquid hydrogen 
temperature. These measurements are recorded as the 
ratio 0/D, quadruple coincidences divided by the double 
coincidences observed in the incident beam monitors. 
The simple differences in this ratio, 0/D, were taken 
as the effect of the additional hydrogen introduced. 
rhe results are given in Table I. The errors stated are 
those due to counting statistics only. 


rasie I. Measurement of elastic scattering of positive pions 
Lab angle 10° (0/D\n 10 (0D) Non 10° (OD) net 
31.2 450 41.33 10.9 +093 34.1 +16 
woo 14.64+0.76 3.37+050 11.3 +09 
90.6 14.54+0.74 5. 86+0.54 8 68+0.9 
120.3 14. 58+0. 80 3.11+0.50 11.5 +095 
150.0 21 4+0.92 469+0.59 16.9 +16 


’W. A. Aron, University of California Radiation Laboratory 
Report, UCRL-1325 (unpublished 
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TRANSMISSION EXPERIMENTS 


The total cross section was separately determined by 
transmission measurements. Two measurements were 
made using the 8-inch counters. A copper absorber of 
12.99 g/cm? was used between counters 3 and 4 to 
discriminate against recoil protons. A third measure- 
ment was made with the 4-inchX6 inch counters, with 
an aluminum absorber of 12.21 g/cm’. 

Under the assumption that muons in the beam do not 
interact, the cross section is given by 


1 r 
o=— inf R--R)| 
\V T 


R is (0/D)n/(Q/D)xo un, where N is the number of 
hydrogen atoms/cm’, r is the ratio of muons to pions 
at the center of the target, and T is the fraction of pions 
at the center of the target which are detected in counters 
3 and 4 (regardless of whether or not they decay on the 
way). 0/D measures the cross section for scattering 
greater than 6.x, the half-angle subtended by counter 
4 at the center of the target. The total cross section is 
obtained by adding the cross section up to 9max; this 
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was estimated from the angular distribution measure- 
ments. The final results are in Table IT. 

The weighted mean of all the transmission measure- 
ments was 194.1+5.2 mb, including a two percent 
error in the value of N. 


GAMMA EFFICIENCIES 


A measurement was made to determine the energy 
dependence of the gamma efficiencies of the counter 
arrangement used in the earlier charge exchange scatter- 
ing experiment.‘ The efficiencies for the detection of 
pairs produced at different depths in the lead radiator 
were derived from measurements on the transmission 
of electrons of different energies through various thick- 
nesses of lead. These results were then combined with 
known pair production cross sections** to give the 
gamma efficiencies of the counters. The experimental 
arrangement used is shown in Fig. 3. 

The dimensions and relative positions of the lead 
and counters 3 and 4 were the same as in the charge 
exchange measurement. Counters 1 and 2 were 4-inch 
X4-inch plastic scintillators and served to define and 

* De Wire, Ashkin, and Beach, Phys. Rev. 83, 505 (1951). 

* J. L. Lawson, Phys. Rev. 75, 433 (1949) 
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Tas_e IT. Measurement for the total cross section of positive pions. 











“an @mas Absorber R= oD — y/T - fre ws Siu a ey 

8 in. 15.2° 12.99 g/cm? —0,903840.0051 0.05240.01 167.2491mb  121425mb 1793494 mb 
8 in. 15.2° 12.99 feat 0.8945+0.0024 0.052+0.01 184.34+4.5 mb 12.1+2.5 mb 196.4+5.2 mb 
4 in. X6 in. 14.1°* 12.21 gent 0.8924+0.0023 0.053+-0.01 188.4+4.4 mb 10.54+3.0 mb 196.545.3 mb 





* Angle for circular counter of area equal to 4 in. X6 in 


monitor the incident beam. Wire measurements were 
used to determine the electron energies, which ranged 
from 10 to 75 Mev. At each energy the ratio of triple 
coincidences in counters 1, 2, and 3, to the double 
coincidences in 1 and 2, gave the fraction of incident 
electrons which traversed the lead. The quadruples to 
triples rate, gave the fraction which was not scattered 
out of the No. 4 counter. The results are summarized 
in Table ITI. 

To obtain the gamma efficiencies of the counters, 
the probability was determined for a photon to traverse 
various thicknesses of lead, produce a pair, and have 
at least one of the pair detected. Numerical integrations 
were made over the counter dimensions, lead thickness, 
and energy division of the pair produced. The average 
efficiencies for gammas produced anywhere in the target 
are presented in Fig. 4. The dependence on the angle 
at which the detector was set was small and was 
neglected here. 


TaB.e ITI. Measurement of attenuation and scattering 
of electron beams in lead 


O/T 
Lead Energy Position*® 
g/cm? Mev T/D 1 2 3 4 
0 8.7 0.98 0.88 0.45 0.77 0.34 

18.2 0.98 0.93 0.62 O08 047 
37.2 0.99 0.98 0.68 0.97 0.69 
56.2 0.99 0.98 0.78 0.99 0.75 
75.2 0.99 0.97 081 0.97 0.75 

2.76 &.7 0.17 0.24 0.088 0.076 0.065 
18.2 0.70 0.36 0.26 0.29 0.28 
37.2 0.90 0.71 0.46 0.66 0.42 
56.2 0.93 0.86 0.53 0.73 0.45 
75.2 0.93 0.88 0.59 0.86 0.61 

5.55 8.7 0.00 . . . 
18.2 0.22 0.17 0.16 0.19 0.11 
37.2 0.67 0.45 0.31 0.45 0.34 
56.2 O81 0.61 0.42 0.56 0.36 
75.2 0.89 0.71 0.44 0.57 041 

741 8.7 0.00 . . 
18.2 0.15 0.19 0.14 0.23 0.00 
37.2 0.50 0.46 0.27 0.34 0.15 
56.2 0.69 0.52 0.42 0.46 0.29 
75.2 0.78 0.65 0.53 061 0.31 

* Position of beam on first 4 in.x6 in. counter (No. 3 


1. Center 

2. 2 in. from center along 6 in. axis 

3. 1} in. from center along 4 in. axis 

4. 2in. from center along 6in. axis and i} im. from center along 
4 in. axis 


Calculations were also made in which the Monte 
Carlo results of Wilson" were used for the electron 
scattering. These gave smaller efficiencies as shown in 
Fig. 4. The uncertainties involved in deducing these 
efficiences were such that we assigned an error of 15 
percent and included this in all the errors stated. 

The experimental determination of the gamma 
efficiency was subject to two tests. First, using the 
computed results, a determination was made of the 
efficiency to be expected in a measurement of the 
Panofsky effect. The results of this calculation gave 
54.348.1 percent as compared to 584-6 percent ob- 
tained directly in a previous measurement.* The other 
test was a comparison between the total cross section for 
mx and the sum of integrated differential cross sections 
»m, and x-—*y. The total cross section 
was (63.5+1.6mb) whereas the sum of integrated 
cross sections was 68.0+3.5 mb. The difference is not 
outside the experimental error in both cases. 


for r—>r", + 


DATA ANALYSIS 
Elastic Scattering 


The data analysis of the elastic scattering experi- 
ment was complicated by the poor geometries used to 
obtain reasonable counting rates with the weak incident 
beam. Thus, a number of corrections were needed to 
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Fic. 4. Gamma detection efficiencies of counters used in charge 
exchange measurements. E, is the gamma energy, «, the detec 
tion efficiency 


RK. R. Wilson, Phys. Rev. $4, 100 (1951) 
“RR. Wilson, Phys. Rev. 86, 261 (1952). 
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in density of liquid hydrogen and hydrogen gas. The 
mean path length was 5.96 inches and the net density, 
0.070 g/cm*, therefore VN =6.39X 10" atoms/cm?. The 
uncertainty in V was estimated to be two percent. The 
quantity f was 0.947 as determined from the muon 
contamination of 4.1 percent, obtained from the range 
curve, and the 1.2 percent absorption of pions in the 
second counter and front target wall. The accuracy of 
f was estimated to be +1 percent. 

The correction M for attenuation and multiple 
scattering took into account the energy and angular 
dependence of the scattering cross section. However, 
the following approximations were made to obtain a 
simple formula. The scattering volume was assumed to 
be spherical, and all the first scatterings were assumed 
to occur at the center of this sphere. Only double 
scatterings were considered and these were taken to 
occur as the particle left the center of the sphere. 
Attenuations were assumed to occur on the way into the 
center and on the way out from the center. With these 
assumptions the single scattering s per unit solid angle 
is given by 


(DQ 


= No (8){1—4N[or(0)+or(6) }}, 


to first order in No. Here o(@) is the differential cross 
section for scattering into 6, E(@) is the energy of the 
meson scattered into the angle 6 and o7(@) is the total 
cross section for pion scattering at this energy. The ratio 
of double scattering to single scattering into a counter 


at angle @ is given by 


y 
J 494(cosa)e: x)o;\a,9), 
2a (8) 


where a and ¢ are the polar and azimuthal angles of 
the first scattering given by o:(a,¢). The plane formed 
by the incident beam and the center of the counter is 
taken as ¢=0. The cross section for second s attering 
is oo(x) where x is the angle between the initial scatter- 
ing and the direction of the counter at 8. To obtain an 
integrable form, the laboratory differential cross section 
for second scattering, o2(x) was expanded in terms of 
Legendre polynomials; the coefficients in the expansion 
depend on the energy of the pion after the first scatter- 


ing and hence on a. Th 1S, 
Ya, a)P x 


With the use of the addition theorem for spherical 


harmonics, 


P 


and after an integration over ¢, the ratio of double to 
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Tas.e V. Estimated standard errors in x* cross section. 
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single scattering becomes 


aN " 
= : 3 P, of 
(9) l l 


l 


dta;(t)o, (4) P (2), 


where ‘=cosa. The coefficients a;(t) were evaluated 
from the scattering data at lower energies, terms up 
to /=2 only were included. Therefore 


(s+d)/ fDQ= No,(0)[1—4Nor(0)—4Nor(6)+ (d/s) } 


and the correction M to the cross section because of 
attenuation and double scattering in the target is 


M- 1—4.Nor(0 —4Nor(6)+(d s). 


The uncertainties in M vary with the scattering 
angle, from four percent at 31.2° to 1.9 percent at 150°. 

The geometrical corrections appear in terms of the 
two quantities 2, the corrected solid angle, and G a 
correction factor for the variations of the cross section 
over the range of angles detected at one counter setting. 
If o(¢) represents the true scattering cross section in the 
laboratory system, then for a counter at @, 


(O/D)ne(0) 1 cosé 
= Jf aracave) > 
ef{NM V A r 


where dr is an element of the target volume V, da is an 
element of the counter area A, and fr is a vector con- 
necting dr with da. The angle between r and the direc- 
tion of the incident beam is ¢, and 4 is the angle between 
r and the normal to the counter. 

Let the counter be of width 2a and height 26 centered 
at a scattering angle 6 a distance d from the center of 
the target of width 2w, height 2h, and length 2/ as in 
Fig. 5. When o(¢@) is expanded in a Taylor series about 
6, then in terms of 
(da d¢’) | s= "(@), 


(da/d@)|\s=0'(@) and 


a) 
(2). 
D net 7 


= | o\6) 1+a)+ fo’ (0)+ 40” (6) ]. 
fa 


Subtotal Subtotal Statistical estimate 
% mb mb mb 
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0.38 
0.55 
0.66 


3.0 
1.06 
0.98 
14 
1.64 


To second order in a/d, b/d, etc., a, 8, and y are 


e BF BP P w* 
+—(3 cos*@— 1)+—(3 cos*®— »| 


) ? ) 


? ? 


h? 
coté+— coté+FP cosé sind — w 


LO 6 


P w* 
+— sin*é+ cos’é |. 
3 


> 
3 


* cosd sina} 





The higher order terms cannot be neglected for small @. 
If the dependence on o’ and o”’ is included in a factor 


G, then 
Q 
( ) 6) 
D/ ne 1 


a(8@)(1+a)G, 
ef{NM rb 
with 
G=1+- Bo" (0)+4y0"' (8). 


A further small correction is made for scattering 
angles near 90°. For these angles, the extremities of the 
target do not see all of the fourth counter, a fraction 
d is cut off by the third counter. The final value for 2 
therefore is 

(A/d*)(1+a)(1—A). 


The uncertainty in Q is estimated at two percent 
and in G as two percent. 

The values of the various quantities for the 189 Mev 
positive pion scattering are given in Table IV. 

In addition to the uncertainties in the various con- 
stants of Table IV, the uncertainty in the angle is 
estimated as +0.7° and the uncertainty in the energy, 
estimated as +2 Mev, can contribute to the uncertain- 
ties in the final cross sections. The estimated standard 
errors in each cross section are given in Table V, divided 


Tasie VI. Cross section for x* scattering. 


da / dia) om 
n mb 


250419 
92408 
91410 
16.4+1.6 
26.6428 


C.M 
angle 
) HAA+18 39.2430 
5 11.3409 11.4 
&.7+09 &5+ 
11.5+1.0 7 
16.9%1.6 


da / dQ) ia 
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Taste VII. Factors in analysis of elastic x~ scattering 

Lab 
angle N f « uw Q G 6 
257 359K1 097 O858 0975 0112 0974 0025 
51.4 0.938 0.985 O.111 0991 0.025 
77.1 0.968 0.986 0.109 1040 0024 
102.8 0.968 0987 0.109 1009 0024 
12%.6 0968 0987 O111 1004 0024 
1543 0.968 0.988 0112 1.003 0024 


into contributions from statistics and all other sources. 
The errors estimated were combined quadratically to 
give the over-all error estimate. The final cross sections 
are then given in Table VI. 

The elastic negative pion experiments previously per- 
formed* were reanalyzed in the same way as the positive 
pion experiments. In this experiment, part of the count- 
ing rate is due to gamma rays from the charge exchange 
reaction. Therefore 


t ty Vv 1 
‘ 5) 6 () ANe(GM2 


where «,~ and e¢," are the average efficiencies for + 


detection in the elastic scattering and charge exchange 
O/D O/D)ne® are the net 
quadruples to doubles observed in the arrange- 
ments. The quantity e, 
The numerical values of the terms are 
Table VII, (O/D)°.« is given in Table IX 
The cross sections are given in Table VIII and differ 
only slightly from the previous results. 
yreviously deter- 


measurements ; and 
two 
¢,” is roughly 4.5 percent. 


given in 


The charge exchange scattering 
mined was also reanalyzed in terms of the efficiencies 
given in the section on gamma efficiencies. The analysis 
is the same as the one given by Bodansky, Sachs, and 
Steinberger.” and in the companion paper.*® 

The number of y-ray counts due to the charge ex 
change reaction is converted to the center-of-mass 
system. The resulting number of counts per unit solid 
angle and per incident r~ is 


Tasie VIII. Cross sections for elastic 


scattering 


Lab C.M 
angie angie 10* (0. 'D) ws e dQ fe di) ew o te 


25.7 333 


3854042 


754199 13194082 6.1140.68 


51.4 “7 726+ &8 7.564053 1854026 138+0.20 
77.1 93.0 386+ 64 §$02+0.52 0.90+018 0O85+0.17 
1028 1180 4882 6.5 $7342052 1.204¢0.19 1454023 
128.6 1403 587+ 7.0 $66+052 1444020 2144030 
154.3 160.7 749% 94 6132400609 186420.26 3.16+0.45 


® Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 


(1954) 
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Taste IX. Factors in analysis of x~ charge exchange scattering 








* x O/D) wet N f Q n’ my 
25.7 32.3 28564166 3.59K10" 06.97 0.107 0.03 4.9320.79 
S74 62.8 15704104 0.107 0.03 3.23+0.53 
77.1 90.7 99.4210.1 0.106 0.03 2.534045 
1028 1156 10944 98 0.106 0.03 3454060 
1286 1384 10602 96 0.107 003 3.932069 
154.3 159% 115.1212.8 0.107 0.03 4.772088 


AQ/Aw is the ratio of solid angles in the laboratory and 
center of mass systems and mn’ is the corresponding 
number of counts due to the reaction s-+p—n-+-¥. 
Table IX gives the experimental results for n,. The 
15 percent uncertainty for the efficiencies has been 
added to the statistical uncertainties. 
With the x’ distribution }>a,P, we have for n, 


n.= DYkiéa.P: 


The values of é; are given in Table X. For this energy, 
ko=2, ky=1.414, and k.=0.937. 

Figure 6 is a plot of the differential cross sections. 
For x-+p-—7°+n, the effective y ray cross section 
n.,/€9 is plotted. The curves represent the cross sections 
calculated from the first phase-shift solution. The cross 
sections for positive pion scattering determined by 
Homa, Goldhaber, and Lederman” are in rough agree- 
ment with the present measurements. 


LEAST SQUARES FIT AND PHASE-SHIFT ANALYSIS 


In order to provide a summary of the angular dis- 
tribution measurements, to integrate the angular dis- 
tributions, and to prepare an Ashkin diagram," a least 
squares fit was made to the differential cross section by 
expressions of the form a+6 cosx+c cos*x. 

In this least squares fit, and in the determination of 
the phase shifts, the quantity M=}> ,(A;/e,)* is mini- 
mized. The quantity A, is the difference between the 
calculated and experimental cross sections, and ¢; is 
the experimental standard deviation. In the vicinity of 
the best fit, we consider M to depend quadratically on 
the parameters. This is exact in the case of the a, 6, and 
c’s. For the phase shifts, a fit was made to the actual 
dependence on M by a function of this type. Under 
these conditions, if the parameters are changed from 


Taste X. Efficiencies and coefficients in x 
charge exchange scattering 


{ M 
angie x « ‘ «: 
323 0.57 0.0 0.63 
62.8 0.53 0.59 0.63 
97 0.51 0.58 0.63 
115.6 0.48 0.57 0.62 
138.4 0.47 0%6 0.62 
159.6 0.45 0.55 0.62 


* Homa, Goldhaber, and Lederman, Phys. Rev. 93, 554 (1954 
“ J. Ashkin and S. H. Vosko, Phys. Rev. 91, 1248 (1953) 
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TasBLe XI. Summary of least squares fit at 189 Mev. 
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Coefficients in fit 
de /dw =a +b cosx +¢ cos*x 





Scattering (mb/sterad) 

process a 6 c 
gg" 7.24+0.76 3.1 +13 25.6 +2.6 
ro. 0.79+0.14 0.26+-0.22 3.10+0.42 
rr 1.91+0.53 —0.33+0.600 5.1 +1.6 


their best values by x,, then 


M = Mot DxxGy;. 


G is a real, symmetric matrix with positive eigenvalues. 
The errors in the experimentally determined differential 
and total cross sections are assumed to be independent 
and normally distributed. This neglects the correlations 
introduced by such common factors as V, the number of 
hydrogen atoms per unit area, and also assigns a normal 
distribution to the systematic errors. With these as- 
sumptions, the probability for having obtained the ex- 
perimental results when any set of x; are chosen for the 
parameters is proportional to e~”’*, The accuracy with 
which the parameters have been determined can then be 
expressed by the error matrix, G~', with the property 


fen --dx,6°! Px 


few . dXn€ M fa 
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do/dw in mb/sterod 
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Fic. 6. Differential cross sections for elastic and charge-exchange 
scattering of 189-Mev pions by hydrogen. The curves correspond 
to the phase-shift solution 1. 


Error matrix 
4n(a+c/3) zt 
(mb) (mb/sterad)* 
or a b é Me 








0.869 


198.348.5 205775 01362 — 1.297 
1.7853 0.9993 
€ 6.689 
23.0+1.4 @ 1.904 — 0.7784 — 4.065 2.46 
5.028 3.936 
¢ 17.81 
45.343.2 a 0.2834 — 0.0417 — 0.7274 0.78 
b 0.3600 0.1529 
‘ 2.408 


The square root of the diagonal elements of G~ gives 
the standard deviations for each of the parameters. 
The off-diagonal elements are the product of the correla- 
tion coefficients with the two corresponding standard 
deviations. 

The results of the least squares fit of the form 
a+b cosx+c¢ cos*x appear in Table XI, together with 
the integrated differential cross section, or = 49(a+c/3). 
The errors stated on a, 6, and ¢ are the roots of the 
diagonal elements of G~'. The errors on or include the 
effects of the negative correlation between a and c. 

A phase-shift analysis of the data was carried out 
in the manner described in the earlier work from this 
laboratory.*:* The cross sections were expressed in terms 
of six phase shifts, assuming conservation of isotopic 
spin and limiting the analysis to S and P waves. The 
AVIDAC at the Argonne National Laboratory was 
used to seek the phase shifts giving the best 
fit to the transmission as well as angular distribution 
measurements. 

Figure 7 shows the initial values of the phase shifts 
obtained from the Ashkin diagrams together with the 
final values obtained by the AVIDAC. 

The twelve initial sets of phase shifts converged to 
four distinct types. The first and third were of the 
Fermi type (a3;>as:), with the a; of the first greater 


a3 ILS Pg 
a33 795 35 568 32 
a3! 74 1257 15.7 735 
os “a™ “™ oll 3 
al -5 -57 -5 -57 2i -356 2) - 
“™ a ‘ ra 
a3 62 -2) 425 62 -2) 425 62 y a 62 -37 4 
ali-64 04 -125 -64 04 +25 66 240 -66 2 #0 
\ _ — 
\ 
a3 u3[ 43 u2 -445 -44) 
a33 6.5 965 542 5a3 335 
as 116] 6 1242 74 753 
al 2.7) -27 32 47 47 
afd 21 | -24 22 32 32 
all 26) -26 a5 b -2 
oe 5.77 556 5a 5a 
SOLUTION ' 2 3 4 


Fic. 7. Phase-shift solutions from Ashkin’s diagram together 
with fina! values obtained with the AVIDAC. 
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the center of 4 m mentum in units of gz 
than that for the third. The second and fourth are the 
corresponding Yang types. The significance of these 
results is dis ussed In tne ne M ) 
fo determine the accuracy with which the phase 
shifts were determined, G™' was evaluated using the 
AVIDAC. Since the region in which M=M,+1 is the 
most significant in the integrals involving e~™”, G 
was determined by fitting an ellipsoid to the surface 
M = M,+1 in the phase angle space. All the angles were 





varied individually in pairs until a value of 
Vf M t 1 was reacn W ne otatio S‘ S; 

' 
equal to the rease le rease l ecessary to 


} 


For the off-diagonal 


, 7 +? > + rr | ’ ly 
varied. The magnitude of e€ variation was always 


elements, pairs of angles were 


the same for each of the pairs, but all combinations 
of signs were used. With S,, ,,, S a th» 4 
representing the magnitude of the change in ea 
the angles ¢ and with the signs indicated, then G 
was obtained from 
1 | 
G 
S LS S iS 


This method for determining G gives an exact result if 
the surface M = M,)+1 is truly an ell 


the nominal minimum 


e1lipse centered at 


G is not affected to fir 
} 
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st order 
by a small displacement of the ellipse in any direction. 


The elements of the error matrix, G~', in (degrees)* for 
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the solution 1, are listed in Table XII. From this, the 
standard deviations on the phase shifts are: 


ay = —2.8°+4.5°, as= —11.3°43.2°, an = —2.6°47.5°, 
ay3= — 2.1°+3.8", ags= —11.6°+5.1°,a3;= 98.8°+3.6°. 


In this determination of the errors in the phase shifts, 
all the experimental data have been used including the 
total cross sections from the transmission measurements. 
These errors are, however, only approximate, since the 
errors assigned to the cross sections are not independent 
and normally distributed, nor does M depend quad- 
ratically on the phase shifts. 

The presence of D waves may introduce further un- 
certainties in the S and P phase shifts obtained above.”* 
To test the possible effects of D wave phase shifts, 
Ashkin diagrams were drawn treating the D wave phase 
shift as a perturbation on the least squares values 
, b+, With no D wave the solu- 
tion was a;= —13, a3;=95°, and a3;= — 13°; with the 
T=} and J =5/2 D wave phase shift as = —5°, the solu- 
tion was only slightly different with a;= — 12, a33= 96.5° 
and a;;= —12°. The present data were not sufficiently 
accurate to warrant an explicit solution including D 
waves. Previous estimates by Henley and Ruderman" 
would yield —2.8°, Orear’s estimate'® would yield 

6.8° for as. However, the rapid fall of the total #* 
cross section above 200 Mev makes a sizeable D wave 


of a+ and c+. 


contribution seem unlikely. 


DISCUSSION 


Four sets of phase shifts have been found which fit 
the scattering data at 189 Mev. The data are fitted 
equally well if in any given set the signs of all the phase 
shifts are reversed. Moreover, it is always permissible 
to add 180° to any phase shift without altering the 
scattering amplitudes. Our solution 1 with signs re- 
versed and 180° added to a3; corresponds quite closely 
to the choice preferred by de Hoffmann, Metropolis, 
Alei, and Bethe in their analysis of earlier scattering 
data.? Thus, with their 
preferred solution, except that the present result would 


our result is in agreement 
have aj3 cross 90° at an energy somewhat less than 
189 Mev. The phase shifts which correspond to solution 
1 (resonance) are plotted in Fig. 8. 


Tasre XII. Error matrix for phase shift solution 1 (degrees * 

7 ™ ’ 73 a3 am 
. 203 —68% — 701 — 5.15 7.32 — 2.16 
: 993 2.18 0.791 — 392 — 0.957 
. 56.7 13.9 — 14.3 1.59 
. 14.6 — 274 1.33 
tn) 25.7 — 8.66 
. 13.2 


‘* J. Orear, Phys. Rev. 98, 1155(A) (1955 
* E. M. Henley and M. Ruderman, Phys. Rev. 90, 719 (1953). 





SCATTERING OF POSITIVE 


Recently Chew" has proposed a theory which gives 
a particularly simple behavior for a3. In his model 


Rk 1 w," 

— COta33;>= 1-—-— 
. 

Wy Aa Wres 


where k is the momentum of the meson, w,* is the total 
energy minus the proton rest mass, and A, is related 
to the coupling constant. The results of the scattering 
experiments are plotted according to this scheme in 
Fig. 9. It is seen that the agreement is remarkably 
good. A similar dependence is predicted for the other 
P wave phase shifts, except that the plot for these 
must have a slope opposite to that given for as3. The 
experimental data are not inconsistent with this in view 
of the small values of as:, a1;, and ay, in the preferred 
solution. However, the value a3,;= 236° from solution 2 
with signs reversed would be hard to reconcile with 
Chew’s theory. 

The choice of solution 1 with signs reversed is also 
in agreement with requirements from causality. Karplus 
and Ruderman'* and also Goldberger, Oehme, and 
Miyazawa" have derived dispersion relations based on 
the condition that signals cannot propagate faster than 
the speed of light. Through these, the real part of the 
forward scattering amplitude can be calculated from 
the knowledge of the total scattering cross sections for 
negative as well as positive pions by protons. These 
data now extend up to 1.9 Bev" and so permit a 
reliable evaluation of the dispersion integrals to be 
made. It is a striking result of this calculation that for 
the isotopic spin } state the real part of the forward 
scattering amplitude changes sign abruptly between 
165 Mev and 189 Mev. In terms of the phase shifts up 
to P waves the real part of the forward scattering 
amplitude is given by 


R(f3) = (ki /2k,”) (sin2a3+2 sin2a33+sin2a;)), 


7G. F. Chew, Fifth Annual Rochester Conference, 1955 
(Interscience Publishers, Inc., New York, 1955) 

1 R. Karplus and M. Ruderman, Proceedings of Fifth Annual 
Rochester Conference, 1955 (Interscience Publishers, Inc., New 
York, 1955); Goldberger, Oehme, and Miyazawa, Phys. Rev. 99, 
986 (1955). 

# Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
1104 (1954). 

™S. J. Lindenbaum and L. C. Yuan; Cool, Clarke, and Piccioni, 
Fifth Annual Rochester Conference, 1955 (Interscience Publishers, 
Inc., New York, 1955). 
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Fic. 9. Plot of &*/w,* cotas; against w,* for comparison to 
theory of G. Chew: 2 is the center of mass momentum of the 
pion, and w,* is the center of mass energy minus the proton rest 
mass. 1. B. S. S., Columbia, reference 12; 2. A. F. M. and N., 
Chicago, reference 6; 3 Chicayro, [J. Orear, Phys. Rev. 96, 1417 
(1954) ]. 4. Washington University, J. J. Lord and A. B. Weaver 
(private communication). 5. A. and G., Chicago, reference 5; 6. 
A. D. G. and K., Chicago (present data); 7.Chicago, [M. 
Glicksman, Phys. Rev. 94, 1335 [1954)]. 


where k, and k, are the wave numbers of the pions in 
the center of mass and laboratory systems, respectively. 

The dispersion relations gave R(/3) positive and in 
good agreement with the experimentally determined 
phase shifts below 180 Mev. Above 180 Mev, R(/;) 
becomes abruptly negative in agreement with the 
phase shifts listed in Fig. 7 provided the phase shifts 
are taken with signs reversed. This makes solution 1 
with signs reversed the solution of choice. Solutions 3 
and 4 now have a;=+44° and seem most unlikely in 
view of a;= —20° or less at 165 Mev.* In solution 2, 
a3 goes over to 126° and as; goes over to 236° implying 
rather large changes in two of the phase shifts. This 
seems unlikely on grounds of simplicity. Further details 
and other implications of these dispersion relations for 
the pion scattering will be published shortly. 
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Energy Dependence of the Phase Shifts in Pion-Proton Scattering* 
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be fit within limits of experimental 
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A. INTRODUCTION obtained. He and others have observed that in the 
energy region above 130 Mev a and a; may be changed 


N the last year pilon-proton scatte - 4 ‘ = ‘ . 
with considerable freedom while still maintaining a 


distributions have been obt iine Bi 

and with increased accuracy. New results most pertiner good fit to the data. 
to this paper are the 165 Mev,! 189 Mev The question arises whether there is enough freedom 
Chicago experiments and the Brookhaven 300 Mev x* {fF a: and ay to permit their linear extrapolation from 
‘ the low-energy best fit slopes of a:=0.16n and a; 
—0.11.° It will be shown in the following section 
that the linear extrapolations do indeed give a reason- 
able fit to the data when used with the values of a3; 
given by Eq. (1), and all other phase shifts set equal to 
units of pi zero. Such an energy dependence for the s-waves is 
The curve fi ‘s the saad wey dependence what would be expected of a simple short-range 
potential and should at least be given a try. It also has 


cloud chamber results 
In each case the individu 

his data for the best fit 

Figure 1 is a plot of recer st fit values of ay, « 


ay; aS a function n, tl *nter-of-mass mome 


proposed by | >uld : na try. Tt also t 
the advantage of being consistent with the interaction 
range indicated by the cutoff theory in its rather 
successful application to the calculation of the p-wave 
interaction.® 

B. DISCUSSION 
low-energy slop » value « 
192 Mev a we end Law this @ 1. Reasons for Choice of Linear s-Waves 

Perhaps the best justification for this linear extrapola- 
tion is curiosity and simplicity. In addition there is some 
theoretical basis for expecting a short-range interaction. 
The cutoff theory as applied by Chew and Low gives 
a value Rinax~O(uc/h) which corresponds to a pion- 
nucleon interaction range not much greater than 
1/&nox. Another indication of a short-range interaction 
is the effective range of ~}f/uc obtained by Brueckner 
from the energy dependence of a;;.8 An experimental 
indication of the extent of the proton virtual meson 
cloud is given by the Stanford high-energy electron 
scattering results on hydrogen which imply an rms 
ius of ~}h/yc.” Even if the virtual meson cloud 

of greater extent, the main interaction of the 

hz might be with the core. Of course there is 

he possibility that the s-wave interaction range be 
nt from that of the p-wave. However, the 


= =) 


theory would suggest a shorter range for the s-wave 
} 


ction than for the p-wave. 
Ranges even as large as #/uc would rule out the 
h Re 76 (1 *K. Brueckner, Phys. Rev. 87, 1026 (1952 
Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 


1586 (1954 5 
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Fic. 1. Phase s! 
curve is the “straight line” energy dependence proposed by Chew 
and Low.® The a; and a; solid lines are extrapolations of a; =0.16n 
and a3=—0.11n. The dashed lines are proposals of de Hoffmann 
et al.’ Triangles are best fit values of a ) obtained 
by experimenters at the indicated energies 


as a function of pion momentum. The ag; 
circles for a 


behavior of a; where it rather suddenly changes sign 
at about 180 Mev. This can be seen from the causality 
condition that a scattered wave cannot reach an ob- 
server before the original wave.” This condition requires 
for individual phase shifts that 


da/dk> —fo, 


where fro is the interaction range. The Chicago values of 
a,;=10° at 165 Mev and —2.7° at 189 Mev make 
da/dk= —1.85h/uc. If a, truly behaved this way the 
s-wave interaction would have to remain strong for a 
distance greater than 1.85% /yc. 

We rely mainly on this argument to discard the a, 
energy dependence proposed by de Hoffmann et al.’ 
Furthermore, it will be shown in the next section that 
there are two equally good Fermi-type solutions to 
the 217-Mev data: the solution given by Glicksman 
where a, is negative, and a solution where ay~+20° 
and ay~— 10° (see Fig. 2) 

Choosing an energy dependence for a; is a more 
difficult problem. De Hoffmann ef al.? and Dyson ef ai." 
have proposed a slope a;= —0.3n for the region above 
100 Mev as shown by the dashed line in Fig. 1. In 
order not to violate low-energy data it is necessary for 

FE. Wigner, Phys. Rev. 98, 145 (1955). 

" Dyson, Ross, Salpeter, Schweber, Sundaresan, Visscher, and 
Bethe, Phys. Rev. 95, 1644 (1954 
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Fic. 2. M-values for 217-Mev x~ elastic scattering as a function 
of a; and ax. ay; is held constant at 100°. All other phase shifts are 
zero. Point A is the minimum found by Glicksman in his three 
phase shift solution.* Point B is from the linear extrapolation of 
a; = 0.16 and a;= — 0.11» and lies near a second minimum. Con 
tours of M=5, 8, and 12 are shown 


a; to start off with a slope not nearly so steep. One way 
of overcoming this difficulty is to propose a short-range 
repulsive potential with a longer-range attractive part." 
Then one would expect to observe a change in slope in 
a; between zero and 80 Mev. However the recent low- 
energy results at (2.5-20) Mev wx," 21 Mev xt," 
24 Mev x*,"* and the pi-mesonic atom K-level shifts" 
give no indication of requiring a change in slope. They 


confirm the earlier choice of a;=0.16m and a;= —0.119 
with greater accuracy. 
The main evidence for the steeper slope of as= —0.3 


consists of some of the pion-proton scattering experi- 
ments above 120 Mev. In the half-dozen or so experi- 
ments which have been performed between 120 and 
165 Mev, all of them give best fit values for a; below 
—10°. However the most recent a; best-fit values at 
189 Mev’ and 300 Mev‘ fall rather close to the curve 
a;=—0.11y. Perhaps a choice of a linear as with a 
somewhat steeper slope might give a slightly better 
fit, although with the existing data it is seen that the 
choice made here does quite well. 

One possible: effect to explain low a; best-fit values 
would be the presence of some d-wave. It has been 





RR. Marshak, Phys. Rev. 88, 1208 (1954 

“ Rinehart, Rogers, and Lederman, Phys 
(1955). 

4S. Whetstone and D. Stork, Phys. Rev. 99, 673(A) (1955) 

1 J. Orear, Phys. Rev. 98, 239(A) (1955). 

# Sterns, Stearns, De Benedetti, and Leipuner, Phys. Rev. 97, 
240 (1955). 


Rev. 99, 673(A) 











290 JAY 

Taste I 
experiments using phase shifts proposed in Fig 
The mean M-value mber of experimer 
the next to last column 


M-values for the Chicago 165, 189, and 217-Mev 
1 or Eq. (2) 


t is given in 


al points) 
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~ 


observed that if a negative d-wave phase shift (T= 3/2, 
J =5/2) is present at 165 Mev, the best fit solution of 
a; will be shifted more negative when the analysis Is 
made ignoring the d-wave.'’ Certainly a small negative 
Dy, phase shift would be helpful in promoting the linear 


0.11. Indeed Henley 


just such a d-wave 


extrapolation of a; with slope 
and Ruderman'* 
phase shift is a consequence of the coupling used by 
effects are considered. 
rheir calculations give Dy;=—2.1° at 165 Mev and 

7° at 300 Mev.'* Their other d-wave phase shifts 
are smaller and such as to give no effect in the x 
Their values should be reduced about 
the revised coupling constant of Chew 


have shown that 


Chew and Low when recoil 


elastic scattering 
a lactor two ul 
and Low is used 
The other p-waves as, a3, and a, have been set 
equal to zero in all the attempts to fit the data. Experi- 
mentally the best-fit values for these phase shifts are 
always small with larger errors. Also no trend for any 
of them in either magnitude or sign has shown up. 
Chew has calculated values for these 3 p-wave phase 
shifts using the same coupling which gives his as; 
results. He finds that they must all be small. He believes 
@y, and as; are equal, but is not sure of their sign or 
: should be small and negative 


but is not sure of its magnitude 


magnitude. He believes a 


2. Comparison with Experiment 
If the proposed phase shifts are to make sense, they 
should not give a large M-value or least squares devia- 
tion from any pion-proton scattering experiment which 
has been performed 


y;= experimental cross section at angle x,. 


§,(a1,03,033) = cross section calculated from Eq. (2 


Ay,=standard deviation given by experimenter for 
his determination of y,. 

TJ. Orear, Phys. Rev. 98, 1155(A) (1955 

‘*E. M. Henley and M. A. Ruderman, Phys 

1953) 


* G. Chew (private communicat 
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If the phase shifts used are the correct ones and all 
others are zero, the mean expected value of M would be 
N, the total number of experimental points.” Compari- 
sons are given in Table I. The mean M value or number 
of experimental points is given in the next to last 
column. The final column is the M value obtained when 
using the phase shifts given by the solid curves in Fig. 1 
which are : 


tana;=0.16m, tana;=—0.11n, 


(1? /w*) cotass= 8.05— 3.80%, (2) 


all other phase shifts=0. 


For reference the numerical values used for the phase 
shifts are shown in the first three columns. 

All the data above 140 Mev which is presently 
available for calculation of M values was used. These 
are the following Chicago experiments: 165(+4+-),! 
165(— —),'165(—0),' 189(++-),?189(—0),?189(——)? 
and 217(——).* The 217(—0) data require additional 
information about y-ray detector efficiency vs energy 
for calculation of M values. The experimental errors 
for these charge-exchange experiments have recently 
been increased by such an amount that this data is 
now not very useful in narrowing down the phase 
shifts. 

It is seen from Table I that all the M-values are 
statistically reasonable. This is most surprising for 
the 217-Mev data. Here the best-fit phase shifts depart 
appreciably from the s-wave lines in Fig. 1. The explana- 
tion is the existence of a Fermi-type solution other than 
that used by Glicksman. The s-waves proposed here 
happen to fall into the region of this equally good 
solution as can be seen from Fig. 2. Figure 2 is a plot of 
M-values obtained from the 217(— —) data as a func- 
tion of a and a;. as; is held constant at 100°. Glicks- 
man’s three-phase shift solution is at point A. The fit 
to the 217(—0) data should not be much different 
from that obtained by Glicksman since the quantity 
(a,;—as) is not very different in the two cases. 

Other experiments not listed in Table I tend to fit 
the proposed phase shifts in the sense that the proposed 
phase shifts are usually within the errors of the experi- 
mental phase shifts whenever such errors are given. 


Cc. CONCLUSIONS 


One concludes that the energy dependence of phase 
shifts proposed in Eq. (2) consistently fits all present 
pion-nucleon experimental knowledge almost as well 
as any other possible proposal for pion-nucleon phase 


*In this case where there are no free parameters, the least 
squares theory does not require that the cross sections be linear 
in the phase shifts over the region involved. All we are doing here 
is comparing experiment with a ‘known’ curve. In the cases where 
3 or 6 phase shifts are adjusted to minimize M, the mean M value 
should be considerably less than the number of experimental 
points 
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shifts. However a higher degree of experimental 
accuracy is needed in order to conclude whether these 
are the correct phase shifts. The proposal here has the 
advantage of simplicity and agreement with meson 
theory calculations. Up to 300 Mev it is not necessary to 
use d-wave phase shifts although the small d-waves 
predicted by recoil corrections to the cutoff theory 
are welcome. The energy dependence proposed here 
would arise from a pion-nucleon interaction whose 
interaction range is on the order of 4%/yc or less. 

It may be significant that at least three other 
approaches lead to this same conclusion about the 
meson nucleon range. First, that Chew and Low in 
analysing pion scattering and photoproduction data 
are led to a Rinax~Ouc/h. Second, that an effective-range 
analysis of the energy dependence of a;; by Brueckner 
gives an effective range of 4%/yc.*§ Third, that the 
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Stanford high-energy electron scattering experiments 
on hydrogen give an rms radius of ~$h/yc.* 

The author wishes to acknowledge the help of Mrs. 
Enid Bierman with the calculations and is indebted to 
Professor Herbert Anderson for supplying detailed 
preprints. 

Note added in proof (September 18, 1955).—The final 
Carnegie Tech data of Ashkin, Blaser, Feiner, and 
Stern has just become available [“‘Pion-proton scatter- 
ing at 150 and 170 Mev,” Phys. Rev. (to be published) ]. 
They give 57 experimental points with total errors for 
each point (including charge-exchange)~5% or less. 
Their best-fit phase shifts (a;= —8° and a;=+10° at 
170 Mev) agree quite well with those proposed here. 
Electronic computers can show whether this data is 
accurate enough to establish the linear extrapolation 
of a; and a; as the preferred solution. 
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The accuracy to which the masses of most of the new unstable particles can be determined is now limited 
principally by the uncertainty in the range-energy relations at large velocities. The extent of this uncertainty 
is indicated, and the available data are re-examined to try to find the best relations to use. In particular, shell 
corrections are applied to the Sachs-Richardson data, and the mean excitation potentials for 9 elements are 
determined. The evidence for Al, Cu, and emulsion indicates that the mean excitation potentials are not 
velocity dependent, and that they may be considerably larger than the values commonly used 


I. INTRODUCTION 

ASS values for the new unstable particles gener- 

ally depend upon a measurement of the range of 
either the particle itself or its secondaries. These de- 
terminations are now of sufficient accuracy so that it is 
necessary to be quite concerned about the uncertainty 
in the relations available for converting a measured 
range into energy or momentum. For instance, the 
range-energy curve for copper most commonly used for 
such mass determinations is not based on any direct 
experimental results. 

The experimental data which do exist are correlated 
by using them to determine, for a given element, the 
mean excitation potential, 7, which appears in the 
familiar energy-loss equation! : 


dE 4re‘z*?N 2mc*3* 
mes I(1—*) 

* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission 

+A shortened version of some of this work has appeared in 
Nuovo cimento 2, 183 (1955). 

'M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
264 (1937). 


eb eo} 


dx 


where ez is the charge of the incident particle, and £ its 
velocity relative to that of light, c; m is the electronic 
mass; .V is the number of stopping atoms of atomic 
number Z per unit volume; and C; is the correction for 
nonparticipating electrons of the ith shell. 


Il. POSSIBLE VARIATION OF J WITH ENERGY 


Since J is determined by measurements of energy and 
either energy loss or range, which depend only loga- 
rithmically on J, it is not too surprising that there has 
been considerable disagreement in the values for / 
found in different experiments. However, as was first 
pointed out by Sachs and Richardson,’ if one plots the 
experimental J values for a given element against the 
logarithm of the energy, instead of scattering badly, the 
points are seen to lie on a steeply sloping straight line. 
While an J value which is determined by an energy-loss 
measurement should be plotted against the incident 
energy, one which is determined by a range measure- 
ment should be plotted at some lower, “effective” 
energy, if J is not constant. In the latter case, the 
effective energy, ¢, should be? about 0.6 of the incident 


* D. C. Sachs and J. R. Richardson, Phys. Rev. $9, 1163 (1953). 
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Fic. 1, Experimental values for the mean excitation potential 
of aluminum as a function of the “eff 


or uncorrected values are i 


ctive” proton energy. Old 
nd the data available 


at present, by circ les 


energy if / 
reference 2 has been reproduced in Fig. 1, 


a—b loge. This plot of Al J values from 
i where the 
measurements available then are shown as x’s and are 
connected by a dashed line. 

The work of Lindhard and Scharff*® gave additional 
support to the idea that J may be velocity dependent. 
They plotted stopping number per electron vs log (Shc)? 

(e‘Z), and found that data taken for different elements 
and at different energies lay on a smooth, nonlinear 


curve. This curve is the heavy one shown in Fig. 2, and 
the data on which it is based are indicated by triangles 
Lindhard and Scharff were able to reproduce the general 
form of this curve by a calculation of stopping power 
based on a Fermi-Thomas model of the atom. 

Phere is a direct correspondence®‘ between the shape 
of the Lindhard-Scharff curve and the e ergy deper d 


in Fig ] 


arff plot, J should have a 


ence of J for Al over the energy region shown 


Accord 


maximum 


wto the | ind} ard sc! 


value at intermediate energies, then drop 
with but finally level off at 


energy about as in Fig 1, 


higher energies. This variation with energy can be seer 


qualitatively by follow r along the « irve of Fig 2, and 


noting that the change I is perpendicular to the 


das} ed li e 


A variation of J with energy would indicate a funda 


mental defect in the stopping theory. Also, from the 
point of view of the experimentalist, this variation 


leaves the choice of J and hence of the 


relation, very uncertain 


range-energy 
Seemingly 
one can choose the high value found at low energy, the 


low \ al i¢ 


for | igh velocities 


found at high energy, or one can assume / 


varies logarithmically with energy, or in the manner 
indicated by the Lindhard-Scharff plot. As an example, 
this uncertainty is roughly +15°% in the 7 value 


for Cu at p/mc~1, and of course gets much worse at 


hig*er velocities. Therefore it is desirable to re-examine 


+ J. Lindhard and M. Scharff, Kgl 
Mat.-fys. Medd. 27, No. 15 (1953 
‘Ss K 


779 (1953 


Danske Videnskab. Selska! 


Allison and S. D. Warshaw, Revs. Modern Phys. 25 
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the available data to try to determine the best range- 
energy relation to use at present. 


Ill. RE-EXAMINATION OF THE J/-VALUE DATA 
A. Sachs-Richardson Data 


Since J is most readily and unambiguously deter- 
mined from an absolute energy-loss experiment, let us 
consider first the only measurement of this type avail- 
able in the energy region under consideration, that of 
Sachs and Richardson,®* using 18-Mev protons. Their 
results, which have been amended® for the difference 
between the mean and most probable energy loss, can 
now be corrected for the fact that bound electrons 
cannot participate fully in the stopping. This correction 
is designated as °C; in Eq. (1). Due to the work of 
Walske, corrections for the K shell’ and for the L 
shell® are now available. For the usually less important 
higher shell corrections, one can employ the form of 
the L-shell result,* which is a function of n, and 61, by 
using for the ith shell, 6=n7/,/[(Z—o,)*Ry] and 
m= mes /[2(Z—¢,)*Ry where the ionization po- 
tentials, J;, have been taken from Hill ef al.®; nj is 
the principal quantum number; Ry, the Rydberg 
constant ; the screening constants as given by 
Slater.” The corrected J values, computed according 
to Eq. (1) above, are given in Table I. 


and oj, 


B. Other Measurements for Metals 


The J values (at 44 and 66 Mev for Al, and at 64 and 
100 Mev for Cu) obtained from the range measurements 
of Bloembergen and Van Heerden" have been changed 
slightly by employing an energy-dependent multiple 
scattering correction, and in the case of Al, where the 
C, used was known, also by introducing better shell 


Paste I. Mean excitation potentials corrected 
for shell effects 





Mea 
excitati Star j 
potential deviati 
” 1/Z 
Al 5.365 163.1* 3 12.6 
Ni 4.538 363 19 13.0 
Cu 4.486 377.5 8 13.0 
Rh 3.870 656 45 14.6 
Ag 3.894 659 50 14.0 
Cd 3.903 654 41 13.6 
Sn 3.827 708 59 14.2 
Ta 3.525 962 4 13.2 
Au 3.356 1136 100 144 
ned using an L-shell correction fo B sel to fit his experi- 
sults; if instead Cz is determined fr extrapolation of Walske's 





ms, J is about 0.5 ev lower 


alculati 


* D. C. Sachs and J. R. Richardson, Phys. Rev. 83, 834 (1951). 

* D. O. Caldwell and J. R. Richardson, Phys. Rev. 94, 79 (1954) 

7M. C. Walske, Phys. Rev. 88, 1283 (1952) 

*M. C. Walske (to be published), and private communications 

* Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 

J. C. Slater, Phys. Rev. 36, 57 (1930) 

‘'N. Bloembergen and P. J. Van Heerden, Phys. Rev. 83, 561 
(1951 
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2/27 = (Shc) (e*Z) 


Fic. 2. Experimental stopping power per electron as a function 
of (Bhc?/(etZ). The old data (indicated by triangles) and the 
solid curve have been taken from reference 3, while the new data 
(circles) have been taken mainly from plcts in references 4 and 18. 


corrections. In addition, some excellent range measure- 
ments have been made recently by Bichsel and Mozley® 
for 6-, 12-, 15-, and 18-Mev protons in Al and 10- and 
18-Mev protons in Cu. 

The data available now for Al and Cu appear as 
circles in Figs. 1 and 3, plotted as a function of the 
“effective” energy. It is apparent that, except for the 
340-Mev range measurements of Mather and Segré,” 
there is good agreement among the data and no longer 
any need for assuming that J is energy dependent. 

Furthermore, if one adds new or previously unused 
stopping power measurements" *~” (the circles in Fig. 
2), the shape of the Lindhard-Scharff plot is entirely 
changed. The two sets of circles connected by straight 
lines represent absolute stopping power data,'’” while 
the other circles are for stopping powers relative to Al. 
For each set of relative data the Al point has been 
placed arbitrarily on the dashed straight line repre- 
senting the Bloch equation,” J « Z. While the ordinate 
for the relative points from any one experiment can be 
multiplied by a constant, this does not alter the con- 
clusion that these additional data are represented 
better by a line of the same slope as the dashed line 


2H. Bichsel and R. F. Mozley, Phys. Rev. 94, 764(A) (1954), 
and private communications. Note that their J values and errors 
as used here are still preliminary, but it is not expected that their 
results will change significantly 

R. Mather and E. Segré, Phys. Rev. $4, 191 (1951). 

“ E. L. Kelly, Phys. Rev. 75, 1006 (1949). 

6 J. G. Teasdale, Office of Naval Research Technical Report 
No. 3, University of California at Los Angeles, 1949 (unpublished) 

46 T. Thompson, University of California Radiation Laboratory 
Report UCRL-1910, University of California, 1952 (unpublished ) 

? Chilton, Cooper, and Harris, Phys. Rev. 93, 413 (1954). 

$C. P. Sonett and K. R. MacKenzie, Phys. Rev. 98, 280(A 
(1955), and private communications. The author is grateful for 
being allowed to use these results prior to publication 

# J. E. Brolley, Jr., and F. L. Ribe, Phys. Rev. 98, 1112 (1955). 
The author wishes to thank Dr. Brolley for making this infor 
mation available before publication 


® F. Bloch, Ann. Physik 16, 285 (1933 
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shown than they are by the original (solid) curve. A 
straight line of this slope represents 7 values which are 
independent of velocity and proportional to Z. Actually, 
since shell corrections are not made for this plot, one 
should not expect the data to lie strictly on such a line. 

The one disturbing feature remaining is that the only 
absolute high-energy range measurement” does not 
agree with the lower energy data. In order to obtain 
agreement, Mather’s measurement of the angle of 
Cerenkov radiation would have to be altered by about 
25 minutes, which is much in excess of the stated error. 
Although there is no reason to expect any discrepancy, 
it is interesting to note that the theoretical Cerenkov 
relation apparently has otherwise never been checked 
experimentally to better than 1— 2°." 


C. K,.» Mass Measurements 


Some evidence favoring a larger J value for Cu than 
that found by Mather and Segré,” and at even higher 
velocities (p/mc2=1), is provided by the measurements 
of the mass of the K,2 meson made with magnet and 
multiplate cloud chambers by the Ecole Polytechnique 
group. By determining the momentum and range in Cu 
of the primary K,2, and by using a range-energy curve” 
computed for Jc,y=333.5 ev, they® found a mass of 
921416 m.™ A second mass determination was made 
by measuring the range in Cu of the u-meson secondary 
An average of the secondary ranges obtained at E.P. 
and M.I.T. (which are in excellent agreement) gives a 
mass of 942+8 m,”* when using the same range-energy 
curve. Since these two mass measurements are affected 
oppositely by changing Jou, it is possible to bring them 
into agreement. If one assumes only that J, is constant 
from p/mc~1 to 2.2, one can solve for that value of / 


Reduced Momentum (p/mc) 
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Effective Proton Energy in Mev 


Fic. 3. Experimental values for the mean excitation potential 
of copper as a function of the “effective” proton energy (0.6 of 
the incident energy for range measurements, or the incident 
energy for energy-loss determinations) 

* H. O. Wycoff and J. E. Henderson, Phys. Rev. 64, 1 (1943) 

2 Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663, 1949 (unpublished) 

* Armenteros, Gregory, Hendel, Lagarrigue, Leprince-Ringuet, 
Muller, and Peyrou, Nuovo cimento 1, 915 (1955). 

* This value is obtained for those K’s which have secondaries 
of range greater than those of a r, and which do not have an 
associated electron cascade 

* Armenteros, Gregory, Hendel, Lagarrigue, Leprince-Ringuet, 
Muller, Peyrou, Bridge, DeStaebler, Rossi, and Sreekantan, 
Nuovo cimento (to be published). 
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which makes equal the mass values determined by the 
two methods. One gets Jcu= 383443 ev, which gives a 
unique mass of 933 m. This J value is in excellent agree- 
ment with the low-energy measurements, but nearly 
two standard deviations from the value determined in 
reference 13 at a somewhat lower p/mc. Of course, if 
there were some large systematic error in the magneti 
field, this conclusion could be invalidated. 


D. Emulsion Data 


Additional evidence that J is not velocity dependent 
is furnished by the work of Vigneran,”?’ who fitted 
essentially all the emulsion range data from 1 to 40 Mev, 
using a constant J value. In his earlier work,”* Vigneron 
took the emulsion composition as given by the manu- 
facturer and adjusted / to get the best fit to the data. 
The value he found, ~396 ev, is in good agreement with 
that which one obtains for the same composition by 
using J values similar to those given in Table I (i.e., 
assuming /~13Z for the medium and heavy elements). 
In order to lower J to correspond to values then avail- 
able, he assumed in his later work”’ that the emulsion 
3° (the maximum 
amount he thought possible), giving a fit to the data 
with J 
with the determinations of reference 13. 

The high 
emulsion is much more in doubt than is that for Al or 


composition was in error by 
332 ev. Even this lower / value is not consistent 


range-energy relation at velocities for 
Cu. Not only do uncertainties in the composition and 
density (particularly as affected by humidity) of 
emulsion cause additional difficulties, but also the only 
high-energy emulsion range or energy-loss measure- 
ments” have been made relative to Cu. The energy 
values associated with these measurements are based 
on the Mather-Segré’ J value for Cu of 310 ev. If 
instead we take the value of 377.5 ev from Table I, 
then Heinz’s range measurement” would be for 335.9 
Mev (instead of 342.5) and that of deCarvalho and 
Friedman” would be for 203.9 Mev (instead of 208). 
Various attempts have been made to reconcile 


the 


the 
low-energy data with Heinz’s point, when the latter is 
+} 


ad 


232, 1199 (1951 
5 Mev 


Note 


because shell cor 


that 


rend 
down to only 


Vig reron, ompt us 
treatment fits the data 
rections were not included 

7 L.. Vigneron, J. phys. radium 14, 145 (1953 

*(. Heinz, Phys. Rev. 94, 1728 (1954 

” H. G. deCarvalho and J. I. Friedman, Rev. Sci. Instr. 26, 261 
(1955 
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assumed to be at 342.5 Mev. These generally involve 
some unrealistic “tilting” of the range-energy curve, 
and since different procedures have been used by differ- 
ent laboratories, it is not unexpected that mass values 
for the new particles based on secondary ranges have 
been rather inconsistent. Indeed, if the high J values 
found for lower energies are the correct ones to use, then 
the mass values from secondary emulsion ranges, as 
determined at various laboratories, may be in error by 
roughly the following amounts: 7, 2—8 m; Kyo, 5—12 
m; K,2, 5—25 m. 


IV. CONCLUSIONS 


Clearly, there is great need for further absolute range 
or, preferably, energy-loss measurements at high ve- 
locities. The use of ~ mesons for this purpose seems 
attractive, first, because the nuclear collision loss for 
these particles would be small. Secondly, since for a 
given velocity a « meson has a much lower momentum 
than a proton, it would be more practicable to determine 
the momentum in a magnetic field. 

Concerning the information available at present, the 
results in Al, Cu, and emulsion all seem to indicate that 
each J is constant (and of much higher value than that 
commonly used) over more than a decade in energy. 
If the empirical J were suddenly to start dropping off 
above, say, p/mc~0.5, this would indicate something 
radically wrong with the energy loss theory. There is 
some evidence against this unlikely occurrence furnished 
by the measurements of the K,2 mass.” It therefore 
seems safest at the present time to take J as determined 
by the low-energy data, and use range-energy relations 
based on that result. The masses of some of the K 
particles computed on this basis have been presented 
elsewhere.”® 
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® Note added in proof.—Stronger evidence is furnished by the 
energy loss of 15.7-Mev electrons reported by 
Goldwasser, Mills, and Robillard in Phys. Rev. 98, 1763 (1955). 
At very high velocity they find //Z~14 for Z of 
8-10, which is consistent with the values given in Table I 
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Cloud-Chamber Observations on Charged V Particles* 


W.H. Arnotp, J. BALLAM, AND Georce T. REYNOLDs 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received June 20, 1955) 


In an experiment utilizing the double cloud-chamber technique 
at an altitude of 10.600 ft, 46 charged V particles have been 
observed. Where possible these have been classified according 
to the value, p*, of the momentum of the charged decay particle 
in the rest system of the primary particle. On this basis decaying 
particles have been classed as: 

1. Consistent with two-body decay of known heavy mesons 
and not consistent with known hyperons. 

2. Consistent with two-body decay of heavy mesons but also 
consistent with two-body decay of hyperons. 

3. Not consistent with two-body decay of heavy mesons. 


In the first group it is generally not possible to distinguish be- 


I. APPARATUS AND METHOD 


HE results to be described were obtained by means 

of a double cloud-chamber arrangement located 
at the Echo Lake Laboratories of the Inter-University 
High Altitude Laboratories situated in Colorado at an 
altitude of 10 600 ft. 

Double cloud chambers have been used first by the 
Paris group! in the analysis of heavy unstable particles. 
In this arrangement, a cloud chamber in a magnetic 
field is placed above another cloud chamber containing 
plates of dense material. The upper chamber is referred 
to as the momentum chamber, the lower as the plate 
chamber. The momentum chamber in the present dis- 
position has been described previously,’ being approxi- 
mately 16 in. X16 in.X6 in. illuminated volume, in a 
magnetic field averaging 5500 gauss. The plate chamber 
is approximately 20 in.X20 in.X7 in. illuminated 
volume. This chamber has contained seven lead plates, 
0.5 in. thick (through run 176); and seven copper plates 
of the same thickness (runs 177 through 241). More 
recently 11 tungsten plates each 0.6 in. thick have been 
installed. The results reported here are mainly from the 
momentum chamber data. 

The chambers are triggered simultaneously by means 
of a penetrating shower detector consisting of lead and 
geiger counters above the top chamber, proportional 
counters between the chambers, and proportional 
counters and lead below the chambers. The general dis- 
position is shown in Fig. 1. The counting rate of the 
detector is?20 per hour. The recycling time of the 
chambers is three minutes. 

The quantities that can be measured are indicated 
in Fig. 2. P is the momentum of a primary track, p the 


* Supported by the Office of Naval Research and the U. S. 
Atomic Energy Commission. 

1 Gregory, Lagarrigue, Leprince-Ringuet, Muller, and Peyrou, 
Nuovo cimento 11, 292 (1954). 

? Hodson, Ballam, Arnold, Harris, Rau, Reynolds, and Treiman, 
Phys. Rev. 96, 1089 (1954). 


tween the possibilities @— r+-°, on the one hand and Ky; — w+» 
on the other. However, several cases suggest strongly the @ par- 
ticle and yield an average mass 953+18m,. Several other special 
decay events are reported. After classification by p*, lifetime 
measurements are made on groups consistent with two-body 
heavy meson decay. The nine positive events in this class give a 
lifetime 3.7X10°"%<7r<85X10" sec with 50% confidence 
limits, and 7% probability that r>5X10~* sec. The six negative 
events in this class give a lifetime 3.0K 10™"<r<8.0X10™™ sec 
with 50% confidence limits and 11% probability that r>5X10* 
sec. Effects of possible biases are discussed and it is concluded that 
these lifetimes characterize the charged 4 meson. No unambiguous 
examples of the Ku; or Ke; heavy mesons were observed. 


momentum of a secondary track, @ the laboratory angle 
between the direction of the primary and secondary. 
The range R of a particle is raeasured in the plate 
chamber. Measurement techniques for P, p and @ have 
been described previously? The errors in the measured 
momenta are made up essentially of three parts: 
measurement errors, including errors in reconstruction, 
curve plotting and magnetic field measurement; mul- 
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Fic. 1. Experimental arrangement for dual cloud chambers. 
This is presented as a typical arrangement. However, the counter 
disposition and depth of illumination has been varied during the 
course of the experiment. 
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LAB SYSTEM C M SYSTEM 


Fic. 2. Representation of a charged V decay in the laboratory 
and center-of-mass systems. In the laboratory system FP and p are 


the momenta of the primary and secondary particles respectively 


and 6 is the angle of emission of the secondary with re spect to the 
In the c.m. system p* is the momentum of the secondary 
is the angle of emission of the secondary with respect 


Pt is the transverse 


primary 
and 6* 
the direction of motion of the center of mass 

component of the momentum of the charged secondary and is 


the same in both systems 


tiple gas scattering; and random distortion due to gas 


. : 
siow ones the 


motion. For all particles except the 
random distortion error predominates. This was esti- 
a direct measurement of proton masses by 


For 


mated by 


the momentum-range method. these cases the 
range error could be neglected. From 17 proton mass 
measurements on runs 143-176 we found a systematic 
0.020 meter™ and a random 


40 cm long 


distortion curvature of 
curvature of +0.012 meter™ for tracks 
After these runs, improvements in temperature condi 
tions were made and measurements on 13 protons in 


runs 183-225 gave values of 0.01+-0.01 meter It 


was found experiment ally that the random curvature 
error increased inversely with the length of the track 
and. from no-field measurements, that the systemati 
horizontally moving parti les 


error disappeared for 
The momentum errors quoted in this article are prob 


1 independe nt 


able errors determined by combining as 
errors the three main components described above 
From the p, and @, one can cal- 
culate the momentum (p*) of the charged secondary 
particle in the center-of-mass system of the primary 


€ primary and 


measurements of P, 


r 
} 


particle if the mass of the charged 
secondary are assumed. Alternatively on the basis of 


decay the ( value (i.e., Mass (primary 


a two-body 
Mass 


decay and the nature of both secondaries are assume: 


()) can be obtained if a two-body 
| 


Sere ondaries 


A survey of the data can be attempted on the basis 
of the p* or ( values. If one deals with two-body decays, 


ild group (within experimental! 


uncertainties) around the appropriate central values 
Evidence for three-body decays should appear in dis 
tributed values of p* and V when these quantities have 
been calculated on an assumed two-body decay scheme. 
There is a limit to the usefulness of the p* method 
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AND REYNOLDS 


TaBLe I. Decay constants of K mesons and charged hyperons. 


Decay o> 
Mev 


beyond the survey stage unless one resorts to selections 
that yield statistically significant averages. This limi- 
tation is due to the fact that from measurements of P, 
p, and @ one must assume a primary mass in order to 
calculate p*. If then an individual p* is not consistent 
with the assumed decay scheme, then there is no quan- 
titative deduction immediately possible from this par- 
ticular p*. However, both p* and Q values are useful in 
ruling out specific decay schemes as possibilities in 
particular events. 

schemes and their resultant p* and Q 
were used for comparison purposes in 


The decay 
values which 
this paper are listed in Table I for certain K mesons 
and hyperons. These are in all cases in close agreement 
with those presented by Rossi’ at the Fifth Rochester 
Conference on Nuclear Physics held in February, 1955. 
One of the outstanding questions in this field has been 
that concerning the possibility that the Kus, 6+, and r* 
might be alternate decay schemes of the same particle. 
his possibility suggested itself because the measured 
masses were not clearly different, and has remained 
because there has been no compelling evidence for dif- 
ferences in lifetimes. The important work of Dalitz* 
that the @* and r* are not alter- 
nate decay modes of the same particle, but there is no 
with to Kye. Evidence has 
indicating that the 


has indicated strongly 
similar argument respect 


é 


been presented recently mass of 
the Ky: may be less than that of the r. The results to 
be described in the present paper indicate that the 
lifetime of the @* particle is shorter than that of the Kus. 


Il. EXPERIMENTAL DATA 


rhe methods described above have been applied to 
a study of 46 charged decays of which 44 could be deter- 
mined as to sign. One of the positive decays was that 

+See summary by B. Rossi, Proceedings of the Rochester Con 
ference, February, 1955 (Interscience Publishers, Inc., New York, 
1955 

‘R. o 
February, 1955 


Dalitz, Proceedings of the Rochester Conference, 
Interscience Publishers, Inc., New York, 1955 
* Ballam, Hodson, and Reynolds, Phys. Rev. 99, 1038 (1955): 
Armenteros, Gregory, Hendel, Lagarrigue, Leprince-Ringuet, 
Muller, and Peyrou, Nuovo cimento I, 915 (1955); Bridge, De 
Staebler, Rossi, and Sreekantan, Nuovo cimento, [, 874 (1955) 
*G. T. Reynolds and W. Aron, Phys. Rev. 99, 1038 (1955). 
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Fic. 3. Transverse mo 
mentum distribution of the 
charged secondary for both 
V* and V~ events 
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Fic. 4. Distribution of the cosine of the angle of emission of the charged secondary in the c.m. system for both V* and V 


of a r* and will not be discussed further. 
Of the remaining 43 events, all of the charged V type, 
21 were positive and 22 were negative. These events 
were in runs during which about 48 000 
pictures were taken, including approximately 300 V°. 


mb ge re 


obtained 


The measurements on these events are shown in Table 
II. 

Of the 21 positive events, one appears to have mass 
greater than 1000m, on the basis of a primary momen- 
tum of 5104-40 Mev/c and ionization 2-5 times mini- 
mum. The p* on the assumption of 2+—> xt+n 
170475 Mev/c. 

One other event had a p* consistent with that of a 
hyperon and not with a A meson. Of the remaining 
19 V* events, 16 allowed a measurement of the trans- 
verse momentum pr (15 of these have smaller than 
15% probable error), 13 have p* determined to better 
than 20% probable error. 

The distribution of the pr values is shown in Fig. 3. 
Figure 4 shows the distribution of cosé* for these 
events, where @* is the angle of emission of the charged 
secondary in the c.m. system. The distribution of pr 
is consistent with that expected for a two-body decay 
process, and the cos#* distribution is consistent with 


is 


4 ~2  - 
cost - 


events 


isotropic decay, within the limitations of the statistics 
due to the number of events. Figure 5 shows the p* 
values obtained. Of the 13 p*’s two could be due to 
hyperons, in the sense that when they were analyzed as 
hyperons, the value obtained for p* was within 14 
probable errors of the accepted value. Thus 11 of the 
events can be K mesons, but not hyperons. One low p* 
value was found, which was consistent with the decay 
tt —> wt-+-9°+9”. One high value, 271420 was found. 
These two values have been omitted from subsequent 
analysis. Of the 11 events that could be K mesons and 
are not consistent with hyperons, two show evidence 
for x secondaries. One of these, shown in Fig. 6, shows 
a star in the gas made by the charged secondary par- 
ticle. Consideration of the laboratory momentum of 
the secondary, as well as the visible energy in the star 
indicates that this decay is not that of r* —> r++-2°+-2’. 
Thus it has been analyzed as the decay 0* — r*+-2°. 
On this basis the mass obtained is 947_,,*+7*. A second 
event previously reported? yields evidence for a #° 
secondary. On the basis of this @* decay mode, the 
mass of the primary in this event was found to be 
954 2°”. The p* distribution is seen to be consistent 
with either 6* or Kuz decay, or a mixture of the two. 
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Tape II(A). Data on V* events.* 


146 +9 


1000 + 400 


600 + 300 


06 


a similar way it 1s not possible to distinguish t ) As will be discussed below, the p* values for the 
it of O value he negative K’s appear to be consistent with a two-body 


he two possibilities on 


weighted mean of the p* values on the basis of aéd 
is 208+5 Mev/c. The mean of the basis of a Ku: decay with a three-body process is due in this case to the 
omitting the two f known secondaries 
2164 S Mev Cc. 

Of the 22 negative decay events, one is the cascade the use of p* in the investigation of decay schemes 
offers a distinct advantage over the use of pr, and that 


in fact the pr plots may in particular cases be mis- 


he basis 


decay process. The consistency of the pr distribution 


anisotropic decay in the center-of-mass system for our 
particular sample of particles. It is thus apparent that 


type E>» A°+2°, already reported,’ giving a Q value 


of 6349 Mev. Of the remaining 21 negative decay 


l 
| 


measurements of the transverse eading. In the present analysis, classification of decay 
15%. The distribution is events has been on the basis of p* values 
21 negative V decays, 10 allow measurement 


events, 17 have 
momentum to better than 
to be consistent with a the 


listribution of of p* to within 35%. Of these 10, only two could be 


shown in Fig. 3, and is seen 
three-body distribution. However, the « 
cosé* for this particular sample, shown in Fig. 4, known hyperons within 1} probable errors. Of the 
indicates an anisotropic distribution in the ce | remaining eight, only one has a value of p* below 150 
mass. Mev /c. Thus an appreciable component of V~ observed 

“ lI if > ither hvneror lternate 
T Arnold, Ballam, Lindeberg, an n Lint. Phys. Rev. 98. &38 in our apparatus are neither hyperons nor aiternate 


(1955). 


r decays. It is quite unlikely that all seven p* values 





CLOUD-CHAMBER 





+110 
12760 60 as TE 





+420 
11807 935 


>1.2* 15.3+0.7 >116 >116 


355235 143 +1 243 +20 243 +20 


> 300 132421 >135 >120 
>2.5* 8.2+0.5 >98 

> 300 84.741 >121 
>2.5* s 6 


san +180 
740 ” 160 


>1.2* 


>1.2* 


+80 
590-75 


+400 


1360 * 300 


498 +75 69 +10 


480 >400 : +7 +0.7 >122 


340.7 
8 4.0 
032-0 


. ( 
54:1 ut 
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which are neither hyperons nor below 150 Mev/c are 
due to a three-body decay because of the strongly 
peaked distribution, although of course some could 
represent three-body decays. Some could be of the type 
6 — x-+72", although no strong evidence exists for 
this particle. In fact, the average of the p* values is 
high, being 231+10 Mev/c. 

The uncertainty with regard to the identification of 
the negative decays is consistent with the observations 
of some other workers.* is of 
interest in this regard. Event 223-284 is not consistent 
with known hyperon decay. It yields a mass 954_39°* m, 
when interpreted as a 0 —2~+2° and a mass of 
790_25*7* m, when interpreted as a Kyg — yu 
Although the possibility of Ay 
rules out, we have assumed the event as @& in analogy 
with observed 6*. When this mass is averaged with the 
two 6+ events described above, the resulting mass is 
953418 m,. This may be compared with the value 
952411 m, obtained by the M.I.T. group* by means 
of range measurements of the charged secondaries. 


* B. Gregory (private communicatior 
* H. De Staebler, Jr., and B. V. Sreekantan, Phys. Rev. 98, 1520 
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See reference 7.) 


+320 


+ 
-2290 158 


1154 


954430 790 +2 


Probably not r’ 


In comparing the two groups, A+ and K-, it can be 
noted that the average primary momentum of the K* 
events whose p*’s were determined was 575 Mev/c, and 
that of the K~’s whose p*’s were determined was 750 
Mev/c. The total number of A* was about equal to 
the total number of K~. However, the number of slow 
K* was about twice that of slow K~. This is also con- 
sistent with the experience of other groups.” The 
secondaries of the K*+ events have traversed 225 g/cm? 
of lead in the lower chamber without observed inter- 
(Recall, that one Kt 
produced a star in the gas of the upper chamber.) No 


actions. however, secondary 
similar information exists for the secondaries of the K 
events, although one such secondary shows a r—yp 
decay. 

Ill. LIFETIME ANALYSIS 


Lifetime measurements were undertaken on the 
groups of decay events described below. For this purpose 
it was necessary to establish in advance fiducial planes 
limiting the volume of observation in the chamber. 


” Proceedings of the Rochester Conference, 1955 (Interscience 
Publishers, Inc., New York, 1955). 
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This function has zero value for the most probable 
lifetime and unit standard deviation. For a given set of 
M decay events. S is evaluated for various values of 
1/r. If S is then plotted against 1/r the maximum 
likelihood value of 7 is given by the point at which S 
is zero, and the value of S at any other value of 1/7’, is 
the probability, in standard deviations, that r is farther 
from the central value than r’ 
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Fic. 8. The function S plotted against the reciprocal of the 
assumed lifetime for group C events. These events are those in 
which possible hyperons have been excluded, 
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Figs. 8 and 9 


measurements 
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From Fig. &, 
group C of the positive sample is 5.2 10 
50% probability for the interval 3.7<r 


second. The probability that r is greater than 10 


second with 
8.5 107-" 
second is 20% and that 7 is greater than 5X 10~* second 
is 7%. For the negative sample, the maximum like- 
lihood value is 4.210-" second with 50% probability 
limits for the interval 3.0<7<<8.0X 10 
probability that 7 is greater than 10 
and that r+ is greater than 5X10~* second is 11%. 
These results are to be compared with emulsion” 
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generally longer lifetimes for K meson decays. The 
strong indications of the Paris group” for K lifetimes 
of the order of >5X10~* sec and the results of 
Robinson'* and Hyams!’ from direct timing experi- 
ments indicate that the Ky lifetime is the order of 
10~* second. The emulsion work indicates the r lifetime 
to be the order of 5X 10~* second or longer. 

The question arises as to whether there is a bias in 
the sampling of the present work that leads to an 
apparent short lifetime, or whether the lifetime obtained 
is the result of averaging a group with a long life such 
as that of the Ky with a group with a short lifetime, 
such as that suggested for the hyperon (5X10-" 
second),'? although there should be no hyperons in 
group C. The first of these questions concerns the bias 
of the chamber geometry and the selection criterion. 
Although the geometry of the chamber and generating 
layer of lead favors the detection of a lifetime of 5 10~” 
over that of a lifetime of 10~*, this fact in itself would 
not simulate a short lifetime. The p* selection criterion 
should favor longer lifetime, since, if biased at all in 
application, it tends to select slower, longer living 
particles. We can investigate the effects of the p* 
criterion by mixing the groups referred to above. In the 
first place, group A is obviously not homogeneous and 
in fact gives a negative value of 2,(7;/2—1t,). The effect 
of mixing groups B and C is shown in Fig. 9, where 
essentially the same results as before are obtained. In 
fact group B alone gives no indication of a shorter 
this contains our 


and “possible” 


lifetime, 
hyperons. 
The possibility that the lifetime found could result 


from an average of a group with a short lifetime and a 


group 


group with a long lifetime can be investigated by cal- 
culating a lifetime for each event. Although each event 
has a very small statistical weight in itself, nevertheless 


such a procedure in our sample shows good grouping 


around the median result on a 1/7 scale. There is thus 


no evidence that the value found for r is due to such 
an average of widely separated groups. 

We conclude therefore that among charged K mesons, 

"G. Menon, Proceedings of the Rochester Conference, 1955 
(Interscience Publishers, Inc., New York, 1955 

4’ Armenteros, Gregory, Lagarrigue, Leprince-Ringuet, Muller, 
and Peyrou, Nuovo cimento, Suppl. 2, 324 (1954 

“ Bridge, Peyrou, Rossi, and Safford, Phys. Rev. 90, 921 (1953 

Buchanan, Cooper, Millar, and Newth, Phil. Mag. 45, 1025 
(1954). 

* K. Robinson, Phys. Rev. 99, 642(A) (1955 

? Barker, Binnie, Hyams, Rout, and Shepherd, Phil. Mag. 46, 
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BALLAM, 


AND REYNOLDS 





there is a group with a lifetime which has about 90% 
probability of being shorter than 5X10~* second. In 
view of the results of our group and other groups 
mentioned above, which indicate the Kuz lifetime to 
be 10-* second, and in view of the p* results of the 
present sample, we conclude that the shorter lifetime 
is to be attributed to the @ particle. 

It is of course possible that our particular small 
sample has not been representative of the mixtures of 
Ky, and @ particles to be expected in cloud-chamber 
samples. If we take seriously the difference in lifetimes 
of the positive and negative samples, and attribute the 
difference to a mixture of Ky and @’s in the positive 
sample; calculate the geometrical bias of the chamber 
for the different lifetimes; and assume a momentum 
distribution at production pyndn=(K/n*)dn, then we 
find about 90% probability that the ratio of @*/K, at 
production is greater than 1/6, and that our results 
are consistent with a production ratio of 1/1. 
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Note added in proof.—Since the writing of this paper 
several groups working with the Bevatron at the Uni- 
versity of California Radiation Laboratory have re- 
ported examples of well-identified @* mesons which 
have lived 10° second before decaying (see Preliminary 
Report of Pisa Conference on Elementary Particles, 
August, 1955). This is a factor of 15-20 longer than 
the value reported here. In this connection we might 
consider an interesting proposal made by T. D. Lee 
and Jay Orear (to be published). They suggest that 
only two K-mesons of somewhat different mass need 
be postulated to explain all our present information. 
They suppose that the heavier particle (e.g. the r) can 
decay radiatively into the lighter one (e.g. the 6), with 


‘a lifetime of ~10~* second. If the lighter particle has a 


lifetime short compared to this, it would appear to 
have the lifetime of the parent particle. We might then 
imagine that the @ particle has a natural lifetime 
(~5X10-" second as reported here) and that it can 
also be produced directly in nuclear collisions. The 6’s 
which are directly produced would then decay with 
their natural lifetime; those which arise from the 
radiative r decay would then have an apparent lifetime 
equal to the r. We wish to thank Dr. Lee and Dr. Orear 
for a preprint of their paper. 
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The cut-off form of the Yukawa theory is applied to the reaction p+ )—+r*+d. Using the Low-Wick 
formulation of field theory, an expression is obtained for the appropriate matrix element in terms of the 
wave functions of a physical deuteron and diproton. Approximations are made for these wave functions 
and the matrix element is evaluated. The resulting cross section agrees semiquantitatively with that part 
of the observed cross section due to pions emitted in a p-state. 





I. INTRODUCTION 


HE success of the cut-off form of the Yukawa 

theory! in correlating a variety of phenomena 
involving pions and nucleons has led us to apply it 
here to the problem of pion production in nucleon- 
nucleon collisions. Previous treatments*~’ of this 
problem have been of two types. The first approach is 
to make a strictly field theoretical perturbation calcu- 
lation of the matrix element for the reaction. This 
approach suffers from the usual difficulties of perturba- 
tion theory when applied to meson phenomena. There 
is an additional difficulty if the final state contains a 
deuteron, since present perturbation methods are not 
adequate to treat bound state problems. The second 
approach tries to avoid these troubles by treating the 
interaction between the two nucleons by means of a 
phenomenological potential. There is a practical dis- 
advantage to this method in that the results are very 
sensitive to the details of the wave functions chosen for 
the initial and final nucleon systems. Even more im- 
portant from a fundamental point of view, it has not 
been adequately shown under what approximations 
this treatment follows from field theory. 

However, two recent developments have put the 
second approach to the pion production problem on a 
much sounder footing. The recent work of Low and 
Wick® in reformulating field theory in terms of physical 
nucleons has enabled us to show that the treatment with 
nuclear wave functions is indeed consistent with the 
prescriptions of field theory. And the work of Garten- 
haus® in obtaining nuclear potentials from the cut-off 

* Based on a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of Illinois. 

+ Work supported in part by the Office of Naval Research 

t Now at Indiana University, Bloomington, Indiana. 
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?L. L. Foldy and R. E. Marshak, Phys. Rev. 75, 1493 (1949). 

*K. A. Brueckner, Phys. Rev. 82, 599 (1951); K. M. Watson 
and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 

’ Yoshio Yamaguchi, Progr. Theoret. Phys. 6, 772 (1951). 
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581 (1951). 
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theory has permitted us to use wave functions in the 
matrix element which are probably better than wave 
functions chosen phenomenologically. 


Il. FORMULATION OF THE PROBLEM 


We restrict ourselves to consideration of the reaction 


p+ port+d, (1) 


although the methods developed here are more gen- 
erally valid. The differential cross section is given by 
the formula (we choose as units A=c=1): 


de. AA : 

WP he sig ARE qed | T'gp|? (2) 

dQ (2x)? 2p 
subject to the condition that energy be conserved. The 
initial protons each have momentum p (in the center- 
of-mass system), and the pion is emitted with momen- 
tum q and energy w,=(¢+u*)!. The quantity 7,, is 
the appropriate matrix element for the transition, > 
indicates an average and sum over initial and final spin 
states, and M and y are respectively the nucleon and 
pion mass. The recoil of the deuteron is neglected in 
obtaining Eq. (2). 

The problem is to find an adequate estimate for 

the matrix element T,,. To do this, we first write down 
an expression for the total Hamiltonian H: 


H= Twt+ T.+-H +H, 


where Ty is the kinetic energy of the two nucleons, 
T= L1dx'aye, is the kinetic energy of the pion field, 
and H,'(j=1,2) is the interaction between the pion 
field and the jth nucleon. The quantities a, and a,' are 
the usual annihilation and creation operators for a 
pion of type &, where & is a generalized index referring 
to both the momentum and charge state of the pion. 
For the cut-off theory, the interaction H,’ is given by’ 


Af = Dela po +ax'V 4"), 


de if? 
vu'= (=) —o(k)o,;: ike je" t, (3) 
2ur7 ps 


where f°® is the unrationalized and unrenormalized 
coupling constant, »() is the cutoff, #; and +, are the 
usual spin and isotopic spin operators for the jth nucleon 
at position r;. 
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Following the formalism of Low and Wick, we let 
Vv,” be an eigenfunction of the total Hamiltonian H 
with eigenvalue E,. This function represents a physical 
deuteron interacting with its cloud of virtual mesons, 
and satisfying the boundary condition of a pion at 
infinity with momentum g, plus outgoing spherical 
waves. The -eigenvalue equation satisfied by this 
function is 


HY PO) = EWP =(Evt-w¥P, (4 


where Ep» is the energy of the deuteron when the pion 
is far away, and w, is the pion energy. We now introduce 
another eigenfunction VW,” of the total Hamiltonian 
which satisfies the equation 


HV? = EW? (5 


This eigenfunction WV? is the lowest state of the system, 
and represents the ground state of the deuteron inter- 
virtual 
pions in the field. We can produce a real pion of type 


acting with a meson cloud, but with no real 
q by acting on this state with the creation operator 
a,'. The function a,'W,” is not an eigenfunction of H, 
but we can write 


Vv? +) = ag'Vy? +Y,, (6) 


where ¥, is defined by Eq. (6) plus the outgoing wave 
condition. 

To find an expression for ¥,, we substitute (6) into 
(4), obtaining 


Ha,'¥V D4 AW, = (Eot+ Wg (ago? +¥,). (7 


Then, noting that 


Ha, =a,'HV.?+(H,a,t Wo?, 
and 
[H,a,") 


Eq. (7 


becomes 
(V,,°+ 1) 
This can be written 


W,=[1/(Eot+w,— H+ ie) |(Vie+V 


where the +1 signifies that we have chosen the out- 
going wave solution. 

We now expand 
tions ¥, of H which satisfy 
boundary condition: 


(8) in a complete set of eigenfunc- 


the incoming wave 


a 4 V2, yy, D\ 
¥,=)> ¥, 
5 Eot+w,— E,t+te 
From scattering theory, the transition matrix from the 
state g to the state » is given by 

hae = (¥,' ’ (Vi.°+ V2," ¥,” . 9 


In particular, if the state consists of two protons 
with no real mesons (this diproton state will be denoted 
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by Wo"), we have the appropriate transition matrix 
for reaction (1) except that the initia! and final states 
are reversed. 


Ill. APPROXIMATION FOR THE MATRIX ELEMENT 


For reasons of invariance,” if ¥,4 and W;* are two 
different states of a single physical nucleon, then 


(Y FV 520A) = (uj? V 5954), (10) 


where u;4 and u;® are the corresponding states of the 
bare nucleon. The quantity V;, has the same form as 
V ;,° except that the unrenormalized coupling constant 
f°’ is replaced by the renormalized coupling constant f. 

As our first approximation, we make the assumption 
that Eq. (10) is valid even if the nucleon is bound. 
This is equivalent to saying that even in a deuteron, 
mesons which are emitted and absorbed by the same 
nucleon will contribute only to renormalization. As our 
second approximation, we make the assumption that 
the effect of the mesons which are exchanged between 
effective 
potential between them. Gartenhaus’ has in fact found 
a way to calculate approximately this effective potential 
from the cut-off theory. 

With these two approximations, the matrix element 
can be written 


T pq= (WoP, (Vig? + Ving?) Wo? 
™~(Yp » (Vigt Vago), 


where Wp and Wp are now the bare diproton and 
deuteron wave functions. These functions can be found 
by solving the Schroedinger equation using the effective 
nuclear potential. 

It is possible to make a further simplification by 
considering the problem at an energy just above 
threshold for pion production can set 
exp(iq-r;)=1 in the interaction, and V;, becomes inde- 
pendent of spatial variables. With this restriction, the 
square of the matrix element, appropriately summed 
and averaged, reduces to the form previously found by 
Chew, Goldberger, Steinberger, and Yang’: 


the two nucleons can be replaced by an 


(11) 


Then we 


f* v7(q) 
> | T9¢|?= (447)*- ¢{ Fe+v2 cos(do— 42) 
Bw We 
X FoF 2(3 cos*@—1)+3F7(3 cos*8+1)}, (12) 
where 


- . 
F=f uo(r)up(r)dr, Fs J tuo(r)wp(r)dr, 
0 


up and wp being the radial parts of the deuteron S 
and D functions, and té and , being the radial diproton 
S and D functions. Here 59 and 6, are the S and D phase 
shifts for the diproton. The normalization for the 
deuteron and diproton wave functions is shown in 
Figs. 1 and 2. 


®T. D. Lee, Phys. Rev. 95, 1329 (1954). 





PION PRODUCTION 

Gartenhaus, using his triplet potential, has com- 
puted the S and D functions for the deuteron. Using the 
Gartenhaus singlet potential, we have calculated the 
S and D diproton wave functions at the pion production 
threshold energy of 138 Mev in the center-of-mass 
system. The phase shifts turn out to be small and 
attractive (69=3°, 6.=9°). 

The diproton and deuteron wave functions are not as 
accurate as one would hope. The reason is that the 
Gartenhaus potentials were calculated using the ap- 
proximation that the kinetic energy of the nucleons is 
small compared to the pion mass. This condition is 
clearly not fulfilled for the diproton. The deuteron 
wave function also is affected, as can be seen by 
considering this wave function in momentum space 
representation. Then it is the high momentum com- 
ponents of the deuteron wave function which are the 
most inaccurate. But it is just these high momentum 
components which give the greatest contribution to 
the overlap integrals Fy and F2, since the diproton wave 
function consists chiefly of high momentum parts. 


| Sina 
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Fic. 1. Deuteron S- and D-state wave functions 

\ mitigating circumstance is that the high momentum 
components of phenomenologically chosen wave func- 
tions are likely to be even more uncertain. 


IV. RESULTS AND DISCUSSION 


The cross section for reaction (1) can be expressed 
at low energy by the following semiempirical formula 
of Watson and Brueckner*"; 


4x (da /dQ) = ag+b[(c+cos*®)/(c+4) 7. (13) 
The quantities a, 6, and c are slowly varying functions 
of the energy and are usually taken as constant in the 
energy region under consideration. The term propor- 
tional to g is due to pions emitted in an s-state, and the 
term proportional to ¢* is due to p-wave pions. Crawford 
and Stevenson” compared formula (13) with experi- 
ment in the energy range from g=0.38 to g=0.58 (in 

u This notation, slightly modified, is due to A. H. Rosenfeld, 
Phys. Rev. 96, 139 (1954 

8 F. S. Crawford and M. L. Stevenson, Phys. Rev. 97, 1304 
(1955). 
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Fic, 2. Diproton S- and D-state wave functions. 


units of the pion mass). Their values of the parameters 
a, 6, and ¢ together with our calculated values are given 
in Table I. 

The calculated constant a=0 because at threshold, 
the cutoff theory cannot lead to production of pions 
in the s-state unless nuclear recoil is taken into account. 
This has not been attempted, since it is not clear how 
to go about it within the framework of the cutoff theory. 
However, as has been pointed out by Crawford and 
Stevenson,” a simple theoretical estimate indicates 
that the ratio of s- to p-state production should be of the 
order of the ratio of the mass of the pion to the mass of 
the nucleon. Experiment indicates that this is indeed 
the case. 

The calculated value of the p-wave part of the cross 
section depends upon the magnitude of the overlap 
integrals Fy and F;. These were found by a numerical 
integration using the wave functions shown in Fig. 1 
and Fig. 2, with the result 

Fo, Fp =0.08u"4. 

The value zero for the integral Fy arises from the ap- 
proximate cancellation of large positive and negative 
terms. In view of the approximations made in obtaining 
the wave functions, even the sign of F is uncertain. 
The quantity F; is much more accurate, not only 
because there is little cancellation from negative terms, 
but also because the centrifugal barrier prevents the 
D-state wave functions from being too sensitive to the 
details of the potential. 

Our result that the major part of the p-wave cross 
section can be accounted for by the contribution from 


Tase I. A comparison of experimental and calculated values 
of the parameters appearing in the semiempirical formula for the 
cross section for the reaction p+ p—r* +d, 


Crawford and 


Parameter Stevenson Calculated 


a (millibarns) 0.138+0.015 0 
5 (millibarns) 1.01 +0.08 04 
¢ 0.082+0.034 j 
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F, differs from some previous analyses of the reaction’ 
in which this contribution was neglected completely 
because of the deuteron’s small D-state probability. 
The observed angular distribution was then interpreted 
on the basis of the strong pion-nucleon interaction in 
the state of isotopic spin § and angular momentum 3 
The effect of the (4,3) state interaction is not included 
in this calculation because we do not know 
take it consistently in the 
formulation 

It should be noted that complete agreement with 
the p-wave part of the semiempirical formula would be 


how to 


into account present 


obtained if Ff, were increased by about 20% and Fy 
were made positive and about } as large as F2. In view 


of the approximation made in obtaining formula (12 
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for the matrix element, this seems as satisfactory a 
situation as one can expect. Further refinements of this 
calculation along the lines outlined in this work will 
depend upon better expressions for the physical deu- 
teron and diproton wave functions. 

The author wishes to express his deepest appreciation 
to Professor Geoffrey F. Chew for suggesting this 
problem and for his continued aid. This work would not 
have been possible without his guidance. The author 
is also grateful to Professor Francis E. Low, Dr. Yoshio 
Yamaguchi, and especially Dr. Freda Salzman for 
many stimulating discussions and to Dr. Solomon 
Gartenhaus for helpful information about the nuclear 
force problem. He is indebted to Mrs. Marjorie Larson 


for assistance in the numerical computations. 
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hydrogen cross sectior 
140-340 


transmission 


nance regior 
hydrogen 


A theoretical ana 


} f thy 


available data stro 
The behavior of th 
I. INTRODUCTION 


YINCE the original 
meson as the partic le responsible for the force field 


prediction by Yukawa of the 


between nucleons, a considerable body of experimental 


evidence and theoretical speculations thereon relative 


to the nature of the have 


ensued 


pion-nucleon interaction 
The early cosmic ray discovery of a meson! 
which is now known to be a moun favored the very 
weak coupling theories. Later the discovery of the 
the possibility of strong 


we yrk3 


interaction was 


pion? gave new impetus to 
However, shed 


do ibt 


coupling later experimental 


considerable on whether the 


indeed strong 


The first clear picture of the nature of the pion- 


* Work performed under the auspices of the U. S. Atomic 
Energy Commissior 
1S H. Neddermever and C. D. Andersor 
(1937) and J. ¢ and E. ¢ 
1003 (1937 
* Lattes, 
(1947) 


*W. B. Fretter, Phys 


Phys. Rev. 51 


Street Stevenson, Phys. Rev 


Muirhead, Occhialini 159, 


Rev. 76, 511 (1949 


lution for the phase shift in this 
at ~175-180 Mev, although 
of the re sonance 90° phase 
occurrir 


The T=} state « ion is found to be 


errors 


zero within the 
in the resonar 1 to become appreciable only 


300 Mev 


present experimental 


above 
The 


analyzed in 


other re levant work are 
theory and the Brueck 
ner phenomer resonance theory and is found to fit the 
general behavior predicted by both, which incidentally is shown 
to be of similar form 


data and 


terms of the recent Chew-Low 


] ] 


ological 


nucleon interaction began to emerge as a result of the 
study of the pion-hydrogen cross sections as a function 
of energy with the FM cyclotrons at Columbia and 
Chicago. In particular, the first really definitive work 

Anderson, Fermi ef al.‘ in their 
measurement of the total hydrogen cross section for 


was performed by 


positive and negative pions from low energy to 135 
and 200 Mev, respectively. The sharp rise of the 
cross sections with energy from very low values at low 
energies strongly suggested a gradient coupling with 
the P-wave predominantly responsible for the interac 
tion. 

The first successful quantitative attempt to explain 
the variation of the total cross sections with energy 
was proposed by Brueckner.* He employed the concept 
of a nucleon isobar of isotopic spin T= } and angular 
momentum J = 3 as first predicted for the pseudoscalar 
Long, Martin, and Nagle, Phys. Rev. 85, 
Fermi, Nagle, and Yodh, Phys. Rev. 


* Anderson, Fermi 
934 (1952) and Andersor 
86, 793 (1952 

*K. A. Brueckner, Phys. Rev. 86, 106 (1952 











TOTAL CROSS SECTION OF H 


meson field with strong coupling by Pauli and Dancoff 
in 1942.6 Brueckner essentially assigned the resonance 
level parameters for a resonance in the state with 
angular momentum and isotopic spin equal to 3 
phenomenologically using the methods of Wigner and 
Eisenbud and imposing charge symmetry to fit approxi- 
mately the total cross section data. Subsequent more 
complete total cross section data and extensive negative 
pion on hydrogen differential data obtained by Anderson 
and Fermi ef al.’ were carefully analyzed by Fermi 
et al.* It was concluded that these results could best be 
explained by a large T=} J=} phase shift (~50°) 
which did not go through a resonance accompanied by a 
rather large S-wave phase shift toward the high-energy 
end. Further support for this type of phase shift 
behavior was given by an intermediate coupling 
extended source theory by Chew’ which was able to 
fit the then known total cross-section variation with 
energy reasonably well without going through a 
resonance. 

High-energy meson beams became available for 
experiments at the Brookhaven Cosmotron in the 
spring of 1953. At that time the latest Chicago r-- 
hydrogen total cross sections exhibited a sharp rise with 
increasing energy and then a broad plateau to 220 Mev, 
while the x*-hydrogen cross sections were still increasing 
sharply with energy to 135 Mev (the highest energy 
then available at Chicago). It became clear that the 
general energy dependence of #* and x hydrogen cross 
sections from about 150 to 750 Mev would shed 
considerable light on the nature of the pion nucleon 
interaction and in particluar whether there was a 
resonance or not. 

In the early stages of Cosmotron operation the beam 
intensity was low and a liquid hydrogen target was not 
available so a poor-resolution (+25 Mev) general 
survey of the #* and 7 
from 150 to 750 Mev was made" using rather thick 
polyethylene and carbon absorbers to obtain the 
difference. A prominent peak at about 180-200 Mev 
and a rapid decrease at higher energies was observed."° 
Particularly for positive pions, the decrease after the 
peak was considerably faster than A*. The behavior was 
very suggestive of a resonance, and as a matter of fact, 
an extension by the present authors of the Brueckner 
calculations fit the data crudely. Although the absolute 
magnitude of the raw peak cross section was below 
8rk?"' by approximately 15%, it was then felt that 
within the errors of the experiment 8x4? was probably 


hydrogen total cross sections 


*W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942). 

7 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953); Fermi, Glicksman, Martin, and Nagle, Phys. Rev. 92, 
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*G. F. Chew, Phys. Rev. 89, 591 (1953); 95, 286 (1954). 

# S. J. Lindenbaum and Luke C. L. Yuan, Phys. Rev. 92, 1578 
(1953) and 93, 917 (1954 

" 8rk? is the predicted theoretical value for the total cross 
section at the resonant energy, due to a P-wave resonance with 


T=J=j, 
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reached at the peak. The sharp energy dependence of 
the cross sections in the peak region meant that these 
poor resolution measurements could not be expected 
to be very accurate and in particular should give a 
considerably lower value at the peak point. Further- 
more, the muon and electron contamination was quite 
high (~30% near the peak) since the Cosmotron was 
only run at the highest energy of 2.3 Bev® during this 
period. This introduced a contamination uncertainty 
of as much as 10%. 

When a liquid hydrogen target became available, 
and the beam contamination was reduced to ~10% or 
less by running the Cosmotron at 0.8 Bev, a precision 
high resolution measurement of the resonance region 
(140 to 340 Mev) of the x*-hydrogen cross section was 
undertaken. In the #*-hydrogen cross section only the 
isotopic spin } state (presumed resonance state) can 
contribute whereas in the w~-hydrogen cross section 
both isotopic spin } and } can enter. Therefore, it is of 
obvious advantage to concentrate on the x* cross 
sections to study the resonance phenomenon. These 
measurements which will be described and analyzed, 
clearly seem to indicate the existence of a resonance 
and give an accurate description of its energy de- 
pendence. 

Recently, Ashkin ef a/." made a detailed study of the 
peak region of the x~-p total cross section and also a 
less complete x*-p total cross section study. A compari- 
son of these results and ours will be made in Sec. [V D. 
Same recent w*-p differential cross section data by 
Kruse, Anderson, Davidon, and Glicksman," will also 
be discussed. All of these data are now most consistent 
with the concept of a resonance. 

A detailed phase shift analysis of available data 
(at that time) by Bethe and his co-workers'® indicates 
a resonance solution is most likely. 


Il. EXPERIMENTAL ARRANGEMENT 
A. General Description of Beam Source 


The pion beams used for the experiment were 
obtained from the Brookhaven Cosmotron'® in the 
manner shown in Fig. 1. The internal proton beam was 
allowed to collapse inward onto a beryllium target 
2X26 in. long which was placed in one of the four 
straight sections of the Cosmotron. A thin window on 
the side of the straight section allowed a direct beam 
at 32° from the forward direction to pass through it, 
and out of the Cosmotron without passing through 
any appreciable magnetic field. This direct 32° beam 


#2 As will be explained later, the beam contamination for low 
energy pion beams increases with the energy of the primary 
proton beam 

% Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. %6, 
1104 (1954). 

“ Kruse, Anderson, Davidon, and Glicksman, Phys. Rev. 98, 
1188(A) (1955). 

de Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, 
1586 (1954). 

 M. H. Blewett, Rev. Sci. Instr. 24, 725 (1953). 
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tubes whose outputs were connected in parallel. The 
light pipes and crystals were surrounded by reflecting 
aluminum foil which was light sealed by black electrical 
tape. Silicone grease was used to couple the 
ight pipe to the glass covering the cathode of the 1P21. 
Stabilizing the last few 
dynodes of the photomultipliers. Selected tubes and 
voltage balancing were employed to achieve a pulse 
iniformity of the order of 15% or less which is compar- 
statistical fluctuations inherent in the 
to the uncertainty of 6-ray energies. 
The last counter, X;, was a large liquid scintillation 
thick. Three 1P21 
immersed in the 
juid and their outputs paralleled to improve uniform- 


Scotch 
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able with the 
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multiple slower coincidences compounded of the proper 
combinations of fast doublets allowed multi-counter 
coincidences (triples, quadruples, 
made with the effective h 


The advantages of this type of system are the 


quintuples) to be 
igh resolution of the doublets. 


following: 

(a) The same high resolution and the same doubles to 
singles ratio for each doublet are maintained independ- 
ent of the multiplicity of coincidence required. 

(b) A high degree of flexibility is available in selecting 
various combinations of multiple coincidences at will, 
by simply flipping the switches for the desired doublets 
in the 0.1-microsecond coincidence circuits. 

(c) Simultaneous monitoring of any or all double 
coincidences can be made enabling the detection of 
any possible circuitry failure or in beam 
conditions. 


change 


(d) The accidentals of each doublet can be checked 
independently as a check on operating conditions. 

(e) The resolution of each doublet can be independ- 
ently varied without affecting the over-all singles to 
doubles ratio. 

Of course, the main disadvantage of a compounded 


SLOW 
SCALER 


block diagram of the electronics system 


doublet system is the requirement for considerably 
more electronic equipment, 

Regulated dc power supplies and regulated a 
filament power were employed for most critical circuits, 
This reduced long time drifts to a minimum. The 1P21 
photomultipliers were run with about 1500-1800 volts 
on the tubes, and large plateaus (~100 to 200 volts) 
were obtained on all counting rates. The over-all 
performance of the system was extremely stable and 
no drifts of any kind were detectable during the 
compilation of data for this experiment. 


C. Determination of the Momentum of the 
Incident Pions and Other Beam Particles 


As previously described the counter telescope 
includes a magnet between the second and third 
counters which introduces a magnetic deflection of 45°. 
The telescope was carefully positioned along a true 
magnetic trajectory passing through the geometric 
center of each counter. The true magnetic trajectory 
was found by current-carrying wire techniques. It was 
further observed that varying the magnet current to 
cover the range of momenta used in this experiment 
did not affect the position of this trajectory or the 
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relative magnetic geometry. This is due to the fact that 
the magnet is a very efficient one with a relatively small 
fringing field and was used in the low field regions far 
from saturation. Obviously then the telescope accepts 
a unique’* momentum range of particles for a given 
magnet current 

The wire calibration for both the mean momentum 
were very carefully done using 
a calibrated precision ammeter read to less than 3% 
4%. The 
carefully positioned by using a marked mirror below 
the marks. 


ision weights were used. The long term reproduc- 
107 
2/0: 


and the range acc epted 


with an absolute accuracy of + wire was 


it and aligning the wire shadow with 
Pre 
ibility of the calibration was observed to be ~ 
The weights were varied by a factor of 5 at several 
the tl 


range and the current 
priately increased to the balance value. It was found 


momenta throug! appro 
that within this range of variation the absolute error 


was less than 1%. Any large systematic errors due to 
the or erratk 
the pulley should have shown up through 
the 


tum determination is 


effects on wire or excessive 


} 


gravity 
friction o1 
this Therefore, it is felt that 


range ol variation 


absolute precision of the momen 
approximately 1% 
A momentum 
drawing a 
these determinations obtained as a function of incident 
the 


fraction of 


calibration curve 


smooth curve through a large number of 


was obtained by 


lt that relative 


1%. 


magnet 


momentum. It therefore, fe 


1 


calibration is accurate to a small 
During the calibrat 


current was kept 


on and the experiment the 
onstant to within a few tenths of a 
percent by observing a precision potentiometer (wit! 
internal standard cell 


an placed across a precision 


Actually, an automatic 


the 
through 


shunt in series with the magnet 


servo control system was used on generator to 


irrent the 
However, a technician checked with the bridge every 


maintain a constant ¢ magnet. 


few minutes and continually corrected any slow long 
term drifts 

It is obvious that this kind of high-accuracy absolute 
not 
other similar experiments which depend 


primarily on range curve determinations. The accurac y 


and relative momentum determinations are 


obtained in 


of a range curve determination of the mean momentum 


is generally limited by the following factors: 
(1) Uncertainties in the basic range energy relation 
which probably cannot be trusted to better than 1-2% 
(2) Un the 


2 ertainties in determining mean range 


due to the following 


(a) Experimentally deciding the precision of the 
mean range from the observed curve 
(b) Multi 
It is our opinion that a very careful determination 
b) still leads to at least a 1~2% uncertainty. 


However, one might point out that many of the 


le scattering corrections 


of (a) and 


* This would be exactly true for an incident parallel beam. The 
mean angular width of the incident beam was +-0.3° and this small 
effect was included in the estimates 
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published curves do not necessarily involve this 
precision. Therefore, it is our conclusion that the usual 
range determinations have an associated absolute error 
of the order of +2% which is at least twice as poor 
as the wire measurement determination. The relative 
error in determining the relative momentum of two 
points by range curve is probably of the order of at 
least 13% whereas in the wire calibration it is felt to 
be a few tenths of a percent. The emphasis on this 
point is due to the fact that the observed cross sections 
on the rapidly rising and falling parts of the r++) 
cross-section curve vary by about at least 1% per 1% 
change in momentum. This means that a 2% error in 
mean momentum determination could lead to a 2% 
error in cross section. Or that two near relative points 
each determined with a precision of 13% could exhibit 
a relative error of ~2%. Another advantage of our 
method of momentum determination is that in the 
range curve method an experiment is run over a period 
of time, and then at a later time the incident momentum 
is checked by a range curve. There is of course the 
possibility that the cyclotron field, or the target 
geometry, might change slightly during the course of 
the experiment without the knowledge of the experi- 
menter, constant check these effects is 
rarely under complete control of the experimenter. 
Admittedly this is expected to be a small effect, but it 
is nevertheless ruled out in these experiments so far as 
affecting the momentum determination since the selec- 
tion is done externally inside our telescope. 

It is of interest to note here that several careful 
determinations of the incident mean momentum were 
made by range curve techniques and were found to 
agree within 1% with the wire calibration prediction. 
However, we have used the wire calibration in assigning 
incident energies in all cases as in our opinion it is the 


since a on 


more accurate. 

The half-width of the incident momentum range 
selected by the telescope was also determined by wire 
calibratior 2%. A range curve 
estimate was in reasonable agreement with this figure. 
Since both the magnetic and physical geometry were 
maintained constant throughout the experiment, both 
the percentage of the mean momentum accepted by 
the telescope and the shape of the momentum resolution 


and was found to be + 


function were essentially constant over the range of 
momenta This 
resolution corrections are slowly varying functions 


used. means that all geometry and 
for neighboring points of the observed curve. 

Several other advantages of this method in combina- 
tion with time of flight discrimination to obtain 
exceedingly clean meson beams will be pointed out in 
the following section. 


D. Analysis of Beam 


The quadruple coincidence of the first four counters 
was used to monitor and define the incident beam. 





TOTAL 


The magnet current selected the desired momentum 
interval (~+2%). The time of flight resolution” of 
~3 millimicroseconds in a 20-foot long telescope gave, 
when adjusted for pions, an effective discrimination 
width in velocity of +15%. Three long (15 ft or more) 
fast time-of-flight circuits were compounded in the 
telescope. A typical coincidence rate curve obtained by 
delaying one pulse in a single doublet coincidence is 
given in Fig. 3. The compounding of three such doublets 
yields an over-all resolution curve which is the product 
of the three and hence much sharper. This completely 
excluded, with a large factor of safety, incident beam 
protons and other heavy charged particles. 

For example, the highest velocity incident proton in 
the liquid results occurred at 335-Mev 
incident pion energy. The corresponding time-of-flight 
delay in millimicroseconds for this proton is 20 milli- 
microseconds, or over six times the effective resolution. 
The number of protons in this momentum range was 
measured to be comparable to the number of positive 


hydrogen 


pions. 

However, it is estimated by a very careful study of 
the tails of the over-all time-of-flight resolution function 
that even an incident flux of protons 1000 times more 
would have a negligible result on these measurements. 

Although heavy mesons are present in only negligibly 
small amounts, they too would have been excluded. 

This telescope has been used in other applications to 
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Fic. 3. A typical resolution curve of a 6BN6 fast doublet coin 
cidence. One foot of cable equals 1.2 millimicroseconds 


* The resolution is defined as that time delay for which the 
coincidence counting rate drops to 4 the peak value. In general, 
the cuincidence rate dropped to background levels for delays 
approximately twice the resolution 


CROSS SECTION 


OF H 





0 


— 
1* BEAM E,,= 188 Mev 


(0.8 Bev 32°) 
JUNE 1954 





INCHES Al 


Fic. 4. A typical integral range curve. 


incident momenta of at least 1 Bev/c. At this momen- 
tum protons are at least ten times as abundant as 
pions. The difference of time-of-flight for a 1-Bev/c 
proton compared to a pion is 8 millimicroseconds or 
almost 3 times the resolution. It was impossible to 
detect any protons when the time of flight was adjusted 
for pions. Hence, it is evident that primary beam 
protons are not counted in these experiments. 

Hence, the counted beam consisted of pions, muons, 
and electrons* in the momentum interval selected by 
the magnetic geometry. This is not strictly true as 
some small percentage of pions can decay to muons 
after or even during magnetic analysis, and some 
secondaries can be generated in the back counters. 
The second effect is entirely negligible since thin 
counters were used and the very good geometry and 
fast time-of-flight discrimination employed make the 
contribution of the small number 
negligible. The first effect is made quite small by the 
fact that the angle of wu decay is large enough to make 
most of these decay muons miss the last counter. 
However, of the order of 2% of the wrong momentum 
muons can still be present and this effect has been 
corrected for throughout. 

Aluminum range curves were taken by inserting 
aluminum directly before the last counter to analyze 
the beam at the various energies. A typical integral 
range curve is shown in Fig. 4. This curve plotted on 
semilog paper shows the typical approximately constant 
nuclear attenuation of the incident pions, the rapid 


of secondaries 


* Positrons for positive pion and electrons for negative pion 
beams 
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decrease typical of the stopping of the pions, and then a 
clear-cut three-point plateau where effectively all 
pions have stopped, and the electrons and mouns are 
essentially all of longer range. Then one finds the 
stopping of the muons indicated again by a second 
steep drop. Finally, one is left with the electron tail. 

The clearcut three-point plateaus can be used to 
estimate the sum of muon and electron contamination 
of the same momentum as the pion, with a precision of 
approximately +1%. These cleancut range curves are 
primarily attainable because of the high momentum 
resolution (+2°,) and the absence of wrong range 
particles in other than negligible amounts. A careful 
analysis of all the range data available showed no 
evidence of any wrong range or wrong mass particles. 
One would expect this from the magnetic and time-of 
flight selection. 

The total contamination for the liquid hydrogen 
determinations at 0.8-Bev machine energy varied as 


The electron contaminations were at 


energies and very small at the 


shown in Fig. 5 
at the 
high-energy end 
errors in the 
effects in the aluminum absorber gave the result that 
these effects are entirely negligible. 
In the CH, difference 
machine was run at 2.3 Bev, the contaminations were 
(30% at 150 Mev 
The much poorer magnetic resolution used, and other 
the 


most 2°, lowest 


An estimate of the possibility of 


electron contamination due to shower 


early ( work when the 


of the order of 2} times higher 


differences made contamination estimate much 
more uncertain so that an error of ~10% at (150 Mev 
was possible 

The increase of contamination with machine energy 
is caused by the fact that electron and muon contamina- 
tion in general comes mostly from decay of higher 


energy pions than those selected 


for the experiment. 
rhis means that if the pion energy selected is near the 


} 


pion energy spectrum cutoff, there is less contamina- 


tion. Therefore, as one would expect and as has indeed 
been observed, if at any particular pion energy, one 
; I t 


reduces the machine energy sufficiently, the tails of the 
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Fic. 5. The sum of muon and electron percentage contamination 
as a function of positive pion energy for the positive pion beams 
obtained from the 32° direct beam in the experimental arrange 
ment used. The incident proton energy was 0.8 Bev 


AND L. C. L. YUAN 


pion spectrum move in and reduce the decay 


contamination. 


E. Details of Liquid Hydrogen Target and 
Geometry 


A diagram of the liquid hydrogen target used is 
given in Fig. 6. The target consisted primarily of two 
hollow Styrofoam rectangular boxes one inside the 
other. The outer box was 243 in. long (in beam direc- 
tion) by 27 in. high by 18 in. wide, and the walls were 
14 in. thick (in the beam direction). The inner box was 
174 in. long (in beam direction) by 123 in. high by 
5 in. wide, and the walls were 3 in. thick (in the beam 
direction). 

A liquid nitrogen jacket surrounded most of the inner 
box and was located in the space between the two 
boxes. This whole assembly was placed in a large 
wooden box to supply a rigid outer container. Inside 
the inner Styrofoam box was placed a rectangular 
copper container 12.5 in. long, 5 in. wide and 10 in. 
high in which the liquid hydrogen was placed. Thin 
1-mil copper windows were placed in the inner copper 
container near the bottom over a 5 in.X5 in. area 
located symmetrically around the beam center during 
the running of the experiment. The part of the outer 
wooden container facing the windows was cut out and 
the Styrofoam was narrowed so that only 0.1 g of 
Styrofoam preceded each window. The top of the 
Styrofoam box was removable and was sealed to the 
box by using a layer of petroleum vaseline. 


In the top a Lucite window was placed so that visual 
observations on the liquid hydrogen could be made at 
all times. A level measuring rod with a disk shaped 
bottom plate to form a meniscus when touching the 
hydrogen surface was used to monitor the hydrogen 


level. 

Tubes were inserted in the top of the Styrofoam box 
to fill the target with liquid hydrogen and also to fill 
the nitrogen jacket. An exhaust was provided to remove 
gaseous hydrogen. 

The hydrogen chamber required approximately 5 
liters of liquid hydrogen to fill it to the top of the 
window level (5 in. from bottom). Actually it was 
usually filled to the 8-in. level and refilled at the 6-in. 
level. A filling was usually required every 3 hours and 
used an average of 2 liters of liquid hydrogen. 

Observation of the liquid hydrogen through the 
Lucite window revealed that the liquid was clear and 
quiescent with very little bubbling. An estimate of the 
bubbling effect on the density was made and found to 
be less than a fraction of a tenth of a percent which is 
entirely negligible. 

‘he length of the hydrogen in the beam was carefully 
determined by measuring the distance between the 
two windows in a hydrogen filled target using a theodo- 
lite. The length value obtained was 12.55 in.+0.03 in. 
which is accurate to within }%. A comparison meas- 
urement with the target empty gave a larger length 





TOTAL CROSS 


°° oo 


SECTION OF H 


° o 9 


° 


© LIQUID HYDROGEN 


° 


°° 


KGS 
es 


‘OAM CONTAINER 9 * 


CZZZ. GEE ee ere 


Fic. 6. A 


by 0.2%. This means that the total shrinkage is 0.2% 
which is of the order of one tenth or less than the 
shrinkage in Styrofoam. This was primarily effected 
by allowing the copper container to be somewhat 
spaced from the Styrofoam so that only the shrinkage 
in copper was involved. 

An equivalent” empty dummy target was used in the 
Iternately with the filled target, so that 
the difference due to the hydrogen could be ascertained. 
The data of Woolley ef al.™ for the density of liquid 
The value given 
The possible effects of normal variations 


experiments ¢ 


hydrogen at its boiling point was used 
is 0.7088 g/cm’. 
of atmospheric pressure on this density are negligible. 


Ill. EARLY PRELIMINARY CARBON-POLYETHYLENE 
RESULTS FOR TOTAL HYDROGEN CROSS SECTIONS 


The total hydrogen cross sections for positive and 
negative pions were in all cases obtained by determining 
geometry measurements for the 
pion beams through an absorber containing hydrogen. 
In the early work only low-intensity pion beams with a 
at 150 Mev) muon and electron con- 
were available. Liquid hydrogen was not 
thick polyethylene and 


good transmission 


high (~30% 
tamination 


available. Therefore, rather 


ymitted, but this makes no practical 
out of the beam 

2 Woolley, Scott, and Brickwedde, J. Research Natl 
Standards 41, 379 (1948 


® The nitrogen jacket was 
difference as it is completely 


Bur 


schematic diagram of the liquid hydrogen target 


carbon absorbers were utilized to obtain a quick survey 
of the general energy dependence of the hydrogen 
cross section for negative and positive pions. The energy 
resolution of these experiments varied from about 
+25 Mev in the peak region to about +50 Mev at 
the higher energies. Polyethylene and carbon absorbers 
with the same number of carbon atoms per cm* trans- 
verse to the beam were alternately placed between the 
last large liquid counter and the monitor telescope. 
The carbon was composed of several independent 
rectangular slabs spaced so as to cover the same volume 
as the polyethylene. 

The geometry was characterized by a mean half 
The Coulomb scattering out was negligible, 
and the required geometry corrections were 3% or 
less. The background corrections required were of the 
order of 1%. The major correction applied was the 
muon and electron contamination of the beam. This 
was particularly high near the peak (30 percent at 
150 Mev, 20 percent at 200 Mev) but dropped rapidly 
to a few percent at higher energies (5 percent at 500 
Mev). The uncertainty in the contamination determina- 
tion was of the order 20-30% of the contamination 
in these early measurements, and hence could lead to 
systematic errors of as high as 10 percent in the peak 
region. At the higher energies the uncertainty was only 
about 2~3%. The corrected results are shown in Fig. 7. 
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The total cross section of hydrogen for positive and 


negative pions of 150-750 Mev kineti energy 


The obvious sharp energy variation of these cross 


sections especially around the peak should lead to 


rather severe resolution corrections considering the 


+ 25-Mev width of the determinations. To a first-order 
approximation the resolution correction is zero for a 
[ cross section 
Hence, one expects the high-energy side of the 
However, 
resolution corrections can be expected to raise the 


cross section considerably. An estimate based on the 


straight line energy variation of the 


curves 


to be more accurate around the peak region 


the 


later work shows that approximately 25 mb should be 
t 180 Mev 


added to the positive pion cross section at 


the peak point 
rhe errors shown are only statistica! 


rms). The major 


error is the uncertainty in 


200 Mev 7 to 10 


, 
the higher 


con- 


source of systemat 


tamination which is high below 


percent) and drops rapidly at energies 
Hence, since both the systematic errors and resolution 
corrections are high below 200 Mev. tl ese CTOSS S@¢ tions 
considered to have an associated 
absolute error of 15-20% 
low in value both 
and the contamination uncertainty were expected to 
In the above 200 Mev, 


both the contamination uncertainty and the resolution 


measurements were 


and were expected to be 
the resolution corrections 


since 


raise the cCTOSS Se{ tions region 


“ct ' ry ily 1 thece c ction 
corrections drop very rapidly, and these cross sections 


have an associated absolute error of +5-7' 

> 210 
Mev C—CH, positive pion cross sections agree very 
1 he peak 
point at 180 Mev is considerably lower. However, if 


one applies the estimated resolution correction which 


As is evident from Fig. 7, the higher energy E,- 


well with the later liquid hydrogen work 
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raises the cross section by 25 mb, the resultant value is 
in agreement within the statistical errors with the later 
work, The uncertainty in the contamination (~7-10%) 
is more than adequate to obtain a good agreement 
within the errors with the later liquid hydrogen work. 
The x*+ cross section at 150 Mev determined by the 
C—CH, difference is close to agreement within the 
statistical errors with the later work. This is to be 
expected, for in this case the effective energy width 
does not straddle the peak, and hence the resolution 
corrections are expected to be much smaller. When one 
considers the uncertainty in the contamination and 
some resolution correction, the agreement with the 
later work is excellent within the errors. 

All the negative-pion C— CH), difference determina- 
tions were performed at energies (E,- > 265 Mev) well 
beyond the peak, and hence, are expected to have the 
same order of absolute accuracy as the higher-energy 
positive-pion cross sections, namely approximately 
5-7%. A summary of the early C— CH, determinations” 
is given in Table I. 

The higher energy data of Cool, Madansky, and 
Piccioni® is included in Fig. 8. Their work and ours 
was cross checked by their repetition of our points at 
450 Mev, and we found all determinations in reasonable 
agreement within the errors. 

The higher energy part of the curves fits our lower 
energy data smoothly. 

IV. TOTAL CROSS SECTION OF HYDROGEN FOR 


POSITIVE PIONS FROM 140-340 MEV DETERMINED 
BY LIQUID HYDROGEN TRANSMISSION 


A. Experimental Procedure 


The transmission of the liquid hydrogen was deter- 
mined at various energies by alternately placing the 
full hydrogen target or the empty dummy between 
the fourth and fifth (last 
determined transmission is defined as 


counter. The experimentally 


quintuple/ quadruple) hydrogen 


quintuple/quadruple) dummy 
The standard geometry employed is given in Fig. 9. 


Taste I. The total interaction cross section of hydrogen for 
positive and negative pions obtained by measuring the difference 
in transmission of carbon and polyethylene 

Mean pion T 
energy in 
Mev in mb 


tal r* 
cross section 


210 148 +20 
265 

280 88 +11 
340 48 +9 
450 27.5+6 
510 

OOO 

700 17 


ee 


NM toh bh 
mw dS? 


+3 


™* Except for the positive pion results at 150 and 180 Mev which 
require rather large corrections as previously discussed 

* Cool, Madansky, and Piccioni, Phys. Rev. 93, 249 (1954 
and 93, 637 (1954). 
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Fic. 8. The total cross section of hydrogen for positive and negative pions from 0 to 1500 Mev. The curves also include some 


cross sections (at the higher energy end 
o(4) are also shown. 


The background in the quadruple and quintuple 
coincidences was determined by placing a 15 millimicro- 
second delay in the respective signal cable after each 
run. 

Before each run a careful check on the operation and 
rates of the various doubles and multiple coincidences 
was made. Time resolution, background conditions, and 
counting efficiencies in each circuit were checked. 
(Sec. II C) the 
current which determined the incident pion momentum 


As previously described magnet 
was kept constant to within a few tenths of a percent. 

The beam intensity was nearly constant during most 
of these runs, and the equipment was found to be very 
stable. No drifts of any kind were detectable during 
these runs, even when the beam intensity was occa- 
sionally observed to change by large factors. 


EQUIVALENT 
SYSTEM 


GEOMETRY FOR COUNTER 
USED IN EXPERIMENT 


Fic 


9. The standard geometry for the liquid 
hydrogen measurements 


which are equal to deuterium-hydrogen differences. The deduced values for ¢(#) and 


Each transmission measurement was composed of 
several cycles of hydrogen target and dummy deter- 
minations. In all cases the relative agreement of these 
successive cycles was reasonable within expected 
statistical limits. 

The discriminator output stage for each doublet 
coincidence contained a gating tube which was normally 
gated off. A timing pulse from the Cosmotron master 
timer was used to open the gate for 50 milliseconds. 
This period started about 10 milliseconds before the 
beginning of a gradual reduction in rf voltage, which 
caused the beam to strike the internal target over a 40 
millisecond interval. This procedure ensured that 
counts recorded on all scalers occurred only when the 
full energy beam struck the internal target. Hence, 
spill-out beam conditions which might tend to be 
erratic were eliminated. 


B. Calculation of Cross Sections 


The nuclear cross section of an absorber is related to 


the true transmission due ohly to nuclear attenuation 
by the relationship 


a= (1/N) log(1/7*) (1) 


where N is the surface density of nuclei per cm?* of 
surface transverse to the beam direction. 

The experimentally determined transmission 7’, of the 
positive pion beams is related to 7* by a series of correc- 
tions the most important of which are the beam 
contamination, geometry, and background, 
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1. Background Corrections 


The background in the quadruple monitor was less 
than one percent. The beam intensity was fairly 
constant throughout these runs, and hence the variation 
in this background rate was of the order of several 
hundredths of a percent. This background 
does not affect 7.; 


directly affect the observed transmissions. The values 


rate, if 
constant, however, variations in it 
of the transmission in this experiment were such that 
effects of this background rate variation was negligible. 

The 


obtained by delaying the pulse from the last 


background rate in the quintuple monitor 


counter 


was approximately 1-2°/. This rate was primarily the 
last large 
| 


1mence 


result of a random count in the counter 


combining with a quadruple coin: caused by a 
meson traversing the telescope. Obviously this effect 
not 
to (1—T, 
The effect of this on 
nated by subtracting from 


T.)B where B is the 


of the percentage background. 


incident meson is 


can only contribute when the 


transmitted, and therefore is proportional 
or the effective beam attenuation 
the transmission can be elit 
the uncorrected transmission (1 
decimal equivalent*® 
Therefore, the experimental transmission T, corrected 
for background is given by: 


vwamination Correction 
The sum of muon and electron contamination of the 
momentum as the incident 


f lt 


curve techniques as described in Sec 


same pions is given aS a 


function of energy in | 


was determined by range 
II D) to within 
an uncertainty of approximately +1%. 
rhe 
' 


muons and electrons in the geometry used is negligible, 


nuclear and also Coulomb out of 


scattering 
and hence these components of the beam are essentially 
transmitted without attenuation through the hydrogen. 


Ihe transmission corrected for this contamination effect 


is exactly given by the following formula: 
T, =(T, 


where ¢ is the decimal 


equivalent of the percentage 


In terms 


i 
muon and electron contamination of the beam 


of the experimentally observed transmission 


obtained after correction 
background. The 


above expression is an exact one applicable for even 


is the transmissior 


where 7, 
and 


for both beam contamination 


large « and B and hence is a more accurate method of 


applying these corrections than the usual one of simply 


correcting the cross sections by adding a percentage 


equal to background and a percentage equal to con- 


* Decimal! equiv alent of 1% is defined as 0.01 
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tamination which is strictly correct only for e—0 and 
B—O or if T.-1. 


3. Geometry Corrections 


Using T,” of the last section to calculate the cross 
section [from Eq. (1) ] yields a cross section which is 
the correct average nuclear plus Coulomb cross section 
of a hydrogen nucleus for all processes which remove an 
incident pion from the cone of angles accepted by the 
last counter, and also do not generate a time-coincident 
charged secondary within that cone which traverses 
the last counter. The angular cone accepted by the last 
counter is, of course, different for each point in the 
hydrogen target. The characteristics of the geometry 
are given in Fig. 9. A reasonably accurate representation 
for the resultant geometry effects (which are only 
several percent) is obtained by assuming the same 
angular geometry equivalent for all points in the 
target. For an extended target of the type employed 
here we define an equivalent mean angle by the 


relationship 
62 ; 
few : 
A2—8; 6; 


where 6, is the half angle of the cone formed by the last 
counter and the point on the counter system axis at 
the end of the liquid hydrogen furthest from the last 
counter. 

§. is the half angle of the cone formed by the last 
counter and the point on the counter system axis at 
the end of the liquid hydrogen nearest to the last 
counter. For the present case 6, = 5.4°, 0.=8.6°, 6=6.6°. 

6 thus defined would give an exact equivalent for the 
extended geometry employed if the beam were all 
concentrated the axis and al! (nuclear and 
Coulomb) cross sections were isotropic, within the 
angular range involved. An estimate of the possible 
error introduced by this assumption for an equivalent 
geometry is a fraction of 1% and is included in the 
over-all uncertainty. 

The effective angular divergence of the beam issuing 
from the counter directly before the hydrogen is 
defined by the counter system including the magnet 
to be less than +1°. Therefore, the extremes of the 
shadow circle on the last counter are essentially 
contained within a circle of less than 1.9-in. radius. 
The additional angle 6 through which an extreme angle 
beam particle must be Coulomb scattered from the 
center of the hydrogen to miss the last counter is 2.5° 
Since only a very small fraction of the incident beam 
particles are extreme rays, and only a very small 
fraction of the available azimuth 
scattering out by a deflection of 2.5°, 
angle necessary for appreciable scattering out is 
much larger. The Gaussian distribution for multi- 
ple scattering in the hydrogen has a root mean 
square angle of 0.6° or less, and hence, the scattering 


along 


corresponds to 
the effective 
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out resulting from Coulomb multiple scattering is 
negligible. However, the interference of Coulomb 
scattering with nuclear can amount to an estimated 
correction of about one percent or less in the observed 
nuclear cross sections under the given geometry 
conditions, and this uncertainty, must be taken into 
account in the geometry corrections. Based on the 
ivailable differential cross section data™ for positive 
pion scattering from hydrogen, it appears that geometry 
correction by an angular distribution of 1+3 cos’ is a 
reasonable best guess. This is the expected theoretical 
distribution for a pure resonance in the state T= J =}. 
That this is close to the probable case will be shown in 
the later analysis of these results. 

It should be noted that in addition to 
scattered within the angular acceptance of the last 
counter, one must also consider the effect of recoil 


mesons 


TaBLe IT. Absolute and relative errors in the total cross section 
determination of hydrogen for positive pions of 140-350 Mev. 
Liquid hy were utilized to 
obtain these cross sections 


drogen transmission measurements 


Absolute Relative 
rms rms 
percentage percentage 


Source of error error 


(1) Muon and electron contamina 
tion correction (3-12% 
Geometry correction (3-4% 
Hydrogen content of target 
Background correction (1-2% 
Double scattering, changes in 
x-y decay due to energy loss 
in hydrogen, additional 
Coulomb scattering in Hy, and 
other small effects 

(a) Total rms 
absolute error = [1°74 
(b) Total rms 
relative error = [_( 
(c) The linear addition of 
all absolute errors 
(d) The linear additior 
all relative errors 


protons from the hydrogen which enter the last counter 
within this angular range. Actually, an appreciable 
fraction of these are rejected by time-of-flight dis- 
crimination due to their much slower velocity, and some 
are stopped in the hydrogen. 

The over-all geometry corrections used to convert the 
estimated total nuclear 
cross section amount to approximately 3 to 4% with 
an estimated uncertainty of +1%. It should be further 
noted that if an isotopic angular distribution were used 
instead of the 1+3 cos distribution, the change in 
final results would be less than 2%, and hence, the final 
results are not very sensitive to the small geometry 
corrections required. 


experimental results to an 


C. Error Estimates 


The major individual sources of error in this experi- 
ment have been discussed in detail in various of the 
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Taste III. The total interaction cross section of hydrogen 
for positive pions obtained by measuring the transmission of 
liquid hydrogen. 


Total cross section 
of hydrogen 
in millibarns 


150+7 
16247 
182+6 
17647 
204+6 
2052-6 
18747 
182+ 
141+ 
148+ 
111+ 
107+ 


Positive pion 
energy in Mev 


1464-7 
18747 
166+8 
166+8 
17148 
17348 
181+8 
189+8 
214+8 
22248 
26249 
26349 
298+ 10 
335410 


ann 


preceding sections of this paper. Table II summarizes 
the various errors and indicates both the absolute 
uncertainty and the relative uncertainty for points in 
the same energy neighborhood. Obviously, the relative 
uncertainty is much smaller since certain errors (for 
example the hydrogen content of the target) are con- 
stant and others are only slowly varying functions 
of energy. The rms absolute error is approximately 
+2%. However, with a limited number of systematic 
errors, it is perhaps safer to consider the linear addition 
of the errors as an upper limit on the absolute error. In 
this case the maximum. estimated absolute error is 
34%. Therefore, perhaps a mean value of +3% or less 
is a quite conservative estimate for the absolute error. 
The rms value of the relative absolute error is +1%. 
The linear addition of the relative absolute errors 
yields +2% as an upper limit on the relative absolute 
error. A mean value of 1.5% or less is a quite conserva- 
tive estimate for the relative absolute error. 

One should note that the above error estimates are 
for the cross section determined for the particular 
momentum interval of pions selected. These errors do 
not include possible resolution corrections or possible 
errors in the mean momentum determination. The mean 
momentum determination has an absolute error of +1% 
(see Sec. II D), and a relative absolute error of a few 
tenths of a percent. The possible effects of the momen- 
tum uncertainty and the resolution corrections will be 
considered in a later section. 


D. Results 


The results obtained for the total cross section of 
hydrogen for positive pions are given in Table III and 
plotted in Fig. 10. The solid curve drawn through them 
is a best fit by French curve and has no other signifi- 
cance. The errors shown are predominantly statistical 
(rms) although they also include the relative absolute 
error. 

The value of the section at a 


theoretical cross 
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; V. ANALYSIS OF RESULTS 
+ euae & 


A. General Considerations 


OsTA CF ANDERSON FERN MARTIN 
a One of the basic characteristics of the pseudoscalar 
meson field with strong coupling is the prediction® of 
nucleon isobars characterized by an isotopic spin T and 
an angular momentum J and such that J7=J is most 
likely required. 

For the x*-p scattering only the isotopic spin T=} 
state is present, and therefore, the first isobar should 
have J = or involve a P-wave interaction which should 
for strong enough coupling go through resonance 
(i.e., the phase shift phasses through 90°). 

An extensive theoretical analysis of the expected 

“ _ -4 o> “iene . spe teen YA fh a ball eye pions characteristics of this resonance phenomenon has been 
ita iedt wate "fe os made by Brueckner,’ Chew,’ Chew and Low,”® and 

others and will be discussed more thoroughly in Sec. 
resonance in the T=3, J= % state is 8xh?”" and i VC. 


i ids 


plotted as a solid line for comparison. A detailed analysis The essential common conclusion is that a strong 
of these results will be presented in Sec. V. interaction (probably resonant) is expected in the 


goth the C—CH;, and liquid hydrogen results are T = J =} state with little or no interaction expected in 


' : . he > > ¢ > ’ ¢ . 

plotted in Fig. 7 together with some relevant work the other P states or S states. 

of other laboratories The contribution of D wave and higher states is 
lhe positive pion cross sections of Ashkin et al." are XP ted to be less important in the range of energies 

compared in ater ¢ ‘l to our results in Fig. 11 bere considered due to the fact that A2h/2uyc. 


which is a | h of the peak region. 


It is evident from t 


: B. Phase Shift Analysis 

nat except for the positive 

pion cross sections at 150 Mev and 180 Mey, the earls Fermi introduced the phenomenological approach 
later much Of analyzing the experimental data, using charge 

more accurate liquid hvdrogen dat As previously independence, in terms of the six S and P state phase 

remarked (Sec. IIT) even these points can be brought shifts 633, 63:, 513, 11, 33, 8}. The first index is twice the 

isotopic 


C—CH, results agree very wel 


into agreement if resolution corrections and contamina- spin and the second” is twice the angular 
tion uncertainties are considered 

From Figs. 7 and 10 it is evident that the presently inaitiieaien 
determined hydrogen cross sections for positive pions 

"2 

join the lower energy data of Anderson and Fermi‘ OF FERENCE 
. - . ESUL ASHEIN eo 
smoothly e * . ME OF FLIGHT 

The data of Ashkin et al." seems to scatter consider 
ably more than our own. However, the over-all agree- 

i 


ment is quite good except for their highest 


i i~, 


at 196 Mev. This one point 


barns 


energy point 


I disagrees well outside of the 


a 
¥ 


One should note here that thi 


Lis 
nt } 


point and has a much larger error 
‘ding point at 185 Mev which 


} 
1s 
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A 


almost directly on our curve. If one accepts the 


at 196 Mev as correct, one clude thi 


co 


y 


preceding higher accuracy point at 185 Mev which also 


is too low. Therefore, 


that the point at 196 Mev is too high tne Fic. 11. A comparison of the presently reported results with 
statistical accuracy in the two experiments is about those of Ashkir ef al. Earlier results of Homa Goldhaber, and 
Lederman [Phys. Rev. 93, 554 (1954)] were 151431 mb and 
159+34 mb at 15147 and 188+8 Mev, respectively, which agree 
determination with our curve. Recent results of Anderson ef al [ this issue, 
errors, are considerably lower in our experiment, and Phys. Rev. 309, 268, 279 (1955) ] are 188-:5.4 mb and 19865- 

’ ' ~~ * ods . ae at 165 and 189 Mev, respectively, which are also in agreement 


the same, the absolute errors, the relative errors for 


i 


neighboring points, and the energy 


therefore, the observed greater consistency of the data 

, : *G. E. Chew and F. E. Low (private communication), and 
is to be expected Proceedings of the Fifth Annual Rochester Conference on High- 
— — Energy Nuclear Physics (Interscience Press, New York, 1955) 


*? Assuming all other states do not contribute ® Omitted for S waves 
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Fic. 12. (a) The ratio of the total cross section of hydrogen for positive pions to 8rX? is plotted versus incident pion kinetic energy 
A is the De Broglie wavelength of the pion in the c.m. system. (b) The phase shift deduced for the state with isotopic spin and angular 


momentum equal to } is plotted 


momentum. The latest and most extensive phase shift 
analysis of the previously available total differential 
cross section data (mostly #~+ ) has been performed 
by de Hoffmann ef al.'® Their result is somewhat 
uncertain, providing several possible solutions ; however, 
the most likely solution is that only 63; is large and 
probably goes through resonance at 195 Mev. 

The x*+ p cross section is given in terms of S and P 
wave phase shifts by: 


4 ) or: ° * #6 ‘ _— 7 r 
o(x*+ p) = 8xh"[sin*533+} sin*b;:+ 4 sin’; ]. 1) 


Hence, it follows that if a3;=90° that 


o(x*+p) > 8ri’. (2) 


From Fig. 10, it is apparent that the experimental 
x*+p cross section appears within the errors to equal 
or exceed Sri? at 173 Mev 

However, the higher energy points (notably that at 
189 Mev) stay close enough to 8A? so that especially, 
if the absolute cross-section uncertainty, +3%, is 
taken into account, the cross section could possibly 
exceed 8xA? at higher energies up to 200 Mev. 

A more critical comparison can be made by plotting 
o/8xX* versus energy as in Fig. 12(a). The resonance 
condition is indicated by the solid line at ¢/8#A*7=1. In 
comparing the ebserved cross sections to 8x4* one is 
uncertain within the experimental absolute error in 
the cross section of +3°. Therefore, the two dotted 
accompanying lines 1.03 and 0.97 are plotted to define 
a band of absolute uncertainty for the comparison of 


versus incident pion kinetic energy. 


the cross section to 8r\*. The relative absolute un- 
certainty of two points is much less than this and is 
equal to approximately 1%. 

There is a definite systematic trend in the data to 
favor a high point relative to 84\* at 173 Mev, although 
within the relative errors this is not definitely estab- 
lished. If one considers the possible effect of resolution 
corrections due to the width (+8 Mev) of the observed 
energy band on this sharp curve, the following is 
expected to happen. 

(1) The points on both sides of the peak fall on 
approximately straight lines over the energy band 
measured. Hence, the first-order resolution correction 
is zero. The curvature of the curve appears to be concave 
upwards; hence, the second-order resolution correction 
probably slightly depresses these points. 

(2) The peak points at 171 and 173 Mev have-an 
appreciable first-order resolution correction which of 
course depends on the exact shape of the curve. 

Reasonable estimates place an increase in cross 
section of probably at least ~5 millibarns as the correc- 
tion. Hence, this makes it more likely that the resonance 
occurs near that energy region. 

Since the maximum cross section is very close to 
8rk*, and it is highly probable that as; goes through 
90°, it is obvious that all other phase shifts except as; 
are probably very small and do not contribute appre 
ciably to the cross section. According to the most 
acceptable prior solution of Bethe and de Hoffmann, 4, 
contributed approximately 2°, to the cross section in 
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the resonance region. 6;; ,which is very sensitive to the 
data, behaved rather peculiarly by changing sign 
between 169 Mev (63;;=+3°) and 194 Mev where 43; 
suddenly changed to —16°. At 217 Mev 6,,=—14°. 
Therefore, it is felt that 63; should probably be con- 
sidered close to zero expecially since there is no evidence 
for an appreciable contribution to the cross section. 
The apparent total contribution of all other phase 
appears to be less than the experimental] 
errors involved. Therefore, we will proceed with the 
analysis on the assumption that only 63340 and make 
estimates of the possible small effects of the other 


shifts except 6 


phase shifts. 

The value of 6;; deduced from the experimental 
results is given in Fig. 12(b) as a function of energy by 
the triangular points. There is obviously an uncertainty 
in the shape around the resonant point depending on 
where one assumes the curve crosses the 90° point. 
The closed triangular points are drawn assuming the 
resonance occurs at 175-180 Mev. Obviously, for each 
experimentally determined cross section near the reso- 
nant point, there are two solutions 43; and 433’ = 180—43,, 
depending on whether one assumes the resonant energy 
is respectively above or below the point in question. 
If the resonance is placed at 195 Mev, the points at 
181 and 189 are still below the resonant line and are 
indicated by the open triangular points. 

rhe overall uncertainty of the resonant point seems 
to be confined within the region 175 to 195 Mev. The 
systematic trend of our data implies a lower resonant 
resonant energy ~175-180 Mev, whereas a straight line 
drawn through the resonance gives a resonance energy 
of 195 the Bethe-de Hoffmann 
estimate. This solution is certainly acceptable within 


which agrees with 
the limits of error but is less probable than the former 
one 

It is really just this selection of the resonant energy 
which determines the shape of the phase shift curve at 
the resonant point. 

Che subtraction of appreciable amounts ~5 to 10% 
of the contribution of other waves to the cross section 
will also tend to reduce the knee in the phase-shift 
curve and place the resonance at ~195 Mev. However, 
it has been previously concluded that there is no good 
evidence to support this amount of other waves. 

It should be noted that our phase shift curve smoothly 
joins that deduced by Bethe and de Hoffmann" at 
energies below 160 Mev 

In the resonant region one limit of our data is the 
Bethe and de However, the most 
probable guess based on the data alone and not relying 


Hoffmann curve 


on any theoretical prejudices is represented by the curve 
passing through resonance at ~175-180 Mev. 

The latest differential r*+-p cross-section data from 
Kruse ef al.“ at 165 and 189 Mev show a shift from 
backward peaked to forward peaked scattering in 
going from 165 to 189 Mev. If the observed asymmetry 
is due to P wave interference with S wave alone (which 
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seems most likely) the resonance point must be below 
189 Mev. Their best estimate of the resonant energy is 
180 Mev. 

Actually one cannot rule out the possiblity that the 
S wave interferes at 165 Mev and the D wave interferes 
at 189 Mev so that one need not necessarily go through 
resonance to obtain the change in sign® although this 
seems less likely. 

The value deduced for 63; from the Chicago experi- 
ments is shown as a rectangle in Fig. 12 and fits the 
knee of our curve very well. Hence, there seems to be 
several indications that the resonance probably occurs 
at a considerably lower energy than previously believed. 

The hypothesis of charge independence or conserva- 
tion of isotopic spin allows us to analyze the present 
pion-nucleon interaction cross sections in terms of the 
total cross section for the two isobaric spin states $, 
and 4 denoted by (3) and o(}), respectively. 

The results are: 


a(3)=a(x*+), (3) 


(4) 


On Fig. 10 the rectangular points represent 3o(x~+ p) 
obtained from the data of Ashkin ef a/. The total errors 
(statistical and absolute) are shown. Half the difference 
between the 30(#~+) curve and the o(x*+ ) curve 
is equal [see Eq. (4) ] to ¢(}) which is obviously small 
in the resonance region. However, it appears that if 
one takes the data literally o(}) seems to be about 
10 mb on both the low and high side of the resonance, 
disappear between 170 and 180 Mev, reappear and then 
disappear again at about 260 Mev. 

The absolute experimental errors involved could 
certainly make these small effects (~5-7%% or less) 
consistent with ¢(4)=0 for any one point. However, 
the systematic tendency for this peculiar behavior, 
if attributed to the errors, would imply a peculiar type 
of systematic distortion in either the negative data, or 
the positive data, or both. Since our positive pion data 
is the most precise experimentally and is also in 
agreement (except for one point) with the positive 
pion data of Ashkin ef al.," it follows that probably 
either o(}) behaves in a peculiar fashion or that the 
negative pion data of Ashkin ef al. exhibit a peculiar 
type of systematic distortion. The best guess appears 
to be the latter, and therefore one concludes that 
within the errors (3) is probably equal to zero in the 
resonance region. A plot of «(}) and o(}) as a function 
of energy is given in Fig. 8. 


C. Theoretical Predictions for Pion-Nucleon 
Interaction 


o(4)=4[30(x-+p)—o(n* +) ]. 


As previously stated Pauli and Dancoff* predicted 
the existance of a series of nucleon isobars characterized 
by T=J, and for which T=J =} is the lowest in the 
(x*+ p) scattering interaction. 


"© This was pointed out by R. Serber 
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Brueckner first investigated the expected detailed 
behavior of this isobar by essentially fitting a one level 
Breit-Wigner formula to the low-energy behavior of 
the pion-nucleon cross sections and making use of 
charge symmetry. The Brueckner® type of results can 
by some minor operations best be stated in the following 
form: 

g 


——= sin*}3;= 
Sark? 


(5) 


p" 
-+-small terms 
p oa e 


where p= AP*/(1+P*a"). a is essentially the channel 
radius in units of #/yc, e=1—d/wo, a is the total 
energy of the meson plus the nucleon kinetic energy in 
the center-of-mass system, and wo is its value at 
resonance. 

Chew and Low*s recently solved an exact equation 
deduced by Low for the meson-nucleon interactions 
which included the meson cloud effects in the nucleon 
wave function and obtained the following result. 


p cotdss;= A f(a). (6) 
The experimental data and other reasons lead them to 
assume [(a@,)~1—a¢/wo. 

Hence, the Chew-Low equation can be stated in the 
following simple form: 


p cotéds;= Ae, (7) 


where 


It is apparent that if p cotéds; is plotted versus & a 
straight line is predicted by the theory. 

Although the Brueckner form of the resonance theory 
appears quite different, it will be shown that the 
following simple trigonometric transformation can be 
used to put it in the same form as the Chew-Low 
predictions. 


€ 


sind;3= ———-* (COSb3;= (8) 
r ; 


[p*+¢ }! 


[p+ ey 


Hence, 


p’ coté; = A’, (9) 


where p’=P*/(1+P*a*); for a=1, the channel radius 
=h/yc: and hence p’ = P*/w,?. 

Therefore, except for the denominator of p’ which 
depends on w,, which is equal to w minus the proton 
kinetic energy in the c.m. system, the two forms of the 
theory are now of similar form. 

The Chew-Low type of plot is made in Fig. 13 where 
(P*/é,) cotdss is plotted on the y-axis versus @, on the 
r-axis. It is apparent that the high (till 335 Mev) and 
low-energy points fall reasonably well on a straight 
line. The resonant point is characterized by cotéd;=0 
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and hence is determined by the point where the 
ordinate of the graph is zero. The straight line deter- 
mined by the high and low-energy points passes 
through resonance at approximately 195-Mev pion 
kinetic energy in the lab system. Again, as in the phase 
shift plot, a departure from a straight line is indicated 
if one assumes the resonance is at the lower energy 
(~175-180 Mev). The points at 181 and 189 Mev are 
plotted below the resonant line for the assumption of a 
lower energy resonance. Their shadow is plotted above 
the line for the higher energy resonance assumption. 

« The band of uncertainty in the resonance energy is 
175 to 195 Mev, and this at the higher energy limit 
gives a straight line plot. The lower energy limit which 
seems most probable from the data leads to the dotted 
line. 

Again as in the phase-shift curve the subtraction of 
5 to 10% of higher waves (for which there is no 
good evidence) would tend to straighten out the curve 
before the resonant point and place the resonance 
at higher energy. The curve would however tend to 
break downward past resonance. It is also possible that 
the curve dips downward at the resonant point following 
the slope shown by the broken line, and that the 
apparent return to the original straight line is an 
accident caused by the onset of higher waves or meson 
production.” 

The difficulty in deciding exactly where the resonance 
lies with precision is essentially caused by the rapid 
momentum dependence of p= P*/c, in the resonance 
formula sin*);;=p*/(p’+eé). A little reflection will 
convince one that a rapidly increasing p with increasing 
momentum will tend to make sin%;; approach the 
neighborhood of 1 rapidly and then to level off and have 
a horizontal tangent at the resonance, and decrease 
very slowly thereafter. This behavior is well illustrated 
in Fig. 12(a). Therefore, it requires a very high precision 
in the total cross-section measurements to accurately 
fix the resonance point. A small constant contribution 
to the cross section by other waves will not change the 
fact that at the resonant point o/8ri* will be a 
maximum. However, a small variation in the cross- 
section contribution of other waves in the neighborhood 
of the resonant region can affect the location of the 
peak point of this rather flat topped curve. 

It follows from Eq. (7) that the coupling constant 
in terms of f*/hc can be determined from the Chew-Low 
plot by the y intercept at a,=0. 

The value obtained from the present plot is /*/he 
= 0.076. 

The higher energy points (not shown) at 450, 550, 
and 750 Mev depart from the essentially straight line 
plot and exhibit too high a cross section, the increase 
growing with increasing energy. This behavior is very 
suggestive of the onset of appreciable contributions of 


* The energy threshold for meson production is coincidentally 
at about the resonant point 
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Fic. 13. (a) A Chew-Low type plot using 
¢ 


the available data is presented; all momenta 


and energies are in natural units of the pion rest 


mass. (b) A Chew-Low type plot as modified by 
a suggestion from R. Serber is presented. The 
solid line represents the extrapolation to &,=0 

1 order to determine the coupling constant The 
dashed line represents the same type of extra- 
polation for Fig. 13(a) (the conventional Chew- 


Low pk yt 


gher waves or inelastic meson production effects above beyond 350 Mev and passes through a minimum at 


335 Mev. This effect is more clearly demonstrated in about 550-600 Mev and increases again beyond 
Fig. 13 where o(#*+ )/8r\* suddenly changes slope 600 Mev. 





TOTAL CROSS SECTION 


Serber® has found that the proper solution of the 
Chew-Low equation is 
1 
p cotés3—-—-=AF (wa), 
ii 
where 
A= *(f? hic) 
Letting 
F \@j)™ 2 { € 


as previously, the corresponding plot suggested by 
Serber is shown in Fig. 13(b). 

Actually, the major change is that 
instead of the previous value of 0.076. 

It appears to be a rather interesting coincidence 


f?/he=0.087 


that the kinetic energy in the center-of-mass system 
at resonance is equal to 144 Mev which is approximately 
one pion rest mass. If one thinks in terms of the possible 
states of the nucleon and pion system this is just the 
point where a real second pion could be created. 

The fact that o(4) is close to or equal to zero in the 
resonance region can be explained in terms of a calcula- 


tion performed by Henley and Lee.® They found that 
in the 
between the initial state of meson and nucleon and the 


energy region here considered, the overlap 


a(4) scattering state is quite small, and hence, a small 
a(}) cross section is to be expected, As evidenced in 
Fig. 8 the o 


cross section increases at higher energies, 


and based on the data of Cool and Piccioni*® above 
700 Mev seems to reach a broad peak in the region of 
1 Bev. To explain this peak in terms of elastic scattering 
in only one state would require J ~5,*° which is quite 
unlikely. Furthermore, the cross section is largely 
inelastic,** and hence, the picture is therefore not easily 
analyzed. However, one can conclude that higher 
# R. Serber (private communicatior 

* E. Henley and T. D. Lee (private communication 

* The curves shown in Fig. 8 and the deduction of o(}) at the 
higher energies are based on the points shown plus some recent 
data of Cool, Clark, and Piccioni, to whom we are indebted for 
naking these data available prior to publication 

*M. Gell-Mann and K. M. Watson, Ann. Rev 
219 (1954 

* Eisberg, Fowler 


Whittemore, Phys. Rev 


Nuc. Sci. 4 


Lea, Shephard, Shutt, Thorndike, and 


97, 797 (1955 
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waves and inelastic processes are involved in the o(4) 
cross section. The o(}) cross section is zero within the 
errors in the resonance region but becomes important 
at > 300 Mev (see Fig. 8). It is perhaps reasonable to 
assume that the energy dependence of higher waves 
and inelastic processes in the ¢(}) state might generally 
follow that for the o(4) state. Therefore, one should 
expect that higher waves and inelastic processes begin 
to contribute to o(}) appreciably in the region of 
= 300 Mev. 

This has previously been deduced from the Chew-Low 
plot and the variation of o(w*-+ p)/8\* versus energy. 


VI. ACKNOWLEDGMENTS 


rhe authors are indebted to Dr. R. Serber for many 
valuable suggestions and discussions pertaining to the 
theoretical aspects of the problem. 

We are also indebted to Dr. E. O. Salant for many 
valuable discussions. 

We particularly wish to acknowledge the invaluable 
assistance rendered by Mr. E. Rappe and Mr. A. Roesch 
in the construction, and setting up of the equipment, 
and also their generous cooperation in assisting with 
the experimental runs, 

The authors wish to thank the Cosmotron staff for 
their generous cooperation which made this experiment 
possible 

We are particularly indebted to Mr. A. Schlafke who 
developed and constructed the Styrofoam liquid 
hydrogen target. 

The authors are indebted to Mr. J. Dominy and the 
staff of the Chemistry 
providing us with liquid hydrogen. 

We also wish to acknowledge the helpful assistance of 
Mr. L. Landovitz and Mr. B. McIlwain in some of the 
experimental runs during their stay at the Laboratory 


cryogeni Department for 


last summer 

Note added in proof.—Some recent work by Ponte 
corvo and his collaborators on pion-proton total cross 
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K mesons produced by internal target bombardment at the Brookhaven Cosmotron and Berkeley Beva 


tron are assurned to be made by the reaction 


p+N—+V+N+K, 


where V=nucleon, Y=hyperon. The 


expected energy distribution of the K particles is calculated for several laboratory angles at proton bombard 
i z | ) z I 


ng energies of 2.9 Bev and 4.8 Bev, assuming various angular and energy distributions of the K mesons in the 


center-of-mass system of the incoming proton and target nucleon. The internal motions of the target nucleons 


were taken into account by using both the Gaussian and the Fermi momentum distributions. 


I. INTRODUCTION 


N view of the Cosmotron'* and Bevatron* 


experiments on the production of K mesons by 


recent 


internal proton bombardment of heavy nuclei targets, 
it seems of interest to calculate the expected laboratory 
energy distribution of the K particles as a function of 
laboratory angle and beam energy, making suitable 
assumptions about the center-of-mass system (c.m.) 
energy and angular distribution of the K mesons. A 
comparison of the calculated laboratory energy distribu- 
tions with the experimental spectra from heavy nuclei 
should give information about the mode of production 
and the angular and energy distribution in the c.m. 
system for the individual nucleon-nucleon collisions 

Associated production® in nucleon-nucleon collisions*” 
has been assumed, and computations have been made 


for the following typical reactions: 
pt+port+ Kt-+n, (1) 
pr p oA -— Kt-4 Pp, (2) 


is the charged hyperon of mass 2340 m,, 
and A° is the neutral hyperon of mass 2180 m,, and the 


K mass is taken to be 975 m,. Using either a Fermi or 


* On milit f absence from Duke University, Durham, 
North Carolina 

t On leave of absence from the Naval Research Laboratory, 
Washington, D. C 
performed at Duke University was partially sup- 
ported by a joint ONR-AEC contract 

§ The work performed at Brookhaven 
the auspices of the U 


wave 


t The work 


National Laboratory 
was carried out under S. Atomic Energy 
Commission 

‘Hill, Salant 
1699 (1954): 99, 
Salant 
thor 

* J. Hornbostel and E. O. Salant, Phys. Rev 
Phys. Rev. 98, 1202(A) (1955 

*G. G. Harris, Phys. Rev. 98, 1202(A) (1955 

‘ Goldhaber, Goldhaber, Heckman, and Smith, Phys. Rev. 98 
1202, 1203(A) (1955 

*A. Pais, Phys. Rev 
Rev. 92, 883 (1953 

* Block, Harth, Fowler, Shutt, Thorndike, and Whittemore 
Phys. Rev. 98, 248(A) (1955); Phys. Rev. 99, 262 (1955 

Walker, Preston, Fowler, and Kraybill, Phys. Rev. 97 


1955 


and Widgoff, Phys. Rev. 94, 1794 (1954); 95, 
230 (1955). We are indebted to Dr. Hill, Dr 


and Dr. Widgoff for showing us this paper before publica 


93, 902 (1954); 


86, 663 (1952); M. Gell-Mann, Phys 


1086 


Gaussian internal momentum distribution, an average 
has been taken over the motion of the target nucleons; 
the results should be applicable to all but the lightest 
nuclei, since the internal momentum distribution is 
approximately independent of atomic number. The 
procedure of the calculation is essentially that employed 
by Block, Passman, and Havens* to deduce pion 
emission spectra from targets bombarded by 381-Mev 
protons. 
Il. METHOD 


For a given beam kinetic energy T,, the total energy 
W available in the c.m. system can be shown to be 
dependent primarily on «, the component of the target 
nucleon velocity parallel to the incident beam. For a 
particular u, the differential cross section in the c.m. 
system (of the beam proton and target nucleon) is 
given by® 

Qe |All? d’p(u) 


: (3) 
dixdT 


h 3b, 


where 7 is the matrix element for production, @ and 
T are the K meson solid angle and kinetic energy, 
dj'(u)/dadT is the phase space factor for the 3-body 
final state, and @, is the relative velocity of the colliding 
nucleons. The laboratory differential cross section is 
obtained by transforming (3) and averaging over 4, 
and is 
vmax dG (u) 


da 
ime -f —J P(u)du, (4) 
dwdT umin dwdT 


where J is the Jacobian of the transformation, given 
by p/p, and p is the K meson momentum. P(u)du is 
the probability that w lies in dw and is obtained from 
the assumed internal momentum distribution. It can 
be shown that the exact relativistic 3-body phase 


* Block, Passman, and Havens, Phys. Rev. 88, 1239 (1952); 
Passman, Block, and Havens, Phys. Rev. 88, 1247 (1952) 

* Barred quantities, throughout, will be in the c.m. system, 
while unbarred symbols will refer to the laboratory system 
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ENERGY 
space factor is" 


d*p(u) ca ‘s 


=-—_—)pE 
dxdT 6(2xh)® 


mi —m? a 
x{1-2 +( i ) | 
(W-Ey-—p 
m?—m? . 
{say -(_—_)) 
(Ww- E)-p 


( m?— m2 2 | 
+(————-} }}, s 
(WE) od 


where E and j are the K particle total energy and 
momentum, respectively, and m, and mz are the rest 
masses of the other two reaction products. 

In (3), we will ignore the slow variation of 6, with u, 
and will make various assumptions about the depend- 
ence of ||? on the K meson momentum f and angle 
of emission 6. In particular, we assume the following 
cases: 


(m+ mz") 


(W-Ey-p* 


(me2+m-2) 


(Why pP 


, Le., isotropic and energy independent. 
(2) 


(3) 21. where 7=E/mx. 


(4) 2 (42 ) cos’# 


The normalization constants arising from the above 
cases were chosen so that the c.m. cross section dé/d@ 
at 0° was equal to 1 mb/sterad for a bombarding energy 
T ,= 2.9 Bev. 

The momentum distributions employed were: 

(1) The Fermi degenerate gas model, which yields 


3 “ 
Pr(u)= 1— ) = 3.4—67.912, (6) 
du, up" 


where up=0.22 is the value of « corresponding to the 
cutoff kinetic energy (22 Mev); 
(2) The Gaussian distribution, 


; 
a 
po(w)=( ) exp(— au’) = 3.41 exp(—36.44*), (7) 


Ls 


which corresponds to an average kinetic energy of 
19.3 Mev. 
Ill. RESULTS 


A-T,=2.9 Bev 


Using reaction (1), and Eqs. (3)-(7), we have 
numerically calculated curves for a proton beam energy 
of 2.9 Bev. Figure 1 shows the normalized energy 

*” The units are chosen so that c= 1 


" H. York, Phys. Rev. 75, 1467 (1949); E. M. Henley and R. H. 
Huddlestone, Phys Rev. 82, 754 (1951) 
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Fic. 1. Laboratory differential cross section @e/dwdT as a 
function of the K meson laboratory kinetic energy 7, at a 90° 
laboratory angle and proton beam energy 7'p»=2.9 Bev, for 
various matrix elements and internal momentum distributions. 


distributions d’c/dwdT at a laboratory angle of 90°. 
The notation in this and the succeeding figures is as 
follows. In the labeling triplet :9:{ the first symbol & 
refers to the momentum distribution employed (F for 
Fermi, G for Gaussian), while 9 is the energy dependence 
of |/7|?, being 1 if independent of 7, or 7*—1, or §/¥*, 
where B= (7*—1)!/¥. The last symbol, ¢, represents 
the angular dependence of | f7 |? and is cos’, or 1 for 
isotropic. In Fig. 1, the spectral shapes are roughly 
independent of the choice of matrix elements, all curves 
giving a maximum in the neighborhood of 40 Mev. 
The principal difference between the Gaussian and 
Fermi distributions is reflected in the high-energy end 
of the spectrum, where the Gaussian has a long tail in 
contrast to the sharp cutoff of the Fermi distribution. 
Further, there is also little difference in magnitude, as 
well as shape, between for example, G:1:1 and 
G:1: cos*®, which is due to the fact that the K mesons 
emitted at a laboratory angle of 90° are emitted at 
angles of @ in the c.m. system near 180°, so that cos’#~ 1. 
The cases where n=7°—1 and 6/4? correspond to 
matrix elements behaving like j for low velocities, 
which might be expected of gradient coupling. By 
contrast, the energy independent matrix element may 
be applicable if the K meson is scalar. Also, this case 
corresponds to the Fermi theory" of meson production. 
The case of »=§*/4* was included because this matrix 
element decreases for large energies, and this com- 
pensates in part for the rapid increase of the phase space 
factor with increasing beam energy. 

Figures 2 and 3 indicate the results for laboratory 
angles of 0° and 45°, respectively. The most striking 
feature of the 0° spectra is the presence of a minimum 
near 300 Mev for the energy dependent cases, in 
contrast to the smooth rise of the energy independent 
spectra. Thus, one may be able to distinguish experi- 
mentally between scalar and gradient coupling by 
observing the spectrum in the forward direction in the 


® E. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 
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angle. The general features are quite similar to the 2.9- 
Bev results. The curves are normalized by the same 
procedure as the 2.9-Bev results; thus, a by-product of 
the calculation is the excitation function of the total 
cross section. Numerical integration of (4) gives the 
ratio of the fofal cross section at 4.8 Bev to that at 
2.9 Bev as: (a) 9.1 for G:1:1, (b) 23.4 for G:7°—1:1, 
(c) 8.3 for G:#/77:1. 


IV. COMPARISON WITH EXPERIMENT 


Using nuclear emulsions, Hill, Salant, and Widgoff' 
have observed K mesons produced by internal proton 
bombardment of a copper target, at laboratory angles 
of 45° and 90° from the 3-Bev Cosmotron beam. The 
ratio of K particles at 90° to 45°, was given as 
p= V(90°)/N(45°)=1.8_1.27°4, where the energy in- 
tervals observed were 80 to 145 Mev at 90° and 260 to 


7 <800 Mey 
dT would 
‘| 


agnitudes of tl 


choice ot angul 


the K particles emitted at 45° in the 


rise m. angies #@~110-140 


different trom unity 


B.T,,=4.8 Bev. 


ction 1), and Eas (3 , the energy 
imerically evaluated for a beam energy 


» shown in Fig. 4 for a 90° laboratory 
Pa /dwdT at @=90 


watrix elements and 


300 Mev at 45°. The corresponding calculated results, 
obtained from numerically integrating the appropriate 


energy regions in Figs. 1 and 3, are: 
0.11 for |7\?=1, 

0.31 for |A 

p:=0.21 for | 


liv p,= 0.63 for |H 


ly p, appears to be included within the experimental 
its. However, p is very sensitive to the kinetic energy 
p ; e) 
available in the c.m. system. The calculations were 
repeated for reaction (2) in which the K meson is 
created together with a A°, and a bombarding energy 
of 3 Bev, which is probably closer to the experimental 
value, was used. Both the larger energy and smaller 
=~ yi Beige rest mass of the A® act to increase the value of p. 

w beam energy 7 ? Bev for various matrix elements a pray pe d : 
nternal momentum distributions Recalculating using these assumptions and the same 


r 


a 
3 


liferential cross section d*e/duwdT at 6= 45 
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choice of matrix elements as above, we find: p,;=0.18, 
p2= 0.44, p;= 0.39, and py=0.98. Thus we conclude that 
\A/|\?=1 (isotropic and energy independent) appears 
to be ruled out by experiment, whereas the other choices 
of matrix elements are probably not inconsistent with 
the observations, considering the limited statistics of the 
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formed which subsequently collided with a nucleon 
within the same nucleus to produce a K particle. It is 
also possible that some of the K mesons emerging at 
45° or 90° were produced near the forward direction 
but were scattered through large angles by collision 
with nucleons within the target nucleus. 


experiment and the approximations made in the 
calculations. In this connection, we note that some of the 
K mesons emitted from a heavy nucleus may have been 
produced in a secondary reaction, i.e., pions were 
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High-Energy Electromagnetic Phenomena in Cosmic Radiation* 


M. KosurpA AND M. F. Kapion 
Department of Physics, University of Rochester, Rochester, New York 
(Received June 1, 1955 


Isolated high-energy electron showers in photographic emulsion have been investigated and have yielded 
the following conclusions: (1) out of 16 cases of isolated electron showers observed to originate from single 
electron pairs of energy greater than 1 Bev, 2 cases have been found to be anomalous in the sense that they 
seem to have been initiated by more than 2 photons; one of the two has been analyzed in detail. (2) The 
discrepancy between the experimental observations and theoretical predictions on the trident process found 
in a previous work has been obtained again witb the additional experimental data of this experiment. 


1, INTRODUCTION 


INCE the work of Schein ef al.’ in 1954 on an 
anomalous electron shower pointed to some pos- 
sible difficulties in high-energy cascade showers, it has 
been felt that this field requires a more detailed survey. 
The purpose of this work is twofold; to check the re- 
sults obtained previously’ pertaining to the trident 
process with additional experimental data and to in- 
vestigate the high-energy cascade shower development 
in emulsion under the more favorable experimental 
conditions of single y-ray initiated showers to see 
whether there actually exists some anomaly or not. It 
seems pertinent, however, to give some general com- 
ments on the difficulties inherent in this field before 
the presentation and discussion of this experiment. 
First of all, it must be emphasized that in the de- 
velopment of individual electron-photon cascades, the 
fluctuations in the numbers of electrons and photons 
(referred to as number fluctuations) from the average 
value can be enormously large. In fact, the number 
fluctuations in the cascade process were, under some 
simplified assumptions, shown to be similar to that of 
the Polya distribution, instead of the familiar Poisson 


* This research was supported in part by the U.S. Air Force 
through the Office of Scientific Research, Air Research and De 
velopment Command 

1 Schein, Haskin, and Glasser, Phys. Rev. 95, 855 (1954); 
A. Debenedetti ef al., Nuovo cimento 12, 954 (1954); N. Dalla- 
porta (private communication 

2M. Koshiba and M. F. Kaplon, Phys. Rev. 97, 193 (1955), 
hereafter referred as I. 


distribution of random events. This means that the 
number fluctuation from the average can be as large 
as the average itself. In order to illustrate the situation 
more clearly the results of a Monte Carlo calculation* 
on cascade showers have been given in the Appendix. 
The original results on 100 showers with a single photon 
primary were obtained by one of us (M.F.K.) in col- 
laboration with D. M. Ritson, using the cross sections 
of Approximation A of Rossi and Griesen.‘ The other 
results with different initial conditions were derived 
from the original results by a change of shower origin 
or by a superposition of different initial conditions. As 
can be seen from these results the nurnber fluctuations 
are quite large compared with those encountered in 
random processes. 

There is another difficulty which arises when we 
attempt to measure electron energies. The available 
methods of energy measurement for electrons or pho- 
tons, by determination of the multiple Coulomb scatter- 
ing or of the opening angle of a converted electron pair, 
have, when applied to high-energy electrons or photons, 
some defects which usually lead to an underestimation 
of the energy. That is, in the conventional method of 
multiple Coulomb scattering, no account is taken of the 
bremsstrahlung energy loss of the electron. Also, in the 
energy estimation of a y ray from the opening angle of 
its converted electron-positron pair, some care must be 


* This method was first proposed by S$. Ulam and J. Von Neu- 


mann, Bull. Am. Math. Soc. 53, 1120 (1947). 
* B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 











Fic. 1. Condition of exposure of 
emulsion stack; the events labeled 
A, B, and Efcharacterize the ob 
servational origin of the electron 
showers 


given to the effect of the scattering of the electrons as 
well as to the energy loss due to bremsstrahlung; for 
high-energy electron pairs we have to go several milli- 
meters away from the pair origin to measure the open- 
ing angle and in this distance the separation due to the 
scattering cannot, a priori, be neglected.* 

In Sec. 2, the experimental results on isolated showers 
in the cosmic radiation observed in photographic emul- 
sion will be presented and discussed. In Sec. 3, an 
apparently anomalous case of an electron shower is 
analyzed in detail and in Sec. 4 some additional results 
on the trident process, direct pair production by an 
electron, will be given. Finally, in Sec. 5 the results of 
this work are summarized and the possible inferences 
of the results are discussed. 
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2. ISOLATED ELECTRON SHOWERS 


A stack of 49 stripped emulsions (Ilford G-5) were 
flown in Sky Hook Balloons at 41° Geomagnetic lati- 
tude. These emulsions were processed and aligned by 
the method described by Crussard ef al.’ and the con- 
dition of exposure is shown in Fig. 1. 

In order to see whether there are cases of electron 
showers with anomalously large numbers of electrons 
occurring more frequently than predicted by the Monte 
Carlo calculation, these plates were scanned for parallel 
tracks of minimum grain density (hereafter these tracks 
will be referred simply as minimum tracks). The 
parallel minimum tracks thus found were followed 
from plate to plate to find their origin. This tracing 
was done with a 40X immersion objective and 10X 
eyepiece. Target diagrams including neighboring tracks 
were drawn at each emulsion surface to insure correct 
tracing, which otherwise would be quite difficult, 

* These points will be discussed in a forthcoming paper in which 
an improvement of the scattering method for high-energy elec- 
trons will be presented with experimental data (if available). 

* By an isolated electron shower in this paper, we mean a shower 


of high-energy electrons in emulsion, which, under our experi 
mental conditions, is not obviously associated with any other 


{ particles or events. 
"Vineet, Kaplan, Klarmann, and Noon, Phys. Rev. 93, 253 


(1954) 
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especially when the number of minimum tracks becomes 
small. 

In the process of tracing showers back to an origin, 
some of them were found to have come from outside 
the emulsion stack either via the brass plates used to 
press the stack tightly together during the exposure or 
directly from the air, passing through a very small 
quantity of packing material (wood and foam rubber). 
These cases were classified as B (brass) and A (air), 
respectively. In addition, some were found to originate 
from a pair of minimum tracks and some from nuclear 
interactions in the emulsion. The latter cases were 
classified as N (nuclear) and are omitted from this 
analysis. When a pair of minimum tracks starting in 
the emulsion was found to be the origin of the shower 
under consideration, scanning for further minimum 
tracks parallel to this pair was done within 150 « from 
the pair (this is an experimental criterion imposed by 
the limitation of the field of view). If such additional 
tracks were found they were traced further in the same 
manner until no further possibly associated tracks in 
the above specified vicinity of the pair were found. 
These cases were then classified as E (emulsion). 
Among these E cases, the origin of which are most 
probably electron-positron pairs converted in the emul- 
sion, those cases in which the first pair energy was 
lower than 1 Bev have been discarded from the later 
analysis. The reason for doing this is that because of the 
poor scanning efficiency for low-energy cases we have 
to expect a considerable number of them to be missed 
in the initial scan. Only those E cases with the first 
pair energy greater than 1 Bev were used for the study 
of the cascade development. As for the B cases, we 
cannot be sure about their initial conditions at the 
entrance point to the sensitive volume. Some of the A 
cases might actually have originated in the emulsion, 
for in the A cases we can trace them only up to a few 
millimeters from the outer emulsion edge, the vicinity 
of which is usually quite distorted and blackened by 
the excess deposit of silver grains. B and A cases were 
therefore omitted from the detailed analysis due to the 
uncertainty in initial conditions. Finally, some cases of 
unsuccessful tracing are designated as U. The appear- 
ance in the stack of these various cases, A, B, and E, is 
illustrated in Fig. 1. 


” 


TasLe I. Classification of results of scanning and tracing of 
electron showers. The numbers represent the number of cases of 
showers of a given origin (B, A, E, or U defined in the test) having 
1, 2, 3, or >4 minimum tracks at the observational shower origin. 





No. of initial tracks 





Class 1 2 3 4 >1 
B & 15 2 5 30 
A 4 + 0 1 9 
E 0 16 0 0 16 
U 7 1 0 1 9 

Total 64 




















TaBLe IJ. Summary of results of E-type shower anal — 
first column gives the shower designation, the second cosin 
of its zenith angle, the third the longitudinal distance of par 
tion from the initiating pairs, the fourth the designation of 
individual pairs, tridents and compton electrons observed within 
the first 0.5 radiation length, the fifth the distance of the event in 
column 4 from the first observed pair, the sixth gives the energies 
of the corresponding events of column 4 (for the tridents the 
energy is the sum of the two lowest energy electrons) and the 7th 
column summarizes the information obtained after the first 0.5 
radiation length. 


Dis 

tance 
Cosine Total mm 
of the distance from 


Shower zenith followed Pair first Energy Secondaries after 
,o angle inmm No. pair Bev) 5 rad unit 
pP*-1 0.22 100.0 P 0 7.0 * See [1-3 
Ty 2.5 i4 
T2 7.6 0.79 
P: 9.0 1,7 
Ts 11.8 0.23 
p*-7 0.80 36.7 P 0 1.9 Total opening angle 
3 X10°* radian 
P: (4.0 Bev) 
P; (0.23 Bev) 
P, (5.3 Bev) 
T; (1.2 Bev) and Ps (?) 
are observed after 0.5 rad. 
length 
* See the text 
P-10 0.88 18.9 Pi 0 15.0 T: (1.4 Bev) and 
zs «6S 0.96 Ts (0.14 Bev 
P-12 0.90 iso P 0 3.3 
Ps 64 0.38 
P-15 0.51 16.1 P; 0 48.0 P; (0.20 Bev) and 
Ps 5.4 0.07 P, (0.70 Bev) 
P-25 0.995 23.5 P; 0 1.7 P; (0.16 Bev) 
P 13.8 0.24 
L-§ 0.27 34.1 P 0 13.0 2 more T"s and 
7 5.0 6.0 2 more P's 
P 10.0 0.03 
Ts 120 230 
L-12 0.82 16.9 Py 0 6.3 P, (0.11 Bev 
T; 3.3 1.3 
Ts 5.5 08 
SH-6 0.88 19.4 P; 0 90.0 T: (0.07 Bev) 
Tr 12.6 10.0 
SH-7 0.91 23.0 Py 0 30.0 P, (0.02 Bev) 
7; 4.2 0.07 P, (O04 Bev and 
Ts 9.5 16 Ps (0.05 Bev 
Py, 12.5 0.05 
SH-15 0.93 26.0 Pi 0 4.7 T; (0.33 Bev) and 
K; (or Ci) 
SH-17 0.82 21.8 Pi 0 10.0 
Ps 4.0 0.092 
Ps 11.1 0.018 
SH-23 0.97 26 Pi 0 3.0 P, (0.58 Bev) 
Ty 9.7 0.15 
Ps 13 0 0.18 
PP, 133 0.15 
SH-27 0.93 29.1 P 0 2.9 P; (0.25 Bev), 
Ps 10.4 0.90 P, (0.021 Bev), 
P; (0.074 Bev), 
*. (0.10 Bev) and ¢ 
SH*-29]_ 0.75 190 P 0 24.0 Ps (0.11 Bev) and 
P 46 24.0 Ps (0.042 Bev) 
Pi 98 0.45 * See the text 
Ps 14.3 1.5 
SH-35S 0.045 is4 P 0 1.0 
P; 34 0.15 
Pi 4.6 0.085 
P 11.7 0.86 
‘ 12.4 ? 
Ps 12.5 0.02 
SH-22 0.89 iss P 0 0.65 P, (0.25 Bev) 
( 5.9 ? * See the text 
Ps 8.7 0.34 
P; 9.2 8.0 
T; 10.2 04 


The results of scanning, tracing and classification 
are presented in Table I and Fig. 2. In Table I, cases in 
each classification are tabulated according to their 
initial number of minimum tracks and in the last 
column the total number of cases in each class are given. 

The angular distribution of the showers (@ is the 
zenith angle) is given in Fig. 2 and is not corrected for 
the geometrical factor; the reference axis was taken to 
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be the vertical axis of the stack. There is possibility of 
different scanning efficiencies for different angles which 
is rather hard to estimate. It does not seem that much 
information is obtainable from the angular distribution 
in this type of experiment except for one feature relevant 
to the origin of the showers. It may be noticed that 
there are cases of showers coming upwards which are 
not observed for the high-energy nuclear showers in 
the same stack. This presumably indicates the second- 
ary nature of the isolated electron showers (say, y rays 
from locally produced x's). In 1950 the Bristol group* 
concluded from their experiment on electron pairs in 
emulsions exposed to the high altitude cosmic radiation 
that the observed y rays of energy up to around 800 
Mev could be interpreted as due to the r° meson-2y 
decay. Though our y-ray energy is appreciably greater 
than theirs, it seems reasonable to assume that our high- 
entrgy y rays arise also mainly from the #° decay 
process. 

The cases classified as E were then traced from their 
origin to follow their development in detail up to at 
least a half-radiation length. (This minimum observa- 
tional distance is a function of the shower geometry 
and energy.) The energies of the secondary pairs as 
well as of the initial pair were estimated from their 
opening angles using Borsellino’s® formula. The results 
are summarized in Table II, where ?’s are pairs, 7’s 
are apparent tridents, and C’s are Compton electrons. 
These secondaries were found within a cone having an 
opening angle of 10~* radian in each case. In Table II, 
the first, second, and third columns give the shower 
number, cosine of the zenith angle and the total ob- 
served distance from the initiating pair origin. In the 
fourth column, pairs, tridents, and Compton electrons 
observed within 0.5 radiation unit are given with their 
distances from the first pair and their energies in the 
fifth and sixth columns, respectively. In the last col- 
the development after 0.5 radiation length is 
given. (1 radiation length in emulsion is 2.9 cm.) 


umn, 


’ Fic. 2. Angular distribution (not 
corrected for geometrical bias) of 
electron showers. @ is the zenith 
angle. The labelings U, B, E, and 
A characterize the observational 
origin of the showers and are de- 
fined in the text. 


St 
Prac 





* A. G. Carlson ef al., Phil. Mag. 41, 701 (1950). 
* A. Borsellino, Phys. Rev. 89, 1023 (1953). 
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Tasie II]. Comparison of observed cascade development of 
E-type showers with results of a Monte Carlo calculation. The 
first row represents the number of additional electrons, V,, within 
0.5 radiation length of the initiating pair origin. The rows labeled 
A and B represent respectively the number of observed cases 
having a given NV, with the convention of counting only ordinary 
pair electrons (A) or ordinary pair electrons plus trident elec 
trons (B). Row C represents the results of the Monte Carlo 
calculation. The numbers in parentheses represent relative 
frequency. 


Ne 0 1 and 2 Sand 4 5 and 6 7and 8 0 
{ 7 5 1 0 1 14 
0.50) (0.36 (0.07 0.00 (0.07 (1.00 
B 3 5 3 1 2 14 
(0.21 (0.36) (0.21 (06.07 0.15 1.00 
( 25 7 3 0 0 35 
(0.71 0.20) 0.09 (0.00 0.00 1.00 


We now compare these cascade developments with 
the results of the Monte Carlo calculation given in the 
Appendix. Table II] was prepared from Table II, using 
secondary electrons of energy greater than 10~* of the 
initiating pair energy. In this way, we can be fairly 
sure of a uniform detection efficiency for various de 
grees of electron number multiplication, because those 
electrons with energy lower than 10~? of the initiating 
energy serve only for the purpose of efficient detection. 
In Table III the first row, V,, is the number of addi 
tional electrons observed within 0.5 radiation length 
from the initiating pair origin and of energy specified 
above. The second and third rows, (A) and (8B), give 
the number of cases having a given VV, with the re- 
spective conventions of counting only 1 ordinary 
pair electrons and (B) trident secondary electrons as 
well as the ordinary pair electrons. The fourth row, (C 
gives the results of the Monte Carlo calculation. The 
Monte Carlo calculation to be compared with our data 
was taken from Table A-2-C of the Appendix for the 
following reasons. The minimum opening angle of the 
two 7 rays from a x” meson is equal to 2/78 (y and 8 
refer to the primary #° meson) ; this means, for example, 
that the minimum lateral separation of the two y rays 
from a 14 Bev r° meson at a distance of 1 cm from the 
decay (the conversion length in the emulsion is 3.75 
cm) is 200 w and is even larger for lower energy °’s. 
By our tracing conventions, it seems appropriate to 
assume that the other y ray is outside the investigated 
area. In fact, the observed energy distance relations in 
each shower are quite consistent with this assumption 
except for two cases which were not included in Table 
Ill. They are SH-22 and SH -29 of Table II. In SH-22, 
both pairs P1 and P3 must be of a primary nature and 
in SH-29 pairs P1 and P2 must also be of such a 
nature because the latter pair is greater in energy than 
the corresponding first pair (71) in each case. We also 
note that the further development of shower P-7 be- 
yond a half-radiation length seems to indicate the 
existence of at least three photons initially present for 
similar reasons. SH-22 and SH-29 can be understood 
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as originating from the 2y decay of a single x® meson 
and in these two cases both y rays contribute to the 
development. The energies of the two high-energy 
¥ rays in SH-29 and their angular separation are quite 
consistent with this assumption ; in SH-22, no accurate 
measurement of the angular separation can be made. 
As to the shower P-7, the existence of more than two 
photons will be discussed later in connection with the 
similar nature of shower P-1. 

The results given in Table III seem to indicate agree- 
ment between the observed development and the 
Monte-Carlo calculation if we take only pairs (A) and 
not apparent tridents. If we include the apparent 
tridents (B) the distribution seems to extend too far 
in favor of large electron numbers. The assumption of a 
low shower detection efficiency, as low as 3 which is 
rather improbable in the procedure described above, 
does not seem to alter this conclusion. Even though the 
statistics are poor in both the experimental data and the 
Monte Carlo results, they seem to indicate that the 
majority of the apparent tridents may actually be 
genuine tridents which were not included in the Monte- 
Carlo calculation. This result was suggested by a similar 
analysis in a previous experiment’ (referred to as I). 

It is instructive at this point to comment about the 
cascade development observed in I. The situation there 
is rather different because of the much higher shower 
energies and the fact that it occurs in a penetrating 
shower. When we see a high-energy electron pair in 
the narrow cone of a penetrating shower, the most 
reasonable assumption is to assume that this arises 
from the conversion of a y ray from the decay of a x° 
meson produced in the primary act. The very high 
energy of these x° mesons as estimated from the opening 
angle of the cone and the rather short observational 
length at our disposal requires us to assume that another 
high-energy y ray is most probably spatially associated 
with this high-energy electron pair. (The opening angle 
of 2 y rays from a 200-Bev r° meson is ~1.4X10- 
radian.) The energy-distance relations of the actually 
observed cascade development are quite consistent with 
this idea. Therefore, the initial conditions for these 
electron cascade showers should be taken as one con- 
verted electron pair plus one photon incident at the 
first high-energy pair origin. Further decomposition into 
single-photon-initiated showers was not possible in I 
due to the high degree of the two y-ray collimation. 

The cascade development with the above initial 
conditions was studied using 8 groups of electron pairs 
in I which were so located that they could be followed 
at least 0.5 radiation length from the first pair in each 
group. The results are given in Table IV and are com- 
pared with the results of the Monte Carlo calculation 
given in the Appendix for the same initial conditions. 
The numbers in parentheses in the second, third, and 
fourth rows represent the percentage occurrences. In 
the second row, Case A, only the electrons of the ordi- 
nary pairs were taken whereas in Case B all electrons 
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(ordinary pair electrons and secondary electrons from 
apparent tridents) were counted. The cut-off energy 
for acceptance (10-*E») was chosen to insure good de- 
tection efficiency and to agree with the conventions 
taken in the Monte Carlo calculation. 

Because of the small sampling, we cannot obtain 
any firm conclusions except that the inclusion of the 
apparent trident electrons, Case B, seems to make the 
distribution extend to larger electron numbers, slightly 
more than expected from the Monte Carlo results in 
which the trident processes were not taken into account. 
The poor statistics in the experimental results come 
from the superposition of the two photon showers while 
for the Monte Carlo results they arise from the fact 
that the given initial conditions could only be met by 
superimposing the results from 100 single-photon- 
initiated showers, since the original calculation had been 
done only to this extent. 
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Fic. 3. Energy-distance plot of electron secondaries from 


shower P—1. Unlabeled points are pairs. T means trident, K, 
knock-on and C, Compton electron. Q is a pair conversion in the 
field of an atomic electron 


The problem of the trident process and its relation- 
ship to the general question of the validity of the Bethe- 
Heitler® high-energy quantum electrodynamics will be 
discussed later. 


3. ANALYSIS OF SHOWER P-1 


Because of the anomaly in the energy-distance rela- 
tion exhibited in Table IV for showers P-1 and P-7, 
one of them, P-1, due to its very favorable geometry, 
was investigated in more detail. This shower is inclined 
at 78° with respect to the vertical axis of the stack and 
lies almost parallel to the emulsion surface. The begin- 
ning of this shower consists of two electrons entering 
plate 5104 from the glass side at a point 8.25 mm from 


® H. Bethe and W. Heitler, Proc. Roy. Soc. (London) Al46, 
83 (1934). 


its edge. After 48.1 mm traversal in the same plate it 
entered plate $103, which was the neighboring quarter 
of the same emulsion before cutting, and then entered 
plate S93 which is part of the next emulsion. Every 
effort to trace these two electrons back into S114 
(their continuation from 5104) failed. A detailed in- 
vestigation of the emulsion showed that the portion of 
tracks in the upper layer of the emulsion was removed 
in the process of wiping off the surface silver deposit 
after development. This layer is about 5u in depth and 
because of the very good parallelism between this 
shower and the emulsion plane, this depth gives a 
projected length of about 1.8 mm. Therefore, it is 
almost certain that the pair was created in the upper 
layer of S114 and entered into $104 as two separated 
tracks. The portion of the track thus wiped out should 
be less than 1.8 mm in length. There is another fact 
which supports this assumption; that is, there was no 
appreciable amount of matter before the entrance to 
the emulsion except for a negligible quantity of wood 
and foam rubber. 

In order to insure good efficiency for detecting second- 
ary events in following the development of this shower, 
scanning was done at every 1 mm for tracks of minimum 
grain density using 40X immersion objective and dia- 
grams were made at these points. Every minimum 
track thus found and recorded in the diagrams was now 
traced back and forth to get a one to one correspondence 
between the tracks in each diagram. In this way, all 
minimum tracks were identified with respect to their 
origin and their genetic relation to the others. The 
energies of these identified tracks were measured by 
their multiple Coulomb scattering. When there was 
any possibility of noise or distortion, the relative scat- 
tering method described in I was used. The results of 
these measurements are given in Fig. 3. The abscissa is 
the distance from the entrance point of the first two 
electrons to S104 and the ordinate is the y-ray energy 
of each pair or the electron energy in the case of a 


TasLe IV. Comparison of observed cascade development of 
showers from I with results of a Monte Carlo calculation. The 
first row represents the number of additional electrons, N,, 
within 0.5 radiation length of first pair. The rows labeled A and 
B represent respectively the number of observed cases having a 
given N, with the convention of counting only ordinary pair 
electrons (A) or ordinary pair electrons plus trident electrons (B). 
Row C represents the results of the Monte Carlo calculation with 
the me boundary conditions (1 pair plus an incident y ray). 

he numbers in parentheses represent relative eich 








No. of additional electrons E >10°*Es(7) 
within 0.5 rad. unit 





0 1 2 3 4 >4 20 

Case A 3 0 5 1 1 0 * 
(0.38) (0) (0.38) ©.12) (012) (0) (1.00) 

Case B 0 0 2 2 i ~ 


(0.38) (0) (0) (0.25) (0.28) (0.12) (1.00) 
Table A-3-C 1625 195 1010 295 244 131 35 x100 
(0.46) (0.06) (0.29) (0.08) (007) (0.04) (1,00) 








% This method was first used by Lord, Fainberg, and Schein, 
Phys. Rev. 80, 970 (1950). 
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Compton or knock-on electron. The trident energy has 
been taken to be the sum of the energies of the two lower 
energy electrons of the emerging electrons. The sta- 
tistical probable errors in the scattering measurements 
are indicated by vertical lines. Some of the low-energy 
electrons were not measured and in these cases rough 
estimates were made on the basis of the opening angle 
and are indicated by vertical dotted lines with the 
estimates obtained by using Borsellino’s*’ and Stearns’” 
formula as end points. 

In addition, a survey was made to find any possible 
event associated with this shower. For this purpose, 
scannings were made across the shower axis for tracks 
parallel to the shower at distances 1 cm apart longi- 
tudinally and up to 1.2 cm in width on both sides of the 
shower axis using a 40 objective. In this scanning a 
high-energy pair was found which originated in the 
same emulsion (S104) 5332 u away from the shower 
axis. The opening angle and the projected inclination 
of this pair with respect to the shower axis of P-1 were 
found to be 0.8210 and (1.30+0.04) X 10~ radian, 
respectively. This pair is also almost parallel to the 
emulsion plane and its opening angle gives an energy 
estimate of 1.8 or 5.9 Bev using Bosellino’s or Stearns’ 
formula, respectively. If we admit that this pair comes 
from the same primary event which gave rise to shower 
P-1, we can estimate the position of this primary event 
as 41.0+1.0 cm away from the entrance point of shower 
P-1 to plate S104. 

The total opening angle of shower P-1 as viewed from 
the entrance point to $104 is 2.8X10~* radian for all 
pairs and 0.82 10~ radian for pairs of energy greater 
than 1 Bev observed within four cm from the entrance 
point. The total visible energy of this shower up to 10 
cm from the origin is 80 Bev. This value is obtained by 
adding the energies of individual pairs as measured by 
scattering or by opening angle and hence does not 
include the energy loss of electrons after the terminal 
points of the scattering measurements. This procedure 
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Fic. 4. Integral electron numbers for shower P —1 as a function 
of distance from the origin for electrons in the energy intervals 
0.1-1 Bev and 1-10 Bev. 


 M. Stearns, Phys. Rev. 76, 836 (1949) 
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overestimates the instantaneous visible energy but may 
be compensated for by the invisible energy carried in 
the form of y rays and the actual total energy will not 
be much different from ~100 Bev. 

The anomaly in the energy-distance relation exhibited 
in Fig. 3 seems to suggest that at least 4 y rays were 
present initially. This conclusion should not and does 
not rest upon the large number of electrons observed, 
because, as was seen in the previous section, as far as 
the number of electrons is concerned, this shower is 
well inside the fluctuation tail if the initial energy is 
large enough (at least around 100 Bev). The energy of 
the initial pair give in Fig. 3 has been estimated in the 
following way. One of its electrons (P1*) was measured 
directly by the scattering method using 500 and 1000 u 
cells, both giving quite consistent energies, their mean 
being 1.30_» 23*°“* Bev. The other track of the initial 
pair (P1') made a trident after 2.46 mm. The scattering 
measurements on the portion of P1' before producing 
T1 gave a lower limit of 5 Bev. The energies of 71! and 
T1* were measured to be 0.93_o 29*°** and 0.45_9.1.7°-” 
Bev, respectively, by the relative scattering method," 
using 250 and 500 yu cells. The energy of 71° was still 
too high to be estimated and it gave rise to a further 
trident, 72, after 5.117 mm traversal. 72' and 72° were 
measured in a similar way; 72? was found to be about 
5 Bev and it gave still a third trident, 73, after 4.13 
mm. The highest-energy track of 73, 73°, was con- 
sistently measured to be 4.9, 4.0, and 4.9 Bev using 500, 
1000, and 2000 u cells, respectively. The energy of P1! 
was considered to be the sum of all these secondaries 
(tridents) and is thus 7.1_;.;+'“ Bev. Of course, there is 
a possibility that electron P1' had initially an energy of 
about 100 Bev and became an electron of about 5 Bev 
by emitting quite a number of y rays including those 
higher energy ones of from 5 to 10 Bev whose conversion 
to pairs accounts for the energy distance anomaly. 
However, this is a very drastic behavior when we recall 
that the availabie distance is about 0.3 radiation length 
for the electron energy to go from 100 Bev to 5 Bev and 
that this is not accomplished by the emission of single 
y ray of about 95 Bev but by the emission of a number 
of y rays of rather small energy as compared with the 
initial energy. Therefore, it seems more likely to assume 
that there were at least 4 y rays of energy around 10 
Bev present initially. We also note here that the direc- 
tion and the energy of the pair found about 5 mm away 
from shower P-1 would give about 22 Bev or less for 
the initial single y-ray energy of shower P-1 if we 
assume these two pairs are due to the two y rays from 
the same r°-meson decay. This possibility is thus ex- 
cluded and we must consider that they (pair P-1 and 
the separated correlated pair) are due to different y-ray 
sources, possibly different x° mesons. 

Let us now ask about the meaning of this event. For 
the sake of illustration, imagine that we had observed 
the shower discussed in I without any associated charged 
penetrating particles. Then we would have concluded 
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from Fig. 2 of I, by arguments similar to those pre- 
sented above, that there must have been at least several 
7 Trays present initially on the basis of the energy dis- 
tance relation and the total energy of this apparently 
anomalous shower would have been estimated to be 
around 1000 Bev. However, when we look at the total 
opening angle of this shower it is found to be 1.1 10-* 
radian as compared with 2.8X10~* radian for shower 
P-1 whose total energy is one order of magnitude less 
than that of this fictitious anomalous shower. There- 
fore, even if we could explain this fictitious anomalous 
shower in terms of a fluctuation from the average pre- 
diction of charge independence as applied to multiple 
meson production, the fluctuation giving rise to multiple 
production of neutral mesons without charged ones, it 
is much more difficult to apply this kind of argument to 
shower P-1. The angle of the cone including electron 
pairs of energy higher than 1 Bev in shower P-1 was 
0.82X10-* radian. Since the minimum opening angle 
of two y rays from a 20-Bev 7° meson is 1.4X10* 
radian, such a source for these y rays does not seem 
quite compatible with the observed data. This argu- 
ment, however, does not hold if the actual energy of 
the initiating pair was much higher than that estimated 
and a fluctuation of the type mentioned previously in 
the number of emitted y rays within the first 4 of a 
radiation length had occurred; this is not entirely 
impossible. However, when we recall the existence of 
another possibly anomalous case, P-7, this latter ex- 
planation seems less probable. (Shower P-7 exhibits 
the same anomaly in the energy distance relationship 
and in the total opening angle as does shower P-1.) 
Next, we consider the other features of the shower 
development of P-1. In Fig. 4, the numbers of electrons 
of energies from 1 to 10 Bev and from 0.1 to 1 Bev are 
plotted against their distances from the initial observa- 
tion point of the first two electrons. What we can say 
from this figure is that the effect of pairs of the third 
generation seems to become important at about 5 cm 
(1.7 radiation lengths) and this is a quite reasonable 
behavior in view of the ordinary cascade shower 
theory. We might also notice that there is a bump in 
the curve of the 1.0-10 Bev electrons over that of 
0.1-1.0 Bev group at small distances, where we should 
expect the same behavior for the two curves if the 
electrons of both categories are cascade secondaries of 
the same original electron of much higher energy. The 
electron pairs, tridents, and Compton electrons of 
energy smaller than 0.1 Bev were not considered here 
because the detection efficiency for these low-energy 
electrons is thought to be poorer than for the higher 
energy ones. However, from Fig. 3 we can safely say 
that we cannot neglect the Compton electrons when we 
are dealing with y rays of energy smaller than 100 Mev. 
In addition, the photonuclear reaction will not be 
negligible if we have to take the Compton effect into 
account because of the so-called giant dipole maximum 
of the photonuclear reaction around 20 Mev. To see 
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the effect of this, a strip of 500 uw width with shower 
P-1 as its central axis was scanned for stars, including 
low-energy one-prong proton stars and this scan was 
compared with the background taken from randomly 
chosen strips of the same width. The results obtained 
were 4.4+ 1.7 and 10.8+4.1 stars per 1 cm length of the 
strip for the regions 0 to 4 and 4 to 8 cm from the origin 
compared with 5.3+1.0 for background stars in an 
equal random area. Even though the statistics are poor 
the low-energy photonuclear effect seems to be observ- 
able and this is consistent with the conclusions drawn 
from Fig. 4. The projected lateral distributions of elec- 
trons of energy greater than 100 Mev at 0.5, 1.0, 1.5, 
2.0, 2.5, and 3.0 radiation lengths from the observa- 
tional origin of the shower (~0.06 radiation length 
from the first pair origin: see the beginning of this 
chapter) are presented in the form of histograms in 
Fig. 5 (parts 1, 2, 3, 4, 5, and 6, respectively). The two- 
dimensional projection of shower P-1 on a plane 
parallel to the emulsion surface (which is approximately 
parallel to the shower axis) was divided into strips of 
equal width (24.34) parallel to the projected shower 
axis, and the number of electrons of energy greater 
than 100 Mev in each strip is indicated by the number 
of blocks (the width 24.34 was taken for observational 
convenience). The horizontal lines at the bottom of 
these histograms indicate the scanned area at each 
distance. Numbers in parentheses in each of the figures 
are the number of electrons of energy greater than 100 
Mev which were produced within the observed area 
but were scattered out of it before reaching the dis- 
tance under consideration. These numbers give a crude 
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Fic. 5. Lateral distribution of electrons from shower P—1 with 
energy >0.1 Bev. Each histogram is labeled with the longitudinal 
distance in radiation units from the origin. The numbers in 
cae refer to the number of electrons of energy > 100 

roduced in observed area but scattered out before reaching 
Ganue given above. Each block in the histogram is 24.3 » wide 
perpendicular to the shower axis. 
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idea of the extent that the lateral spread of the cascade 
development is affected by the electron scattering and 
the emission angle of 7 rays of a tertiary nature. 


4. TRIDENT PROCESS 


The importance of the trident process in the high- 
energy region was suggested in I. We will consider the 
problem again in this chapter with the additional data 
obtained from the analysis of isolated showers. 

From the isolated nonanomaious showers investigated 
in Sec. 2, we get 

> t:= 20.6 radiation lengths. 

(t)=0.395 radiation length. 

(E))=> 4E./>, 4:=8.0 Bev (E;21.0 Bev), 
where /, and E;, are the track length and the energy of 
individual electrons of energy greater than 1 Bev. The 
results on trident formation from these showers are 
presented in Table V. Here E in Column 1 is the energy 
of the pair or of the trident (the sum of the two lower 
energy electrons of the emerging three is taken for the 
trident energy). Column 2 gives the number of observed 
apparent tridents, 3 the number of observed brems- 
strahlung pairs, 4 the corrected number of tridents by 
the method described in Appendix B of 1, and 5 the 
resulting mean free path in radiation lengths (2.92 cm 
in emulsion) for trident production. 

It must be emphasized that in the type of correction 
we have applied to the data, the low detection efficiency 
for low-energy pairs, the inadequacy of the assumption 
of complete screening and asymptotic conversion length 
for low-energy photons and the intervention of other 
effects, e.g., Compton scattering or photonuclear effects, 
make it necessary to restrict ourselves to those electron 
pairs of energy above a certain lower limit. One might 
think that the mean free path for trident production for 
a sufficiently lower energy limit would represent a lower 
limit for the trident mean free path on the basis of a 
poorer detection efficiency for low-energy bremsstrah- 
lung pairs in contrast with the almost 100° detection 
efficiency for apparent tridents irrespective of their 
energy. However, this is not necessarily true, because 
the longer conversion length of the low-energy photons 
makes the calculated correction smaller, which would 
compensate for the increased correction due to the 
inclusion of missed low-energy pairs. The lower limit 
in this table was taken to be 10~* and 10~ of the initiat- 
ing pair energy in each shower and it is felt that the 
former lower energy limit is a more suitable one. (In 
energy units this is on the average of 80 Mev. 


Taste V. Results on trident mean free path from E-type showers. 
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Additional data can be obtained from shower P-1. 
We use the first 4.8 cm of this shower development 
(the reason for the restriction to this portion is twofold ; 
this part is the most thoroughly measured and if we 
take too long a path we cannot use the energy values 
determined by scattering measurements performed on 
the first 1 or 2 cm of each electron track and would 
have to take into account the electron energy degrada- 
tion due to bremsstrahlung), and find: 
(> t;=5.85 radiation lengths, 
ad (f)=0.835 radiation length, 
\(E;)=4.75 Bev (£;=2.5 Bev), 
or 
(>> t;= 14.2 radiation lengths, 
64 (t}=0.65 radiation length, 
\(E,;)=3.3 Bev (E,= 1.0 Bev). 


The results are presented in Table VI which is similar 
in nature to Table V. The difference between a and } 
in Table VI is due to the difference in the lower limit 
of electron energies accepted as a primary track for 
trident production, consequently the difference in the 
average electron energy of the primary electrons, (2;). 

All the results on tridents are presented in Fig. 6, 
in which the data from I is also given as well as the 
results of Bhabha’s" calculation. The results obtained 
in Appendix B of I (the correction for B.S. pairs) were 
revised in the following way. The electron deflection 
at the instant of bremsstrahlung has been neglected 
and this amounts to dividing B-9 of I by v2. The 
numerical factor to be used in B-9 was taken to be the 
one corresponding to the average y-ray energy for 
Ey>10-*E». This leads to a change of the factor given 
in J-B from 0.67 to 0.72. After these revisions we 
obtain 5.4_;9**? and 2.2.5 7**” radiation lengths for 
average energies of 4.2 and 50 Bev, respectively of I. 
The previous results in I were 4.5 and 1.1 radiation 
lengths, respectively. The revised curves are given in 
Fig. 7. 

Figure 6 seems to indicate a systematic deviation of 
the experimental mean free path for trident production 
below that of Bhabha’s result which gives the shortest 
mean free path among all the theoretical calculations of 
this process. Let us now investigate the situation more 
closely. First of all, we must recognize that the calcu- 
lated correction of B.S. pairs in Appendix B of I after 
the above revisien is an overestimate in that the de- 
flection of the primary electron at the instant of y-ray 


Taste VI. Results on trident mean free path obtained 
from electrons of shower P-1. 


1 








Corrected m.f D for 
Energy lower if No. of trident 
limit 5. pairs tridents production 
E > 107E 4 13 24 2.4_; 9744 
E>10°%E 5 14 3.2 44.,,74 











4H. Bhabha, Proc. Roy. Soc. (London) A152, 559 (1935). 
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Fic. 6. Experimental results on trident mean free path as a func- 
tion of energy. The solid line is that calculated by Bhabha. 


emission and the energy loss of this electron have not 
been included. The latter effect, the energy loss of the 
primary electron, can, within the portion of the electron 
track on which the energy measurements have been 
made, partially be taken into account. That is, we use 
the energy value as estimated by the scattering meas- 
urement in choosing a particular correction curve from 
Fig. 7, since the magnitude of the correctivn is deter- 
mined by both the average y-ray emission angle and 
the average electron scattering over the observed dis- 
tance and not directly by the initial instantaneous 
energy of the primary electron. This argument also 
applies roughly to the energy estimation by the opening 
angle determination together with the assumption of 
energy equipartition, because the separation of the two 
electrons at a certain distance includes the effect of the 
electron scattering and the electron energy loss up to 
this distance. Now, there may be an argument against 
the use of a Gaussian distribution with the root-mean- 
square angle of emission as calculated by Stearns for 
the angular distribution of the emitted y ray. It is true 
that there is no direct experimental verification of 
Stearns’ results, while the most probable opening angle 
of a converted pair as given by Borsellino has been 
verified experimentally for energies up to 800 Mev." 
However, in our problem of the bremsstrahlung pair 
correction to the trident process, we are dealing with 
the behavior of an ensemble of electrons and photons 
as a whole and the root mean square angle is better 
suited for the purpose of representing the whole dis- 
tribution. As for the approximate use of a Gaussian 
distribution for the true angular distribution of emitted 
y rays we have the following considerations. Although 
there is no direct calculation of this distribution, we 
can attempt an estimate of how well its salient features 
are accounted for by a Gaussian by considering the 
similarity of bremsstrahlung to pair production to- 
gether with the results given by Borsellino and Stearns. 
The true angular distribution would probably be similar 
to that given by Borsellino for the opening angle dis- 
tribution of converted pairs. The errors introduced by 
the use of a Gaussian distribution can be estimated in 
the following way. We can calculate the mean distance 
which the emitted y ray has traveled before it is con- 


“ K. Hintermann, Phys. Rev. 93, 898 (1954). 
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Fic. 7, Calculated correction curves for the trident process 
(solid curves obtained using the rms emission angle of Stearns: 
dotted curves represent a zero emission angle). Details of the 
calculation appear in the Appendix of I. 





verted into an electron pair within the observational 
distance of ¢ radiation lengths and from equation B-4 
of I we find it to be about 0.3¢ in the approximation of 
small ¢. This means that the important contribution 
comes from angles smaller than 0.43 10~ radian for 
an observational distance of 0.5 radiation length and an 
observational accuracy of 0.2 u. The percentages of the 
distributions below this angle are 37% for a Gaussian- 
type and 40% for a Borsellino-type distribution for an 
electron energy of 50 Bev. For electron energies smaller 
than 50 Bev, the Gaussian-type distribution has more 
percentage within the above angle than the Borsellino- 
type distribution does; this is because the Guassian 
type distribution has a nonzero valve at zero angle 
while the Borsellino type distribution goes to zero with 
zero angle. Therefore, in our energy region, it seems 
almost certain that the use of a Gaussian function for 
the angular distribution of emitted y rays does not 
cause an underestimation of the bremsstrahlung cor- 
rection to the trident process. We also note that the 
root-mean-square angle for our energy region is much 
smaller, by at least a factor of 10, than the angle in 
which our observations have been restricted, so that 
the number of y rays converted outside the observed 
area would not be sufficient to affect the magnitude of 
the correction appreciably. (See Appendix B of I.) 
The remaining problem is to what extent we can 
trust the energy values as determined by scattering 
measurements, or by the opening angle determination 
of converted pairs, as representing the true initial 
energy. Figure 6 shows that if we want the experi- 
mental data to be in harmony with Bhabha’s results, 
an over-all underestimation of electron energy by at - 
least a factor of 30 must be assumed. Although this is 
not absolutely impossible, it is rather hard to admit 
that all of these electron energies are systematically 
underestimated by a factor of ~30 when we consider 
that our lower energy limit is 1 Bev. We cannot at- 
tribute the energy underestimation to a few electron 
tracks, for we have seen in Table II that the tridents 
are rather uniformly distributed among the isolated 
showers considered there and the short observational 
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Fic. 8. Opening angles of pairs (solid circles) and tridents 
(open circles) plotted against their energy as determined by 
multiple scattering 


length makes it difficult for this discrepancy to be due 
to a few cases of very high-energy showers. Therefore, 
it seems rather more probable to conclude that there 


actually exists a discrepancy of a factor of about 2.5 


between the experimental data and the theoretical mean 
free path for trident production 
Bhabha). 

Additional information is obtained from the opening 


(as calculated by 


angle distribution of electron pairs and tridents. This 
is presented in Figs. 8 and 9. In Fig. 8, the opening 
their 
energies as determined by the scattering measurement 


angles of individual pairs are plotted against 
The horizontal lines indicate the statistical probable 
errors in the scattering measurements while the vertical 
lines give the uncertainties in the opening angle deter- 
mination which have been taken to be due to the root- 
the from their 
tions as determined by scattering measure- 


mean-square deviation of electrons 
original dire 
ments. In Fig. 9, the results are presented following 
Hintermann"™ in a form directly comparable to Bor- 
sellino’s calculation: that is, individual cases have been 
expressed in terms of Borsellino’s characteristic angle 
Wo=4kmc/(E,E_) where k, E,, E are the 


energies of primary photon, positive electron, negative 


, and mc 


electron and the rest mass of the electron respectively 
The good agreement with Borsellino’s results, which 
has been verified previously by K. Hintermann for 
energies below some 800 Mev, is thus apparently ex- 
tended to the higher energy region of around 10 Bev. 
This, however, does not necessarily imply that both 
types of energy measurements give an accurate initial 
energy, for the effect of bremsstrhalung would be 
expected to cause a systematic error in favor of an 
energy underestimation in the high-energy region for 
both types of measurements. In Figs. 8 and 9, the 
apparent trident cases, of which a considerable fraction 
are expected to be genuine ones (from the preceding 
analysis), are also plotted considering the lower energy 
two of the emerging electrons as the produced pair. 
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(The apparent tridents from I are also included.) There 
seems to be a rather marked difference between the two 
categories, ordinary pairs and apparent tridents; iLe., 
the trident cases seem to favor larger opening angles 
than the ordinary y-ray pairs. Whether this is actually 
so or not will be determined only upon obtaining in- 
creased data in the future. 


5. CONCLUSIONS 


The investigation of isolated electron showers of 
energy greater than 1 Bev in photographic emulsions 
exposed to the high-altitude cosmic rays has revealed 
the following results. 

(1) Out of 16 isolated electron showers with an 
initial pair energy 21 Bev, 12 cases were found to be 
consistent with the assumption that they originated 
from a single y ray (most probably from a locally pro- 
duced x meson), and 2 cases were consistent with the 
assumption that both y rays from the #° decay con- 
tributed to the observed development. 

In 2 cases, however, it seems quite difficult to reduce 
the required number of primary photons down to 2. 
One of them in fact seems to require at least 4 incoming 
y rays of comparable energy (~10 Bev). The very 
narrow angular spread of these y rays for their energy 
makes it difficult to explain this event as due to a 
nuclear production mechanism for x® mesons as the 
y-ray source. There might be raised the question of 
whether this apparently anomalous electron shower 
could be interpreted in terms of the decay of a long 
lived neutral particle into several #° mesons: e.g., 
r° —» 39° or & — 2°. In this way, we could explain the 
isolation of this event from other charged particles as 
well as the number of initial y rays responsible for the 
event. However, the lower limit of the angular spread 
of the electron shower is fixed by the spread of the 2 
y rays from the #° decay rather than that of the rs 
from the decaying neutral particle (no known particle 
has been observed decaying directly into y rays other 
than the x° meson). The minimum angular separation 
of 2 y rays from a 20-Bev x° meson is 1.410 radian 
compared with the observed 0.82 10~* radian. There- 
fore, the production of y rays through the intermediary 
of x° mesons seems to be excluded." 

(2) The experimental mean free path in emulsion for 
the trident process, direct pair production by an elec- 
tron, seem to be smaller by a factor of at least 2.5 than 
that predicted theoretically by Bhabha. In order to 
bring the experiment into harmony with his calculation, 
it would be necessary to admit a systematic under- 
estimation, by a factor of about 30, of the initial elec- 
tron energies by the scattering method, or by opening 
angle determination in the energy region observed 
(1 Bev to 15 Bev). There are two kinds of possible 


‘* A mechanism proposed by S. Hayakawa in 1949, radiation 
accompanying the deceleration of primary charged particles 
(Phys. Rev. 75, 1760 (1949) ], may be recalled in this connection. 
A charge exchange scattering of a very high-energy proton 
(~1000 Bev) with a neutron, or a x~ with proton, would probably 
give rise to this kind of event by his mechanism. 
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sources of error leading to a systematic under-estimation 
of energies. One is the inadequacy in the formula which 
relates the experimentally observed quantities to the 
energy value. This will be considered in a forthcoming 
paper in detail. The other possible source is a purely 
experimental one; that is, calibration of eyepiece scales, 
emulsion distortion and so on. The experimental pro- 
cedures employed in this work were carefully checked 
and no possible source of this nature has been found to 
affect the results. Furthermore, if we admit that the 
majority of the energies were underestimated by a large 
factor, say 15, we should have observed the two photon 
primary nature in most of the isolated electron showers 
in Sec. 2 whereas it was observed in only 2 out of 14 
cases. Therefore, it seems rather difficult to accept an 
explanation in terms of an overall energy underestima- 
tion by a large factor. 

If this discrepancy is confirmed by increased experi- 
mental data with improved techniques of energy meas- 
urement, its inference would be quite embarrassing. 
Namely, we have assumed the validity of the Bethe- 
Heitler conversion length" and the angular distribution 
of emitted y rays in deriving the correction to be 
applied to the observed number of apparent tridents; 
the result obtained is incompatible with Bhabha’s 
calculation which had been carried out in the same 
theoretical framework as the Bethe-Heitler theory.” 
Thus in order to obtain agreement between the experi- 
mental data and the perturbational calculation, it 
would be necessary to admit a shorter conversion 
length or a smaller root mean square emission angle 
than those calculated on the above basis. This would 
probably mean that the assumption that the lowest 
order processes pertaining to the phenomena under 
consideration (bremsstrahlung and pair production in 
the cascade development) are larger than the higher 
order processes (such as trident process, simultaneous 
two y-ray emission in bremsstrahlung or pair production 
with the emission of additional y rays) by the appropri- 
ate factors in the perturbation expansion coefficient is 
no longer well justified in the high-energy region. In 
fact, if the trident cross section is larger than estimated 
by the perturbation calculation, there is no a priori 
reason for neglecting, for example, radiative electron- 
pair production (production of an electron-positron 
pair with an accompanying photon by an incident 
photon) as compared with ordinary pair production 
since this process is of the same order in the perturba- 
tion expansion as that of the trident process. In addition, 
if radiative pair production is not entirely negligible in 
the high-energy region, it will make the observable 
y-ray conversion length shorter and tend to bring the 
experimental trident cross section in conformity with 
Bhabha’s result. 

There is another possible source which might lead 
to a shorter y-ray conversion length; that is, if by any 
reason the screening by atomic electrons is not com- 
plete, the lowest order cross sections would increase 
with energy instead of approaching a constant value. 
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Fic. 9. Comparison of theoretical and experimental opening 
angle distributions for pa'rs (upper) and tridents (lower), W/W» 
is the pair energy in units of Wyo=4km.*/(E,E_), Borsellino’s 
characteristic angle. 


We find approximately that in order to have an agree- 
ment between the experimental data on the trident 
process and the results given by Bhabha, it would be 
necessary to have a smaller conversion length than that 
given by the Bethe-Heitler theory by a factor of about 
1.5 if the angular distribution is unchanged. 

All these considerations, however, are tentative in 
that they require further experimental data with in- 
creased statistics combined with more refined tech- 
niques of energy measurement for high-energy electrons. 

(3) Some additional information was obtained about 
the opening angle of electron paris and the verification 
of Borsellino’s results was apparently extended up to 
around 10 Bev. The trident process seems to favor 
opening angles larger than those characteristic of ordi- 
nary electron pairs of equal energy. 

In conclusion, almost all the difficulties will be 
avoided if we can obtain a more reliable method of 
energy estimation than available at the present time. 

We wish to thank Professor K. Greisen for some dis- 
cussions concerning the trident process and our method 
of correction ; we also would like to express our appreci- 
tion to Miss B. Hull and to Mrs. J. Rutherford, Jr. for 
their scanning assistance, and to thank the Aero 
Medical Field Laboratory, Holloman Air Force Base 
for arranging the balloon flight. 

Note added in proof.—Recently Peters and his co- 
workers (private communication) have investigated 
the limitations of the multiple Coulomb scattering 
method as applied to nuclear emulsions. They report 
the existence of an inherent emulsion noise, independent 
of distortion, presumably arising from small scale dis- 
locations, that gives rise to a spurious scattering which 
sets an effective upper limit of approximately 1 Bev 
for the meaningful measurement of momenta of singly 
charged particles. They would thus ascribe the values 
of energy determined by the application of the con- 
ventional method (their criticism does not apply to 
the relative scattering method) as spurious and having 
no meaningful relation to the true energy, the true 
energy of a given track in general being higher by some 
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such as reported in this paper. We feel however that 
we cannot at this time accept this criticism as a resolu- 
tion of the discrepancy reported in this paper for the 
following reasons. In this paper we have set forth some 
general arguments concerning reasons for our belief 
have not underestimated 
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our energy by a 
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APPENDIX. MONTE CARLO CALCULATION 
OF CASCADE SHOWERS 

We present here a set of tables representing the 
results of a Monte Carlo calculation on the one- 
dimensional number development of the electron- 
photon cascade. The original results, the cascade de- 
velopment of 100 single y-ray initiated showers was 
done by one of us (MFK) in collaboration with Dr. 
D. M. Ritson under approximation A of Rossi and 
Greisen.4 100 showers were constructed and tabula- 
tions made of the number of showers having a given 
number of electrons, V,, of energy greater than ao, 
E= initial photon energy, in intervals of 0.1 radiation 
length from the origin to 1 radiation length. The results 
for the single photon initiated showers are presented 
in Tables A~1-a, A-1—b, and A-1-c, where a, b, and « 
mean respectively a=10~, 10-*, and 107°. 

Tables A-2-a, A-2-b, and A-2-c represent the 
development for two incident electrons and were 
obtained from Tables A-1 by using those cases in 
which the primary photon was converted within 0.5 


E>10%E 


TasLe A 
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0.5 650 130 
O04 1152 288 
03 1463 308 
0.2 1896 237 
0.1 2871 0 


750 105 
$20 2: . 60 
823 32 ~ ~ 10 
1033 . ; 7 0 
603 0 


TABLE A-3-b 


Tables A-3-a, A-3-b, and A-3-c represent the de- 


‘ velopment for the initial condition of one electron pair 


i 0 and one photon of equal energy, Zo, incident at the 


origin and were made by a superposition of Tables A-1 


9Q5 


173 
22 


1625 195 
1872 216 
2310 77 
2528 158 
2871 &7 


1010 
1010 
968 
719 40 
516 13 


0.5 
0.4 
0.3 
0.2 
0.1 


and A-2. Here again a, b, c, refer respectively toa= 10“, 
10-*, and 10~* and N, is the number of additional elec- 
trons made in the distance / radiation lengths from the 
origin and the numbers in the rows opposite ¢ represent 


radiation length and taking the point of conversion as 
the origin. The letters a, b, c here again refer toa=10™, 
10-*, and 10-? respectively where now E£o=initiai pair 
energy. Here NV, is the number of additional electrons 


the number of cases. 
With these results we clearly see the large fluctua- 
tions in electron numbers in the cascade development. 


As a matter of fact, these fluctuations can cover almost 


formed in the distance ¢ radiation lengths from the 
first pair origin and the numbers in the rows opposite / 
represent the number of cases. 


all anomalies in electron numbers in cascade showers 


thus far observed if the initial energy is sufficiently high. 
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Causality in the Pion-Proton Scattering* 


H. L. Anperson, W. C. Davipon, anv U. E. Kruse 
Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received May 11, 1955 


Dispersion relations applicable to particles with mass and charge have been used for analyzing pion-proton 
scattering data. In these relations, experimental values of the total cross sections for x* and x~ from 0 to 1.9 
Bev were used to calculate the real part of the forward scattering amplitudes, and these were compared 
with the results of phase-shift analyses. With suitable choice of the pion-nucleon coupling constant, good 
agreement can be obtained for the phase-shift solutions with a resonant behavior for ag; 


persion relation’ is derived from the condition that the 
scattered wave should have zero amplitude until the 
incident wave reaches the scatterer. Following a sug- 
gestion by Kronig’ that such a causality condition 
might be extended to apply to the scattering of particles 


'R. Kronig, J. Opt. Soc. Am. 12, 547 (1926). 
*H. A. Kramers, Atti congr inter fisici Como 2, 545 (1927). 
*R. Kronig, Physica 12, 543 (1946) 


INTRODUCTION 


RELATION between the real and imaginary 
parts of the forward scattering amplitude for the 
scattering of light on atoms has been known for some 
time. The relation, known as the Kramers-Kronig dis- 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
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with mass, a generalized dispersion relation for Bose 
particles with finite rest mass has now been obtained 
by Goldberger. Goldberger’s derivation uses the for- 
malism of quantum field theory. The demand that 
waves do not propagate faster than the velocity of light 
is expressed by requiring that measurements of two 
observable quantities made at space like points, should 
not interfere. Thus, the causality condition is imposed 
by setting the commutator of two Heisenberg operators 
for the boson field equal to zero when these are taken 
at space like points. 

Application of such a dispersion relation to the pion- 
proton scattering was first made by Karplus and 
Ruderman’ who were able to show that the causality 
condition required a positive sign for the real part of 
the forward scattering amplitude of the low-energy 
This was in agreement with 
effect of the Coulomb 


pion-proton scattering 
the result of the study of the 
interference.*’ 

Our interest was to make use of the causality condi 
plon-proton 


tion in the phase shift analysis of the 


scattering, following a suggestion by Wigner.* Wigner 
had found a lower limit for the derivative of the phase 
shifts with momentum. This made clear the relevancy 
of causality for the phase-shift analysis, but seemed less 
useful than a dispersion relation. The dispersion rela 
tion obtained by Karplus and Ruderman applies to the 
scattering of x by protons. The formula obtained by 
Goldberger, Miyazawa, and ¢ ehme’ applies explic itly to 
the scattering of charged pions by protons and was used 


in the present work 


DISPERSION RELATION 


In a dispersion relation, the real part of the forward 


scattering amplitude is calculated from a knowledge 


of the imaginary part over the entire energy range, 


from —* to +. For any given scattering process, 


it is of course possible to measure the total cross sec tion 
and hence the imaginary part of the forward scattering 
amplitude, only at energies above yw, the rest energy. 
According to Goldberger, the usual assumptions made 
in field theory have the consequence that the cross 


sections for the charge conjugate particle may be used 


for energies more negative than —uy. For this reason, 
both the 
for x~ contribute in the dispersion formulas. 

which occurs 


cross sections o,(w) for r* as well as ¢_(w 
contribution 
—p?/2M for x 
rhis 


additional 
at energy w=y’/2M for x* 
scattering, where M is the nucleon rest energy 


There is an 


or w 
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is the only contribution in the energy range between 
—y and +y and arises from the fact that the neutron 
can be a possible intermediate state in the scattering. 
This contribution may be expressed in terms of the 
small coupling constant characteristic of the pseudovec- 
tor interaction, and is numerically very important. An 
important object of an experimental check of the 
dispersion relations is to test the correctness of these 


ideas. 

We reproduce below the formulas given by Gold- 
berger, Miyazawa, and Oehme’® for the scattering of 
positive and negative pions by protons. 


Ww Ww 
1+ )p.)-3 1— )o (0) 
Me 


D,(k)—} 


(1 +" )p (0)—}3 
u 


where & is the wave number of the pion and w its total 
energy, both in the laboratory system. 

The formulas have been written to give the difference 
between the real part of the forward scattering ampli- 
tude D,(k) for positive pions of wave number &, or 
D_(k) for negative pions and the values for these 
quantities taken at k=0. Both integrals contain the 
total cross sections for * and x~ and it is the principal 
part of the integral which is to be evaluated. The final 
term in both expressions gives the contribution of the 
bound state. 

It is well known that in the pion-nucleon scattering, 
the state of isotopic spin T= % is dominant. For this 
reason, we preferred to calculate the quantity D;(k) 
corresponding to this state. This is identical to D,(k) 
given in (1). 


D;(k) = D,(k). (3) 


However, the corresponding quantity for the state 
T =} is given by the linear combination 


D,(k) =§D_(k) — 4D, (k). (4) 


These quantities are readily expressed in terms of 
the phase shifts which are determined from the angular 
distribution measurements. We have up to terms in- 
cluding p waves, 

D,(k) = (k/2k,") (sin2a3+ 2 sin2a33+sin2as,+---), (5) 


and 


Dyk k/2k,*) (sin2a,;+2 sin2a;3+sin2a;;+ ---). 
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Fic. 1. Total cross section for positive pions on protons vs pion kinetic energy in the laboratory system; 
energy range from 0-350 Mev. Sources for data are listed in references 11-27. 


Here k, is the pion wave number in the center-of-mass The connection between k, and & is 
system. The transformation from the center of mass to we p\-t 
the laboratory system is carried out by recognizing by=h( 1+ be ) 
that the ratio D(k)/k is an invariant. M M 
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Fic. 2. Total cross section for negative pionsfon protons vs pion kinetic energy in the laboratory system; 
energy range from 0-350 Mev. Sources for data are listed in references 11-27. 
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tive and negative pions vs pion kinetic energy in the laboratory system; 
to 1.9 Bev. Sources for data are listed in references 11-27. 


The quantities D,(0) and D_(0) may be evaluated is well known, the phase shift corresponding to the 
from the low-energy behavior of the phase shifts. As state of angular momentum / varies asymptotically as 
k,?**', Thus, in the limit as k,—0, only the s wave phase 

shifts contribute. These are written: 
ay= am, (8) 
a= ayn, (9) 


where n=k,X. with X, the pion Compton wavelength. 
Thus, from (5) and (6) using (3), (4), and (7), we write 


u 

D.(0)=%.( os (10) 
M 
a 

D (o=n.( 1+ ) 1+ 4943). (11) 
M 


The quantities a; and a; may be obtained from an 
analysis of low-energy pion scattering data such as has 
been made by Orear.”® The coupling constant f remains 
as an adjustable parameter. 


COMPARISON WITH EXPERIMENT 


The cross sections for the scattering of both x~ and 
x* by protons are now known up to 1.9 Bev."-*? We 


ae ee ee ee 


t wt 


Fico. 4. Comparison of (24,"/4)D,(4) calculated from causality manipemseonenn 
conditions with sin2a;+sin2a,;+2 sin2a3; obtained from phase * J. Orear, Phys. Rev. 96, 176 (1954) 
shift analysis. The abscissa represents the laboratory kinetic " Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
energy in Mev. Sources for data are listed in references 11-27 1104 (1954). 
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have plotted all this data as shown in Figs. 1-3. At low 
energies we have drawn the curve according to Orear’s® 
prescriptions for the phase shifts. At high energies we 
supposed the cross sections to continue as constant and 
equal to their values at 1.9 Bev. These extrapolations 
have only a minor effect on the results. 

For a more direct comparison with the phase-shift 
analysis of the scattering experiments we have plotted 
the quantity (2k,?/k)D,(k) in Fig. 4 and the quantity 
(2k,?/k)D,(k) in Fig. 5. In the calculations we have 
taken M/yu=6.73 and X.=1.42K10™" cm. For 2f* we 
used the value 0.161 obtained by Chew from the 
analysis of pion-nucleon scattering and photomeson 
production.** The quantities a;= —0.11 and a,;=+0.16 
as taken from Orear" gave the lower curves. For com- 
parison we also calculated using a;=0.15 and a,=0.33 
according to Noyes and Woodruff.” 

The experimental points are the quantities sin2a; 
+2 sin2a;;+sin2a;; for Fig. 4 and sin2a;+2 sin2a,; 
+sin2a;, for Fig. 5. In the case of the points at 165 Mev 
and 189 Mev an error analysis was available so that 
it was possible to give some idea of the experimental 
error. Presumably, errors comparable in magnitude 
should be associated with the other experimental points. 

The outstanding feature of the curve for T=} is 
the abrupt change in sign near 180 Mev. The positive 
sign of D,(k) below 180 Mev is in agreement with the 
result of measurements of the Coulomb interference 
effect at 113 Mev® and at 126 Mev.’ The change in 
sign of D,(k) above 180 Mev implies that the forward 
scattering should be augmented rather than diminished 
by the Coulomb interference. This effect has now been 
observed by Taft® with positive pions at 220 Mev. 

The abrupt change in sign for D;(k) has made 
possible a rather unambiguous choice of one out of 
several possible sets of phase shifts which fit the pion- 


# Anderson, Davidon, Glicksman, and Kruse, this issue [Phys 
Rev. 100, 279 (1955) ] 

4% Anderson, Fermi, Lundby, and Nagle, Phys. Rev. 85, 936 
(1952). 

“4 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 

‘8H. L. Anderson and M. Glicksman, this issue [Phys. Rev. 
100, 268 (1955) ] 

6 Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 (1954). 

7 Cool, Clark, and Piccioni, Proceedings of the Fifth Annual 
Rochester Conference (Interscience Publishers, Inc., New York, 
1955) 

18M. Glicksman, Phys. Rev. 94, 1335 (1954). 

* R. A. Grandey and A. F. Clark, Phys. Rev. 97, 791 (1955) 

* Isaacs, Sachs, and Steinberger, Phys. Rev. 85, 803 (1952). 

= S. J. Leonard and D. H. Stork, Phys. Rev. 93, 568 (1954) 

= J. J. Lord and A. B. Weaver (private communication). 

= J. Orear, Phys. Rev. 96, 176 (1954 

™ J. P. Perry and C. E. Angell, Phys. Rev. 91, 1289 (1953) 

* G. Puppi, Proceedings of the Fifth Annual Rochester Con- 
ference (Interscience Publishers, Inc., New York, 1955). 

* J. Tinlot and A. Roberts, Phys. Rev. 95, 137 (1954). 

7 L. C. Yuan and S. J. Lindenbaum, Proceedings of the Fifth 
Annual Rochester Conference Inc., (Interscience Publishers, New 
York, 1955). 

* G. Chew, Proceedings of the Fifth Annual Rochester Con- 
ference (Interscience Publishers, Inc., New York, 1955). 

* H. P. Noyes and A. E. Woodruff, Phys. Rev. 94, 1401 (1954). 

*” H. Taft (to be published). 


IN PION-PROTON SCATTERING 





T ce Te ee ee ee 
: 
2 

—* b, (a) 


eeenetneoewnwe &@ & © 





,*33) 8,015 4 
4 


Smo + SZ, +25NZE,, (EXPT) 








+ 
ae awe ewe ae ewe ew eee eee eae 
60 80 100 2 “ef ie 200 

C uty 


Fic. 5. Comparison of (24,*/#)D,(&) calculated from causality 
conditions with sin2e;+sin2a;,;+2 sin2e;; obtained from phase 
shift analysis. The abscissa represents the laboratory kinetic 
energy in Mev. Sources for data are listed in references 11-27. 


proton angular distribution of the solutions recently 
found at 189 Mev;” the one in which a ;=98.5°, 
a3;= —11.3°, and as;= —11.6° is in agreement with this 
behavior. Alternative solutions with a;=81.5°, a;= 
+11.3°, and as;=+11.6° or one with a;= —44.5° give 
the wrong sign for D;(k). A fourth solution at 189 Mev 
has a3= —11.6°, a33= 126°, and a3,;=56° or 236°. This 
gives the proper behavior for D3(&) but must be com- 
pared with solutions at 165 Mev'® in which a;=— 20°, 
di33= 34°, and as;=94° or a;= — 20°, ays=+63°, and 
a;,;=4°. This seems unlikely in view of the large jumps 
for two phase shifts which are called for. The choice 
coincides with that selected by de Hoffmann, Metrop- 
olis, Alei, and Bethe®™ on other grounds. This is the 
solution in which aj; passes through 90°. A non- 
resonant behavior for as; seems excluded by causality. 

The general fit of the experimental data is surprisingly 
good in view of the rather considerable experimental 
errors. Neglect of the presence of d waves in the analysis 
of the scattering may be responsible for part of the dis- 
crepancy which occurs at the higher energies. The 
agreement with Orear’s prescription for a; and a, is 
noticeably better than that using the values of Noyes 
and Woodruff. Adjustment of the curves by altering 
the value of f* can serve to bring down the curve for 
T = 3 but this raises the T= } curve by twice theamount. 

The importance of the neutron term is of special 
significance. Neglect of this term would have the 
quantity (2k,?/k)D,(k) rise rather substantially at 
the high-energy end. Its inclusion serves to keep the 
value of this quantity near zero in conformity with the 
experiments. For this reason, the dispersion relations 
can serve as a means to evaluate the strength of the 
pion-nucleon coupling. The role of the neutron as an 
intermediate state of the pion-proton system is made 
more evident because of these results. 
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The meson-nucleon scattering equations of Chew and Low are generalized to the case of mesons and 
scatterers having arbitrary angular momenta. In consequence, the algebraic structure of the equations 
made clearer. Two coupling schemes for the angular momenta are studied, the J-scheme in which momenta 


veson and scatterer in the 


inal states are « oupier 


he condition of causality is simple only 


initial state are coupled, and the N-scheme in which the meson momenta in 
The condition of unitarity of the S-matrix is simple only in the J-scheme, 
in the N-scheme. The interlock between the two schemes gives 


rise to the peculiar linking of different J-values in the Chew-Low equations. The linkage coefficients are 


shown to be ordinary Racah coefficients 


I, INTRODUCTION 


A pte has introduced the so-called “‘fixed-source 
model” as an approximate model for the meson- 
nucleon interaction, and has found remarkably good 
agreement between this model and the experimental 
data on photo-production and meson-proton scattering. 
Low’ has discovered a new type of scattering equation 
which greatly simplifies the mathematical analysis of 
the Chew model. Low has also proved’ a theorem which 
states that his scattering equation is in a certain sense 
equivalent to the requirement that the meson-nucleon 
interaction satisfy the two conditions of causality and 
unitarity of the S-matrix. This means that the conse- 
quences of the Low scattering equation are to some 
extent independent of the details of the model, and 
therefore to be taken more seriously than the model 
itself. 

The present paper contains a simple generalization 
of the Chew-Low analysis to the scattering of mesons 
by a fixed scatterer, the mesons and the scatterer having 
arbitrary angular momenta. The treatment is general 
enough so that scattering matrix elements which are 
mixtures of different multipole orders can be included. 
It is found that the essential features of the Chew-Low 
theory are entirely unchanged by the generalization. 
In particular, the Low theorem about unitarity and 
causality still holds. 

The purpose of this generalization of the theory was 
to understand the algebraic structure of the scattering 
equation [Eq. (3.11) of reference 2], particularly the 
linkage between scattering amplitudes of different total 
angular momentum. The generalized equations make 
the structure clear. The essential results thus obtained 
are two 

(i) The linkage coefficients are Racah coefficients, 
which enter here for the same reason that they occu 
in the theory of angular correlations of successive 
nuclear radiations.‘ 

'G. F. Chew, Phys. Rev. 89, 591 (1953); 94, 1748 and 1755 
1954) ; 95, 1669 (1954 

*F. Low, Phys. Rev. 97, 1392 (1955). 

*G. F. Chew (unpublished communication 

‘*G. Racah, Phys. Rev. $4, 910 (1951). 


(ii) The unitarity and causality conditions can be 
simply formulated in terms of two different coupling 
schemes for the angular momenta, and it is only in the 
transformation between the two coupling schemes that 
the Racah coefficients make an appearance. 

The discussion in this paper is intentionally confined 
to the algebraic properties of the scattering equations. 
Concerning the physical meaning of the equations, we 
have nothing to add to what Chew and Low have said. 


Il. THE SCATTERING EQUATION 


We shall consider the interaction of mesons with a 
heavy scatterer to be a particular case of the following 
general situation. There is a scatterer whose states are 
represented by |.Sa), | 77), where o or r is the z-compo- 
nent of the angular momentum, and S or T denotes 
the total angular momentum together with any other 
variables needed to specify the state completely. There 
is a neutral spin-zero meson field ¢(r). States of the 
scatterer plus one meson are denoted by |SaLAz), 
where L is the orbital angular momentum of the meson, 
\ is the z-component of LZ, and x is the magnitude of 
the meson momentum at infinite distance from the 
scatterer. The states are normalized by the convention 


{ TrMuy So L\x)=br756,.61 m0y,6(x—y). (1) 
The Hamiltonian of the whole system is 
H=Ho+H'+H», (2) 


where Ho is the energy of the scatterer alone, H,, is 
that of the free meson field, and H’ is the interaction 


= [ UMe(nas, (3) 


where U(r) is a Hermitian matrix operating on the 
states of the scatterer. 

The Fourier transform of the operator U(r) may be 
expressed as a sum of multipoles: 


U(w= [ Uie "dy=> (—1)*¥_.4(k)U,* (2), 
La 
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where Y_,“(&) is a normalized surface harmonic, and 
U,"(k) is an operator depending on the magnitude of & 
only. The basic hypothesis of the fixed-scatterer model 
is that the U,4(k) be factorizable. That is to say, for 
each multipole separately we have 


U,"(k)=ur(k)Ox", (4) 


where uz,(k) is a c-number function of |#!, and O,# is 
an operator independent of &. The O,” are irreducible 
tensor operators in the sense of Racah.* According to 


Eq. (29) of reference 5, the matrix elements of O,” are 
given by 


(Rp|O,”| So)= (—1)*®**V (RSL, —por)(R''O*%!|S), (5) 


where V is a Wigner coefficient, and the reduced 
matrix elements (R'\O“'|S) express the physical proper- 
ties of the scatterer. 

The interaction operator is subject to the further 
conditions that it be Hermitian and invariant under 
time reversal. The first condition gives 


(R'|}O"'|S)*ur* (k) = (—1)8-®+4(S''04!|R)ur(k). (6) 


The second condition, using the conventions of Coester® 
to define the time-reversal operator, gives 


(R''O#'| S)=n(—1)®-S+4(S''04'R), (7) 


where y= + 1 expresses the intrinsic parity of the meson 
field under time-reversal. According to (6), the phase 
of uz (k) is independent of &. We may therefore choose 
the phase of O,” in (4) so that uz(k) is real for »>=+1 
and pure imaginary for n= —1. Then (6) and (7) imply 
that every (R/O) S) is real. 

Consider the part of the S-matrix for which the 
initial state | SoLXx) is a state of the scatterer with one 
meson of momentum x, while the final state | Rp) is 
any state of the complete system of scatterer plus 
meson field. For the final state, R represents the total 
angular momentum and any other variables needed to 
specify the state, while p is the z-component of angular 
momentum. Let Ex be the energy of the final state, 
Es that of the scatterer in the initial state, and Ag 
=Er—Es. Let w.=(u’+2")! be the energy of the 
meson with momentum x. According to Low [Eq 
(3.6) of reference 2], this part of the S-matrix may be 
written 


S=1+2i(x/w2)6(w2—Ar)F(x), (8) 


where F(x) is an operator whose relevant matrix 
elements are given by 


(Ro| F(x)| SoLd) = — 4} (w2/2) tz (x)(Rp|O,"| Sa). (9) 


This F(x) is the scattering amplitude operator for a 
meson of momentum x. In a scattering state which is 
an eigenstate of F(x), the eigenvalue will be e** sind, 
where 6 is the phase shift 


*G. Racah, Phys. Rev. 62, 438 (1942 
* F. Coester, Phys. Rev. 89, 619 (1953). 
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The scattering equation of Low [Eq. (3.7) of refer- 
ence 2], for the case of elastic scattering of a meson 
with momentum 2, gives 


uy (x) yy (x) 
(TrMu| F()| SoLd) = (—1)¥4*—_—_——- 
or! 


1 
xz ———+{Tr!0_,™| Rp Rp|0,"! So) 
Rp Ar—w,—te 


1 
+--———- Tr O\”| Re Rp 8) .*\s)} (10) 
Arte: 


Here it is supposed that the initial and final states of 
the scatterer have equal energy Es. Equation (10) is 
exact and depends only on the hypothesis of factoriza- 
bility of the interaction. The approximation of neg- 
lecting states | Rp) containing more than one meson 
will not be made anywhere in this paper. 


Ill. THE TWO COUPLING SCHEMES 


The usual method of eliminating the magnetic 
quantum numbers r, », a, \ from Eq. (10) is to use the 
fact that the total angular momentum J of the system, 
and its s-component j, are constants of the motion. 
Thus we may write 


(TrMu| F(x)| Sel) =305,(24+1)V (TMJ, ru— j) 


—s 


XV(SLI, oA\— 7) TM | Fy(x)' SL). (11) 


Substituting Eqs. (5) and (11) into (10) gives the Low 
equation in the J-coupling scheme 


(TM | F s(x)| SL)=— 8 
Rk 


167° 


xuz(x)usy (x) f(—-1)"+T-R 
- 
Ar — ie 


(—1)¥+s K 
X(T)}0™|| RRO"! S) dyn 


2) +-] Artw; 


K(T OF RXR OMS w(LsTMIR)| (12) 


Here W is the Racah coefficient defined in reference 5. 
This Eq. (12) is the direct generalization of Low's equa- 
tion (3.11) in reference 2, and it shows how the coupling 
between different J-values in Low’s equation comes 
about. The numerical factors 8/3, 2/9, etc., in Low’s 
equation are products of Racah coefficients, as shown 
explicitly in Eq. (33) below. 

An alternative way of eliminating the magnetic 
quantum numbers from Eq. (10) is to couple together 
the initial and final angular momenta of the meson; 
thus we couple together (LM,ST) instead of (TM,SL). 
We write 


(TrMul F(x)|SoLd) => ve(2N+1)V (LMN, —Auv) 
XV (STN, o—rv)(—1)***-8-"(TM |Gy(x)| SL). (13) 
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Substituting Eqs. (5) and (13) into (10) gives the Low 
equation in the V-coupling scheme 


xu (x) yy (x) 
< 
R 


167° 


(—1)* 

TM Gw(x) SL 

Ar—w,—te 
(—1)"+4 


X(T O* RVR OF SWI(TMSL.RN)4+ 
Art+w, 


x(T O§ RYXR'O*" SK (TLSM,R)| (14) 


For given L, M, S, T, the number of possible values of 
V is always equal to the number of values of J. From 
the symmetry of the Racah coefficients, Eqs. (12) and 
(14) imply 


TM F (x) SL SL F ;(x) TM), 

(15) 
TM). 
J and N 


coupling schemes, in accordance with the general 


TM 'Gy(x) SI (—1 ™SL'Gy(x) 


Thus the S-matrix is symmetric in both 
theorem of Coester.' 

Equation (14) has in addition a property of sym- 
metry’ with t to the interchange of Z and M. 
Thus for a=@, 1, we 
defined by 


TM Gywa(x)' SI 


resp 
consider the sum or difference 


(TM 'Gy(x)|SL 
—1)*%TL'Gy(x)|SM)]. (16) 
For this quantity, Eq. (14) gives 
TM Gwa(x) SI 
Vi (XL) Uy (2 1 —1)*+e 
< 
n Ar =i, $4 


Ar TW, 
TMSL,RN) 


16x 


 {(—1) (TO RX ROM SW 


i) R R OM Ss 


xW(TLSM,RN)}. (17) 


linear combinations of each 
and (13), 


TMSL,JN)Gy, 
(18) 


The Fy 


other according to Eqs. (11 


Fy w(2N+4+1 


and Gy are 


1)%+T I J 


> (2J+1) 


_— 


Gy 1)¥+?-"-SW(TMSL,JIN)F 3. 
Substituting Eq. (18) into (14) reproduces Eq. (12) by 
virtue of the Racah (Eq. (43) of reference 5 ] 
DL v(2N+1 1)” 
x W(TLSM,RN) 


sum-rule 
M+S+T+I+B+NW (TMSLJN) 
W(LSTM,JR). 

The physical meaning of the amplitudes (TM '|Gy 
X (x) SL) is not very They are the “tensor 
parameters” of the S-matrix, according to the definition 


(19) 


clear 


’ The extra symmetry is related to the Gell-Mann and Gold- 
berger “crossing theorem” (the theorem is mentioned by H. W 
Wyld, Phys. Rev. 96, 1661 (1954), end of Sec. ITI, but is otherwise 
unpublished }. The purpose of introducing the quantum-number 
V is to make this symmetry evident in the equations 
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of Fano.* The following seems to be their most concrete 
interpretation. For any direction p, let |L0,) be the 
state of the meson having total angular momentum L 
and zero component of angular momentum about p. 
Then Eq. (13) implies 


(TrMO,| F(x)| ScL0,) 
=P wh 4n(2N+1) }'V(LMN,000)V (STN, o—1r7r—o) 
x (—1)*-5*+"* "(TM |Gy(x)| SL)Y¥._-"(p). (20) 


This exhibits the Gy as coefficients of Legendre poly- 
nomials in the angular distribution of a scattering 
amplitude. 


IV. UNITARITY AND CASUALITY 


Every quantity appearing on the right of Eqs. (10), 
(12), (14), and (17) is real, except for the infinitesimal 
(—ie) in the denominators. Therefore the imaginary 
part on the right side of these equations comes only 
from states | Rp) with Ar=w,. Using (9), the imaginary 
part of (10) becomes 


Im(77rMy| F(x)| So Ld) = (x/w.)d xT rMu!| F*(x)! Rp) 
X6(Arg—wz)(Rp| F(x)| SoD), (21) 


which is simply a statement that the S-matrix (8) is 
unitary. Since Eqs. (12), (14), and (17) are all equivalent 
to (10), the imaginary parts of these equations are also 
equivalent to the unitarity of the S-matrix. For ex- 
ample, the imaginary part of (12) is 
xuz (x) (x) 

___(—1)M+T-J 

(2J +1)16x 
XP 5p75(Ar—wz) T OM RR iOL |S), 


and this is another statement of the unitarity condition. 

We may now use Eq. (22) in order to simplify (12), 
following the ideas of Low.’ The contribution to the 
right side of (12) from all states R with Ag=w,>yu may 
be expressed by (22) in terms of ImFx(z). Thus (12) 
becomes 


Im(7M | F ;(x)|SL)= 


(22) 


xu (x) a(x) (—1)¥+T-# 
TMF )()|SL)= 5 
R 


167° Ar—w, 


1 (—1)M+S-® 
x (TIO™!| RX RIO“! S)\—8 y e+ 
2J+1 Arte, 


X(T O08 RXR OMS w(LSTM,JR) 


1 f dz are be TM | Fz(z)' SL) 
2% iano rail 3 


w/o Ww, Uy(t)tyy(tz) @,—W,—1€ 

_ Im(TL| Fp(s)| SM) i 

+> . ; -(—1)¥+S-1-T 
K w,+w, 


x (2R+1)W(LSTM IR) | (23) 


*U. Fano, Phys. Rev. 90, 577 (1953). 





SCATTERING OF MESONS BY FIXED SCATTERER 


Here the first sum extends only over the states R of 
the system for which Ag<y, and is in most cases a 
discrete sum over a finite number of states. The integral 
has the appearance of a dispersion formula, except that 
the amplitudes for different angular momenta R are 
mixed together in the last term. 

To obtain a true dispersion formula, we must use the 
N-coupling scheme and apply the same argument to 
the real and imaginary parts of Eq. (17). Let Qwa(R) 
be the quantity in curly brackets on the right of (47). 
Let the function gyva(w) be defined by 


£Na(ws)=[169*/xur(x)uy (x) KTM |Gya(x)|SL). (24) 


Then using the unitarity of the S-matrix to simplify 
the right side, Eq. (17) becomes 


a 1 (—1)*+ 
Ar 


R —w Artw 


x 


1 : 1 (—1)**+ 
+ f CImgre(a’) Mu! - + | (25) 
T w’—w—te w’+ 


» 


This is a dispersion formula of the customary kind, 
expressing the fact that gya(w) is an analytic function 
of w for complex w in the upper half-plane, and is an 
even or odd function according as (V+a) is even or 
odd. We may call Eq. (25) a causality condition, since 
it is formally similar to the dispersion formulas which 
have been deduced from requirements of causality.’ 
The fact that the linear transformation (18), (16) from 
Fy to Gna diagonalizes the Eqs. (23) is due directly to 
the Racah sum-rule (19). 

These results may be summed up in the statement 
that the Low scattering equation is equivalent to a 
unitarity condition (22) which is simple in the J- 
coupling scheme, together with the causality condition 
(25) which is simple in the \-coupling scheme. The 
interlock between the two conditions is given by the 
transformation formulas (18). 

When the meson energy is below the threshold for 
inelastic processes, the unitarity condition is particu- 
larly simple. In this case the only states | Rp) wich 
contribute to (21) are one-meson states | PxrKxx), and 
Eq. (22) reduces to 


Im(7M |! F(x)! SL) 
=P px(TM|Fs*(x)| PKXPK|Fy(x)|SL), 


or simply 


ImF, (x)= F y*(x)F yz (x), (26) 


where F,(x) is considered as a matrix in the indices 
TMSL. 

The “‘one-meson approximation” of Low* means that 
inelastic processes are neglected and so (26) is assumed 

* Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954); M. L. Goldberger, Phys. Rev. 97, 508 (1955); M. L. 
Goldberger, Phys. Rev. 99, 979 (1955); Goldberger, Miyazawa, 
and Ochme, Phys. Rev. 99, 986 (1955) 
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to hold for all energies. We shall not make this approxi- 
mation, but we shall specialize the system slightly in 
order to bring the dispersion formula (25) into a very 
simple form. We suppose that the scatterer has a ground 
state with spin S, and no other state with energy below 
Est+wu. We consider the amplitude (SM|Gy| SL) for 
elastic scattering which leaves the scatterer in the 
ground state, not assuming that competing inelastic 
processes are absent or unimportant. In this case the 
causality condition can be deduced directly from {14) 
instead of from (17), and the sum over states R in (25) 
reduces to the single term R= S with Ag=0. If we write 
(SM |Gw(x)|SL)=(Ow/16n* Jour (x) tty (x) gw (we), 97) 
On= (—1)4S/0O™||SXS!0"S)W(SMSL,SN), = 


the unitary condition applied to Eq. (14) gives the 
result 


1 


gv(w)=[(—1)¥—1] 


of 
a 


“ 


x 


(—1)% 


[Imgy(w’) ya + (28) 
, 


oe ie w'+w 
This equation is precisely equivalent to the following 
four statements: 


(a) gv(w) is an analytic function of w in the whole 
complex plane with cuts from 4 to + and from 
—pto—@, 

(b) gy (w) is real for real w in the range —u<w<u. 

(c) gw(w) is even or odd according as NV is even or odd. 

(d) gv(w) has only a simple pole with residue —2 at 
w=0 when JN is odd, and it has no pole when NV is 
even. 


The fact that these conditions, together with the 
unitarity condition (21), are equivalent to the scat- 
tering Eq. (10), is the theorem of Low which was 
mentioned in Sec. I. 


Vv. EXTENSION TO CHARGED MESONS. THEORY OF 
MESON-NUCLEON SCATTERING 


The theory which has been developed for neutral 
mesons can be extended immediately to mesons which 
possess a total isotopic spin L’ and a charge quantum- 
number \’, scattered by a scatterer possessing total 
isotopic spin S$” and charge quantum-number o’, pro- 
vided the interaction is invariant under rotations in 
isotopic space. Particles having several values L’, M’ of 
total isotopic spin may also be included. The resulting 
equations will be the same as for the neutral case, except 
that each Racah coefficient is replaced by a product of 
two Racah coefficients operating independently on the 
angular momentum and isotopic spin quantum num- 
bers. For example in Eq. (12), W(LSTM,JR) is 
replaced by W(LSTM,JR)W (L'S’T’M',J'R’). 

The Chew model of p-wave meson-nucleon scattering 
is the special case of this theory in which always 
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L=L'=M=M'=1, S=S'=T=T'=}. The possible 
values of J, J’, R, R’ are 4, }, and the possible values 
of NV, N’ are 0, 1. We write 


Wrre=W(AMASR), 
(29) 
Vew=WO1A,RN), 
so that W and V are numerical 2X2 matrices 
1f-—2 4 if—./6 2 
W sr = | V ew = | (30) 
mam 4 4 6L+4/6 1 


The physical properties of the scatterer are expressed 
only in the form-function and in the single 
reduced matrix element 


My (2 


(31) 
trength of the 


e renormalized coupling constant of 


which fixes the 
identify f with t 
the Chew theory. The scattering amplitude 


Pyy(x)=GQ4NNPyy(x) | AM 


interaction. We may 


1 
t 


(32) 
is equal to e* sind, where 6 is the phase-shift for a 
meson of momentum «x in the state (J,J’) of the system 
meson-plus-scatterer. In general 6 will be complex; it is 
real below the threshold for inelastic processes, in the 
range where (26) holds. 


The scattering Eq. (23) for the Chew model becomes 


16m") { x[ s(x) P 


We} 


Fy; x) 


X[46y)574—-WaWo4] 


Imk JJ 


ImF RR‘\t : 
(2R+ 1)(2R’ T 1)WoareWy RK 


+E 


(33) 


RR’ @, TW, 


This is identical with Low’s equation (3.11) of reference 


2 if we ¢ hoose 


4; (x)= (489) * (xy), (34 


corresponding to the conventional point-source charge 
symmetric pseudovector interaction, and assume (26) 
to hold for all x (one-meson approximation 


If, however, we make the substitution 


r) PS ZainZs nw’ RN N’\@,), (35) 
NAN 


( f?/ 16m") xf 14 


Za —1)/ 1(2N +1) ViwV ow, (36) 


18), (27) for the Chew model, 


w) satisfy the simple dispersion 


which is the analog of 
then the functions ENN 
formula 


*” According to (6) and (7) the time parity of the meson field 
must be odd pure imaginary, for neutral pseudo 
scalar mesons. In the charge-symmetric theory the meson field 
also has odd parity under inversion in isotopic space. This makes 
the w, (4) real when the charge variables are inserted in (6) and (7). 


, and the w;,( 
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1 
gyn’ (w)=[+1—1} 


Ww 


os 1 1 
ot I NN’ (w’ Py ee er ee 37 
: i [Imgnw (oY Vd + (37) 


w'—w-te w'+o 


The ambiguous sign is plus for Y=.’ and minus for 
N#N’. By (30), the numerical values of the coefficients 


Zw in (35) are 
1f1 2 
pu 
61 —1 


(38) 


The relations (35) can be inverted to give 


(f? 16m”) a[ (x) Penn: (we) 
= > XwyXweF yy(x), (39) 
JJ’ 


1 2 
Xxs=a | 
i —! 


It is the gyn’, and not the usual scattering amplitudes 
Fy, which obey causality relations of the form (37). 
It happens that the gyy- for the Chew model have a 
direct interpretation in terms of observable processes. 
Let a*(0) be the amplitude for elastic scattering without 
charge exchange of a positive or negative meson by a 
proton, without changing the proton spin state. Let 
a*(1) be the amplitude for scattering a positive or 
negative meson, with change of the proton spin state. 


with 


(40) 


Then gyo is proportional te 
[a~(N)+a*(N)], 

and gy; is proportional! to 
[a~(N)—at(N) }. 


The fact that it is these combinations of the amplitudes 
which have a simple causal behavior has been already 
pointed out by Low and by Goldberger.’ 

The causality relations of Goldberger refer always to 
forward scattering amplitudes, which are expressions 
of the form (20). The coefficient V(LM.V,000) is zero 
when (L+M-+-) is odd, therefore in the case of the 
Chew model the right side of (20) brings in only the 
amplitudes with V=0 and not those with V=1. For 
this reason the argument of Goldberger demonstrates a 
causal behavior only for the no-spin-flip amplitudes, 
which are those with V=0. The causal behavior of the 
spin-flip \=1 amplitudes is thus a prediction of the 
Chew model which is not required (so far as we know) 
by general principles of field-theory, and may therefore 
serve as a test of the model. 
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The method of functional integrals is applied to the problem of 
meson theories with derivative couplings. In the static limit, 
solutions in closed form can be exhibited. The infinities occurring 
in the theory are found to be removable in terms of Z; and mass 
renormalizations, contrary to the conclusions of perturbation 
analysis. The divergences occurring here have the form of essential 
singularities, in contradistinction to the branch-point behavior 
of the usual “renormalizable” theories. The lack of validity of the 
perturbation expansion is thereby accounted for. These techniques 
can be extended to treat the full recoil neutral ps(pv) problem 
omitting closed loops. The theory is represented in terms of an 
exponential coupling which permits a nonperturbation series 
solution for the various propagators. Two infinite renormaliza- 
tions are again required. The resultant functions are given mean- 


1. INTRODUCTION 


YLLOWING the success of the renormalization 

program in electrodynamics, the same methods 
and concepts have been brought to bear on the various 
types of meson theories. The success in this region, 
however, has not been universal. The applicability of 
perturbation renormalization techniques has become a 
criterion dividing these theories into two classes. 

The most salient characteristic of many of the “un- 
renormalizable” theories is that they involve gradients 
of the meson field in the interaction. Upon examination 
of the radiative corrections occurring in these cases, one 
discovers that the infinities appearing in successive 
orders become more violent, due to the linear (or 
higher) dependence upon momentum transfer of the 
elementary vertex. Further, the infinities appear in 
such a way that an infinite number of observables 
would have to be renormalized. Such effects would 
correspond, in terms of a cut-off picture, to a theory 
entirely dependent upon the details of the structure of 
the elementary particles.! These derivative interaction 
theories, whose coupling constants have dimensions of 
reciprocal length, were thought to require, along with 
other so-called theories of the second kind, the existence 
of a fundamental length to give tiem meaning.? The 
possibility has always remained open, however, that 
the series of divergences might, in reality, sum to a 
more tractable form. 

The meson theories of most current interest are, of 
course, the pseudoscalar ones. Although the pseudo- 
scalar theory with pseudovector coupling has long 
seemed to be physically attractive, it has been neglected 


*F. B. Jewett Fellow. Now at the Institute for Theoretical 
Physics, Copenhagen, Denmark. 

' Sakata, Umezawa, and Kamefuchi, Progr. Theoret. Phys. 7, 
377 (1952). 

*?W. Heisenberg, Ann. Physik 32, 20 (1938). 


ing by analytic continuation procedures which are adapted to the 
four-dimensional nature of the problem. The form of the effective 
coupling suggests a rearrangement of the answer in terms of ex- 
ponentials of the meson propagator. As a result mass operator-like 
structures can be defined. These explicitly exhibit the transcen- 
dental nature of the coupling and generalized equivalence theo 
rems with ps(ps) theory can be generated. In a similar fashion, 
effective interaction operators for the two-nucleon and meson- 
nucleon Green’s functions are derived. The possible applicability 
of these quantities to questions of physical interest such as nuclear 
potentials and multiple meson production is briefly mentioned, 

In an appendix, a model of beta coupling is discussed in con 
nection with the renormalization question there. 


in recent years because of the above troubles. It is the 
purpose of the earlier sections of the paper to treat the 
problerhs involved in some simple nonrecoil models of 
derivative coupling theories. Already in these examples 
will be found many of the basic difficulties and di- 
vergences which beset the complete ps(pv) theory. 

By means of the functional integral formulation of 
field theory, one can obtain closed-form solutions in 
these cases. In this procedure (which will be the basic 
tool employed throughout) the complete, radiatively 
corrected, nucleon Green function, for example, is 
obtained by considering the propagation of a bare 
particle in an arbitrary external field distribution aver- 
aged over all such possible fields. This process repre- 
sents the emission and subsequent absorption of the 
virtual meson field. The problem is thereby divided 
into two separate parts: that of finding a first quantized 
nucleon propagator in an arbitrary external field and 
that of averaging with the appropriate weight factor 
over this field (the functional integration). Perturba- 
tion theory corresponds to a Born approximation solu- 
tion of the first problem. For the initial cases to be 
considered, the static, nonrecoil limit will be taken, 
which is equivalent to having the first quantized kernel 
satisfy a one dimensional equation. The latter can be 
solved rigorously and the functional integrations per- 
formed for the structures obtained. The steps then 
necessary to give these theories meaning will be clari- 
fied, as will the concept of renormalization. It will be 
seen in precisely what respects the perturbation analysis 
of renormalization fails; in addition, the infinities to be 
deleted from the theory will be exhibited explicitly. 

Another set of unrenormalizable theories, not directly 
related to the above, consists of the so-called direct 
interactions, exemplified by the Fermi couplings. In 
Appendix A, a simple model (in that the heavy par- 
ticles, though not the leptons, are taken as static) of 
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scalar beta coupling is considered and the problems of 
renormalization discussed in the light of our methods. 

In the meson case, the chief problem of physical 
interest must take fully into account all the degrees of 
freedom of the nucleon field, both the particle and spin 
motion. To treat the full recoil theory for neutral 
mesons, omitting closed loop diagrams, the method of 
functional integration is again the basic technique 
employed. The procedure used in this problem is to 
note that the ostensibly linear pseudovector coupling 
is equivalent to a pseudoscalar coupling exponential in 
the boson field. This fact allows the functional integra- 
tions to be performed and the infinite renormalizations 
separated. In the solutions are 
themselves exponential in the coupling constant. Thus 
structures similar to those obtained in the simpler 
models appear again in the complete problem, though 


this representation, 


in a more complicated context. 

Another similarity to the problems noted in the non- 
recoil cases is the necessity for giving definition to the 
propagators by means of analytic continuation. The 
I extends the treatment re- 


apparatus developed here 
PI I 
case of branch points first considered in 


quired for the 
the simple renormalizable theory to the more singular 
derivative coupling four dimensional problems. There 
is actually a qualitative difference between the role 
played by the continuation procedure in these two cases 
due to the more violent nature of the essential singu- 
larities. This is true even for the null s(v) theory with 
recoil, treated in Appendix D 

The expansion appropriate for performing the re- 
normalizations is perhaps not that most suited to dis- 
play the physical content of the theory. Since the 
effective coupling structure is transcendental, a natural 
series in such problems to obtain physical results would 
seem to involve exponentials in the coupling constant 
rather than merely the coupling constant itself. One 
finds many generalized equivalence theorems between 
the ps(ps) and ps(pv) theories in this process. By this 
analysis, the consequencies of the theory can be couched 
in diagrammatic language which displays how the 
natural exponential structure in the meson propagator 
replaces the perturbation form. Thus one can speak of 
an effective mass operator upon which can perhaps be 
based a reasonable approximation scheme. The above 
procedure is, of course, applicable to the more complex 
Green functions such as the meson-nucleon and two- 
nucleon ones. In both cases interaction operators can 
be defined ; in view of some of the attractive properties 
of ps(pr 


this formulation 


theory, particularly at low energies and (in 
with regard to multiple production, 
these quantities are briefly investigated. 

2. FUNCTIONAL INTEGRAL FORMULATION 


rhroughout this work we shall employ the functional 
formulation of field theory to discuss the quantities of 
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DESER 


interest.? * We consider a Lagrangian of the form® 


L(x) = —4p(x) (yp+m)y(x)+herm conj 
—}o(x) (P+p")o(x)— g(x) fLo(x) W(x), (1) 


where I" represents the fundamental vertex (T¢=@ for 
neutral scalar theory, ysr'¢' for ps(ps) symmetric 
theory, iysy,0,@ for neutral ps(po) theory, etc.) and 
f(@) equal ¢(x) for a linear coupling, ¢*(x) for a pair 
theory, etc. The one-nucleon propagator with all radia- 
tive corrections (but omitting vacuum polarization) 
may be obtained from the functional integral 


G,'(x,x)=N f exn| Hi f 010, (eeole deat | 


XG, (x,x' ; 6)56; (2) 


N= f exp - Hi four atat' be, 


where $(£) is a c-number over which the functional 
integration is carried out, A, obeys the equation 
(—0,2+y*)A, (Ef) =5(E—#’) and G,(@) is the bare 
Green’s function in the external field ¢, satisfying 


{ypt+m- gf fLo(x) }G, (2,2 ;¢)=8(x—2’). (3) 


The “+” subscript indicates the usual outgoing wave 
boundary conditions. We also shall have occasion to 
use the free particle Green’s function G, (x—2’) 
= (x| (yp+m)| x’). 

Similarly, the general Green’s function governing 
the propagation of m nucleons and m mesons is given by 


Gam (X1°* Engh * +X 


» f exo| 11 fos, deat 


XG, (x07) G, (Xn,Xn' )b(E1) -b( Em )dd, (4) 
where [m/2] means “integral part of m/2” and the 
nucleon coordinates are to be suitably antisymmetrized. 


3. DERIVATIVE COUPLING THEORIES IN THE 
NONRECOIL LIMIT 


Although our chief interest will center around the 
renormalization difficulties appearing in the derivative 
coupling theories, we first indicate how even so simple 
an example as neutral scalar theory without recoil 
exhibits one kind of problem we shall encounter in 
further work. For this case, in the Dirac Lagrangian, 
yp+m is replaced by — pot+m.* In this approximation 

+S. F. Edwards and R. E. Peierls, Proc. Roy. Soc. (London) 
A224, 24 (1954 

*S. Deser, Phys. Rev. 99, 325 (1955). 

*Our y, are defined by the relation {(y,,7-} =—23., and 
a ee | 
ve 

* This treatment of the nucleons is equivalent to the usual fixed 
source approximation. 





RENORMALIZATION OF COUPLING THEORIES 


the solution to G,’(t—/’) is given in reference 3; the 
relevant point here is that the renormalized Green 
function behaves at small times as 


G.~exp[— (g*/x*) Inu(t—’)] D>? 5) 

0 t<f, (5) 
The existence of a Fourier transform of the convergent 
propagator is necessary in order to maintain the quan- 
tum mechanical transformation theory for finite times. 
Further, in momentum space, the Green function 
must behave appropriately to meet the usual physical 
requirements on the theory. It is clear, from Eq. (5), 
that a critical coupling strength occurs at g*/4r=2/4, 
above which rigorously no transform exists. Since 
physically such a limitation on the size of g* would 
appear to have no meaning, we proceed to remove it by 
one of the various mathematical techniques invented 
for this purpose.’ In particular, the method that we will 
adopt here and elsewhere will be that of an analytic 
continuation of g*/z* from below the critical value of 
unity to above it. Specifically we consider the function 
G.(t—l’, g*) for values of g*/x*<1. Here we may evalu- 
ate its transform G.(po,g") which is analytic in g* for 
g’/x<1. Such a function will have a continuation to 
values above unity (though poles will occur when 
g’/x’=1, 2, 3, ---). Thus meaning has been given for 
G. beyond the barrier that the particular representation 
in Eq. (5) seemed to impose. Insofar as the resultant 
behavior in momentum space is concerned, the results 
of reference 3 should hold for the larger coupling 
constants. 

We now consider a set of examples which both involve 
derivatives of the meson field in the coupling term and 
are simple enough to be solved exactly. These will arise 
from various approximations to be made on the nu- 
cleon’s motion as represented in Eq. (3) in the case 
where the coupling is pseudovector. Such approxima- 
tions do not involve the exponential weight factor in 
the functional integration which represents the radia- 
tive corrections due to the boson field. We begin with 
a somewhat artificial limit in which both the nucleon 
recoil and the gradient parts of the coupling have been 
dropped : 

(— potm— igysdod)G(t,;¢)=5(0t-f), (6) 
where G, (t,t) actually includes a 6(r—r’). The ys has 
been retained in Eq. (6) in order to include one feature 
of ys couplings: ys’*=—1. (Terms linear in 5 will, of 
course, turn out to vanish in the solution since negative 
energy states have been otherwise neglected.) 

Equation (6) may easily be integrated to yield 


G. (i,t; d) == 0(t— Neer) 
xexn| — ef sneer], (7) 


7 F. J. Dyson has pointed out in conversation that methods of 
L. Schwartz may also be applied to this problem. 
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where @(x) is 1 or 0 as x is greater or less than zero 
(which enforces the nonrelativistic boundary condi- 
tions). The functional integration may be performed via 
the formula 


y-1 f exe hi f $(8).A4—1(6 8) 0(EDaRde! 


+ f o(os(eae] 


” exp * ui fs (g)A,(E,8°)f (rasa } (8) 


In Eq. (7), f(&) = —grv@oll (fo; t.)0*(E), where H(&; 
t,t’) =0(t— to)0(o—0’). The presence of ys in the ex- 
ponential is not troublesome since it commutes with 
all other quantities involved. The total Green func- 
tion is then 


G,' (t—- 1) =0(t- Ne ower? 
Xexp{—ig’LA,(/—)-A, (0) }}. (9) 


All that is necessary to renormalize the theory, there- 
fore, is to identify expig’A,(0) with Z:, no mass re- 
normalization being required.* The form A,.(/—/) 
—A,(0) appearing in Eq. (9) arises since 


dise G,’ (0) =i((W(OW(O})=4. 


The renormalization just performed is qualitatively 
different from those needed in a “renormalizable”’ 
theory such as the neutral scalar one quoted above. 
In particular, the infinity appears as an essential 
singularity rather than as a branch point (the latter 
manifesting itself in perturbation theory as a series of 
ugarithms). If Eq. (6) and hence G,’ were solved in a 
perturbation fashion, one would have found the usual 
“unrenormalizable” results: The higher and higher 
diagr: 1s would have higher and higher infinities in 
them, leading one to believe that an infinite number of 
renormalizations were necessary. Actually, as can be 
seen in Eq. (9), the infinities sum to an essential singu- 
larity which, however, is a harmless multiplicative 
factor. Indeed, if G,’(t) is only a function of A,(/) 
—A,(0), the condition that theory be renormalizable 
in the usual way, 


forces an exponential solution like Eq. (9) and hence an 
essential singularity. 

The renormalized one-particle Green function in its 
dependence on time is everywhere finite and does not 
even exhibit the difficulties in Fourier analysis dis- 
cussed for the neutral scalar theory. The higher Green’s 
functions [which may be obtained from Eq. (4) }, such 

* It is interesting to note that this theory formally has a Ward 


identity. This appears to be the case whenever there are no com- 
mutation problems for a nonrecoil meson theory. 


(10) 
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as the two-nucleon propagator, may all be renormalized 
in an analogous fashion. However, in both theories 
analytic continuation must be applied to Fourier analyze 
these more complex functions. In the neutral scalar case 
it is again a matter of branch points while here an essen- 
tial singularity on the light cone must be treated. The 
requisite technique for such problems will be intro- 
duced later. 

As can be seen by inspecting the various Green 
functions, the theory we have been considering here 
produces no observable effects in the S-matrix. In this 
it resembles the situation encountered in s(v) coupling. 
Indeed the latter’s nonrelativistic ['@ is do. Similar 
statements can be made about the renormalization and 
lack of physical effects for theories of the type T¢ 

do".° While all such examples make no physical 
predictions, they do retain enough of the dynamical 
structure to illustrate the type of renormalization and 
the analytic continuation problems that will arise in 
the physically interesting cases. In Appendix B, a 
Static approximation involving gradient coupling and 
having observable consequences is discussed. 


4. THE NONRECOIL APPROXIMATION AND 
TRANSCENDENTAL COUPLING 
The first approximation scheme considered, Eq. (6), 
neglected anticommutativity of ys with yo while in- 
cluding the fact that y;"’;=—1. A scheme that embodies 
part of this effect starts from the equation 
(—yopotm+ igysydod)G, (Lt 5 ¢)=5(t—"’). (12) 
We now make a transformation analogous to that 
introduced by Dyson": 
exp — gy@(t) JH, (4, ; @) 
Xexpl — gye(t’) ]. 


G, (1,t': @) ; 
(13) 


The equation obeyed by H, is 
(14) 


Having used the fact that {o,ys} =0, which is essential! 
in arriving at Eq. (14), we now make the approximation 
of setting yo= 1." As will be seen later, this step changes 
considerably the predictions of the theory which there- 
fore differs from the true nonrecoil limit of ps(pr). 
The approximation is simple enough, however, to 
enable us to justify expansions that will later be gen- 


{—Yopotm expl —2gvep(t) A, (4 @) =8(I-2). 


eralized to more complicated cases. 
Within this framework, then, Eq. (14) may be 


* That nonrecoil theories of the type ['@=d9"¢ are renormaliz 
able has also been discovered by L. Cooper, following paper 
(Phys. Rev. 100, 362 (1955)) 

” F_ J. Dyson, Phys. Rev. 73, 929 (1948) 

“ An approximation substantially equivalent to this has been 
discussed by R. J. Glauber, Phys. Rev. 84 395 (1951). In that 
paper the fact that the scheme was renormalizable was observed 
and the S-matrix obtained. Our Eq. (16) differs from Glauber’s 
result by the inclusion of the first two exponentials and the 
existence of Z;. In the transition from the finite times Green’s 
function to the renormalized S-matrix, these terms disappear 
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integrated to yield 
t 
H(t’; ¢)=00t—-9) exs| —im f € roar} (15) 
- 


In order to perform the functional integral it is 
necessary to expand H, in a power series in m. This 
expansion, which should be valid at small times, will 
be justified later. The resulting exponentials may be 
functionally integrated term by term to yield 


G,'(t—0) =Z 0 (t—-”’) 


t 


« (—im’)” 
Xexpliga, (#’) T>- —~~f dt,-- -dt, 
nox) n! v 


XexpL2ig? E (A, (td) +4, (68))] 


Xexp[4ig? © A,(t.,t;))], (16) 


i>j=l 
where Z, and the renormalized mass m’ are given by 


Z.=exp[ig’A, (0) ], 


17 
m' =m exp 2ig*A, (0) }. (17) 


It is interesting that Z: here is formally greater than 
unity if, in the spirit of a static theory, one sets r to 
zero in A,(0) before ¢. The fact that all signs in the 
exponentials are positive is explicitly due to the drop- 
ping of yo in Eq. (14) and also entails that disc G,’ (0) 
in Eq. (16) does not reduce to i. Thus this approxima- 
tion destroys the canonical commutation relations. 

Although the infinities obtained here are similar to 
those arising in previous approximations where the 
functional integral could be done rigorously, it may be 
asked whether this theory is indeed infinite or whether 
the difficulties actually come from the small time ex- 
pansion and the subsequent functional integration of 
the series. To consider this question, we first obtain an 
expression for G,(t,t’;¢) which is rigorously correct at 
smal! times. In general one has 


Gib’; 6) =10(t—L/) exp —grs{o()+0(/)} J 


t 
xexp{ -im f dr{cos2go(r)—s sin2gp(r)} }. (18) 
We may replace the integrals occurring in Eq. (18) by 
the integrands evaluated at some mean value since the 
¢’s are real functions. Denoting below by ¢, and ¢, the 
mean value points for the cosine and sine integrals 
respectively, Eq. (18) may be written 
Gi (tt; @)=i(t—7f) cos g{o(0+¢4(/)} 
—im(t—f’) sin2go(ts) } 
Xexp[—im(t—f’) cos2g¢(t,) J, 
where terms odd in @ have been dropped, since they 
vanish in the subsequent integration. The functional 


(19) 
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integral, {8¢, may be viewed as an infinite product of 
ordinary integrals, [];/d@(x,), over all cells in space. 
The range of each integration is from —*% to +. 
As $(t;) and ¢$(t2) cover this range, (t—?’) cos2g¢(t,) 
and (t—f) sin2g(t2) remain bounded and tend to zero 
as {—» ¢’. Thus in the entire range of functional integra- 
tion the usual power series in ‘—?¢’ is uniformly con- 
vergent. Hence if the functional integral of (19) exists, 
then the integral of the power series in (—f exists. To 
first order one may write 


G, (t,t ; @)=i0(t— 1’) [cose{o(t)+¢(1)} 
+im(t—t’){sin2g¢(te) sing{¢()+¢(¢')} 


—cos2g(t;) cosg{o(t)+¢(t')}], (20) 


which gives upon functional integration 
G,' (t—f)=Z ib (t—’) explig’A, ((—/) [1—im' (t—¢’) 
X {cos2g7(A, (4-1) +4,(4—-2)) 


+i sin2g*(A, (t-—O)+A,(te—1)} ]. (21) 


This is equal, of course, to the first two terms in the 
expansion (16) when the mean value condition is used 
at sufficiently small times. The important point is that 
the series expansion of Eq. (19) when integrated has 
the same infinities as Eq. (16), and thus the infinite 
renormalizations are not due to the process of expansion 
but are intrinsic properties of the theory. 


5. SOLUTION AND RENORMALIZATION OF THE 
THEORY WITH RECOIL 


The radiatively corrected one-nucleon propagator for 
the full recoil neutral ps(pv) theory is given by the 
same formal functional integral as in the no-recoil 
cases, Eq. (2). Now, however, G,(xx’;@) obeys the 
more complicated equation 


[yp+m-+ igysy0 1G, (xx ;¢)=8(x—x’). (22) 
One can again bring this into the form in which the 
transcendental aspect of the coupling is emphasized by 
the same substitution as was made in Sec. 4: 


G,(xx’ ; ¢) =exp[ —gye@(x) ] 


XH, (xx’; ) expl—gred(x’)}. (23) 


H,(xx’;) now obeys the equation 

{yp+m exp[ —2gysb(x) ]}H,(xx’;¢)=5(x—2’). (24) 
A closed form solution here would require the dis- 
entangling of even more complicated ordered operator 
expressions than in the nonrelativistic case. However, 
the analysis there given of the convergence of a series 
development of the corresponding equation in powers of 
the mass times the propagation time, ‘—/’, would seem 
to sanction a similar expansion in this case. We there- 
fore obtain the operator equation 


— ¢ —m , 
E(cat-toni-n) 
) 1p 


(25) 
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m/yp thus plays the role of —m/po in the no-recoil 
case; hence one is making an expansion in large mo- 
menta or smal] space-time intervals. Defining the 
neutrino-like free propagator, Ho(xx’)= (x| (yp)“!2’), 
Eq. (25) becomes in the coordinate representation 


H,(xx’;¢)=yo(- me f fax: - dy,Ho(xy;) 


Xexp[ —2gyeb(y1) JA o(yiye) 


Xexp[ —2gysb(ye) }---Holyax’). (26) 
With the exponentials in the positions above, the func- 
tional integration cannot be explicitly performed. Now, 
however, that the operator form of Eq. (25) has been 
expressed in coordinate functions, the exponentials can 
be freely commuted past the Ho’s to the extreme right 
by noting that 


Ais 


exp[ — 2gys@(v) JHo(y'y’”) 


= H»(y'y") exp 2gyvs(y)]. (27) 


One obtains then for G, (xx’; @) the structure 


a 


G,(xx’;¢)=> (- mde f ay + dy nll (xy) - « -Holynx’) 


n 


(—)"+15(¢— x) 
1 


fem 


Kexp| ders f aeo(e) : 


- 


—5(E— yn) +5(E— yma) + +--+ (—)"9(E—91) ; (28) 


The usefulness of the neutrino Green’s function ex- 
pansion is now clear; had one attempted to expand Eq. 
(24) in a series of G,’s by artifically adding and sub- 
tracting m, one would have encountered considerably 
more difficulty in moving the exponentials to one side. 
A more important problem than this combinatorial one, 
however, would have been the extraction of the in- 
finite mass renormalization which will turn out to be 
trivial for the form of Eq. (28). After the renormaliza- 
tion we shall indeed proceed to restate (in Sec. 7) the 
answer in terms of propagators with masses. Equation 
(28) more clearly exhibits the fact that we are here 
dealing with an expansion about the origin in coordinate 
space ; the first term is just (xx) which has the same 
leading singularity at small times as the rigorous 
G,(xx'; )." 

The functional integral can now be performed to 


® These singularities are, of course, just thove of G,(x,x’) 
The infrared divergences which exist in Eq. (28) due to the fact 
that we have formally expanded a problem with recoil about 
m=, will, of course, disappear as the series is recombined into 
propagators with mass. 
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yield for the one-nucleon Green function 


G,'(xx’)=Z,¥ (—m’)* exp[ —ig’(—)*A,(x2’)] 


nt 


x fan. . -dy,H (xy) - ; -Holy.x’) 
Xexp(2i¢ 5 (—) TA, (xy) +(—)*H4A, (ya) ]} 


Xexp(4ig E (—)*As(yo)), (29) 


i>j;~1 


where 


Z.=explig’A,(0)]; m’ =m exp[2ig’A,(0)]. (30) 

It is shown in Appendix C that the result (29) is 
formally equivalent to the perturbation one. 

The sign of the leading singularity at x,=0 of A, (0) 
is ambiguous, depending on whether the limit is taken 
in a space- or time-like fashion. In order to determine 
whether Z, is to be considered greater or less than unity 
one must insist on the preservation of the boundary 
condition that 


disc G,’ (r—r’, 0) =i({0 (8), o(r')})=iyd(r—r’). (31) 
That this condition is built into G,’ can most easily be 
seen from Eq. (24). For any reasonably behaved ¢(x), 
YoPo is responsible for producing the singularity of Eq. 
(31) and, since the functional integral of Eq. (2) leaves 
this leading term unaffected, the desired result is 
guaranteed. In Eq. (29) the limiting procedure is not so 
transparent. However, as will become apparent after 
the process of analytic continuation has rendered the 
exponentials more meaningful near their singularities, 
the term linear in H, will still be chiefly responsible for 
producing the characteristic discontinuity. Since this 
term has for coefficient exp[ —ig*| A, (x—x’)—A,(0)}] 
which must approach unity as x, — x,’ in the space-like 
sense of Eq. (31), the sign of A, (0) is thus determined to 
be the “space-like” one. That is, Z; for this theory has 
the physically desirable property of being <1 in 
magnitude. 


6. ANALYTIC CONTINUATION PROCESS 


While the renormalizations performed in Eq. (29) 
extract the appropriate infinite parts of the theory, the 
intermediate integrals as well as the Fourier analysis of 
the propagator must be given meaning. In this, the 
theory is akin to the simplest example of the static 
neutral scalar theory discussed in Sec. 3. Here, however, 
the procedures required are complicated by both the 
four-dimensional nature of the problem and the essen- 
tial singularities in the functions being considered. 

The forma! Fourier transform of G.(x— x’), assuming 
for the moment that all functions are well-behaved, 
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may be written as 
ao n+l 
G9) =E (— my» f --- f Help-E bo) --- 
n= = 
n—l a-l 
XAol(p-L hot, s—-L hk ‘) 
iO = 


nm n+l 
XHo(p—X knss.s) I] Asi(hudky, (32) 
0 i>y—o 
where 


iy(eg) = (2) f expLity(9-9))] 


Xexp[4igtajA, (yes) d(yvi—y,) (33) 


and ay=(—1)* times 1, $ or } depending whether 
none, one, or both y; and y; take on the value 0 or n-+1. 
The Fourier variables k,; are defined in the following 
fashion: Labeling the points x and x’ in coordinate 
space by yo and yay: respectively, the momentum 
variable &,,; is chosen for the \ which connects the points 
y; and y,;. Thus diagrammatically, there are m \’s 
“emitted” from the lowest point x’ “propagating” to 
the remaining n points. The point y, “reabsorbs” one 
and in turn emits n—1 others, etc. 

The problem of giving meaning to the Fourier trans- 
formed propagator is essentially, therefore, transferred 
to that of defining \(&), provided, as will then be the 
case, the k integrations converge. Since A(y) has as 
leading singularity near the light cone the form 
exp(+g’/y,*), we consider first a simple one-dimen- 
sional example of the same structure. The function 
g(x)=x exp(g’/x*) has the transform 


e(t)= f Lemme x*) Je**x-*dx. (34) 


Obviously the difficulties in this integration occur for 
small x. It will suffice here, therefore, to discuss the 
analytic continuation procedure for the quantity” 


1 
fe= f Cexp(g?/x?) Jx*dx. (35) 
0 


In the physically interesting case of Aj; when one 
approaches the light cone from that direction, either 
space-like ot time-like, such that the exponent ap- 
proaches + ©, integrals of the type (35) appear. 

The function /(—g’) exists and is perfectly well 
behaved. To analytically continue to the region g”<0 
one notes that 


1/¢e2\7 
f-2)=-(*) —iFi(3,3, —g"), g?>0. (36) 
2\ 7 


When g?=—g*(g*>0), Eq. (36) has a quite finite 
analytic continuation. Using the integral representation 


® The analytic properties of the more general function ¢(&) 
has been considered by L. Cooper 
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for :F;, one obtains the defining equation for f(g*)"*"*: 


—-1 g —}- x 
f(g)=- “( -) -f Cexp(g*/s*) edz. (37) 
r 1 


? 


- 


In the physically significant problem, one must Fourier 
analyze quantities of the type A, (x) =exp[4ig*A, (x) ]. 
The exponent may be written as 


4ig?A, (x) = ig?/r5(x,7) 

— 2/9 (x2) — gyut/2eF (a2), (38) 
where F(x*) near the light cone behaves as Inu! x| plus 
a finite but discontinuous function. To treat the 6 
function part we note that 


exp[ ig?/#8(x,”) ] 


6(x,*) : 
=1+ {exp[ig?/5(0) ]—1} =1, 
6(0) 


(39) 


since the second term vanishes everywhere but on the 
light-cone and is bounded on the cone. Thus the pulse 
part of the A, function does not contribute. 

The remaining part of \(x) to be analyzed has as its 
leading singularity (x,?)~' (which is analogous to our 
one-dimensional example in the foregoing) and the 
logarithmic term (which resembles the neutral scalar 
no-recoil structure treated in 3). The fact that we now 
have a four dimensional problem manifests itself 
through the possibility that 1/2° changes sign across 
the light-cone whereas in one dimension there can be 
no change of sign. Thus in the Fourier analysis of 
exp[ — g*/x*(x,")"'] there is no singularity outside the 
light-cone while in the regions of x,’ time-like analytic 
continuation as in the one-dimensional example defines 
that portion of the integration in the transform. When 
g’ is large enough, the logarithmic part of F(*) will 
correspond to a branch point in the usual fashion. 
Thus there will be an analytic continuation required 
from small g*® to large g*® even for the regions outside 
the light cone. 

The other type of function whose Fourier analysis 
must be defined is A_(x) = exp[—4ig*A, (x) ]. The only 
difference in treating this function from the procedure 
just outlined lies in the interchange of the space-like 
and time-like regions. Hence all exponentials must be 
analytically continued, though each in a separate 
domain. 

The statement made above that A(k) will vanish 
sufficiently rapidly for large & is now seen to hold, since 
the continuation has ensured that as a function of x, A 
vanishes adequately at the origin.'* 

4 In obtaining Eq. (37), the usual convention that (—1)*= +i 
has been followed 

46 The fact that the definition of f(g") by continuation results 
in a complex form [Eq. (37)] for the apparently real integral of 
Eq. (35) may perhaps be a manifestation of a “charge renormaliza- 
tion” akin in this respect to that required in the theory of T. D. 
Lee [Phys. Rev. 95, 1329 (1954) ]. 

# An alternate method of obtaining the finite result of Eq. (37) 
consists of introducing a “structure” or cutoff function ¢(x) into 
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It must be remembered that while mathematical 
meaning has now been given to the theory, the method 
employed does not necessarily entail that the Fourier 
transforms so defined behave in momentum space in 
accordance with physical criteria such as causality and 
unitarity. These questions require further investigation. 


7. THE EFFECTIVE INTERCCTION SERIES FOR THE 
RENORMALIZED GREEN’S FUNCTIONS 


The now well-defined series, Eq. (32), aside from 
being a high-momentum expansion, may also be classi- 
fied by the number of X,,’s in each term. Since the trans- 
formation of the theory to the effective transcendental 
coupling (as reflected in the structure of the \’s) has 
presumably regrouped the interaction of the fields into 
more natural units than the perturbation forms, it 
appears desirable to re-express the solutions in terms 
of quantities closely related to the \’s but in addition 
vanishing when the interaction is turned off. When ¢* 
equals zero, \,;(x)=1 or Ax;(Ry) = 4(A,,). Equation (32) 
immediately becomes 


GAp=¥ (—m)"(yp)-"'=G, (p). (40) 


tod) 


On the other hand, since A,(x) 0 as x,—> © (for x, 
not on the light-cone) \,;(%) — 1 in this limit. Since the 
light-cone is a hypersurface in the volume integration 
performed on Fourier analyzing, and since further the 
analytic continuation makes \,;(x) well behaved on the 
cone, A,;(R,j) will have the term 46(&,,;) arising in a 
natural fashion. This result could not have been in- 
ferred from a perturbation expansion of Ay since the 
latter is not permissible. Indeed the 6(k,,;) part of Ax 
just accounts for the fact that the nucleon has mass, 
as may be seen from Eq. (40), while the remainder, 
Aij(Ris) =Aci(Riy) — (Rij) represents the interaction of 
the massed nucleon with the meson field. It is in powers 
of Aj; then, that we shall expand our Green’s functions. 
In the process, the H»’s will be replaced by G,’s as 
this argument leads one to expect. 

To this end, we write the product occurring“in Eq. 
(32) as 


tl Aaj (Riy) =T] b(ki) +L Nni(Res T6(4y) 
i>j=l k>l 


>i i>j 
+4 >’ Aerl(hed Anke (ky) +---, (41) 
k>l >i 


i 


where primes on the []’s denote omission of indices 
appearing in the accompanying 5°’s while those on the 
>.’s imply that no two A’s are to have the same indices. 


the integrand of Eq. (35). @() is taken to have the properties 
that @ -» 1 as A—+ « and that convergence of the integral (35) 
is assured. Equation (37) then results when the transformation 
x#= —¥ (or more precisely x= iy) is made, followed by rotation 
of the contour onto the x axis. However, in what follows the con- 
tinuation viewpoint will be adhered to since no additional physical 
end is gained by introducing a cut-off function of the type required. 
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In Eq. (41) we have considered the product to be only The portion of G.® thus generated has the form 

from 1 to n. All terms with end points at either x or x’ 

were thus neglected In the S-matrix limit when > —m'y> f me(Q\e P(p—k)Ho™(p)Ho'(p—k’) 

x, x’ —+ + these terms will vanish naturally and hence 

have been dropped for simplicity. X Ho'(p)Ag(k)As(k’)dkdk’. (46) 
The first term of Eq. (41) leads to Eq. (40) with the 3 rs 

renormalized mass (of course only m’ appears hence- All Greek indices but + sum from 1 to ~, the latter 

forth). The second term yields from 0 to ~. It may be verified that (46) reduces to 


f m’No(k)+-7(p—k)Ai(k) 
m’)" "(pD : mG, (Dp) dkys 
fa me (p—k)?+m” 


$2) 


54ig? A, (x) | $3 


Xys{G.(p)4+-G,” (0) f ae’ 


at eet. > m’ Nol hk’) +7 (p—k’)Ai(k’) 
The structure of Ea 4?) arises from Eq. (32) since for , 4 47) 
this term there is only one nonzero intermediate mo- p—k')*+m" 
mentum, or, diagrammatically, one “emission” or , ; ; . - 
“absorption” which spans 8 of the H»’s. Here and sub- 1 he first term of the brace gives the iterate of 6M“. 
sequently A plays the role of the meson propagator rhe G,(0)=1/m’ term forms a new second order 
: i J » 2 7 “5* = . . > nun ° oo » - y sa . ‘a 
rhe summation over a, 8 and 7 extends from 1 to # ‘Structure characteristic of ps (pr) theory. Diagram 
since only internal A’s are being retained. In order that ™ticallly, the latter may be viewed as a coalescence of 
these he a-t ’ tre restricted by the the first term in which the two central vertic es coincide. 

ndltes Te ss ot Meniaieiniat lee, bina tains In general, to nth order, one will obtain terms corre- 
CONGILION @-rp-r’y t 1 summMae Ol uns 


from 2 to « so that at least three He’s occur. one on sponding to every diagram of the normal perturbation 


each edge and one spanned by the A. By straightforward type with A , playing the role of the meson propagator, 
expansion, remembering p—k He(p—k), plus all diagrams derived from these by allowing any 
number of interior G,’s to be replaced by G, (0) 
(as long as no two A’s coincide). Statements similar to 
those made for 6M“ about equivalence relations hold 

in these higher terms."” 

The existence of a mass operator brings with it the 
possibility of further, but finite, renormalizations. These 
would have to be evaluated in obtaining physical re- 
sults, but in principle no difficulty should arise in such 
a calculation. 

Turning to the two-nucleon Green function, 

Indeed a1 Seteliaiiia expansion of 1! Gi! ¥;X2,X;'xX2") the functional integral to be performed 
is now 
lowest order yi lds the familiar equivalence resul 

between ps(ps) and ps(pv) with g,-=2mg. Of course, G 
I ild not be made and Eq. (44 
represents a more general equivalence relation between 


the two theories when the full interaction unit, A(& 


el 


an expansion shot 


an just the one meson part, is used. 
The expansion for G,, has been recast into the f : 
dy nH o(xvy;) - - -Holy.x1') 
G G, ‘ 5M Gy 


rhe quantity in the bracket of I 44) may then be x 3 Ho(2.%2') 
associated with an effective first-order “‘mass operator,” 
orders meaning now powers of A. Every order of this 
mass operator is, of course, finite now because of analyti 


continuation and the fact that th plicit 


’ : ileal , 7 , 

have been previously extracted deve f oO E)d=}, (48) 
Che parts quadratic in A in Eq. (41) give, along with 

irreducible second-order diagrams, the iterate of 6M The formulation of the total mass operator in terms of a 

I rriv t the latt “ nsider the terms in E suitably defined “vertex operator’ may be of interest. It must be 
»s > at the iatter onsider the rm n } . . 

oa ca . ss =s “ . remembered that the appearance of A» or A; depends upon the 


41) where />s and the symmetric ones where {>&. _ specific structure to be spanned by the A’s 
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where f,(£) is the series of 6 functions appearing in 
Eq. (28) and depending parametrically on the y’s and 
2’s, respectively. Equation (48) may be suitably anti- 
symmetrized at any stage of the calculation, a pro- 
cedure which need not be considered here. The +s’s of 
each particle commute with any 7’s of the other, of 
course. One aspect of isotopic spin which may be 
included if desired, is the use of 73' rather than unity 
to describe the neutral mesons; these matrices may be 
assumed to have been incorporated into the ys’s. Use 
of 7;’s only modifies the n-p forces and would not in 
any case alter the one-nucleon results. The functional 
integral is performed in the usual fashion to yield 


x 
G2! (%1%0,4;'"2')=Z? Yo (- mye fay: - -dydz,-- -dz, 


s.t=} 


at 


Xexp[—4igys'y? S (—)'*A,(y,2,) ] 


Xexp[4ig? 5 (—)**A, (yyy) Ho(x191) - - -Holy.0’) 


“1 


(—)*#A, (s;2;) J 


Xexp[4ig? 


+M- 


 Ho(x221)-- -Ho(sere’). (49) 
Once again all meson terms leading to either edge of 
both particles have been omitted. The second and third 
exponentials are each nucleon’s radiative corrections. 
These will, of course, modify the effects of the first 
exponential which gives the interaction between the 
nucleons due to the exchange of mesons. To go over to 
the more physical form, in terms of G,“ one again 
would express each exponential in powers of A. The 
analog of the basic Mller interaction can be obtained, 
however, by dropping all the self-terms and merely 
expanding the first term: 

at 
exp —4ig*ys'y" Do 


1,71 


= 1+), Ay” 


(—) 7A, (yz;) ] 
(ya) + 

Aj? =exp[_— higtys'ye —)*A, (yj) ]—1. (50) 
The unity in Eq. (50) leads to the product of the non- 


interacting Green functions, G, (x x/)G, (xox2’), 
while the second term produces in momentum space 


bed at 
G(pipsk)= E (—miy S Ast(b) 
s,tel é, jam 


X Ho'( ps) Ho’ (p2) Ho *"'(pi— hk) Ho "(pot hk), (51) 


where & is the momentum transfer between the nu- 
cleons. The A,“(k) may be brought past the first two 
H, factors where it becomes Aoo”?. The sum may then 
be easily performed to yield 


Ge (pipek) =G,© (pi)G, Y (p2){m’*Aoo'*(k) ] 


XG, (pi- BG (Poth), (52) 
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and hence the effective lowest order interaction struc- 
ture becomes 


T12(k) =m "Aco (k) or 
T19(x1— 22) = m™{ exp — 4ig*ys'yPAy (2142) ]—1), 


which displays the usual equivalence relation upon 
perturbation expansion. 

In coordinate space, the ys dependence of J,, can be 
brought out of the exponent as (iys'ys*)?= —1: 


Ty2(x1— a2) = m™[{cosdg*A, (x1x2)— 1) 
— iys'ys? sindg*A, (x1x2) ]. 


(53) 


(54) 


This interaction is, of course, complex, the imaginary 
part being related to the elastic scattering potential 
while the real part corresponds to decay out of the two 
nucleon state, that is to meson and pair production. 
The adiabatic potential is the time integral of the 
imaginary part of J,» A preliminary analysis indicates 
that for p-p forces the central potential has a repulsive 
core. Of course, the validity of an adiabatic approxima- 
tion is questionable in a theory involving 7s’s,'* and 
more detailed analysis is required to obtain a mean- 
ingful result. 

The meson-nucleon Green’s function may be obtained 
either by straightforward functional integration by way 
of Eq. (4) or more easily from the expression 


6 
Gay’ (x9,x"7') = 2f a, | G.t(xe)] 
A, (&t’) 


«KA, (en )dtd?’. 


(55) 


One can thus get directly the result to first order in A 
from Eq. (44)": 


G. (xn, x'7') = farce. 


XK { —4ig?m’y sl m’do(E— E) Am: (Et’) 
—ilE— &)vpedm (EE) bys) 


XG, (e’x")A, (En )dédt’, (56) 
where A,,, is A, with mass m’, When iq; is replaced by 
unity, one again recognizes the characteristic equiva- 
lence with ps(ps) theory, the process of differentiation 
having replaced A by A in the interaction structure. 
The approximation of Eq. (56) may be of use for low- 
energy scattering since a single \ already involves 
many virtual mesons.” 


“ KR. Arnowitt and S, Gasiorowicz, Phys. Rev. 94, 1057 (1954) 

” We have omitted differentiations of m' and Z, which would 
lead to terms with two meson vertices coinciding. 

* The behavior of the theory at low energy can also be inferred 
from threshold theorems. These may be derived by inserting an 
externa] meson field into the Lagrangian. A constant pseudoscalar 
field produces no effects, indicating that, aside from u/m correc- 
tions, the cross section goes to zero at threshold. To arrive at the 
p-shift one must insert a field g@(x)=a,x, where a, is a constant 
vector. The vertex can then be generated by the operation 
I'(p, p+h)Sshy)/dayG"(p a). 
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Production processes in both meson-nucleon and 
nucleon-nucleon collisions can be calculated from the 
real part of the respective interaction structures. The 
exponential dependence upon the meson field in these 
terms should imply that multiple meson production is 
favored. Such questions have been discussed by 
Glauber" in the semiclassical approximation which is 
closely related to the first term in our expansion in A. 
The conclusions there seem to support such a conjecture. 


8. CONCLUSION 


In the early examples of this paper a number of 
more or less severe approximations were made in order 
to obtain closed form solutions. The aim in so doing 
was to exhibit the salient differences between “re- 
normalizable” and “unrenormalizable” theories, rather 
than to obtain physical predictions at this juncture. 
Although the examples discussed varied considerably 
in aspect, the fundamental derivative nature of the 
coupling produced the striking essential singularity 
behavior both of the renormalization constants and of 
the renormalized kernels. When one uses a 
perturbation approach to even the renormalizable 
theories (such as neutral scalar), another phenomenon 


non- 


arises in that a critical coupling constant exists above 
which analytic continuation must be performed if the 
transformation theory is to be maintained. Rigorously, 
in the gradient theories, the essential singularity causes 
the critical coupling constant to be zero. 

The perturbation renormalization procedure would 
seem, in view of the above, to require of the theories to 
which it is applied a structure 
though an expansion near the origin (i.e., around a 
branch point 
given to the individual terms 


certain such that 
is not permitted, meaning can still be 
Even if the theory is 
mild enough so that such a technique is feasible, the 
perturbation approach would still not tell one of the 
existence of the critical coupling value and the need 
for analytic continuation. In the unrenormalizable case 
the situation is more serious still. Assuming one had 
been able to extract the explicitly infinite terms order 
by order (via some prior knowledge of the exact 
results) the ostensibly renormalized perturbation ex- 
pansion would still be divergent in a really intractable 
manner, as analytic continuation, of its very nature, 
can only give meaning to the closed form expression. 
In the beta-decay example treated in the appendix 
the difficulties encountered in attempting to render 
the theory finite are of a different nature since here one 
is dealing with something resembling a vacuum po- 
larization effect. Insofar as one can learn from the 
perturbation expansion (to which our own criticisms 
above may apply) the renormalization in the S-matrix 
limit seems perhaps possible, unlike the finite-times 
Green's functions. There is perhaps an alternate way 
of treating the problem. In view of the equivalence 
between a sufficiently heavy intermediate meson field 
and a direct interaction, the beta coupling could have 
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been discussed as the limiting case of normal meson 
couplings. Since now a number of these may be re- 
normalized, then at least in the case of such couplings, 
the problem is reduced to the consideration of whether 
the infinite meson mass limit leaves the renormalized 
structure finite. 

The specific approximations which have been made 
in Secs. 3 and 4 were two in number. The first, the no 
recoil assumption, reduced the partial differential equa- 
tion for G,(@) to an ordinary first-order equation.” 
The second approximation used consists in neglecting 
the commutator of the various Dirac matrices. The use 
of these assumptions cannot only change the numerical 
validity of the results (which would not concern us here) 
but in some cases can destroy the basic requirements 
that these results must obey. An example of this was 
seen in Sec. 4. Such questions are perhaps most sig- 
nificant in theories involving ys since this matrix does 
not have an unambiguous nonrelativistic reduction. 
For these reasons, it is only insofar as the above re- 
sults agree with the full recoil theory that they are 
trustworthy. For the relativistic case, however, it was 
seen that the infinities are again of the essential singu- 
larity type. These can then be removed in the physically 
acceptable way of the renormalization philosophy. 
Within the framework of our solution, these strong 
divergences imply that the remainder after this first 
renormalization must have equally virulent behavior 
in the zero time limit of the kernels since the canonical 
commutation relations are preserved. Hence a further 
definition is necessary at this point, a process which in 
“renormalizable” theories is required only in certain 
domains of the coupling constant (above a critical size) 
and, hence, there for a much milder problem. As in 
other examples of redefinition of a theory, it seems 
reasonable to judge the procedure by the physical use- 
fulness of the results; in particular, the fundamental 
requirements on the analytic behavior in momentum 
space must be maintained. 

The approximate forms specifically exhibited for 
several physically important interaction operators of 
the theory seem promising in those aspects where ps( pv) 
has always been thought to be of interest, such as 
multiple meson production and nuclear forces. How- 
ever, before any predictions (even rigorous ones) can 
be taken as more than indicative, it should be re- 
membered that several important qualifications apply. 
The most physical of these has been the neglect of the 
charged mesons. Had the latter been included none of 
the steps of this method could have been performed, and 
in particular no definite statement of renormalizability 
been made.” Analogies from perturbation theory here 

“When recoil 
matically vanish, of course 

® Inclusion of charged mesons presents many of the same prob- 
lems as are encountered in treating the spin if one does not make 


the assumption of commutativity. Such an approximation may 
correspond to a weak coupling one and not be as serious as in 


d, vacuum polarization effects auto 


is dropm 
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do not seem of much aid. At the moment then, charge 
symmetry can only be discussed in an ad hoc fashion. 
The other major omission is concerned with closed loop 
effects. The problem here is again one of the continued 
applicability of the renormalization approach. Since 
the only methods known at present to deal with 
vacuum polarization are at least of a quasi-perturbation 
nature, no conclusions can be drawn. 
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APPENDIX A. THE FERMI INTERACTION IN 
THE STATIC LIMIT 


A second class of “unrenormalizable” theories con- 
sists of the beta interactions. We consider here the 
nucleon static limit for the scalar coupling. The 
Lagrangian for such a system may be written in a 
unified notation as 


L= —W(— potm)y—}d(yp+dm.) 
— dhawdad+Abo+herm conj, 


where y represents the nucleon field, ¢ the lepton field 
(which is, of course, kept relativistic), 


-() “() 


is a lepton mass matrix (unity when acting on electron 
functions, zero when on neutrino functions) and a; and 
az are the matrices [in the spaces defined by Eq. (A2) ] 
required to allow the appropriate processes to take place. 
For simplicity, however, we shall in what follows set \, 
a; and a2 to unity. 7 and 4 are external spinor sources 
which are assumed to anticommute with all other 
fermion amplitudes. By use of these external sources, 
the functional differential equation for the one-nucleon 
Green’s function may be obtained in a fashion analogous 
to the case in which the ¢ field is a boson, though slightly 
more care must be taken due to the anticommutativity 
of the fermion sources: 


sells - —+600 || 
i bn(t) 


’- $b) =6(t—1’). 


(Al) 


(A2) 


1 3 
pre 


(A3) 


Here subscripts “?’”’ and “r” mean left and right de- 
rivatives respectively, that is, in performing the func- 
tional differentiations indicated, one takes the variation 
with respect to the source, and commutes it to the 


the spin reduction since there is no question of a ys-like fourth 
com yonent in this three-dimensional isotopic 

Such an ————_ is actually “pnd for allowed beta 
eunetiets with this coupling. 
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extreme left or right in the expression before dividing 
by it. 

From Eq. (A3) one may again follow the usual pro- 
cedure’ to arrive at the result 


Gru-=x> f exp -i f (Gree) 


XG, (tt ; do) dp5q, (A4) 


where (yp+m,)Go= 1 and 


[—potm+ go()o(t) 1G, (4,0 ; db) =8(t—7). 


In the functional integral of Eq. (A4) it must be re- 
membered that the ¢’s and 4¢’s still anticommute 
among themselves.“ Equation (A5) may be integrated 
to yield the familiar exponential form but bilinear in 
the lepton variables. The functional integration may 
still be performed, however, since the integrand is just 
a Gaussian with a modified propagator: 


(AS) 


G,' (t—) = (tf) or) 
Xexp[—Tr In(1+gPG»)], 


where in coordinate space P(£,t’) = H(£o,tt’)0°(&)d* 
X (¢—£’). The Tr above refers to a trace both over the 
spinor indices and coordinates of the leptons. The nu- 
nucleon variables, ¢ and /’, still enter parametrically in 
P(é,¢’). Structures similar to the above appear in the 
usual vacuum polarization effects. This is not surprising 
since one is here dealing with a spinor pair theory 
coupled to a heavy source, which may be likened to 
vacuum polarization in an external field. 

The logarithm in Eq. (A6) may be expanded in a 
perturbation series in g to yield 


(A6) 


— Tr In(1+gPGo) = -{ dt 


X (€| gPGo— hg*(PGo)’+-g°/3(PGo)’— ---|&). (AZ) 
If £ is a representation which diagonalizes the operator 


PGo, then Eq. (A7) may easily be rewritten as” 
— Tr In(1+gPG,) = -1(0) f ae Inf1+g/(é)], (A8) 


where (| PGo|t’)=/(§)5(E—#’). While to find the 
diagonalizing representation in general would be very 
difficult, when ‘—f/=T is very large (the S-matrix 
limit), PG» is diagonal in the p» part of the usual mo- 
mentum representation. For this partial diagonalization, 





™* For a detailed discussion of functional integrals over fermion 
variables see P. T. Matthews and A. Salam (to be published). 

* If, for example, £ were momentum variables, then 5(0) is to 
be regarded as VT. In our case, the 6(0) actually ‘cancels at finite 
times in the term by term intregation of the perturbation series. 
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an equation similar to (A8) can be written 


“iT f ap 


X Inf (1+gPGo(po)}, (A9) 


Tr In(1+gPG iTr’ 


where Tr’ is the trace over all remaining eigenvalues 
The integral in Eq. (A9) is thus the mass renormaliza- 
tion (or zero-point energy in fixed source language). In 


the large time limit, therefore, the Green’s function re- 
duces to the unperturbed one with renormalized mass 
and Z, (the latter not appearing in the above calcula- 
tion). The lepton-nucleon Green function in the same 
limit exhibits, in addition to these, a coupling « onstant 
renormalization 

When the times are not infinite, these simplifications 


are lost and one must have recourse to the perturbation 


expansion of Eq. (A7). To first order in g one obtains 
(—t' )4mg A,(0) which is a mass renormaliza 
tion The second term displays both Z: and mass 
renormalization as well as a finite function of ({—1 
which vanishes at infinity). However, the ¢ term in 


volves, aside from finite terms and a Z, renormalization, 


the product of infinite terms and finite functions of 


time (which also go to zero at infinity These pre- 


sumably would represent g renormalizations but 


appear to be terms bevond those necessary to renor- 


malize the second order structure.**® Thus to renormalize 


the theory for finite times it may be necessary to obtain 


a nonperturbation solution or perhaps to introduce 


other counter terms. However, even within the S-: 





renormalization program, it should be checked wl 
a unique charge renormalization suffices there in treat- 


the higher Green functions 


APPENDIX B. STATIC APPROXIMATION WITH 
GRADIENT COUPLING 


\{ more complex approximation to the full ps(p 


} 


| 


theory than the example of Sec. 3 involves the gradient 
part of the coupling term 

p ” 7 Ve)G.(ttl:.? 6({—t BI 
where o eyo Equation (Bl) can be formally 


nt is of time-ordered exponentials How 


egrated in tern 


é, 3 ; 
ever, the evaluation of such a structure in closed form 


is, of course, an insoluble mathematical problem. We 


consider here only the simplified approximation in 


which the o’s are taken to commute.” With this assump 


tion the ordered exponentials are equivalent to ordinary 


* For the scalar pair theory, whose charge renormalizatio ; 
wentr treat \. Klein a B. Met | Phys tev. 98, 1428 
(1955) ) in the S-matrix limit, one obtains a linear and logarithmi 
divergence at finite times. The linear divergence correctly re 


logarithm fails to do so 


normalizes the ¢ 





while the 


‘ 7) 
erm 


® This might be viewed as a semiclassical approximation to t 
cutoff theory considered by G. Chew, Phys. Rev. 94, 1749 (1954 
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ones, allowing the functional integral to be performed. 


G,'(t-"') = 0 (t—/’) exp[ (—im(t—/) ] 


t t 
Kexp -ti¢ ff ardv'va,o, r—r')]. (B2) 


The exponential is similar to the result of neutral scalar 
theory except for the Laplacian. The latter raises the 
order of infinity of the renormalization constants to be 
extracted. By use of the equation obeyed by A,,G,’ 
may be rewritten as 


; 


G eae 


mt 


=10(t—t'\e 


t t 


KA,(7— 1’) +4igs(0)(¢—1') |. (B3) 


Xexp] —71g 


Again essential singularities of the type encountered 
in the ys@0@ approximation arise through the first part 
of the exponent. The second term is equivalent to the 
‘u’ playing the role 
}] which again is equal to the adiabatic limit of the 


no-recoil scalar theory [with ig 
of Ay 
ps(ps) case.‘ This will produce a further Z, as well as 
a mass renormalization. The third term is the usual 
contact structure that occurs in ps(ps)— ps(pv) equiva- 
into the mass 
will arise in the higher Green 


lence transformations and is absorbed 
term. Physical effects 
functions from the scalar part of the interaction. 

Interactions involving higher powers of the gradient 
l'o¢~V*">) can similarly be handled. 


APPENDIX C. FORMAL EQUIVALENCE OF THE 
SOLUTION WITH PERTURBATION THEORY 


In this appendix we show that the solution given in 
Eq. (29) is formally equivalent to the usual perturbation 
expansion. It will suffice to consider here only the terms 
of order g*. Equation (29), when expanded gives 


+4 > -) IA, (yyy;) C1) 
> jon 
lhis is to be compared with 
41/G,6M GG, “4 ist f aya ‘Gs x 
XK ysv 4 yy’ Ys7Yr 10,10, A, yy’) IG, yx’). (C2) 
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The two derivatives on A,(yy’) due to the vertices are 
integrated by parts to act on the appropriate G,’s. 
Using the defining equation for G,“ one then obtains 


ig* A, (016, (xx) —2m | dyG, (xy)G,© (yx’)| 
hh 


—A, (xx')ysG, (xx’)y5 


+2m f dya, (ayn, (xy)ysG4 (yx’) 


+2m f dy, 
—4m* fdydy’a, (yy’)G, 


XG, 


xy)ysGy (yx’)A, (yx’) 


(xv) 
, “ « ro . 
vv yy slr, (vz | (¢ 3) 


In the derivation of Eq. (C3) a term having as co- 
efficient 0,4,(y) ],.0 has been dropped since this factor 
vanishes by oddness. Equation (C3) need only be 
expanded in a power series in m to prove it equivalent 
to (C1). 

The terms in which either of the arguments of A, is 
x or x’ vanish in S-matrix limit. The last term is the 
usual ps(ps The coefficient 
of the remaining G, rx’) is recognizable even in the 
perturbation expansion as a Z, renormalization while 
the other A, (0) term is similarly a mass renormaliza- 
tion. The ps(ps) structure produces its own infinities. 
However in the rigorous form terms of this sort add 


lowest order correction. 
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back in such a way that the A,(yy’) is replaced by 
exp[ +4ig*A, (yy’) ]. When analytic continuation is em- 
ployed, what remains is finite, which is necessary since 
higher powers of A, (yy’) appear in subsequent orders 
and would not be renormalizable. 

It may be noted that the formal equivalence with 
perturbation theory is demonstrable for higher Green’s 
functions as well. However, as was pointed out in Eq. 
(39), the 6(x,*) part of A,(x) does not contribute to 
exp[ 4ig*A,(x)] but would produce effects in the 
expanded forms. 


APPENDIX D. NEUTRAL S(V) THEORY 


The relativistic counterpart of the nonrecoil case 
with do coupling is, of course, the s(v) theory which 


will be considered here. The equation for G,(@) is 


(yp+m-+ g7,0,.0)G,(x,%' ;¢)=5(x—2’). (D1) 


Letting G,(x,2’; ¢) =e? HH, (xx’; p)etiv*™ one 


easily finds that 


(yp+m)H, (x, ; 6) =8(x—2’) (D2) 


or H,(x,x')=G,.(x,x’). The functional integral is 
trivial to perform here, yielding 
(D3) 


G,' (x,x") = Z, exp[ —ig’A, (x,2") 1G, (x,2’), 


where Z,=exp/ ig’?A,(0) ]. The structure indicates the 


well-known fact that the s(v) theory has no physical 
effects. 

Z, in this case is less than unity according to the 
In order to 
give meaning to G.(p), however, analytic continuation 
is still required just as in the ps(pv) theory. 


interpretation given to A,(O) in Sec. 5 


- 
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are analyzed in order to discover 

vative coupling. This behavior is 

of the derivative theories possess 
jurier transiorms of these operators 
t causes the breakdown 
onstant and introduces 
t expansion is possibl 


naliyti 


I. INTRODUCTION ie finite plane, everywhere except at the origin. At 
the origin, however, they have essential singularities. 


HE success of the renormahzation program in * ees shadiecornoe mar 
identifying he infinite part , = Because of these essential singularities, the Fourier 
MCTILIE VIE all beiliial patts AGLILUI s natin F 
electrodynamics with a renormalization of transform of the propagators for the nonrenormalizable 
moon of tha dart § theories exists only in one half of the complex coupling 
procedure constant plane, and it sometimes turns out to be that 
PEt su 


half of the plane for which the Hamiltonian cannot be 


Hermitian. However, a Fourier transform can be defined 
by analytic continuation from the non-Hermitian half 
of the coupling constant plane. The Fourier transform 


Lf 


eories in any case has a branch point at g*/4%°=0 which 
senermelization procedure nnd makes it a many-valued function of the coupling 
irried through be se, no matter what ibect of constant. 
shane a0 vetitive. ti ' livergence It then results that the set of progressively worse 
coennen tadeGait to higher order ‘finities, which in the power series expansion is asso 
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In wi derivative ‘4lure of the expansion ol the momentum space 
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‘ space. 


order to 
rhe infinities which occur in the simple theories 


CO Ipung { 
izable by 


liscover . - - agen : 

treated here, therefore, fall into two distinct classes: 
those which have nothing t with the power series 
expansion and which occur in a similar fashion in both 


renormalizable and nonrenormalizable cases (renormal- 

heories it ization constants), and those whose existence is due 
. , ‘ntirely t > 4 pling nstant expansior the a 
are renormaliz: ; thi it is possible to make a entirely to the Pung CONStant expansion (tne non 
an Si renormalizable infinities). This suggests that the be- 


havior of the momentum space propagator, in the 


i constant, may divide field theories into three 
classes: those for which the propagator is analytic at 
the origin and is renormall 2* thaee far whi , 
» renormalized propa- the origin and is ren rma izable ; those for which the 
' nat s not analvtic in the coupling « é 
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origin, ¥ I it as a Drancn in sme I gn Bing . ; 
value the ir , trier transform {or which the behavior in the coupling constant at the 
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nate space, are also analyti freely interchange the order of such operations as 


differentiation and integration. The momentum space 
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spurious (sometimes infinite) terms to the correct 
solution, depending on the method of calculation. In 
the renormalizable case, the solutions are not so singular 
so that this difficulty does not occur, and the usual 
momentum space perturbation expansion gives the 
correct result. 

In the second section, the propagators for several 
simple nonrecoil theories are obtained exactly by 
functional methods and are renormalized. The differ- 
ence between the renormalizable and nonrenormalizable 
theories is then discussed in Sec. III. A perturbation 
method suitable for calculation with the nonrenormal- 
izable theories is outlined in Sec. IV. In Sec. V, the 
operators of a nonrenormalizable theory are defined by 
analytic continuation. Appendix A gives the details of 
these analytic continuations and considers the multi- 
valued behavior of the propagator as a function of the 
coupling constant. In Appendix B, the accuracy of a 
cutoff approximation to the nonrenormalizable theories 
is discussed. 


Il. THE PROPAGATOR FOR A CLASS OF 
NONRECOIL THEORIES 


We shall, to illustrate the method, first obtain the 
propagator for a simple class of theories which has the 
following equations of motion for the nuclear field y, 
and the meson field ¢: 


{ —1(0/dt)+m+ém— g(d"d/dt")}y=0 


a tae (1) 
{ P—p’*}o=0. 


This can be thought of as a spinor field in the nonrecoil 
limit interacting with the nth derivative of a boson 
field with no vacuum polarization.’ When n=0 we 
have the neutral scalar theory previously solved.?* It 
will be seen that the method of solution would permit 
us to work out in a similar fashion any nonrecoil theory 
with a coupling term of the form gy*a;(Di"o)~ where 
D* is a differential operator and a is a commuting 
vector. 

Since the technique used below is relatively new, it 
will be explained in some detail. Later, when the 
solutions are examined, it will be seen that a certain 
kind of perturbation expansion is possible even in the 
nonrenormalizable cases. This gives a series which can 
be summed when the a’s commute. The reader who is 
not willing to follow the first method is referred to the 
second. 

To find the propagator we employ the functional 
integral formulation of field theory first proposed by 
Feynman‘ and exploited recently by Edwards and 
Peierls? and Matthews and Salam.® Using this formu- 

‘ Equations of this form have been solved and renormalized 


also by R. Arnowitt and S. Deser, preceding paper [Phys. Rev. 
99, 349 (1955) ] 

2S. F. Edwards and R. E. Peierls, Proc. Roy 
A224, 24 (1954) 

*T. D. Lee, Phys. Rev. 95, 1329 (1954) 

*R. P. Feynman, Revs. Modern Phys. 20, 376 (1948). 

* P. Matthews and A. Salam, Nuovo cimento I, 120 (1955) 


Soc. (London) 
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lation the nucleon propagator for the fields above can 
be written as 


Sw‘ (t—?’) 
S bpbPa) (1) (0) expli S/S L™ (1)5(x1— 2)dx deg} 


Sf boabey explif SL (x1)8(21—23)dzdxy) 
=(T(W(Od(l)))o, (2) 


where 


1 @ a"o | 
L =-| $} —i—+m+im—g— iy 
2 al are | 


< 


+ Herm. conj.— { ((_}¢)*+-n*¢"} | 


Following Matthews and Salam the integration over 
y and y is performed, and, neglecting the effects of 
vacuum polarization, one gets an equation which 
(except for the factor —i) is identical to Eq. (21) of 
Edwards and Peierls: 


Sw (t-t')= —in foci Ut 0) 


i 
xexp| ~ -f fows “(EL oe) déde’ , (3) 


where 


A-"(,£)=8(E—&')(— 


: 
N-t= f ip exp| ~- f f o(@)d (ee oe deae |, 


and G,‘" (t,t’; ¢) is the solution of the equation 


P+p*)e, 


0 a" 
{i +m-+6m— g- Jaumursa)=atr—") (4) 
at at” 


and is a functional of ¢. The symbol / /[¢@ }6@ means 
a functional integration over all functions ¢. This 
integral is still to be precisely defined, but in the simple 
cases considered it will be seen that the method of 
solution is to manipulate the variable function ¢ by 
linear transformations until the functional integration 
cancels out. 
The solution of Eq. (4) is 


GE (tt; 6) =0—1L) exp| —i(m+ém)(t—t’) 


‘a 
+isf —at| (5) 
v OF” 


=1 {—f>0 
6(t—f) j 
= (—<0 
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This gives for the propagator: 


where 


ss 


Pdpw* for 


n=0: é6m=0 for n>O. 


The propagator is renormalized by a multiplicative 


constant LZ: 


finite tor rl 


[he Z. renormalization makes S$ 

We see that this multiplication shif e value of the 

propagator so that where the unrenormalized function 

is fi for r=0 and zero for 70, the renormalized 
nite for r>0O and infinite for r=0.° 

t to investigate the behavior 

ve correction term R 


t change the 


onvenien 


For n>0 it is « 
of the renormalized radiati T 
mass w=, as t 

1 ngularities. Then 


function Sil 


ior meson nis does not 
} 


behav 1OrF 


R 


| 4s 


> exponent 
> and can be 


, except 


R 


Letting for n>0O, the 


radiative ion tern 
F gieled B 14 
Hermitian Hamil- 


‘a (D;"@W (where 
~a,a U; ayaa: a everything goes 
almost exactly as above (except 


rorh 
4K 


this value 


a function at 
upon the path by which it was rea 
“meson mass was kept unequal to zero, the singular 
the exponential would be Hankel fun 1s of argu 


| their derivatives 
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a mass renormalization). Equation (7) becomes 


S'(r)=6(r) exp| —i(m+ém) 


ig? t 
«as: waif f dio'd&oD;'Dv A°(E,2') 
2 ’ 


For D=V, (11) becomes 


g a 
_ f k*dku*(e~ **— 1+ wr) 
4 J 


and so, after renormalization—for meson mass p=0, 
this is just identical to R.“?(r) above. In general any 
differential operator D* will give results which, with 
respect to the singularities of the solutions, are identical 
to those above. 


(11a) 


IIL COMPARISON OF THE RENORMALIZABLE 
AND NONRENORMALIZABLE THEORIES 


The differences between the theories with interaction 
terms of the form g/*a,(D,"¢)¥, which we shall desig- 
nate as nonrenormalizable or n>0O theories, and the 
renormalizable or m=0 theory (with the interaction 
term g¥*¢y), result almost entirely from the type of 
singularity the operators of these theories possess at 
the origin in coordinate space. 

For n=0 the renormalized propagator is singular at 
7=( for Hermitian Hamiltonians, but it is summable 
at this point for any complex value of y, |y| <1. For 
n=, S, 


| et ee | 
S& (7) =0(7) exp{ —imr+y ——e-wr) (4! 
| or 


0 we write 


(r) is® 


In order to find the behavior at r 


. + ri “dp 
f dp—e*" Hy yr) f c=". 
( w? 2 0 w* 


For r1 the second term can be neglected as we are 
interested only in the singular part at r=0. Then (16) 


(16) 


becomes 


” 


4 oy 

f ‘ 

f dp—e~ "~~ — nF (ur) +1n2 
3 
0 w 


Iny¥ =C~0.577 


where 


Thus R,©(r) for rK1 is 


R.© (r)~ (const) (ur)~7. (17) 
In coordinate space, for y>0, R.(r) is singular at 
=(0. However, for |y| <1, the Fourier transform of 
* The meson mass » cannot be set equal to zero in the n=0 
case because a logarithmic infrared divergence would result 
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S.@(r) exists and is analytic in y at y=0. One can 
reproduce the renormalized perturbation series by 
expanding R,“(r) in powers of y. Then each term of 
the expansion converges (involving integrals like 
Jo log"rdr) and, for |y| <1, the series itself converges. 

For n>0, as can be seen from Eq, (14), the radiative 
correction term R,‘"’(r) has an essential singularity at 
7=(. As a consequence of this, the propagator S$,‘ (r) 
is not summable at r=0 for y in the right half plane 
and thus the Fourier transform of S,‘"’(r) is defined 
only for y in the left half complex plane. The fact that 
the Fourier transform of the propagator exists for 
certain complex values of y, however, suggests that a 
Fourier transform could be defined over the entire 
domain of y by an analytic continuation, This possi- 
bility is exploited, in Sec. V, in order to define the 
momentum operators of the n>0 
However, the Fourier transform of the propagator so 
defined has a branch point at y=0. It is just this that 
makes the momentum space coupling constant expan- 
sion impossible and introduces a nonrenormalizable 
set of infinities into these theories. For the character- 
istic nonrenormalizability in which the degree of 
divergence at infinity (in the Fourier transform space) 
increases with each term of the series is reflected in 
the breakdown of the expansion fj exp[ —(y/r**) 
—i(q-+-m)r |dr in powers of y. The expansion, of course, 


space theories. 


breaks down independent of the sign of y. 

Another consequence of the high degree of singularity 
possessed by the n>0O theories, is the fact that in the 
calculation of the operators of these theories spurious 
terms may arise if the order of the operations of 
differentiation and integration are interchanged, This 
arises, in particular, for the nonrecoil theories treated 
above when the differential operators involve the time. 
In the mth derivative theories each meson propagation 
line is operated on to give 


d* 4d" [F* . 
f ak. 
dg," d£q" (E—w)(E+w) 


$2 Cr 


Putting (+1)"g"" at each vertex, as one would do in 
the usual perturbation expansion, is equivalent to 
reversing the orders of the operations and could 
introduce spurious terms even if the entire expansion 
did not break down. 

In all the theories, infinite constants appear which 
can be absorbed by Z2, Z; and mass renormalizations 
and whose existence is independent of the method of 
calculation. These “‘traditional’’ divergences do not 
arise because of the power series expansion, but their 
identification and absorption into physical constants 
is made difficult by the expansion. The nonrenormal- 
izable the derivative 
coupling theories are produced by the incorrect expan- 


divergences associated with 
sion and thus disappear when the method of calculation 


is changed. 
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IV. A PERTURBATION EXPANSION FOR THE 
NONRENORMALIZABLE THEORIES 


Because of the behavior of the momentum space 
propagator at r=0 for the m>O theories, the usual 
coupling constant expansion becomes impossible. How- 
ever, since the propagator in coordinate space for r~0 
is analytic in y, it is possible to obtain all the operators 
even for the n>0 theories by a power series expansion 
in y as long as one remains in coordinate space and 
keeps 7#0. The fact that such an expansion does exist 
for the nonrenormalizable cases would make it possible 
to explore more complicated theories for which it is not 
such a trivial matter to obtain an exact solution.’ 
Also, this provides an alternative derivation of the 
results of Sec. IT. 

We will consider a general nonrecoil theory, with an 
interaction term gf*a-(D"¢)y¥, in which the nucleon 
propagator (everything will be in coordinate space) is 
given by 


Sp(te—h) =0(h— hye -), (18) 


the meson propagator by 


1 x ec te ti} 
- J d* pe ip(r2-ti) 
16rd 5 w 


and the vertex operators by 


Ap(x2—%;) 


ga,D;". (20) 


Then the 2/-order propagator is given by a sum of 
diagrams in whick a nucleon line, beginning at x’ and 
ending at x, emits and absorbs mesons at the 2/ points 
%1***X2;, where the meson lines connect all permutations 
of the coordinate pairs (xyx2) (xgx4)- - - (xq1-1%21). S?” (1) 


dt 6(ty— {')-- 8(é— ta) 


aywDya" > Ap(x2—2) 


Permutations 


Kay, 1"ay2D 2” 


K Ap (xy—2Xy) Ap(Xe— Xn ». (21) 
Here D,;" is a differential operator which acts on the 
coordinate x;. The factor 1/2‘/! is introduced because 
we sum over all permutations of the coordinates x;- - - x2; 
rather than all pairings. This just duplicates /!2! 
identical diagrams 

The @ functions combine to give limits of integration 


over the / variables: 


tat, 


UShShe-- 


* Arnowitt and Deser (reference 1) have investigated the ps(pr 
theory, including recoil, with the use of an expansion in a pa- 
rameter which is not related to the coupling constant but is 
proportional to the proper distance Mx, 
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and the exponentials give e~*"‘*-*. Associating the 
differential operators D,;" with the coordinates on 
which they operate, S° (7) becomes 


" oa t tel 
S% (7) = (—1)'—_# near f ata f dtoy_1--- 
2'1! ’ t’ 


tz 
xf dtyeryyry2-~ -cty2t L Dys"Dy2"Ar(x2—21)--- 
t’ Permutations 


X Dy" Dycai—-1y)"Ar(%21— X21). (22) 
If the a’s commute the integrand is symmetric in 
t,-++te, and we may change the limits of integration 
to get, 


g! (—1)! 
- O( re 


yy? 


t t t 
x Po f auf . Lf aedurD"Sr(es—m) 
Permutations / 4 t’ ’ 


X Dye" Dycri—1)"A rv (X2— X21). (23) 
Using the representation (19) for Ap(x.—x,) and 
assuming for an explicit example that D"=V, we can 
do the ¢ integrations. Then we have for S@(r): 


. g! 1 
5§@9 (7) = 4(rje mt) 
Ht (2D! 


pl 


> 6 pus, wt 


Gy LZ, pl 


Permutations 


1 kik ,3d*k 
Q f {e~*"—1+ wr) 


16x’ , 
1 1 ektdk 
i {e~ **—1+twr} 
4r’ 3 


Ww 


3 
Ww 


at x=x’ and is diagonal because of the antisymmetry 
of kysk,;. Since the a’s commute the sum over permu- 
tations gives (2/)! identical factors (aya,)'=3! for a 
three dimentional V. Therefore, we have 


S28 (r)= g”!3'0! L'0(r)e-*™* (25) 


and 


= 
Sp'(r) =D SP (7) =0(r)e- i" 
l=0 


| g° "= kidk f 
X exp; f e“'—1+ wr) }, 
(4x° w? 

which checks with Eqs. (7a) and (11a). Other operators 
of the theory such as the vertex function and the 
meson-nucleon Green function can be calculated in a 
similar fashion by inserting one or more external lines 
into the propagator and again summing over all possible 
permutations. 
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The crucial point in the calculation is the assertion 
that the a’s commute. If they did not, then each pairing 
of the coordinates would have a different weight and 
there would no longer be symmetry in the 4: -ty 
variables. Then the ¢ integrations cannot be done so 
easily, and the problem is no longer trivial. 

It is of interest to inspect this perturbation expansion 
of the propagator for the nonrenormalizable theories. 
For +0 it is clear that term by term the infinite parts 
can be removed by mass and Z, renormalizations. For 
t=0 the renormalized expansion breaks down and this 
just is due to the singularity of the exact solution at 
this point. One also sees that the terms of the series 
correspond, as they must, to an expansion of the exact 
propagator in powers of y. 


V. DEFINITION OF THE OPERATORS FOR THE 
NONRENORMALIZABLE THEORIES 


In order that the nonrenormalizable theories treated 
above be physically meaningful, it is at least necessary 
that the Fourier transforms of the various operators of 
the theories be defined, as these Fourier transforms 
are closely related to quantities, such as the scattering 
amplitudes, which are comparable with experiments. 
The scattering due to the diagram in Fig. 1, for ex- 
ample, is proportional to the Fourier transform of the 
propagator; more generally, the meson-nucleon scat- 
tering amplitude is given by the Fourier transform of 
the meson-nucleon Green’s function which will involve, 
with other quantities, the Fourier transform of the 
propagator. 

The renormalized propagators, for the m larger than 
zero theories, are given by 

Se” (1) =0(r)e~ *™* exp{y(2n—1)!r-7"}, (26) 
and the Fourier transform of S.‘")(r) is (suppressing 
the superscript 1) 


*“ 


s@=f ero" expn{y(2n—1)!r-*}dr. (27) 


0 


This is defined for m+q in the lower half plane 
(m+ q—ie) and for y in the left half plane. We want 
to extend the domain of definition of Eq. (27) to all 
complex values of y. When this is done the Fourier 
transform of the propagator can be defined for those 
theories (n even; n>0) for which the requirement that 
the Lagrangian be Hermitian would place y in the 
right half plane; also the singularity that the Fourier 
transform of the propagator possesses at y=0 can be 
examined. This turns out to be a logarithmic branch 


point and introduces an ambiguity into the theory 


because the Fourier transforms of the operators become 
many-valued functions of the coupling constant. 

S(q) can be analytically continued from the left half 
plane into the entire domain of y by the procedure 
given in Appendix A. Equation (A2) of this appendix 
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\ 


> \ 
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Fic. 1. A Feynman diagram for the scattering of a meson by a 
nucleon. The double line represents the nucleon propagator with 
all radiative connections: S.(p+q). 


gives a representation of S(q) 


S(q)= fest —i(m+q)r—A(2n—1) !r-**e"*}dr, (28) 
ce 

where y= —Ae“ and \=A* 20, which is defined for the 

entire domain of y. From Eq. (28) one can see that 

S(q) is a many valued function of y, as there will be an 

infinite number of contours C¢,27. which correspond to 

a given y= —de*e?'*, /=0+142:--. 

In the n=1 case, where y must be real and smaller 
than zero for the physically interesting Hamiltonians, 
the values of @ are restricted to even multiples of 
w, 0=2ln, where /=0, +1, +2---. We can define So(q) 
(that function of g for which /=0) as the principle 
value of S(q). It is So(g) that would be reached in a 
“natural” way beginning with a cut-off theory and 
permitting the cutoff to go to infinity. (See Appendix 
B.) S:(g) is the sum of So(g) and terms which are the 
contributions of the integrand of Eq. (28) when inte- 
grated over a contour which encloses the point r=0. 

In a theory which contained scattering, if the same 
general results were valid, the extra terms, while not 
changing the residue of the propagator at g+m=0, 
would give an additional contribution to the scattering 
which did not necessarily have the same energy de- 
pendence as the scattering due to the principal value. 
Some explicit evaluations of these terms are given in 
Appendix A. 

In the n=2 case y must be real and larger than zero 
for Hermitian Lagrangians. Then @ is an odd multiple 
of x, 0= (2/+-1)r, where /=0, +1, +2---. Again one 
gets a many-valued propagator but here the principal 
value So(qg) would not be approached by a cut-off 
solution. (The cut-off solution diverges as the cutoff 
approaches infinity.) The fact that two such cases 
occur seems to be a peculiarity of the nonrecoil theories. 
In the four-dimensional case, the results obtained by 
Arnowitt and Deser' show that due to the presence of 
functions like exp(—g*/x*)e~* which must be inte- 
grated over all of space-time—positive and negative 
values of 2*—no cut-off solution would approach the 
continuation which gives the finite Fourier transform. 

The point y=0 is a finite branch point, for any value 
of n, and is shared by all the Riemann surfaces. Thus, 
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as the interaction goes to zero (as y approaches zero 
from any direction) the Fourier transform of the 
propagator becomes, unambiguously, the free propa- 
gator. 

Once the Fourier transform of the propagator has 
been defined the other operators of the theory are also 
defined and can be made finite by renormalizations. 
Ihe vertex function for example is: 


I~ (1¢’; £) Vv f o60(86. "(th ) 


Xexp| =" 2f fows ee )0(Edede (29) 


where ['“") is related to the usual vertex function by 


yt S12, Th 


(x,y; E\dxdydt’ 


By a procedure entirely analogous to that of Sec. 
one gets for [ 


The Fourier transform of this operator is well defined 


f the Fourier transform of S’(r) is defined, and there 
are no additional ambiguities. Let 
¥ 7) - f . 


| be finite if 


o," 


Then f "’ wil 
p » n 
The 


meson-nucleon Green function 


t 
Gt’; £8’) -¢f A'™ (Eno)dn 
: t 
x f A‘“* ‘Eno’ dno’ S a (r) (34) 
$ 


and to the other operators of these theories. 

The matrix elements between free particle states of 
the operators which describe scattering amplitudes 
[such as the meson-nucleon Green function, Eq. (34) 
are all zero. This is because the interactions of the 
theories treated can be transformed away and contain 
no scattering of mesons by nucleons."” The procedure 


same kind of argument is applicable to the 


outlined in the foregoing, however, makes it possible to 
define finite matrix elements for virtual transitions and 
thus to make all the operators finite for any value of n, 
in spite of the fact that for »>0O the operators, from 
the usual perturbation series point of view, are not 
renormalizable. 


*G. Wentzel, Quantum Theory of Fieds (Interscience Pub- 
New York, 1949), p. 47 
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APPENDIX A. BEHAVIOR OF THE PROPAGATOR 
IN THE ~ DOMAIN 


The existence of the Fourier transform of S$. (r) for 
part of the complex y plane makes possible the definition 
of a Fourier transform of S.“"’(r), for the entire domain 
of y, by the process of analytic continuation." If 
—y=he"* where \=A*20, the Fourier transform of 


S.(r) is 
S a= f exp{ —i(m+q)r—A(2n—1) !7r-*"e"*}dr, (Al) 


and this is well defined for m+q in the open lower half 
plane and for y in the left half plane (—x/2<0< 4/2). 
If the contour of integration in the 7 plane is now 
deformed to Cs, as shown in Fig. 2, we obtain the 
(Al) into the entire 


analytic continuation of Eq. 


domain of y. S(q) is then 
S(q) f exp{ —i(m+q)r—A(2n—1)!1-*"e"}dr. (A2) 
ce 


rhis is a many-valued function of y since there are an 





ny 
r plane which define the Fourier trans 
r in various regions of the y domain. C» 
of n. Co, Ci, and C; are the contours which 


for the case n=1 


and S;(q 
helpful dis 
and Dr. P 


The author wishes to acknowledge some very 
cussions on this point with Professor A. Beurling 
Malliavin of the Institute for Advanced Study 
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infinite number of values of 6 which correspond to a 
given y and each of these give a different S(g¢) due to 
the contour Cy». Some of the contours that arise are 
shown in Fig. 2. 

As an example of the kind of behavior S(q) exhibits 
let us investigate in detail tl 
y=—g°/4r (in order that the Hamiltonian be Her- 
mitian) so that the relevant values of 6 are 0=2lr 


where /=0, +1, +2 Let Si(qg) be the function 


1e case n= 1. For this case 


S(q) when 0= 2/x. The 


(A3) 


where So(q 


is defined as the principal value of S(q¢) and 
i 


7 ,(q) is the contribution that arises due to integrations, 
such as those in Fig. 2, which surround the point r=0. 
The procedure outlined above would also be applicable 
if the meson mass » were not set equal to zero. However, 
the explicit evaluation of 7)(q) then becomes much 
more difficult 

T: q),; 


Eq. (A2) in a complete, « 


which is the contribution of the integrand of 
lockwise circuit of the origin, 

is (lor n=1 
2 (A)"(m+q)°" 
2x> (A4) 

7!(2r—1)! 

q)—0 and as A-0. As m+q 
long the real axis 7;(g) also 


T:(q) goes to zero as (m 
or A become infinite a 
becomes infinite. This latter behavior is true for all odd 
T:(q) oscillates and goes to 
For the meson 
remains finite as m+q—0 


n while for n even (n>0 


zero aS A or (m-+q) become infinite. 
mass unequal to zero 7" 
However, the explicit form of 
more complicated than that of 


its dependence as g—* has not been 


and is zero for A=0 
T2*(q) would be mu 
Eq. (A4) and 
ascertained as yet. 

A peculiarity of the 
logarithmic point S(q) 
domain, at the point m+gq 
production of mesons with arbitrary energy. The value 
at S(g) in the m+gq domain differs from branch to 
branch of the Riemann surface by just T2(q). 


meson mass zero case is the 
the gq 
0. This corresponds to the 


bran h possesses, in 


In examining the behavior of S;(q) for the various 
values of / it is convenient to separate off the singular 
0. We then have (for n=1) 


part of Silg 


‘ a 
7) alm g 


| 
(A5) 


exp(—A/r*)—1. The second term of Eq. 
ns the radiative correction to the propa- 
or; it is finite for all values of g and goes to zero as 


“). For 1+0 we get 


"h(i r)\dr+0O(m+ q)T2(q) 
A6) 


h(r)dr+T,(q), etc. 
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As m+ q—0, S(m+q) becomes 
Si(q)= —i/m+q+finite terms, (A7) 


and for \=0, S;(q)= —i/m+gq. 
We can obtain a crude idea of the behavior of these 
functions, for small values of m-+-¢ and X\, by replacing 
h(r) by the step function 
h(r)~—0[3/2(a)'—r]. (A8) 
Then neglecting terms of order m+-q or higher we have, 
Sery—i/m+q—3/2/A+ +> 
~i/m+qt+3/2/A4 
Syy—1t/m+q—3/2V/A+-: 


(A9) 


Sy 
*, etc. 


For larger values of m+q, T2(q) becomes dominant 
except in the odd / cases where the step function 
OL + (m+q) | cuts off T7:(g) as m+q changes sign. 


APPENDIX B. CUT-OFF APPROXIMATION 


In spite of the impossibility of making a coupling 
constant expansion for the Fourier transforms of the 
n> theories discussed above, it is possible to approxi- 
mate the exact theory by a cut-off theory, the error 
term which 
known. The Fourier transform of the operators of the 
cutoff theory can be calculated in a perturbation 
expansion and this expansion will be practical if the 


can be estimated when the solutions are 


coupling constant and cutoff are small enough. 

As an example let us consider the n=1 theory with 
in Sine on bP ie. Then the re alized 
an interaction term gy* (a: V@)y. Then the renormalizec 
propagator is 


| g op* kdk 
S.(7r)=O(r)e on f tees ¢ 


4x w 
A theory which cuts off the meson momentum at K 
would give for the renormalized propagator, 


g?oek Mdk 
S*(1r)=0(r)e =" exp| i) ro 
4x? 0 w* 


The cut-off solution above is analytic in g*/49* for 
all values of r and thus the Fourier transform is analytic 
in g’/4e* at g*/4e°=0 and can be expanded in the 
coupling constant at the origin. As K increases and the 
cutoff solution approaches the K= © solution the terms 
of the expansion of the Fourier transform of S,*(r) 
grow increasingly large and oscillate. Thus the expan- 
sion appears to be completely dependent on the cutoff. 

This is not necessarily so, however, for an exami- 


(B2) 


nation of the exact solutions shows that the cutoff and 
K=~« theories differ mostly in the region where r—»0, 
but this region itself contributes very little to the 
Fourier transform of the propagator because of the 
radiative correction: 


Rr) =exp{ — (g¢°/42")r 


‘} as Ff 
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Define the error term E(K,q) to be 
E(K,q)=(S(q)—S* (q) ]/ S*(q). (B5) 


If the contour of integration is shifted to C’, shown in 
atid F ig. 3, we can divide the contribution to the error term 
evaluating to a portion which comes from the neighborhood of 
rror term the origin C4 and that which comes from the major 
part of the path Cg. The contribution to E(K,q) 

which results from Cz is 


E®(k,gy™(d/ Roe *®(1/R+K} (BO) 


where \= g’/4x", while the contribution from C, is of 
the order of 
Io make this more precise we will examine the 
Fourier transform of S.(7)—S*(r) and show that, for pp ‘(K,q)~exp(—d/R9R 
a large enough cutoff, the error term is small and, for a 
small coupling constant, a pert irbation expansion of cR 
he Fourier transform of S,*(r) can be made +—) exp(A/R?’—KR)[KR—1] _ (B7) 
Ihe Fourier transform of S.*(r) is 2 S*(q) 
Letting R=ry/d\ and K=k/+/X, one can choose values 
of r and & so that the error term becomes arbitrarily 
small. However, this is limited in practice by the 
requirement that A be kept reasonably small in order 
that a perturbation expansion of S*(g) be possible. 
In any case one gets a better approximation close to 


and the principal value of that of S, 
the poles of S*(qg) since the major contribution at the 


singularities comes from large values of r where S.* (7) 
is a very good approximation to S,(r). 
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of Classical and Quantum Coulomb Excitation Integrals* 
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m Coulomb excitation integrals. Use is made of a 
lity of classical and quantum density integrals. It is 
yw agreement at nearly the same distances as the 
nb excitation integrals for small excitations is 


ment of the density integrals 


Breit and Daitch* show that there is a close agreement 


' l HE fact that semiclassical and quantum calcu i 
ations of Coulomb excitation are in close agree between integrals of classical and quantum densities 
1 Daitch,' by integrated from r=0 tor. They show that if the integrals 


are taken to a node of the radial wave function F/r and 
if the JWKB approximation holds at the point r, there 
an exact agreement between the two integrals. 


ment has been discussed by Breit anc 

Daitch, Lazarus, Hull, Benedict and Breit,? and by 

Biedenharn and Class.* In a note to appear shortly, if 
rt . 

tates Air I roe, 


ir Research and 


\ redistribution of densities occurs as a result of going 
Development Command. — - from the classical to the quantum theories. It is reason- 
t Now at University of California, Livermore, Californiz : ri ‘ - a 
'G. Breit and P. B. Daitch, Phys. Rev. 96 able to expect, therefore, that the calculation of radial 

? Daitch, Lazarus, Hull, Benedict, and Breit, Ph te N 
P. B. Daitch, Proc. Natl. Acad. Sci. (to be 
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integrals having the form /(*(F?/r)dr which occur in 
the theory of Coulomb excitation-will show related 
similarities between the classical and quantum values. 
The classical density which enters in this connection is 
according to! the quantity 1/(2Q) where 

2n L(L+1)}! 


Piston 
uv pr 


Q= 


Here p=&r in the usual notation and F is normalized 
so as to be a sine function of unit amplitude at infinity. 
It has. been thought of interest, therefore, to com- 
pare f-°(1/20)dp with fi’F*dp and also to compare 
S?(1/20)p-*dp with Jor(F?/p*)dp. The lower limit in 


the integrals involving Q is the classical turning point. 
The comparison shows that the indefinite integrals con- 
sidered as functions of p are very similar to each other 
and that the quantum integral oscillates about the 
value of the classical integral. Such a behavior can be 
expected as a consequence of the redistribution theorem.‘ 
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Fic. 1. Interaction integrals in quantum mechanical and semi 
ts of Coulomb excitation. The quantity px is 
lassical turning point 


classical treatmen 
the value of p at the « 


The present calculations have been carried out in order 
to see more quantitatively how the compensations of 
positive and negative deviations of the quantum density 
from the classical density affect the integrals which 
enter the problem of Coulomb excitation. The com- 
parison is presented in Figs. 1 and 2. Figure 1 shows the 
integrals involving the factor 1/p* as a function of p. 
Figure 2 shows the corresponding density integrals. 
In Fig. 2 there are marked the positions of maxima, 
minima and nodes of the function F. It is seen that the 
integrals of the density are indeed closely equal to 
each other at the nodes. There are also points in between 
at which the two integrals are equal to each other in 
agreement with the Breit and 
Daitch.'“ As a result the quantum integrated density 


considerations of 
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Fic. 2. Density integrals in quantum mechanical and semi 
classical treatments of Coulomb excitation. Values of the abscissa 
corresponding to maxima, minima, and nodes of F,(p) are indi 
cated by arrows at the appropriate values of p 


curve intersects the classical curve at frequent intervals. 
This circumstance contributes to the relative insig- 
nificance of the variation of 1/p’ in its effect on the 
location of points of compensation (intersections be- 
tween quantum and classical curves). The relatively 
rapid oscillation makes the difference between quantum 
and classical integrands consist of alternatively positive 
and negative parts so that the variation of 1/p' is not 
very important. A contributing factor is the fact that 
the Coulomb wave function F vanishes rather rapidly 
as one proceeds to the left of the classical turning point. 
The contribution of the region to the left of the classical 
turning point to the Coulomb excitation integral is 
thus not very important since the distance within 
which the function F becomes negligible as one proceeds 
to the left of the classical turning point is relatively 
small in comparison with the value of p at the turning 
point. There is a good chance of compensation of the 
contribution to the quantum integral to the left of the 
turning point by the difference between the classical 
and quantum densities just to the right and it is seen 
that this as well as succeeding points of compensation 
occur at nearly the same values of p. 

The present considerations have been made only for 
zero excitation energy. Unpublished work by Benedict, 
Daitch, Lazarus, and Breit indicates similar compensa- 
tion under more general conditions. 

The authors wish to express their appreciation to 
Professor G. Breit for suggesting this investigation and 
to him and Dr. P. B. Daitch for helpful discussions 
throughout the work. They also would like to express 
their indebtedness to Dr. P. Rabinowitz and Dr. M. 
Abramowitz of the National Bureau of Standards for 
the computation of Coulomb Functions by means of 
the SEAC which proved useful in this work. 
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Extended Isotopic Spin Invariance and Meson-Nucleon Coupling* 
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lL. INTRODUCTION 
N tl 


he isotopic spin formalism, nucleons and pions 
are described by spinors and vectors in isotopi 
spin space. Pion-nucleon phenomena and the charge 


independence of nuclear forces (at least at en 


ergies 
corresponding presumably to interactions via pions 


suggest that if electromagnetic interactions are 


alone 
neglected, total ISOLOpIC Spin Is Cor served in interactions 
involving pions and nucleons alone. This situation 


described formally by stating that the pion-nucleon 


interaction 1S Invariant with respect to the three 


t 


parameter group of rotations of the isotopK st] 


pl 
coordinate system 

This paper 1s concerned with the 
+} 


extending this 


possibility 
invariance to isotopic spin 


which are local in the sense that at different 


space-time different isotopic spin rotatior 


mitted. Such an extension is motivated' by the possi 


bility that the meson-nucleon ipling may be sug 


gested by some such extend ! ical 


symmetry 


principle. This is where the 
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how other 
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identities are present whenever the equatio1 


helds are coupled into the gravitational field 


K iple to be emphasized here is that certain 
s of motior 
are derived from a Lagrangian density t! is invariant 
under transformations depending on arbitrary f 


rhis 


is briefly 


rather than arbitrary parameters important 
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that is invariant under transformations that depend 


restrictions on allowed forms of coupling that follow from 


is given invariance under local isotopic spu 


rhe 


m-nucieon 


that 


relations between the transformation law and 
system is allowed to admit a more general 


n order to maintain the local isotopic 


*strictions on the permissible transformation properties 


isotopic spin conservation is to be maintained 


not 
possible for nucleons and scalar or pseudoscalar mesons. 


that local isotopic spin rotational invariance is 


The possibility of allowing an additional “b field” in 
rotational invari- 
ance, as Yang and Mills have recently done,’ is con- 
sidered in the fourth section. It is 


of the local isotopic spil 


order to maintain local isotopic spin 


shown that, as a 
consequence 1} invariance, inde- 
pendently of any special choice of equations of motion, 


this b field must obey nonlinear equations of motion 


and must contribute to the total isotopic spin. 


The point 


may be explicable as a consequence of 


of view implied here is that isotopic spin 
some extended 
invariance principle in the same way as extended gauge 
invariance and general coordinate covariance illumi- 
the 


e role of energy-momentum. 


nate, respectively, nature of electric charge and 


+} 


Il. EXTENDED INVARIANCE 


Identities and Conservation Laws 


Suppose the equations of motion are obtained by 


the variation of an action integral 


£(y4(x), v4, ,(x))d*e (1) 


rhe 


( oordinates . 


designate differentiation with respect to the 
Y4 is the Ath field The 


summation convention is assumed. Under the transfor- 


variable. 
mation considered, let the coordinates change by 


bx" = x* — x*, (2 


where x designates the point x in the transformed 


and let 


te 
system, 


6L L(y ra 


be the local variation in the integrand £. Then the 


change in the action integral is 
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where (6x) , is the term in the Jacobian brought about 
by the transformation from x to x coordinates. For the 
equations of motion to be invariant, the action integral 
must change at most by a boundary term on which the 
variations performed in obtaining the equation of mo- 
tion vanish. Since the volume V is arbitrary, this re- 
quires‘ that the integrand in Eq. (4) change at most 
by a divergence: 


6£+ L(dx") , = (604) ,. (5) 


Then £—-%, would be an invariant Lagrangian 


density, since 
(6x*) , =0. (6) 


si? —OC, d D nan fl 
Oo(L—VF , (L—UF . 


In the following, Q* is dropped and it is assumed that 
one always has to do with an invariant Lagrangian 
density. This possibility of changing the Lagrangian 
density by a suitable divergence can introduce a certain 
ambiguity in the densities that are differentially con- 
served, but will not affect the conclusions of this paper 
about the possibility of admitting a local isotopic 
spin group for the pion-nucleon system. If the sub- 
stantial change in the form of y4 as a function of its 
argument is designated by 


5*y4 = y'4 (x) — y4(x), 


then 


and 


The Lagrangian derivative, 


[LJs=dL/dy4— (0L/dy*|,) ,, 10 


vanishes where the field equations hold. 
Equation (6), the invariance of the Lagrangian den 


sity, gives 
b*y4+ vax) 0), 11) 


dL 
[ PY j \0*y A +( 
ay4 


This is Noether’s first result: If the equations of 
motion are invariant under the variations (2) and (7), 
[£]45*y4 must be of the form of_a divergence. 

Now suppose that the transformation is described by 
p arbitrary parameters or functions of the coordinates 
t' (i=1,2---p) and that the transformation induces 


. 


the change 
; (12) 


in the coordinates and the change 


Byt =a AP tb Art, (13 


M alhematischen 
second edition, 


Courant and D. Hilbert, Methoden der 
Physik (Verlag Julius Springer, Berlin, 1931), 
p. 165. 
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in the field variables. The a;4, 5;4* are definite functions 
of the field variables and their derivatives. Where no 
confusion will result the index i is omitted below. Since 


[£2 ]4d*y4 must be a divergence, the p identities 


A = (LT 2 Jad, As) “ 


(14) 


must obtain among the field equations [ £],=0. These 
identities, which characterize theories that depend on 
arbitrary functions rather than arbitrary parameters, 
constitute Noether’s second result. 

Since the field quantities need not all be of the same 
kind, these identities can be used to obtain relations 
among coupled fields. 

Equation (11) now states that 


(T*E+U€ 4) ,=0, (15) 
where 
om T* 


a [ BA 


[£ ]4b4*+ (0L/dy4 ,)a4+ Le*, 
, (16) 
(d0L/dAy4 ,)b4. 


Sin ef, é 


S> Sia 


and £,, may each have arbitrary values, 
Eq. (15) implies 
(17) 


(18) 


(19) 


U#®+U*=0, 


Now a conservation law like Eq. (19) could be obtained 
directly from Eq. (11) by using the equations of motion 
[£l4=0, even if the & were arbitrary parameters 
rather than arbitrary functions. The crucial point is, 
however, that when as in this paper there is an extended 
invariance, Eqs. (17)-(19) are obtained as identities 
in form which which are not dependent on the applica- 
bility of the field equations. 

The next two subsections illustrate these identities, 
briefly for the gravitational field, and in more detail 
for the electromagnetic field, which bears a closer 
resemblance to the meson-nucleon application to be 
made. 


Gravitational Field 


The four (Bianchi) identities (14) which follow in 
general relativity from the assumed covariance of the 
theory with respect to arbitrary transformations on 
the four coordinates, make R,,—4g,,R have vanishing 
covariant divergence. (The R,, and R are the contrac- 
tions of the curvature tensor.) This suggests that in 
the presence of nongravitational fields described by an 
energy-momentum tensor 7,,, the field equations be 
taken to be 

Ry — 4g aoR kT, (20) 
In fact, in simple enough field theories, this principle 
that a field’s energy-momentum density should be 
capable of being the source of the gravitational field 
does away with any ambiguity in the definition of the 
energy-momentum density. 
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Electromagnetic Field 


Consider from now on transformations on the field 
variables alone 
bx*=(). (21) 
Generalizing a nomenclature of Pauli,’ one might now 
define transformations of the first kind for which 
by4= at (b4*=0), and transformations of the second 
kind for which éy4=64*¢, (a4=0). Then Eq. (19) 
states that a “current” J*=—T* of fields undergoing 
transformations of the first kind is conserved. Equations 
(18) and (17) state that this current is the divergence 
of an antisymmetric 
of fields undergoing transformations of the second kind. 


“superpotential’’*® U’** consisting 


The assumption of extended gauge invariance, 
ée2=0 (22) 
for 


y=iety, bp=—iety, 5A,=E,, 


requires by Eq. (19) that the charged-particle current 


24) 


namely that the derivatives of the vector potential 
occur only in the antisymmetric combination F,,= A,» 


A,,,. Equation (18) requires that 


J 0L£/0A, »).,»=0L/0A,, (26) 


or that the vector potential occur in the Lagrangian 


density only through an interaction term J,A,. In this 
way the assumption of extended gauge invariance leads 
to the form of coupling between the charged-particle 
and electromagnetic fields. 


Ill. PION-NUCLEON SYSTEM 


Under infinitesimal rotations of the isotopic-spin 
coordinate system, described by the three parameters 
meson variables 


t', the nucleon and (pseudoscalar 


transform as isotopic spinors and vectors: 


by ity, dy hipt'r', 


bQ' eegit*, 
Here the r‘ are the Pauli matrices in isotopic spin space 
and the e'’* are the alternating symbols. It is natural 
to assume that the Lagrangian density £ is invariant 
even when the £' in Eq. (27) are allowed to be arbitrary 
functions of space-time. Defining this as local isotopic 
rotational spin invariance for the nucleon isotopic 
*W. Pauli, Revs. Modern. Phys. 13, 203 (1941) 
* P. G. Bergmann and R. Schiller, reference 2 
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spinors and meson isotopic vectors, 
aL aL aL 
0-se-( —bg' + — iy + bp- —) 
0¢' 4 OW 4 OW, J vu 
+[£], 66'+[ 2] yopt+ 
The identities (14) in this theory are 
(LL )y ry —¥r' LL] )=e'"o (Ly. (29) 


The existence of these three identities is connected 
with the assumption that the local isotopic-spin 
coordinate system can be chosen arbitrarily. 
Substituting from Eq. (27) into Eq. (28), one 
obtains, from the vanishing of the coefficient of £*, 


=(). (30) 


(31) 


. ie dL 
rie) seg 
OW 4 a 


ag , 


is an isotopic spin current consisting of spinor and 
orbital parts. However, from the vanishing of the 
coefficient of £* ,, 
J,'=0. (32) 

If the meson and the nucleon fields transform locally 
as isotopic vectors and spinors, then all components 
of the isotopic-spin current vanish everywhere. This 
result follows whenever the two fields y and @ both 
undergo transformations of the first kind only: a 
coupling between pions and nucleons cannot be brought 
about as a consequence of local isotopic spin invariance. 

In the face of this result, two possibilities present 
themselves: 

(1) According to Eqs. (18) and (19) if the nucleon 
and pion fields transformed by 


dL 
by*+-b5" ——+ bgi*, 
OY, dg!) 


[= (34) 


nH h 


the current J,‘ in Eq. (31) would be conserved and 
nonvanishing. This possibility of extending the constant 
isotopic spin rotations to something different from the 
local rotations (27) is being investigated. 

(2) Alternatively one might insist on the local iso- 
topic spin invariance of this section, i.e., &'=£(x) but 
no {*, appearing in the transformation law (27). Then 
the result of this section leads one to maintain this 
invariance by introducing additional fields which trans- 
form suitably. The addition of new fields does not, 
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however, illuminate in any simple way phenomena 
between pions and nucleons for which isotopic spin 
invariance was demanded in the first place. 


IV. ADDITIONAL FIELDS 


Yang and Mills* have recently sought to maintain 
local isotopic spin invariance by positing the existance 
of a certain “b field.”’ This field is a vector in space-time 
and in isotopic spin space, and transforms according to 
the law 

1 
5b,,'= e'!*b,'t*+—€ ,. (35) 
2e 


It is not difficult to show from the identities (17)—(19) 
that this field carries isotopic spin itself and obeys 
nonlinear equations of motion. These properties (which 
correspond to no field yet observed) cannot then be 
avoided, as one might conceivably have hoped, by 
employing a different Lagrangian than the one used 
by Yang and Mills. 

The identities corresponding to Eqs. (17) and (18) are 


(0L£/0b,* ,)+ (dL/ db,‘ ,) =90, (36) 


€I*b,7(0L/Od,* >= dL 0b,'. (37) 
These relations indicate that the derivatives of the b 
field occur in the Lagrangian only in the antisymmetric 
combination b,',—6,', and that the 0b,‘ themselves 
occur only via the combination f,,‘=6,',—),', 
— 2eei*b,b,*. Since the Lagrangian is to be a scalar in 


space-time and in isotopic spin space, the most general 


form for the b field Lagrangian is 
£=L£( for‘ fyr')- 38) 
Corresponding to Eq. (19), a current 


J ize 


- 


ikhyi dL Ob,* p) 39) 


is conserved. This isotopic spin current contributed by 
the b field violates, wherever real b quanta are involved, 
the observed conservation of isotopic spin for pions and 
nucleons alone. 

That the equations of motion of the b field are 
nonlinear follows, for example, from the observation 
that for an extended isotopic spin vector like f,,', the 
covariant derivative is 


Dy fups' Or fps’ nd Pee 

These consequences can be avoided by conceiving 
of a field which undergoes transformations of the second 
kind only, so that according to Eq. (16) it makes no 
contribution to the isotopic current, yet does act as a 
right-hand side in Eq. (18). 
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The formalism of this paper is useful in deriving 
identities and conservation laws in more general situ- 
ations. If the b field is coupled to nucleons and pions 
transforming according to Eq. (27), then from Eqs. 


(14) and (16) the three identities 


si(( Ly rW—dr'Le}) 


— (pT £)e+d,'LL oy) (40) 
must hold among the equations of motion, and the 
conserved current is 


( dL _ of 
/ 4 

-—-(——1y-yr 

2 Ww oe oy. 


AL AL 
ren(o by! ) (41) 
ag" “ Ob)" be 


V. CONCLUSIONS 


The admissible couplings between meson-nucleon 
fields have been investigated from the invariant 
Lagrangian point of view. A distinction has been made 
between transformations linear in the arbitrary func- 
tions and transformations linear in the gradients of the 
arbitrary functions. Fields transforming in the -first 
way contribute to a current which is conserved; fields 
transforming in the second way contribute to the 
superpotentials from which this current is obtained. 

Assuming invariance under local isotopic spin rota- 
tions for the pion-nucleon system leads to the result 
that the total isotopic current density must vanish 
identically. Since this is inadmissible physically, one is 
led to consider (a) more general extended isotopic spin 
invariance principles for pions and nucleons, or (b) 
additional fields constructed to maintain invariance 
under local isotopic spin rotations. In either case, if the 
ordinary pion-nucleon isotopic current density is to be 
conserved, the most general extension of the restricted 
transformation law (27) admits only transformations 
of the second kind on the field variables. For the pion- 
nucleon fields this leads to relations (34) between the 
extended transformation contemplated and the in- 
variant Lagrangian. 

The b field introduced by Yang and Mills, on the 
other hand, since it undergoes in part transformations 
of the first kind, contributes to the isotopic spin current. 
This result, which prevents conservation of isotopi 
spin between nucleons and pions whenever the b field 
is present, is not avoidable by conceiving of different 
equations of motion. 

I am indebted to Dr. J. V. Lepore for several stimu- 
lating discussions on isotopic spin and coupling. 
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A« s echa al treatme for Coulomb excitation is presented. Angular correlati 
4 ell as total cross section are developed. The reduction to a form suitable for computation of the radial 
r ure needed to evaluate the transition le ts is discussed in detail. The 
1 ¢ qua hanical treatment to the classical treatment is established, and it is shown that 
‘ " é as the classical result plus a quantum mechanical correction. 
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Coulomb excitation was further stimulated 


by the work of Bohr and Mottelson*® who indicated the 
importance of the role played by electric quadrupole 
excitation. Numerous experiments have since verified 
this conclusion 

The increase the number and accura y of the 
experiments has brought about an increased need for 
accurate theoretical discussion of Coulomb excitation. 
ler-Martirosyan® has treated the problem from the 
lassical point of view. In this work the charged par- 


ticles are considered as traveling in definite Kepler 

orbits wit the Coulomb field causing the nuclear 

transition. To be valid this approximation requires that* 
” 2 of ht l 

For many experiments, however, n~3. This approxi- 


mation further requires that the energy absorbed by 
the nucleus be small compared to the energy of the 


incident particles. The second requirement results from 


the fact that #-—>0 implies tw=E—- 0, so that no 
energy loss is considered in the classical treatment. 
For both large and small bombarding energies, there 
fore, the classical approximation fails 
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calculations that apply 


The present experimental results on the total cross 
section have, nevertheless, been in agreement with the 
classical predictions. Not only is the shape of the 
excitation function reproduced, but in several cases 
the absolute cross section has been measured and found 
to be in excellent agreement.® It should be noted, how- 
ever, that the agreement exceeds the accuracy (~10%) 
of the experiments. 

In addition to measurements on the total cross section, 
one may also measure angular distributions to obtain 
further information concerning the Coulomb excitation 
process. A particularly desirable measurement considers 
the directional correlation with incident beam of the 
gamma rays emitted by the excited nuclei, averaging 
over emergent particle directions. Calculations on this 
process have been made using Ter-Martirosyan’s 
Although there are still only a few experi- 
ments of this 
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type, the results seem to be clear cut. It 
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region where the total cross section shows good agree- 
ment. For some cases the anisotropy measured is larger 
than predicted. Since external influences always tend 
his may indicate that the 
classical approximation is at fault. 
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Several quantum calculations’ have been made to 


test the classical approximation. However, these cal- 
culations have neglected energy loss. Breit and col- 


laborators’ numerically calculated the total cross 
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and Class” employed the exact Coulomb integrals for 
no energy loss, given in Sec. II, and found that the 
classical approximation was in excellent agreement with 
the exact results for 7>3. For the directional correla- 
tions, however, this calculation predicted larger aniso- 
tropies than the classical treatment. 

Since these considerations indicate that the classical 
approximation is inadequate, it appeared reasonable to 
attempt to take the Coulomb field rigorously into 
account in a quantum mechanical treatment." In this 
connection it is of interest to note that for dipole 
transitions, the problem was effectively solved in 
parabolic coordinates by Sommerfeld” many years ago. 
The cases of greatest interest are, however, the more 
complicated quadrupole transitions. For multipoles 
higher than the dipole it appears futile to attempt the 
integrations in parabolic coordinates, and recourse to 
the spherical representation is indicated. 

In the following, therefore, the problem is formulated 
in the spherical representation and expressions for both 
the total cross section and angular correlations are 
obtained. The formulation of the angular correlation 
problem is considerably simplified by recognition of the 
forma! analogy to the correlation problem in the internal 
conversion process." For internal coaversion, transitions 
between a bound state and a continuum state must be 
considered, whereas here the transitions are between 
two continuum states. Moreover, for the final state, 
there is no coherent mixing of different angular momenta 
because it is assumed that this state is not observed 
experimentally. 

The second part of this paper is concerned with the 
problem of evaluating the radial Coulomb integrals. 
Since the excitation and correlation involve infinite 
sums over angular momenta, of the radial Coulomb 
matrix elements, it is necessary to estimate the number 
of L’s which enter in a significant way. To a sufficient 
approximation this can be done as follows. For the 
quadrupole case the radial Coulomb matrix element is 
of the form [ fo” drr-“*F ,.(m,kir) FF 1(no,ker) P. For large 
values of L, the magnitude of the Coulomb function 
F1(n,kr) at the classical turning point, kr~L, varies 
as L''*."* Because of variation the crude 
estimate is made that the amplitude of F, is unity for 
all L beyond the turning point. Inside the turning 
point, the functions F, behave roughly as (r/L)*"'. 
Thus, the contribution to the integral from r<L is of 
the order of L~*. Outside the turning point, the Coulomb 
functions F,;, oscillate. If one neglects the phase dif- 
ference between the two F,’s and takes their product to 
be of the order of unity everywhere, one obtains an 


this slow 


"A preliminary account was given by L. C. Biedenharn and 
M. E. Rose, Oak Ridge National Laboratory Report, ORNL 1789, 
September 1954 (unpublished 

2A. Sommerfeld, Wellenmechanik (F. Ungar Publishing Com 
pany, New York, 1947). 

% Rose, Biedenharn, and Arfken, Phys. Rev. $5, 5 (1952). 

“ Biedenharn, Gluckstern, Hull, and Breit, Phys. Rev. 97, 542 
(1955). 
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overestimate of the outside contribution to be of the 
order of L~*. Thus one gets as a rough estimate that the 
integrals are, in general, of the order of L~*. Using this 
estimate in the summation for the total cross section, 
it is clear that the sum will involve, in the limit of large 
L, a summation over terms of the order of L[ J(* dr 
Xr Fi (mkv) Fi (ne,kor) P~L, and thus this part of 
the sum will be of the order of L~*. For good accuracy 
one, therefore, needs about one hundred terms and it 
is clearly essential to simplify the work as far as pos- 
sible. Direct numerical integration of the radial integrals 
does not appear feasible, since the Coulomb functions 
oscillate and many oscillations must be integrated 
before asymptotic formulas are applicable. It would 
thus seem most desirable to use the properties of the 
Coulomb functions to cast the required integrals into a 
more tractable form. 

This is, however, not a very straightforward task. 
The range of physical interest has the parameter 

=k,./k, of the order of unity. Typical experimental 
values are 1<p<1.1. But for p~1 the integrals do not 
have simple properties. A simple example of such 
behavior is afforded by the related spherical Bessel 
function integrals, to which the desired integrals reduce 
in the limit of zero nuclear charge. These are cases of 
the Sonine-Schafheitlin discontinuous integral,® It is 
possible, nonetheless, to get useful rapidly converging 
series in the region of p~1. The necessary development 
for such results are presented in this paper. In addition, 
various recursion relations are also presented. The use 
of the recursion relations makes it unnecessary to 
compute the integrals for all values of L. Rather, the 
integrals may be computed at appropriate intervals in 
L and the recursion relations used to bridge the gaps. 
However, repeated application of these relations causes 
great loss in numerical accuracy, so that they can only 
be used over a very limited range of L. 

The classical orbit calculation results from the 
present quantum treatment under the simultaneous 
limiting process n—> ©; p-+1; n(1—p) — é= finite. 
From the series results for the Coulomb integrals one 
gets in this limit confluent forms, which are the series 
form of the classical integrals. It is interesting also to 
obtain this result in a more elementary fashion without 
the necessity of using series, and this is done in the 
concluding section. Sommerfeld” has discussed a closely 
related limiting form for the electric dipole case to 
obtain Kramer's approximate bremsstrahlung formula."* 

The radial Coulomb matrix elements should be 
valuable in problems other than Coulomb excitation 
and it is hoped that the present discussion will be of 
more general interest. 

Numerical calculations of electric quadrupole excita- 
tion have been completed and submitted for publication. 


‘*W. Magnus and F. Oberhettinger, Special Functions of 
Mathematical Physics (Chelsea Publishing Company, New York, 
1949). p. 35. 

‘*H. A. Kramers, Phil. Mag. 46, 836 (1923) 
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I. FORMAL DEVELOPMENT 


The Coulomb excitation problem can be schemati- 
cally described as the following process. A (Coulomb-dis- 
torted) plane wave of spinless particles, of wave vector 
k, and charge 2; is incident upon a nucleus of charge 22. 
By means of the electromagnetic coupling between the 
nucleus and incident particles, the nucleus undergoes a 
a transition from a state Jar; to a state Jpry, and the 
incident particles emerge at infinity as a (Coulomb 
distorted) plane wave of wave vector k». Here J, x 
represent the nuclear angular momentum and parity. 
We seek to find first: the total cross section for this 
process, averaged over the directions of k», and second: 
the directional correlation with respect to the incident 
direction k, of a subsequent nuclear radiation, again 
averaging over the directions of the emergent particles, 
k». The center of mass of the system is considered to 


be at the nucleus 
Total Cross Section 


Che electromagnetic coupling can be expressed in 


terms of the interaction energy density between the two 


transition charge and current systems (nuclear and 
bombarding particles), that is 
Hins= (jv G- jpt+on: org (1) 


and jp are the current operators for the nuclear 


Here j 
and particle systems, respectively, and similarly the 9’s 
are charge density operators. The G and g are dyadic 
and scalar Green’s functions for the infinite domain 
outgoing waves at infinity. Introducing a multipole 


With 


expansion for the Green’s functions,'? and assuming 


that 


to the nucleus, one may write for the Lth magneti 


the bombarding particles always remain exterior 


multipole the interaction energy density, 


| ie de Sy (—ik) jv -[L(L+1)}? 
x kryv)[ LY 1 ™*(Oy,6y 
Kp [L(L+1)}- +h kr) LY 


Vv Ao 
and for the Lth electric multipole, 


Hy =49 Y wy iL L(L+1)] Vin(kry)jn-V 
XLY .™*(Oy.on~)k Y L(L+1)} , 


Xhe (kr) jp XLV (0,6). (2) 


Here the j,(kr) are spherical Bessel functions, the 
h; (kr) are spherical Hankel functions, and & is the 
wave number for the virtual gamma quantum absorbed 
by the nucleus. The operator L is the rotation operator, 
L=—irX¥. The coordinates ry, Oy, én refer to the 
nucleus and r, 6, ¢ are the coordinates of the bombarding 
particle. 

The usual perturbation treatment then leads immedi- 
ately to the result for the total cross section for excita- 
tion by electric (¢) or magnetic (m) multipole of order L. 


J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physic 
(John Wiley and Sons, Inc., New York, 1952), Appendix B 
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ke 2m 
a, ™ =4e ( *) e fat, (Wo(ke,n)¥, 
kv ht? 


XH ™ |W bi(ks,r))|?. (3) 


In Eq. (3), S denotes the appropriate summation 
over final states, and averaging over initial states for the 
nucleus (wave functions ¥, and W;, respectively), and 
f is a unit vector in the k direction. The (Coulomb- 
distorted) plane waves for the bombarding particles are, 
for the incident state: 


2am 


¥i(ki,r)- ( = 


Vé 


4 
Jes t FP \(—im, 1; i(kir—ky r)), 
1 
(4) 


with ; =2,22e7/hv,, and for the emergent state: 


2rn2 
v2 ko,r)= ( : 


with m2 defined analogously. 

These latter wave functions are exact wav functions 
for a particle of charge z, in the field of a fixed charge 22 
as discussed in detail by Sommerfeld.” They reduce to 
distorted plane waves at infinity, with the appropriate 
outgoing and incoming spherical parts respectively. The 
wave function y2 will be observed to be the time and 
space-reversed emergent wave, so as to have an in- 
coming scattered spherical component.” 

The integral over the nucleus is evaluated formally 
in terms of reduced matrix elements.'* That is, for 
magnetic multipoles, 


j 
) e'** JF i(ine, 1; —i(kw+ke-8)), 


(3) 


VY, (L(L+1)} ti, (kry) jn ‘LY; M* (Oy On) |V, 
=C(J LJ;;M:.MM;)(fiimL'i), (6) 


and for electric multipoles, 


VW, ROLL(L+1) } ji (ery) jw 0 X LY L™* On on) |¥ a) 
=C(J LJ;;M MMy,)(fieLii). (7) 


The projectile wave functions are expanded in the 
spherical representation, with the result”: 


erst 


vi(kar)=5 [4x (241) ]- 


im kur 


X F (01, kir) Do! (Ea! 7" (0,6) (8) 


and 


eo’ at’ — a 
+ k»,r)=  & [4r(22’+1) }- 
om ky 


XF y(n ka) Dao (bE) Vv (0.6). (9) 
Here D,,,,' are rotation matrices.” 

It is useful now to introduce the reduced matrix 
elements for the transition multipole between the 

*S. P. Lloyd, Phys. Rev. 81, 161 (1951). 

*E. P. Wigner, Gruppentheorie (Friedrich Vieweg und Sohn, 
Braunschweig, 1931). 
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various angular momenta of the bombarding particles. 
For magnetic transitions, we have: 


F v(n2,k) —* 
(— ——Y y™' (6,4) 
ky 
x |[L(L+1)} th, (kr) jp -LY .™ (6,6) | 
F (mk) — 
x————] (0) 
kur 
2=Q(I',1,Lm)C(LI'; Mmm’), (10) 
and for electric transitions: 
F i(n2,kor) ¥ 2 
( VY p™ (0,6) | ROL L(L+1) hy (er) 
kor 
F i(m1,Rir) 
Xie VXLY.” (6,0) vin(ee)) 
kur 
OU 1; Le\C(LI'; Mmm’). (11) 


The evaluation of these reduced matrix elements is 
given in Appendix I. 

The indicated operations in Eq. (3) can now be 
carried out. After some manipulation, the total cross 


section is found to be: 
ke\ 2J +1 (fil (e,m) Li)? 732m°mk\? 
arene (= ti ( i ) 
> (2I’+1) OI; L(em))|*. (12) 


In the long-wavelength approximation the reduced 
multipole matrix elements assume a simple form. The 
total cross section has a more recognizable form in this 
limit, and for the electric quadrupole transitions we 
have the explicit result that: 


ke QI + 1 Saz\zome* . 
von) (222) cr 
ky/ \2J;+1 Skiksh* 


1(1+-1)(21+1) ag P 

xz| nae a If r *arP dank) Pilaaks)| 
t 1 (2l—1)(214-3)L 5 
3l(l—1) 

5 ea: If r*drF (mk) Fy rats) | 
2(21—1)L Jo 


3(1+-1) (14-2) - *) 

+—-—— If r tPF dh) F alas] 

2(21+3) LJ, 
(13) 


Directional Correlation 


If the nuclei excited by the bombarding particles 
upon returning to their ground states emit gamma rays 
with a half-life short compared to the reorientation 
times of external perturbing fields, these gamma rays 
will be correlated with the direction of the incident 
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beam, and the emergent beam as well. In practice this 
latter direction is unobserved and corresponds to the 
directional correlations averaged over this direction. 
Calculations for such correlations, using classical tra- 
jectories, were given by Alder and Winther.’ 

The calculation of this directional correlation is 
greatly facilitated by the result™ that if one knows the 
y—v correlation for the nuclear transitions charac- 
terized by the angular momenta J, J;— J; to be, 


W (0)=>, A,P,(cosd), 


then the directional correlation for particle emission 
replacing the y transition J; —> J» is given by 


W (0)=>-, A,a,P,(cos6), 


where the a, are “particle parameters” independent of 
the nuclear transitions. The problem for the directional 
correlation is thus reduced to solution by standard 
techniques. The solution is, however, even more im- 
mediate if one notes the close formal similarity between 
this Coulomb excitation problem and the internal con- 
version problem. Except for the fact that the present 
problem involves both initial and final particle states 
in the continuum, the two problems are precisely the 
inverse of each other. The calculation given below 
exploits this similarity, and does not reproduce details 
given by Biedenharn and Rose.” As discussed there, the 
particle parameters are the ratio of the tensor param- 
eters of the projectile to the tensor parameters of the 
gamma ray it replaces, normalized so that ao=1. To 
obtain the tensor parameters of the projectile we couple 
the tensor parameters of the observed initial state and 
the tensor parameters of the unobserved final state. The 
latter, being random, are scalar. 
The tensor parameters of the initial state” are: 
R,(vq; Ul’) = 4e[ (214-1) (20 +-1) }8(—) hi 
XC (I'v; 000)e%*#!) Dyo?(fh). 
For the final state we have the simple result: 
R;(vq) - 50 bog: 


Using the previous definition, Eq. (10), for the 
reduced multipole matrix elements, one finds that the 
coupled tensor parameters, for a pure multipole transi- 
tion are: 


R(vg) => OCI; Le)O*(l'l; Le) (214+-1) (21 +1) }! 


(14) 


XW (lL; LR (vg; ll’). (15) 


*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). This result is originally due to S. P. Lloyd, thesis, 
University of Illinois, 1951 (unpublished) 

™ Note added in Proof—In the preliminary work of Biedenharn 
and Rose" the phase factor i’ in Eq. (14) was accidentally 
omitted. This error was propagated in the work of Biedenharn 
and Class” but affected only Eq. (6) and Fig. 2 of that paper 
(an erratum has been submitted). The equations in this paper 
have been corrected accordingly. 

Unfortunately an equivalent error (of different origin, however) 
was contained in the calculations of Alder and Winther*.’ invali- 
dating their results for a; and a, (but not b9). This led to a spurious 
agreement between the classica, limit for a, in reference 10 and 
the no energy loss result for a in reference 7. 
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The tensor parameters of the gamma transition whose 
observation is replaced by the particle transition are: 


R,(vg)~(—)*1C(L L ¥;1 -10)Dyor(f). (16) 


Thus one immediately obtains for the particle param- 
eters, the result: 


a,(Lw)= {> (214+1)(2l'+1)(—)'C (lv; 000) 


Keer OUL; Lx)O*(l'l; Lr)W(IbL; LI’)} 
* ((—)"C(LL»; 1—10)¥ (2/+1) | OC; Lr) |*} 
(17) 


The index x denotes the type of multipole, i.e., electri 
(e) or magnetic (m). 

By virtue of the vector coupling relationship, the 
values of J, Il’ are restricted to lie between /+L and 
!— L!. Hence in the triple sum over /, I and | only one 
of these represents an infinite summation. Moreover, 
parity eliminates approximately half of the values 
available for / or I’. Since the total cross section itself 
was a'singly infinite summation, it follows that both the 
total cross section and the directional correlation are 
with the 
primary task the rapid evaluation of the reduced multi- 


tasks of about the same level of difficulty, 


pole matrix elements for Coulomb waves 

For the long wavelength limit, the particle param- 
eters assume a much simpler form. Confining attention 
to the experimentally interesting electric quadrupole 
case, the explicit results are found to be 


bo/bo, 
by bo, 


a2(2e (18) 


a,(2e (19) 


1(+-1) (214-1) (21— 3) (21+-5) 
2]—1)?(21+-3)* 
3(1+-1) (14-2) (+3) 
2/+3) 
iil 


o1-2) 


i(1+1)(1+2) 
6 cos(o;—¢ us) 


1042, 0100), (21) 


(2/+-3) 
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‘(21+1)(21—1)? 
36(21+1)(1+-2)U+1)\QU-1) 


i= — r(l—2,) 


1 are 


16 | 


—— *(j 


: (21-+3)2(21—1)2 
9 (14-4) (14-3) (1-4-2) (+1) 
Ph acacia Ie H 


(21+1)(214+-3)? 


— 0 cos(o;-2—¢,)1 (LDI(1—2, 1) 


(1+1)(D(I—1) (I—2) 
ed . +210 cos(o12—o1n2) 
(21—1)?(2/+-3) 


(1+-2)(1+-1) (J) (l—1) 
x T(l—2, I) T(14+-2, I) 
(21— 1) (21+-1) (21+-3) 


(1+-3) (1+-2)(1+1)() 
— 60 cos(a;— 714.2) 


(2l—1)(21+3)? 
x1(url+2, 0 | (22) 


The o; in Eqs. (20)-(22) are the Coulomb phase 
shifts, o,=arg[T'(/+1+7m:) ], and the radial integrals 
are defined as 


T(il') f r~*drF y(n, Rir)F v (ne,ko). (23) 


The sums are over all positive values of / including 
zero, with the understanding that /(/,/')=0 if 1+-/’<1. 


Limitations of the Present Treatment 


In this treatment there are several approximations, 
and it is essential to make clear the errors involved. 
First there is the question of replacing the multipole 
moments by the long-wavelength approximation. The 
parameter involved here can, for an order of magnitude 
orientation, be taken to be (7;.,./Xraa), Where 7... is the 
classical turning point radius given approximately by 
(L?+-9°)'. For low angular momenta, this parameter 
ranges from ~1/100 (for 4-Mev protons exciting 100- 
kev radiation on Z=50) to ~1/5 (for 4-Mev alphas 
exciting 500-kev radiation on Z=50). Except for the 
radial current contributions in electric multipoles, this 
parameter enters as the square; it is clear, however, 
that there will exist cases where the error is not neg- 
ligible. For sufficiently high angular momentum the 
error is always large, but since the dominant contribu- 
tions are from L~» (except for E1) this need not 
introduce appreciable error. For cases where retardation 
is appreciable, the contribution of the higher terms 
gives rise to matrix elements which can be evaluated 
by the methods given below, and, in fact, these cor- 
rections are generally simpler to evaluate than the 
lower order terms. Because retardation effects may be 
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important, the accurate form for the multipoles has 
been given in Appendix I. 

The neglect of electronic shielding is another possible 
source of error. The parameter involved here is the 
ratio of the Bohr K shell radius to the turning point 
radius. For 2-Mev protons on Z= 50, this parameter is 
~1/30 for L=0. For increasing L, however, the com- 
parison is less favorable, and, in fact, becomes sizable 
for L~20. Drell and Huang” have carried out an 
estimate of the screening effect for 2-Mev proton 
bremsstrahlung on Z=50 and find the correction 
negligible (<0.1 percent). Since the large angular 
momenta contribute far more prominently to dipole 
bremsstrahlung than for quadrupole excitation™ their 
result indicates that shielding may be safely neglected. 

The effects of penetration of the nucleus have been 
neglected, and this is possibly important for S wave 
particles. For 5-Mev protons on Z=50, the nuclear 
radius is about one half the turning point radius and the 
penetration of the order of a few percent or less. This is 
a rather extreme case, but it indicates that, in the 
Vicinity of resonances at least, the L=0 contributions 
might have to be altered by the addition of irregular 
components. This constitutes a refinement of the theory 
that seems somewhat premature, but it is well to bear 
in mind the possibility of such effects. 

The assumption that the nucleus defines the center 
of mass may be a serious source of error. Although it is 
easy to calculate the particle multipole moments in 
terms of the true center of mass, this is no real help 
since the nuclear absorption takes place with multipoles 
based upon its own center of mass, and the error caused 
by the non-coincidence of these two centers still arises. 
The effect is particularly bad for alpha particles on 
light nuclei. For such cases, in the center-of-mass system, 
the effective dipole moment will almost vanish, yet the 
translation of the remaining multipoles to the nuclear 
center-of-mass system will reintroduce dipole terms. 
The approximation is thus poor in some cases of in- 
terest. Although corrections can be made for this effect, 
attention will be restricted to larger A(~100) where 
the error should be of the order of one percent or less. 

Finally it should be mentioned, for completeness, 
that spinless particles have been assumed. For the case 
of protons, the spin magnetization should enter the 
magnetic multipoles significantly ; for electric multipoles 
the change is generally insignificant. This effect may 
be treated by using the spin magnetization current in 
the magnetic multipoles, as discussed in reference 17. 


Il. RADIAL COULOMB INTEGRALS 


In this section, explicit integration of the general 
Coulomb radial matrix element (m,n; L) is discussed. 


#5S. D. Drell and K. Huang, Phys. Rev. 99, 686 (1955). A pre- 
liminary account of this work appears in Bull. Am. Phys. Soc. 
30, No. 3, 28 (1955). 

™ Similar considerations show that estimating errors in WKB 
calculations by comparison to the Sommerfeld bremsstrahlung 


(m,n; L) is defined as 


= 


(mn: L) =f drr-"F i (m Riv) F ram(ne,kor), (24) 


0 


where &, and k» are respectively the “incoming” and 
“outgoing” wave numbers. The parameter 7 is given by 


n = 2,22¢"/h, 


and the Coulomb wave function™ is defined in terms of 
the confluent hypergeometric function to be 


Fy (n,r)=Cxr(n)re—* >1F\(L+1—in; 2L4+-2; 2ir), 
with the normalizing factor 
Cr (n) = 24e-*¥2| P(L+-1-+ in) | /P(2L+2). 


A more convenient form in which to treat the integral 
of Eq. (24) is 


(mn; L) =k" f drr-"F 1 (npr) F ram(pnr), (25) 


0 


where 0 <p = k,/k:< ©, and n=». Although on physical 
grounds p is restricted to values greater than or equal 
to unity, it is convenient to discuss also cases with p 
less than unity. This enables one to restrict m to be 
zero Or a positive integer. Since the integral must con- 
verge at the origin, the inequality 2L+3+m—n>0 
must hold. In addition from the vector addition rule 
one has generally that m2@n--1, but if retardation 
corrections enter, m may exceed n—1. 

In order to transform the integral into more useful 
forms, it is necessary at this point to introduce ex- 
plicitly into the integral the convergence factor e~*’. 
For all values of s such that Re s>0O, the resulting 
integral is then uniformly convergent. The limit s —> 0 
will be taken in the final answer, and it is this limiting 
operation that introduces the discontinuous behavior 
at p= 1 discussed in the introduction. The integral with 
the convergence factor s is denoted by (m,n; L;5). 
Employment of the Euler-type integral representation 
for the confluent hypergeometric functions,** inter- 
change of the order of integration, and integration over 
the r-coordinate yields a double contour integral form 
for the matrix element: 


(1+) i+ 
(mn; L;s) Kf auf 
0 0 


Xdels+i(1+p)—2i(v+pu) ]}>** 


x un” n(4y— 1) " Lim ‘ea(s oa 1) me ‘om (26) 
results [see K. Alder and A. Winther, Phys. Rev. 96, 237 (1954) ] 
should not necessarily be conclusive. 

™* Tables of Coulomb Wave Functions, U. S. National Bureau 
of Standards, Applied Mathematics Series 17 (U. S. Government 
Printing Office, Washington, D. C., 1952). 

% Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher Tran 
scendenital Functions (McGraw-Hill Book Company, Inc., New 
York, 1953), Vol. 1, p. 272. We shall in the sequel denote this 
reference as HTF-1. 
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with 
K: {—1)™k,” LA LHi2tlt+m 26 irali+,s 


r'(2L+3+m—n) 

x —— — ——_—_—_——_., 
sinhry sinhrpn| T(L+1+in)! | (L+m+1+ipn) 

The many-valued functions appearing in the integrand 
are made analytic by taking their principal values. The 
symbol /; signifies a loop which begins and ends 
at the origin and encircles the point 1 counter-clockwise. 
In the case at hand, both loops can be considered closed 
contours encircling the points 0 and 1 of the integration 
variables. 

The double integral appearing in Eq. (26) is readily 
expressed in terms of Appell’s double hypergeometric 
series”* F, ap’ -* vy 97. 

The result is 
mn; L;s ko” / 4x") pC 1 (n)Crim(on 
XT (2L+-m4+3—n)[ s+i(1+p) |»? 
XE 
2L+m+3—n, 8 
2L+2, 7 


s+ill+p 


, , 7 
aB,8';y,7';%,y), (27 


L+1—i, 
2L4+2m+-2, x=2ip 
. For calculational purposes, the 


where a 
ipn, Y 
and y= 21 


double series (see Appendix II) for F; might be thought 


8’ =L+m+1 
s+-i(1-+p)) 


4 


to be useful. Since the series form of F, converges ab- 
solutely only for 


) 


ri+ y 2ip/| s+i(1+p + | 2i/[st+i(l+p <i. 


it is evident, however, that the limit s—>0 can never 
taken and the series is, therefore, only of formal interest 
Any transformation of the series which does not have 
the character of an analytic continuation cannot alter 

this conclusion 
For analytic continuation in a single variable, e.g., y, 
the theory of the Gauss hypergeometric function can be 
used to advantage. Such transformations, however, are 
insufficient to treat the case p~1. For the parameters 
7 1, the 


given in Eq. (27 
desired analytic continuation has been given by Appell 


with the 


specialization m=n 
and Kampe de Feriet.*’ It will be shown below that the 
specialization, m=n—1, is not necessary, and that all 
cases of interest for Coulomb excitation can be worked 
out directly. 

0, was treated by 


The special case m=n—1 with 


Sommerfeld,” who obtained the result 


OIL; s 


s+1 — 
—4p 
Xp**!,F 8.8’: a: ) 28) 
e+ (1—p) 


*HTF-1, p. 224. Some properties of the Appell functions are 
given in Appendix IT 
"Pp. Appell and M 
metriques ef hyperspheriques (Gauthier-Villars, Paris, 1926), p. 43 


S-r1 1+)) 


J. Kampe de Feriet, Fonctions hypergeo 
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Here a, 8, 8’, are as defined in Eq. (27), with m=n—1 
=. For p~1 the usual theory of the hypergeometric 
function can be used to obtain series in the variable 
1—p. 


Series Applicable for Small Energy Loss 


The analytic continuation of Eq. (27) is now obtained 
in a form whick readily permits the confluences required 
in the classical limit. For convenience the order of 
integration in Eq. (26) is inverted. It is seen that the 
integrand as a function of u has branch points at 0 and 
1, and a pole at [s+i(1+ ) ]/2ip—(v/p). For m<n—1 
there is also a pole at w= . The integral over u can be 
evaluated in the usual way in terms of the two poles 
outside the original contour encircling the singularities 
at u=0 and u=1. The contribution due to the pole at 
infinity is called f,(v), while the contribution of the 
other pole is called f2(v). Thus, 


I+ 
f duu **(u—1)4** 
0 


X[st+i(1+p)—2i(o+pu) Pe 


=fi(v)+fe(v). (29) 


evaluation of f,(v) yields 


2wi(2ip)” 2L—-m-3 


r'(L+1+i) 
l(L+m+3—n+in)l (n—m—1) 


(2L+m+3—n),(m+2—n)) 
XE —— —— 
A!(L+m+3—n-+in) 


s+i(1+p)—2iv)* 

x| ee |. (30) 
2ip 

The notation 


7 


(a),=a(a+1)(a+2)---(a+g—1) = (a+q)/T (a) 


is used in the series above. It will be noted that f;(v)=0 
for n <m—1, and is a terminating series for n>m—1. 

The integration over v (for the f(z) contribution) is 
carried out next. This is found to be 


L+ 


f dv f,(v)v*™ ipt(y— 1) Ltmtion 
0 


= 4ri(—)"*™ sinhxpn(2ip)**4-** 


(L+1+ 1%) |T(L+m+1+ipn) |? 


x - — - . a ane 
U(L+m+3—n+in)l (n—m—1)0 (2L4+2+2m) 
(2L+m+3—n),(m+2—n),(L+m+1—ipn), 


x= $$ 
hw w!(A—p) !(L+m+3—n+in),(2L+24+2m), 


s+i(1+p)\* —2i , 
EY. 
2ip s+i(1+p) 








The double series in Eq. (31) is a terminating series in 
both A and w with O< yw <A and OSA SK n—2—m. 

The evaluation of the contribution due to the re- 
maining pole is somewhat more difficult, and, in contrast 
to the foregoing, does not lead solely to a polynomial. 
It is readily shown that 


fo(v) = (2ri)(2ip)*?* 


r'(L+1—i) 


r(2L+3+m—n)0 (—L—in+n—m-—1) 


) 


st+i(i+p)— 2:0," **% 
s 7 } 
2ip 


sti(l1—p)—2ivp tr tin 
|= ] 
2ip 


xsFi( - m+n—-1, —2L—2—m-+n; 


s+i(1+p)—2i 
- ,.. ($2) 


21p 


—L—in—m+n-—1; 


tion above is represented by 
(2L+34+m—n) 


For m<n—1, the oF; fun 
a terminating series consisting of 
terms. In the special case m=n—1 the series consists 
of a single term equal to one. 

In order to carry out the remaining integration over 


v, it proves useful to employ the series form of Eq. (32): 


+m ea(o— 1) Ltt en => a P,J), 


(33) 


where 
Py =2(2i)? 72-2 ( —)) 
'(L+-1—in) 
x 
r(2L+3+m—n)l L—in+n—m-—1) 
n—-m—1),(n—2L—m—2)) 
x (34) 
Al(n—L—in—m—1)) 
and 


l—p is —L—m—l+atia 
x» + -) . (35) 
2 2 
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EXCITATION 








Fic. 1. The null contour D on which J) is defined. At the point 
A, arge=0. The of the contour schematically 


represents a circle of infinite radius 


outer portion 


The contour on which J, is defined is a loop encircling 
the points :=0 and v=1 in the positive sense. Con 
sideration of the null contour D illustrated in Fig. 1 


shows that the integral J, may be expressed in the form, 


sinhan(p— 1) 
ii Jy 
sinhanp 


(($tde-$ tet 
f di |, 36) 
1 


where 


The first integral on the right-hand side of Eq. (36) is 
understood to be a positive circle of large radius. The 
phases are determined by the requirement that the 
integrand be real and positive as v approaches infinity 
along the positive real axis, with the cuts as shown in 
Fig. 1. The second and third contours on the right-hand 
side of Eq. (36) terminate at 0 and 1, respectively. 
Evaluation of the integral over the infinite circle is 
readily accomplished, and leads to a polynomial. 
Writing the result in terms of an Appell function for 
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brevity, we find that where 
a=2—n—h+in(1—p), B=L+-m+2—n+in-\), 
¢ ] 2 sinh} rn(1 p — 8’ = L+m+1—ipn, y= 2—n—+in(1—p), 
' y=ntin(i—p), x=}—}othis, y=}—4p—his. 
P(n+A—1—i(1—p))P(n—1+m(1—p In passing to the limit s — 0 in the integrals obtained 
x me above only J,@ need be examined critically. In this 
= "i case, the factor (}p—4$+-4is)*"**""-») has a different 
x F(T3—-d\—2n), [ L+-m—n—d\+2+ in], limit for p>1 than for p<1. The two limits are: 
‘ lim(4p—4$+4is)""'* 94 
) 1 Lis b= & 1p—} Aprieg atin” for p>1 


, (41) 
Ts oe 22) ho — ¥| *-t+ialt-o)(—)etig- rele) for p<. 


, ; ; : - The polynomials given by Eqs. (31) and (38), 
We must now perform the integrations together with the nonterminating double series given 
by Eq. (40) constitute, when introduced into Eqs. (26), 
33) through (36), the desired results for (m,n; L) valid 
: in the vicinity of p~1. Before explicitly exhibiting this 
Nd a ie final result, it is useful to note that the polynomials of 
A simplification results from the fact that Eqs. (31) and (38) are not, however, expressed in the 
most convenient form (although the present form does 
{ : 1 " have the advantage of a more straightforward deriva- 
tion). The present form, for example, does not exhibit 

the barrier penetration in a simple way. 
oe A more useful result is obtained by utilizing in the 
integral over the infinite circle, Eq. (38), not the function 
[ Inf , ])ltmtion (39 f.(v) alone, but rather the sum /,(v)+ f2(v). The latter 
function is expressible as a hypergeometric function 
a regular in the vicinity of infinity, and thus greatly 
It is, therefore, necessary to perform only one of these simplifies the results. To compensate for the addition 
integrations, €.g., Jolt ¥"''*), which we shall denote 6 the term in f;(v), we must alter the coefficient of the 
as J,. In a straightforward manner we finally arrive polynomial, Eq. (31), into which this term integrates. 
at the result It is convenient to give separate designations to these 


p—-1 asx’ ” various contributions to the matrix element (m,n; L). 
) Let us define: 
] 


mn: L)=A(mn;L)+B(mn;L)+C(mn;L), (42) 


PL m+ 1— ten where A and B are the polynomials discussed above. 
A arises from /,(v) and B arises from f;(v)+ f2(v). C is 
the nonterminating series part. Collecting the various 
XI s(a,88"; 7,7; *,¥), (40) constants that enter, one finds explicitly that: 


2L+m+3—n),(m+2—n),(L+-m+1—ipn), /1+p\*/ -—2 \* 
<> ( ) . (43) 
‘ gu '(A—p) L+m+3 N+ tN)» 2L+2m+2) 2p 1+ p 


(L+1+ 1) (L+1+m—ipn r(2L+m+3—n) 
Biman: ] gk.* '¢)t* piti2e-tj-n—m 
(L+m+1+ tpn) | l(L+3—n—ipn) [(2L4+2)0 (m—1+n) 
| L+1—iy),(2L4+m+3—n),,,(2—m—n)\., l1—p\* 
x ry r( ) 44) 
sinhrn{p— 1) A. A!(2L4+2), w!(L+3—n—ipn)., 2 
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C(mn; L)=- 
2 sinhrn(p—1) 


_ (n—m—1),\(n—2L—m—2)) : 
A \!(n—L—in—m—1)) 
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#(ka— ky) "ipitmttne-treit-o) se a iatt~) 
nial bo on 


r( - in(1—p)) 


expi{ 202 4m+1-n(n)—o1(0)—o14m(on)} 


2—n—A+in(1—p), L+-m+2—n—A+in, 


) 


1—p 1l—p 
L+m+1—ipn; 2—n—d+in(1—p), n+in(1—p); ——, — )} (45) 
5) 


It will be noted that although A(m,n;L) and 
B(m,n; L) are written in the form of terminating double 
series, C(m,n; L) is in the form of a triple series, except 
in the case m=n—1, when the terminating sum over \ 
reduces to a single term. The advantage of the triple 
series form is that it permits the confluence required to 
obtain the classical limit. This point will be discussed 
in detail in a later section. An alternate expansion for 
fo(v) leads to a double series for C(m,n; L), which does 
not, however, exhibit the confluence required for the 
classical limit. Since the procedure is very similar to 
that already used, we give only the result, Appendix 
III. For cases where L, n are not too large, this double 
series form is of value for computational purposes. 


Results for Special Cases 


The polynomials A(m,n; L), B(m,n; L) defined by 
the terminating series given in Eqs. (43) and (44) are 
much simpler than would at first appear. Consider, for 
example, the terms that enter in the quadrupole excita- 
tion. Here n=3 and m=O or 2. For m=2 and n=3, 
the term A(2,3;Z) vanishes, and we have only 
B(2,3; L) entering. This is found to be 


ko*| 1 (L+1+1%n) mn(1—p*)p’** 

*(L+-3+ ipn) 2 sinhrn(p—1) 
(46) 

For the matrix element with m=0, n=3 both A and 


B enter. These are found to be 


I'(L+1+1pn) 
1(0,3; L)=k2p'-"“e-i 
P(L+1+%n) | 
™ 1 
x , (47) 
sinhrn(p— 1) 2L(14+1)(2L+1) 
I'(L+1+ 1) 
B(0,3; L)=—kfett-- 
IT (L+1+ipn) 
np! 1 
x . (48) 


‘sinhen(o— 1) 2L(L+1)(2L+1) 


The special case for no energy loss (p= 1) is a limit 
that is of some interest.’ Unfortunately, however, it 


is apparently not possible to sum the required series 


(which are ;/; functions of unit argument) in general. 


It is, nevertheless, relatively easy to get the desired 
results for definite choices of m and n. 

The particular case m= n—1 is, as usual, exceptional. 
Here the general result for p=1 is immediate. If one 
puts p=1 into the arguments (but not the parameters) 
of the equation for B, then the required sums can be 
done by the Gauss formula for the hypergeometric 
function. The result is: 


lim(n—1, 2; L)=k"~!. 29-8 


[P(m—1) PIP (L+-1+%9)| 
x | (49) 
r(2n—2) | (L+n+in) 


In the remaining cases where m<n—1, the result for 
p=1 must be obtained by a limiting process. This can 
be illustrated by the example for the matrix element 
(0,3; L). The terms A and B, given above in Eqs. (47) 
and (48), cancel for p=1, if the sinhan(1—p) in the 
denominator is disregarded. The required]limit then 
yields: 
re 

[2L+1—9 


lim (0,3; L) { 
_ 2L(L+1)(2L+1) 


+in¥ (L+1—in)—in¥(L+1+ in) |, (50) 
where W (x) = d/da{logl (x) }. 

It should be pointed out that the use of the recursion 
formulas given below provides an alternative procedure 
for obtaining explicit results for p= 1. 

As will be shown in general in the concluding section, 
the Coulomb matrix elements go over into the classical 
orbit integrals in the limit 7, L-—+ «, p—+1, »(1—p) 
£=finite. The results given for the quadrupole matrix 
elements provide a nice example of this. Thus: 


4(n/k)-*(2,3; L) > €/6, 
4(n/k)-2(0,3; L) 


4(e—1)-"(1— (@—1)-4 tan-"(@—1)"], (51) 


where e=(1+L*/n"]!= eccentricity of the Kepler 
orbits. The terms on the right side are exactly the 
classical orbit integrals for §=0,.*7 


The electric quadrupole matrix elements may be 
given in the following form suitable for calculation in 
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rnks'p 1—p’ eit?) | 1(L+1+in 
2.334 
12 m(l—p C(L+3+ipn 
rk 1 pp; p é ’ , 
2 rnil—p 
1 1 
( |to—} 
x] exp) n 
I! 3+imn(l—p 
pn xh 1+in(1—p), 
L+1 nl ) pn, 1+1n(1—p), 
} - 
4 nil p } ho, 4 Ly - 52 
} 
ad 
— 
O03] 
IL(L+1)(2L+1 harn(1—p) 
(L+1+ipn 
r(L+i+in 
C(L+1+%% 
C(L+1+ipn 
— 4 re e 
rnil 0 
' ! L | tells) een f dies la) <~iere fam)? 
p f exp{toz(n)—t pn)} 
<] 
r(34 - 
<P — 14 L—ige, L+1+é9 
p—-1 1—p\} 
L-t- 1 — ign? 3-4-dal tons ' 53 
ro ] 

J ises the double series form given in 
App I1l. This form is most useful for values of L 
ind » ire not too large. (A rough criterion is that 

l n *(1—p)/2~1.) For larger values of L and 7 the 
triple series form given by Eq. (45) is to be preferred. 


Recursion Relations for the Radial Matrix Elements 


Recursion relations in the variable Z are of great 
va | i primary means of generating radial 
ts from a few initial values, and, in cases 

edure advisable because of 
cun yr, in checki M4 val 1€s obtained by ot! er 
met ls. O in obtain recursion relations in many 
vays, either from the power series or from the various 
egral representations given earlier.”* It proves most 

I \ M. TI. Kampx Ferict rence 27), give 

s relations for the Appell functions, fr whicl 
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convenient to use the basic defining relation, Eq. (24), 
directly. The fundamental relations for the Coulomb 
wave functions” are: 
r { Ten FS 2 ( 
Ld/dp\F (np) }=(L?+17 }'F r-1(,9) 
—((L? 


p)+n)}Fi(ne), (54) 


d L+1) 
L+1)—F 1(n,p) ( +a) PF n,p) 
dp p . ° 


—[ (L+1)?+9? }!F 1.1 (n,p). 


At 
a) 


These relations imply the three-term recursion relation 


. ° . 
for the Fz(,p), and thus the three-term relation pro- 
vides no new information. By partial integration of Eq. 
24), and the use of Eqs. (54) and (55), four equations 
satisfied by the (m,n; L) are obtained. Only three of 
these are independent and one thus obtains: 
1 1 ‘ 
(2—m—n)(mn; L)+Rym — (m,n—1;L) 
L+1 L+m 
ke 
+ { (L+m)*+n2 }!(m—1, n—1; L) 
L+m 
ky 
[(L+1)*+9:7]!(m—1, n—1;1+1)=0, (56) 
L+1 
2+m—n)(mn; L) 
1 1 
+-bin; — (m,n—1; L) 
L+m+1 L 
ky 
+—[ L?-+-9;"}!(m+1, n—1; L—1) 
L ; 
ke a 
L+m+1)*?+n?2 }! 
L+m+1 
X (m+1,n—1;L)=0, (57) 
and 
2L+3+m—n)(mn; L) 
*. 


1 1 
n( fn Jom, m1; 1) 
L+1 L+m+1 


[(L+1)?+n:"}!(m—1, n—1; L+1) 


4 . i L+m+1)°+n? ] 
L+-m+1 


m+1,n—1:;L) 


the integrated con- 
has been 


In obtaining Eqs. (56) to (58), 
tribution from both the origin and infinity 

This implies that 2L+-m+1—n>0. 

as expressing 


discarded 

One may regard Eqs. (56) to (58 
inter-relations among the three operations of changing 
the indices, m, m and L by integers. The desired recursion 
relations will result upon suitably eliminating the 
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unwanted changes in the indices m and n. Two general 
relations involving a common value of m, but different 
values of m and L, may be obtained immediately from 
these equations. These relations are: 


k.(1+m—n) ad 
(L+m)*+n2? }!(m—1, n; L) 
L+m 


ki(1+m—n) 
‘ C(L+1)*+n27}'(m—1, »; L-+1) 
L+1 


(2L+1)(1—n)—m 
+m I: 
L(L+1) 
(2L+2m+1)(1—n)—m 
Jomnt) 
(L+m)(L+m+1) 


k(1—m—n) s 
+ [(L+-m+1)?+n2 }'(m+1, n; L) 
L+m+1 


ki(1—m—n) 
— [L?+n, 


[ L—1)=0, 
L 


}!(m +1; (59) 


and 


ke l+m—n 2L4+2+m—n 
C(L+m)+n7)} + 
L+m L+1 L 
2L+1 ky 
~ Jom—1, 51) [(L+1)?+n:?}! 
L+m+1 L+1 


l+m—n 2L4+2m+1 2L4+m+n 
x 4 4. 
L+m L 


L+m+1 


Ry 
X (m—1, 0; L+1)-—_LL'4 


+ni* }? 
L 
1—m—n 
x| 
L+m+1 


< (m+1,n.L—1)4 ((L+m+1)*+n2}! 
L+m+1 


2L+2+m—n 2L+2m+1 





L+1 


L+-m 


k: 


1—m—n 2L4+1 2L+m+n 
(ae 
id L+m L+1 


X(m+1,2;L)=0. (60) 


The latter relation is of particular interest for 
Coulomb excitation since it relates matrix elements 
differing by two units in m, which is just the condition 
imposed by conservation of parity. 

Consider now some special cases of the above rela- 
tions. For m=0, Eq. (58) gives a relation for (0,n; L) 
and (0,n—1;L) in terms of (+1,n—1-;L). But 
introducing m=1 into Eq. (56) and m=—1 into Eq. 
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(57) enables one to eliminate the (+1,#—1, L) 
elements in terms of elements with m=0. That is, 
elements with m=0 can be expressed in terms of other 
elements with m=0, but differing in » and L. Two inde- 
pendent relations can thus be obtained by this type of 
procedure, namely: 


(n—2)kim 
(2—n)*(O.n: L)+ (O, n—1; L) 
L(L+1) 
kik» 
= L(L+1)*-+ 9 1 (L+1)*+-92?}! 
(L+1)? 


xX (0, n—2;L +1)—[hetae 


1 1 
thin L ) Ie n—2; L) 
lL? (L+1/ 


kik 
+—{ +9 +n? 
be 


(0, n—-2;L—1), (61) 
and 
2kin (2—n) 


(2—n)(2L+3—n)(0.n; L)4 (O,n—1;L) 


L+1 
2kiks 
L(L+1)*+0? PL(L+1)?-+02"}! 
(L+1)* 
xX (0, n—2; L4+1) 


2ky*n* 
(O,a—2;L). (62) 
(L+1) 


(a4 ke? 

For the particular case of n= 3, it will be noted that 

the left-hand s des of Eqs. (61) and (62) are the same to 

within a factor. In this case, one therefore finds the 
three terms recursion relation: 


2kike 
[(L+1)8 +2? YC (L4+-1)*+ 2? 40,1; L4+1) 
L+1 
2L+1 
- [ (Ry + he*) (L)(L+-1)+ 2k? (0,1; L) 
L(L+1) 


2kike 
+ (L+n? PLL +n2 (0,1; L—-1)=0. 
L 


(63) 


This simple relation merely expresses the fact that 
this matrix element may be written in terms of an 
ordinary hypergeometric function. This is the Som- 
merfeld result given previously. The above recursion 
relation will prove useful in the work that follows. 

For n> 3, Eqs. (61) and (62) in general yield a com- 
plicated five-term recursion formula, which, however, 
will not be given here. 

In the electric dipole case the matrix elements that 
enter are (+1, 2; L). Although it might at first appear 
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that these are also Appell functions, Eqs. (56) and (57) 


show they are expressible in terms of ordinary hyper- 


geometric functions. For example, Eq. (56) with m=1 
and n=2 gives: 


ky 
12:1) [(L+1)?+n27 }#(0,1; L) 
L+1 
ky 
[(L+1)?+n:7}'(0,1;2+1). (64) 
L+1 


The case (—1,2;L) is obtained by interchanging &, 
and k, in Eq. (64). Once again the electric dipole case 
shows great simplicity. 

For the electric quadrupole case one has in addition 
to the (0,3: L) matrix element discussed above, the 
matrix elements (+2,3;L). A four-term recursion 
relation can be found in this case. Since the subsidiary 
relations that lead to this result are also of interest, the 
derivation will be given in more detail than would 
otherwise be the case. The desired element has m=2 
and n=3 and if these values are introduced into Eq. 
(56) terms with n= 2 but m=2 or 1 arise. Equation (57) 
shows that m=2, n=2 is expressible in terms of m=1, 
2 which, as given in Eq. (64) above, thus implies 
that the desired element can be related to the (0,1; L) 
This relation is found to be 


n 


element 
4(L+1) kof (L4-2)*+-927 } bel (L4+-3)?+- 02 (2,3; L+1 
— kif (L+1)*+n:7}*(2,3; L)} 
ki — ko?) {(2k2ne+h2(L4+1)(2L43 
k2(L+1) ](0,1; L4+1)— 2k kof (L+1)*+0:7}! 
KC (L+1)?+n27)'(0,1; L)} 


(65) 


rhis result is itself of interest. For the special case 
k, = ky (no energy loss) the right hand side vanishes and 
the resulting two term relation for (2,3; LZ) can be 
solved to give, within a constant, the result previously 
obtained in Eq. (49). For &:#k, the relation yields 
in terms of a finite sum over L of the (0,1; L). 
Since the latter are more readily calculated than the 
(2,3; L 
lational procedure. 

Using Eq. (63) in Eq. (65) yields the desired four 
term relation satisfied by the (2,3; L): 


2.7 
ye 


themselves, this may provide a useful calcu- 


2kyke"{ (L4+3)?+n)7 Jf (L4+4)*+n27 }! 
X[ (L4+5)?+ 92? }1(2,3; L+3 kal (L4+-4)?+-n,? }! 
X [ 6hi79? +3 (ki + hs?) (L +3)? 
+ (k,°— Rk) (L4+3)(L+4) 7(2,3; £42) 
+hk,f (1+ 2)?+ 9," }*{ 6497+ 3(k2 +2) (L4+3)* 


— (ky? — ky?) (L+2)(L4+3) }(2,3; L+1) 
2kPkel (L+1)*+n7 LCL +2) +," }! 
x0 (L+3)*+n2)'(2,3; L)=0 66 
rhe result for (— 2,3; L) is obtained by interchanging 


k, and &, in Eq. (66). 
An equation for (0,3; Z) that is the analog of Eq. 
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(65) can be obtained. The result is 


(L+1)(L+3)(2L4+-5)kikef (L4+-2)*+:7}! 
X[(L+2)*+n#}#(0,3; L+2) 
— (2L+3)[kitn?((L+1)?+ (L+2)*) 
+ (kit-+ke) (L+1)*(L+2)*](0,3; L+-1) 
+L(L+2)(2L+1) kiko (L+1)?-4+n:7} 
X[(L+1)*-+n2]'(0,3; L) 
= — (3/4)(L+1)(L+2)(2L+3) (ki?—k2*)* 
x (0,1; L+1). 


This agrees with the earlier results obtained in Eq. 
(50) for the special case k= k2, and, just as mentioned 
in connection with Eq. (65), may provide the basis for 
a useful calculational procedure. 

It is clear that the relations, Eqs. (56) to (58), 
provide a basis for determining recursion relations in L 
for the (m,n; L). The above results, however, are suf- 
ficient for the electric dipole and electric quadrupole 
cases. As a calculational tool the recursion relations are 
only useful over a limited spread in L, since the un- 
avoidable cumulative error will eventually dominate. 
For good accuracy in the final result contributions for 
L~100 may be expected to enter, so that it is clear 
that a straightforward use of recursion relations is 
inadvisable. 


(67) 


Classical Limit and Quantum Corrections 


It is obvious that classical results will be obtained 
from the quantum results given above by letting # — 0. 
In the case at hand, this reduction applies not only to 
the complete answer but termwise to the various parts 
of the calculation as well. This is not unexpected since 
it is well known that the various Racah functions that 
enter the formulas for the a, go over into the Legendre 
polynomials of the classical result. The limit #0 
which carries the Coulomb integrals into the classical 
Fourier integrals over the orbits appears here as the 
limiting process 1—p—+ 0, Ln > ~ and limn(1—p) =é 
is finite. This limit process cannot be carried out directly 
for the Coulomb integrais in the form given by Eq. (24); 
rather it requires the use of the analytic continuation 
into the region p~1. By utilizing Eqs. (43)-(45), the 
limit process can be carried out immediately, to yield 
series which can be identified as the classical orbit 
integrals. These series, which are confluent forms of the 
Appell functions, are given in Appendix IV. 

It is more direct, however, to proceed from the 
double integral Eq. (26) and thus obtain an expression 
for the complete classical limit® which is readily gener- 
alized to include first order quantum corrections. 
Instead of expanding the uw contour to infinity in Eq. 
(26) and considering the contributions from the two 
poles as was done earlier, the u integration is performed 

* Sommerfeld, reference 12, Appendix 16, has carried out a 
similar transformation (employing steepest descents) to compare 


proton bremsstrahlung with Kramer’s semiclassical calculation 
(reference 16) 
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on the original contour to give 


(m;n;L;s)=(—)*2 sinhrn(—2i)"?*-" °K 


P(L+in+1) 2 )(L+1+in),(n—m—1), 


r(2L+2) had A!(2L+42), 


(1+) 
xf doy! to— ton(g— 1) Utmt ior 
0 


L—|—-h— in 


(“4 


is 


is L+ie—-mt-e-2 . 
X] »+——4(1—p) (69) 
) 


with the use of a Kummer transformation. In order to 
obtain an expression suitable for the confluences 
required in the classical limit, the » contour is trans- 
formed to a contour starting at infinity and encir- 
cling the origin counterclockwise by the substitution 
v=1/(z+1), with the result 


*1—p+is—s(1+p—is) 4 is 


X[1+p+is—2(1—p—is) >’ iret (70) 


Since there is no pole at the origin and (—z) is taken 
real and positive on the negative real axis, this integral 
is immediately expressible as a real integral,” viz., 


fo ae 


x 


=—(—)™ Je La) 


sinhrpn(1+p—is) 


K (At+ptisy~4t ite 


X (z+1)-* vol - 
1+p—is 2 


1—p—is PT Utit- tr? 
x|1- | . (71) 
1+p+1s 


The phase e** is determined by the cut 
arg! 1—p+is—z(1+p—is) ]| <r. 


The integral (71) is now in a form for confluence to the 
classical limit. Equations (70) and (71) are substituted 
in (69) and, since (71) converges uniformly in A for the 
classical limit, the summation and integration in (69) 
may be interchanged in the limit. 





® See, for example, Hankel’s contour for the f function, E. T. 
Whittaker and G. N. Watson, A Course of Modern Analysis 
(Cambridge University Press, London, 1945), p. 244 
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There results, 

(m,n; L; s)= (—i) Rg 2 telen tp) pit 

(2L tm—#+ 7 

r 2L +2) 

K (1+p—is)-—*"'(1+p+is)- teeter 


xf dzz 
1 —pt+ is 1 L-iq-1 1—p— is L+ig-mt+n-—? 
x1 — | [1 | 
1+p—is z 1-+p+is 


(L+1+in),(n—m—1), 


d!(2L+2), 


p(z+1) » 2 ’ 
x| ||- |. (72) 
t— (1—p+is)/(1+p—is)J Li+p—is 


In the limit LZ, » very large, n(1—p) =€ finite, and 
s— 0, the series can be summed if (L+1+i%)) is 
replaced by the first term in the expansion, 












r(L+in+1) 





x | L+n—ats 
ot 


l+m(o+-1)! ~~ 


x 


~f 


rn-1 
(L+1+in),= (L+1+in)+ (L+1+inh"' Dj 
1 


A—i 
+ (L+1+in Dj Li Pees, 
I 


(73) 
with unity neglected in comparison with L+in. The 


expression (2/42), is treated similarly, with the result 


that 
”) nem 


E¢-)>| 


L(1—p)(z—1) 1—pl 
x|1+ /1- 
(L—in)z— (L+in) 2 32 


The second factor on the right in Eq. (74) is a quantum 
correction and is neglected in the passage to the clas- 
sical limit. In the classical limit the integral becomes 


« L—in nem+l «“ 
f dz(---) ( ) £ dex +2 
0 2L 0 
L+iny "te"! 
X (s+-1)-* (- ) 
L—in 


1—p\1 l—p 
xexp|(L-+in)( ) +(1in(—*)s| (75) 
‘ 2/3 2 


The exponentials result from expanding the factors con- 
cerned and approximating by the first term in expan- 
sions of the type given in Eq. (73).™ If the classical 


L—in)z—(L+ 


2Lz 
nimi 


(74) 





"Tt is not obvious that this ‘at yaoi is valid, but it may in 
fact be justified by a more detailed argument employing Hankel’s 
form for the gamma function. 
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variables 
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, there results 
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are introduced in Eq. 
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he integral is equivalent 
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issical answer is obtained 
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the procedure for 


he same except for additional cor 
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7 
al jimit 
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It 
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AND THALER 


rections arising from summing the series [see Eqs. (73) 
and (74) ] 
For the special case m= (7 


n—1, Eq. 


result, 


4p 
n—1,n:L)=k,*"2" | 


(1+ ))* 


(L+1+in) 
| (L+n-+ipn) 


l—p THtient 
x1 | . (82) 
1+p 

The first-order quantum corrections for this integral 
arise from neglect of the second term in expansions of 
the form of Eq. (73) in the approximation by ex- 
ponentials, and the neglect of unity compared with 
L+in and L—in. If the first two terms in expansion of 
—1)*(L—in+1), are kept 


)| 


(—1)*(L+in+1), and of 
one obtains, 


ei 


i=, 


i. 


1+ 
(84) 


L+in+1 
the desired Coulomb integral, 


Thus, it is found that 
of order (1—p), is given by 


accurate through terms 


1—p\1 
2+ L-+in+-1)( )-| 
1+p/z 
2 1—p\ ¥ 
fun 2) 
2 L—in+1 l+p 


1 s? i—p\ 
. | e+ine 1 ‘)\ 
2 L+in+1 1+) 
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As it is written, the classical variables ¢ and « have not 
been introduced above, since their introduction com- 
plicates the formulas. 

For the cases of physical interest, (1—p)/(1+ ) is 
generally The difference between 
(1—p)/(1+ )) and $(1—p) is hence insignificant. On the 
other hand, 7 is not too large, since 3 <7 <8 is usual. 
Since the quantum correction is most significant for 
the low angular momenta, it is thus seen from Eq. (85) 
that the zeroth order (classical) approximation should 
be improved by the use of &€=1+(L+1)*/m? to replace 
= 1+ L*/y'. 


small, ~1/20. 
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APPENDIX I. REDUCED COULOMB MULTIPOLE 
MATRIX ELEMENTS 


Magnetic Multipoles 


Ol; Lm)C( LI; Mmm’) = 
b 


F v (nok) 
(er 
kyr 


F i (my, Riv) 
X je LY." (6,6 v"(0,6)). (86) 


kur 


Introducing the definition of the current operator, in 
spherical coordinates, one finds two terms, of which the 
first is 


(1 


7 rXLiF, 
Te hh LY," vi") 
hor r lk 


The second term has the rXL operator acting on the 
FyYy™, and can be shown to be equal to the term 
above. The angular function LY," and rXLY, can 


be expressed as vector spherical harmonics” and this 
facilitates performing the angular integrals. 


The result, after some manipulation, is found to be 


hzye\ (2L+1)(21+1 
QO l'l: Lm ( ) 
imc \/ (4) 


1 
x C(TI+11'. OOO)W (LLUA+-1- 11 
hike 


| 


2l’+1 


s 2 
xf rdrF (ny ku) F v(neko) hy (kr). (87) 
0 


8H. Corben and J. Schwinger, Phys. Rev. 58, 967 (1940). 


Electric Multipoles 
Ol; Le)C (LI ; Mmm’) 


F v(n2,kor) 
( ¥p™’ (6,6)|k-CL(L+1)) 
kor 


th, (kr) 


“ ‘ Fi(m,k) 
x (jp OX LY.” (6,6)) | v"(0)). (88) 
| kur 
The matrix element on the right can be put in an 
alternative, more convenient, form by using the expan- 
sion for ¥ XL and partial integration. One finds that: 


r . F, (no,Rer) 
CLiL+ I) y 
kor 


d | 
(rhy)V¥ M+ikY p“hyr- jp] 
dr | 


| 
X | or 


F, 

---J r). (89) 
kur 

Hence the reduced matrix element is 


(2L+1)(21+1) 7) 
QO(I'l; Le) | 


4n(L)(L+1)(21'+1) 


XC (LI; 000) (Ryke) 21 


xf ar} m,kit)F v (n2,kor)d/drl rh, (kr) | 
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kr) (kirF v (naka) F i! (my, hur) 


kel ns kir)F "(ns.be) \. (90) 


The long wavelength limit for these reduced matrix 
elements replaces hy (kr) by —i(2L—1)!!(kr)-*—, and 
discards the radial current in the electric multipoles. 
For the electric quadrupole case we obtain: 

O(I'l; 2e) — ik-* ze 


30)(21-+- 1) /4(21'+1) }} 


1 = 
x C (211 ; 000) [ r*drF (Fy. (91) 
kiks “o 


APPENDIX II 


rhe Appell functions used in this report have the 
series definitions: 

@) m+-n(B)m(B") 

F \(a,8,8" ; vy; x,y) (92) 
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The series for F,; and F; are absolutely convergent 

for |x|, |y| <1, while F, is absolutely convergent for 

x|+\y| <1 

The confluent function ¥, is given by the series 


The transformations and reductions that are useful 
for the present work are 


FlaBf' : aa x,y) 


[This is the reduction used in obtaining Sommerfeld’s 


integral, Eq. (28 


. , 
Fifa fs ay 529 
(97 


[This transformation reduces the case with m=n—1 to 


a single contour integral 


F(a, a’, B, B’; 


aya 


a Fifa, : 8’ 


ey 


(1 -¥y) ‘ata ; x, (y/y- 1) 


APPENDIX III 


A double formulation is derived here for 


C(m.n; L) in the general case where m#n—1. 


series 


If the alternative form for f;(v) is employed, viz., 


McHALE, 


AND THALER 


one finds, using now the series for the »/; function, that: 
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ipn; n+1in(1—p); -,- )} (101) 
2p 2 


By using the reduction formulas given in Appendix 
II, one can show that in the particular case m=n—1 
this reduces properly to a single F2, as given in Eq. (45). 


APPENDIX IV 

A series representation for the integrals in the clas- 
sical limit can be obtained by taking the appropriate 
limit for A(m,n;L), B(mn;L), and C(m,n;L), as 
given in Eqs. (43)-(45), respectively. Consider first 
C(m.n; L). In the classical limit, one finds that 
FA2—n— d+ in(1—p), L+m+2—n—\+ in, 

L+m+1—ipn; 2—n—A+in(1—p), n+in(1—p); 
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with the final result that 
- ké n le ef sind—jr ft 
2\n ) sinhrt 


l'(n+1&) + 


C(mn; L) 


X (1-6?) ola; 7,7’; x,y), (103) 
where the parameters of ¥2 are the same as those oc- 
curring in Eq. (102). 

To obtain the limiting forms for A(m,n;L) and 
B(m,n; L) it is most expedient to use alternative forms 
of Eqs. (43)-(44), which are obtained by Kummer 
transformations of f;(v) and f2(e) in the integrands. 
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The result is 
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The limiting form is then found to be 
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Similarly, the results for B are 
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The above results show the symmetry between A 
and B, namely that A=B under the interchange of 
(ki,m,/-1) with (ke,n2,L2). The limiting form of B is then 
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Structure of Green’s Functions in Quantum Field Theory* 
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STRUCTURE OF 
general variety of quantities, namely matrix elements 
of time-ordered products of more than two Heisenberg 
operators. These quantities play an important role in 
a covariant description of quantum states in field 
theory, and the renormalization problem can best be 
treated in this way. 

In fact, it has been pointed out in NI that the re- 
results but also 
satisfies causality requirements, and that conversely 
by demanding causality in a certain way one could 
automatically remove divergences.* The point is that 
in the lowest approximation, the imaginary part of 
a self-energy or a scattering matrix (the damping 
term) turns out to be finite although the real part 
without renormalization may be divergent. The causal- 
ity relation between the two parts will force the latter 


to be finite and well determined. 


normalization not only secures finite 


finds that 


In pursuing this end, one the method 
followed in NI is not quite sufficient for our purposes, 
needed. It 


worth while, as an orientation to the solution of the 


and more physical insight is seems thus 
following observation. 
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mental formula of perturbation theory. Suppose we 
to calculate the matrix element (6/S/a) of a 


certain scattering process. This will be given by 


want 


bh Hin)in Hia 


b|H\a)+> $-+-, (1.4) 
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where H is the interaction Hamiltonian, and the E, 
are the free energy eigenvalues. The small imaginary 
quantity ze indicates how to handle the poles of S in 
accordance with the boundary condition. If the particles 
concerned can be described by real fields (no spin, no 
n| H\m) 


for the interactions allowed in field theory). 


charge), we may take the individual elements 


to be real 


‘hus the imaginary part of S will appear if and only if 


there occur intermediate states with the same energy 


as the initial state, or in other words, only if competing 


real processes, which may be the same as the initial 


} 


or final state, are possible in the intermediate stage.’ 


The above formula does not show immediately the 
relation between the real and imaginary 


n Hom 1 


in general; nor 


components 


since may depend on energy and momentum 


itivistically covariant form 


IS it OI a rei; 


which one would desire. Nevertheless, it is interesting 
to see that these ideas, which have a definite physical 
*It is true that a convergent theory d 


‘ does not always satisfy 


ausality as ir f illed damping theory, which 
gives rise to singularities of matrix elements not allowed in a causal 
theory. But the previous | suggests the possiblity of finding a 
and causal theory which will coincide with the ortho 
t zation theory 
’ Rigorously speaking, there will be, of course, energy shifts of 
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interpret E, as the energy of the observed 
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meaning, can be carried over to a relativistic formula- 
tion, partly thanks to the “simplicity” of quantum 
field theory. 

In the next section we shall first give the definition 
of the quantities which we are going to study, and the 
equations of motion satisfied by these quantities. In 
Sec. 3 we write down explicit formulas expressing the 
Green’s functions of the first few orders in terms of 
certain real functions which may be called the spectral 
functions. Relativity, causality, and some other prop- 
erties of field theory will be exploited to determine the 
general character of the spectral functions without going 
into the details of the interaction. In Sec. 4, we then 
translate the equations of motion holding for the Green’s 
function into those for the spectral functions, Diverg- 
ences will arise during this procedure, and it will be 
shown how the causality consideration again enables 
one to get the correct manifestly renormalized equa- 
tions of motion which involve no formal infinities and 
could in principle be solved without fear of encountering 
divergences of the usual kind. Formulas giving the 
relation between the various renormalization constants 
and the spectral function will be found in the Appendix. 


2. GREEN’S FUNCTIONS AND RELATED QUANTITIES 


In the present paper, we treat the symmetrical 
pseudoscalar field coupled to the Dirac nucleon field, 
although this does not mean any restriction on the 
theory itself. The Lagrangian density of the meson- 
nucleon system is 


L=—W,04—W 
4 (dO, G:Ou¢s t ue gi¢i) 


givyst wd ¢i. 


(2.1) 


We have adopted natural units h=c=1, and x, 

(x, y, z, it=ixo). ¥ stands for the Dirac nucleon field 
with two isotopic spinor components. 7; are the usual 
three vector components of the isotopic spin operator, 
and g; the corresponding ones of the meson field. 

The Hamiltonian density of the system easily fol- 
lows from the Lagrangian (1) by introducing the 
canonical variables and the commutation relations in 
the usual way: 


3 
H=> Wid +i 
kl 
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that d ngdigitv oie) +gdyerwhei, (2.2) 


{Was x), Vor y)} 


Cei(x), x,y’) ] 


(¥4)a96.0(X— y’), 
Lei(x), O9;(y’)/Ox0’]=i5,p(x—y’), 


where a, 6 refer to the spinor components and s, ¢ to 
the isotopic spin components. The Heisenberg equations 





396 YOICHIRO 


of motion for the field operators are 
VI M+ oh + giver. oa =9, 
IW. 


byt gwrystigi=9, 
The nature of the Heisenberg operators is the main 
subject of our concern. Let us introduce the following 
quantities which give us vital information about these 


a LIV 76 


operators.” 


T (xa vB 0 T (Was(x) Warly ) 0 
e(xy)(0! P(Waslx), Waily))'0 
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e(x,xevry2)(0| P(x), 
¥ (x2),0 (91). LU 
Here |0) is the vacuum or the lowest energy state of 
the total interacting meson nucleon field; P means the 
time ordering of the operators, and e(x,y), et is the 
ign function which takes the values +1 according as 
the permutation (x9,vo)—>P(xo,vo) is even or odd; the 
spin and isotopic spin indices of the operators may be 
suppressed when not necessary. Alternatively we may 
write 
Ts A 0) y¥ " ¥ ) 
4 roy y ¥ 0 
Ala >, O w(x) ndiniy 0) 
0 5 Oy nin (x), 0 

/ ed vig ¢ ) 
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1+ e(. {1 i >) 
Hix \ } 
? lo 4 va<. 

*G. C. Wick, Phys. Rev. 80, 268 (1950 ;J Schwinger, Prox 
Natl. Acad. Sci. U. S. 27, 452 and 455 (1951). See also E. Frees 
Z. Naturforsch. Sa, 776 (1953): P. T. Matthews and A. Sala 
Proc. Roy. Soc. (London) A221, 128 (1953); K. Nishijima, Progr 
Theoret. Phys. 10, 549 (1953); 12, 279 (1954). The notations do 
not necessarily agree with those used by these authors 
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where nm, m run through a complete set of states of the 
meson-nucleon field. 

The 7’s give, so to speak, a measure of the correlation 
of field quantities at different space-time points. In the 
absence of interaction, T(x,y) and T(z,2’) are the 
Feynman propagation functions Sp(x,y) and Ap(z,z’) 
for the nucleon and meson respectively; in the presence 
of interaction, they are the quantities Sp’(x,y) and 
Ap’ (z,z’) which were originally defined by Dyson? in 
the perturbation theory. The 7’s of higher orders de- 
scribe more complicated correlations of more than 
two field quantities, and are closely related to what 
Schwinger® has generally termed Green’s functions. 

A higher order T contains a part which derives from 





lower order correlations, so that it is convenient to 
introduce further the irreducible correlations p'’: 
p(xy) = T(x) p(z2')=T(z2’), 
T (xyz 
= T (xyzz’)— T (xy)T (zz 2.6 
p(x X2ViV2) = T (xixeyive) + T (xiy1)T (roy 2 


)T (x2y), etc. 

We shall refer to all the quantities introduced in this 
section simply as Green’s functions when no confu- 
arises 
we make use of the interaction representation and 


sion 
li 


Feynman graphs, the meaning of the p’s is clear. 


p(x Vr z,) corresponds to the totality of 
graphs in which there are /+-m-+-n external lines start- 
ing at %,. z,, and all these lines are connected 

ith each other through the network of internal lines. 


The Green’s functions of different order are related 
by equations of motion which are obtained by differ- 


. ? 
fir 


entiating them and making use of Eq. (2.3 
yorr pix 
' f ves oe 
10\ 2 ley sT pi xve ji 12 
ya TK) yp\a 
b oe’ . , '\4 
5(xy)—ig | p(xyz'j)ys76(y—2’)(dz’)', 
MB”) 2p\ Se 
. 
16(22" ig [| tr(yerso( ye" 
° 
> 7\ 
(2.7) 
* 6(x—2)b(y— 2) (dx)*(dy)* 
Y o+ K) gp\x 
it fw p(xy)p(22'7)+p(xyzz’ 7) 6(x—2’)(dz2’)$, 


} Pp XYyt 


ie —p(xy) trlysrip(x’y’) |+p(xy’)ys7.0(2’y) 
+p(xx'as,vy'Bl) (ys7,)s¢ as) 
* b( x2’ — )b(w’— 2) (dx’)*(dy')4 


* F. J. Dyson, Phys. Rev. 75, 486 and 1736 (1949 
°E Nuovo cimento 2, 50 (1955 
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Under the assumption of adiabatic switching at ‘=+ @, 
and the boundary condition for the vacuum, they can 
be converted into integral equations: 


p(xy)=Spr(xy)+g f Sp (xx")ysr p(x’ ys’j) 
X4(x’ — 2’) (dx’)*(dz’)*, 


p(zi,z’j) =6,;Ar(2s2')—g fa +(”) trl ysro(xyz’ 7) ] 


. 


«Kb(x— 2/5 (y— 2’) (dx)*(dy)*(dz"’)4, 


(2.8) 
p(xyz) = a (xx )ysr [p v'y)p(s2’7) 


2’) (dx")*(dz’)4 


+-p(x’ yas’ j) 8(x’— 


fare 


oy Vy sr p(x’y)+p(xx'as,vy Bl) (¥57:) at, as) 


p(xy) tr{-ysrsp(x’y’)] 


X 5(x’—2’)6(y’— 2’) (dx’)*(dy’)*(dz’)*. 
It is to be noted that the p functions of higher order 
than the first do not have inhomogeneous terms in 
their equations of motion. 

In the following sections we shall analyze the nature 
of the 7’s and p’s up to four external lines. These are 
of particular interest since it is they that cause infinities 
in the actual calculation, and also because p(xyzz’), for 
example, describes the scattering of a nucleon and a 
meson which has direct physical significance." 

The problem of renormalization, which has not been 
discussed so far, is usually dealt with by starting from 
renormalized fields and a renormalized Lagrangian: 


L=—Z{W04+nW)+ZiW 
4Z,[ 0,90, ¢<4 wore; | : 


2 Zigivy aT i~ Zk CiGiense. 


We will not describe this procedure in detail here since 
we approach the problem in a different fashion. In fact, 
we shall be treating physically significant renormalized 
quantities only, and we need not be meticulous about 
the distinction between renormalized and unrenormal- 
ized quantities since the infinite constants which charac- 
terize their difference will not occur explicitly in our 
equations. We shall regard all the Green’s functions 
and operators as renormalized ones, but treat them as 
if they obeyed the equations of motion for canonical 


observables, with, however, observed masses and 
couplings. 
" The scattering matrix is obtained essentially by the adiabatic 


limiting process 
im p(xysz’ 
x8, © 
.a~--« 


See reference 20 
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3. REPRESENTATION OF THE GREEN’S FUNCTIONS 
BY MEANS OF SPECTRAL FUNCTIONS 


In accordance with the ideas outlined in the intro- 
duction, we start out with the following fundamental 
assumptions. 


(I) Lorentz invariance and other invariances which 
are inherent in the theory. As was discussed in NI, it 
is important to note that the Green’s functions, which 
are 7-products of operators, should not depend on the 
choice of the time axis used for the time ordering. This 
is guaranteed by causality (to be mentioned below) 
which insures the independence of field quantities 
(commutability or anticommutability) for spacelike 
points. 

(II) Completeness of the positive energy states. In 
addition, we will also assume naturally that the one- 
nucleon or meson state is stable. But we do not neces- 
sarily exclude the existence of bound states. 

(III) The adiabatic switching of interaction. This 
has always been necessary if one wants at all to talk 
about interaction between particles. It must be recog- 
nized, however, that its exact meaning is not a uniquely 
defined one, and one will get different connections be- 
tween the perturbed and unperturbed field quantities 
according to. different definitions of the adiabatic 
process. We want to use it in the simple physical sense 
that the field variables behave as essentially free when 
they are far apart from one another, and these essen- 
tially free fields should serve to define the physical 
constants (the “observed” masses and coupling con- 
stants). This should be enough for our purpose of find- 
ing relations between observable quantities only. On 
the other hand, the connection between unrenormalized 
and renormalized quantities is in principle to be ob- 
tained by the unrealistic process in which the coupling 
constant itself is turned on and off instead of separating 
the particles from each other. It is also to be noted that 
the bound states do not cause any difficulty since we 
are not asked to treat them by perturbation once the 
physical constants are fixed. 

(IV) Causality. This will be the main tool in deriving 
our results. But we use it here in a disguised way which 
is not immediately recognizable as such. We postulate 
namely that, apart from spin and isotopic spin matrices, 
the imaginary part of the Green’s functions arises 
through vanishing denominators which occur if energy- 
conserving processes are possible in the intermediate 
stages appearing in Eq. (2.5). The conditions I and II 
then say that the energy-momentum of such an inter- 
mediate state must form a timelike four-vector with 
positive time component. This suggests that the rela- 
tivistically invariant form of the energy denominator 
and the nature of its singularity are determined by the 
time-ordered character of the Green’s functions. Cau- 
sality is reflected in all these points in an implicit 
fashion: The timelike energy-momentum vector will 
guarantee the noninterference of measurements outside 
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the light cone; and the positive energy condition and 
the time-ordering will fix the analytic behavior of the 
function with regard to each energy denominator. 
The implication of these arguments will become clear 
if 


as we go over to the actual application below. 


A. Modified Propagation Functions o (xy 
and o(2z’ 

We begin with the simplest cases of p(xy) and p(zz’ 

as an illustration though the result is already known.! 

We observe that, in the first place, the invariance under 

the inhomogeneous Lorentz transformation, charge con- 

ugation, and isotopic transformation requires the 


j 
Fourier transforms 


to be of the form 
p(pas,g3t)=i8(pt+q)iulipyer(P)+po(P*) Jas, 
p(ki,k'7) 16(k+ k’)b;p(k*), 
where the spin (a,8) and isotopic spin (s,t,i,7 
The graphs corresponding 


indices 
are explicitly written down 
to these quantities are of course two external nucleon 
p or k, 


we measure for convenience always in 


or meson lines of energy-momenta P, 
k’ k which 
the “out” direction. 
Following the assumption (IV) let us next ask the 
question: under what conditions will they give rise to 
rea! pro esses ? 

(1) If the incident particle is a real particle, it can 
go through the same real state without interaction. In 


this case 


where « and uw are the masses of the real nucleon and 


meson respec tively. 2 If the energy po or q of 
the incident virtual nucleon is large enough, it can split 
into a real nucleon and at least one real meson 


larl fi, ? ] nat 
iariy i kK OT Rk iS iarge enough, 


?; simi- 
the incident pseudo- 
scalar meson can split into at least three mesons. The 
condition for this to happen can be written in an in 


variant way as 


We thus conclude, according to (IV), that the p’s must 


have terms of the form 
1/(P'+*), m=«x or m>«t+uy, 
1/(e 


@ We excluded here the existence of a bound meson-nucleon 
will have an 


+n*), m=p or mn>3y, 


In case such a bound system exists, », (us 


between « and («+ 


system 
additional point spectrum 


YOICHIRO NAMBU 


which become singular in case a real process (1) or 
(2) is possible. To determine the character of the 
singularity precisely, we invoke the assumption (II) 
together with the decomposition (2.5). Since the energy 
of the intermediate states is positive definite, the 
Fourier component of a function p(x,y) must behave 
like exp(—t| ko(xo—yo)|). So we conclude, just as in 
the case of Sp and Ap, that Eq. (3.3) should actually 
(p?+m’—ie) and 1/(k*+n?—ie). Thus we 


* v(m) 
Pr r= f ——du, A=0,1 
0 p+u 


contain 1 
can write 


= y(w) (3.4) 
oe) = f dw, 
o k+ w 
i=u—-ie, D=w—te 
where the real functions v have the property” 
vy (4) = 7°56 (4— x2) + fX(u)O(u— (x+u)?), : 
‘ (3.5) 
v(w) = v6 (w—x*)+- ¢g(w)0(w— (3u)*) 
We also note that 
1 
v,(u)=— Imp, (— x), 
T 
(3.6) 
1 
v(w)=— Imp(—w) 
tg 


On the other hand, from the decomposition (2.5) and 
(II) and (IV) it is again easy to see that 
54:(tpvas Imp;(p*)+45agI1mpo(p*)) 
=F Ol War! pp! Va.!00(p 
x (0| Pa! —p)(— p|Was|0)0(—p), 
= (0! gil k)(R! g;|0)0(R 
—k){—k!| 9;|0)0(—k), 


(3.7) 
5x; Imp(k 

+> 0 ej 
where the summation extends over all the spin states 
with the momentum + or +k. The second equation 


indicates? 


v(w)>0. (3.8) 


For »; and vp we observe that Y=y*y,, and 


(I r){> O\Was p *4(p)—> (—p Was 0)|*0(—p)} 
= pow (p*) _ (ys)aavo(p’), 
choosing the rest system for p. Thus both sides must 
have the same sign as po: 
e(p)[ porr (P*) — (v4) aa¥o(p*) ]>0, 

which means? 

vi(u)>0, | pol vy (u)=ubv,(u)>|vo(u)!, (3.9) 
since the expectation value of y, lies always between 
—1l and +1. 
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More information on » is to be obtained by consider- 
ing the boundary conditions. If we assume, according 
to (III), that the interaction can be switched off adi- 
abatically at t=+, then p(ry) and p(zs’) should go 
in this limit over to the propagation functions for free 
incoming and outgoing fields: 


lim* (0 ¥(x)P(y) 0 
xs = 
"-—@ 

= lim (3.10) 


xe 


t)Din®( y)|0), etc. 


O! Wout! 


yore 


On the other hand, the initial condition on the behavior 
of the p’s for equal times may be checked by the relation 


0! {¥(x),0(y)} 10)! 2o=v0, 


O26 z z (3.11 ) 


dg(t) 
(0 _ o(2’) 0 
O26 }20= 20’, 


since the right-hand side is the commutation relation for 
the field variables. 

Although we have thus two conditions at hand, we 
should primarily use the condition at infinity since our 
derivation of the v’s was based on the over-all behavior 
of incoming or outgoing waves. Consequently we as- 
sume that the asymptotic fields ¥°, ¥° and ¢® are nor- 


malized in the usual way so that 
e(xy)(0| TW (x 


0| T(¢,(z), ¢;(2' 0 


Wy O)= Sp (xy), 


= 5A pr? (22’), 
where the right-hand sides are the ordinary Feynman 
functions with mass « and y, respectively. This leads to 


(3.13) 


The field operators being thus normalized, Eq. (3.11) 
is no more the commutation relation for canonical vari- 
ables since the adiabatic process is in general not a 


unitary transformation. Indeed we conclude 


from Eqs. (3.11) and (2.9) that 


must 


0 (Was v), Waly} 0) | ro=m Z: 15 ¢(¥4)a90(X ~y), 
(3.14) 
'§,3(2—2'), 


4 lim* means the switching off of the interaction at + ©; in 
(n!W!0), etc., should vanish for all n except for the 
one-particle states. We do not , however, that the particles 
turn into “bare” particles. The incoming and outgoing waves are 
equal since they are-renormalized waves without the self-energy 
eftiect 


other words, 


mear 
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where 
Zy'= frcodumi+ f fi(u)du>1, 
(ote 8 a 
(3.15) 
Zy'= f owyduo= 1 +f g(w)dw> 1, 
Q« 
which are the renormalization constants introduced 


by Dyson in relation to the unrenormalized fields y,, 
¥., and ¢, obeying the proper commutation relations: 


vu=Z., Vu.=Z, 

gu=Z;hy. 
It is clear from the above result that the boundary con- 
dition at infinity is more convenient than the initial 
condition can deal with the renormalized 


quantities directly and thus the functions » should be 
finite. They should also satisfy 


vy, () 
du< x, 
. i 


since we 


(3.16) 


without which Eq. (3.4) would be meaningless. 

Mathematically speaking, Eq. (3.4) expresses the 
fact that p(k®)=p(—f), etc., have no poles in the upper 
half of the complex plane as functions of ¢: 


1 ° o(—f’) 
= »/ - 
p(—f) a 
2ri J_. f —f—te 


=mrv(t)=0 for real (<0 (or Cmin). In 
case the condition (3.16) is not satisfied, we can still 


(3.17) 


real, 


since Imp(—f) 


take, for example, a function 


{(—)=p(—f)/({—a)", n=positive integer, 4<{min, 
such that 
> st) 2 
f <e, (3.18) 
o \{—ea)* ¢ 
and express it as 
1 " 1 
r) f(-—¢’ de’ 
Qwi J. t’ —t— te 
or 
vw) fat+k\* 
p(k’) -f ) dw 
24+-D\a—w 
(a + k?)* a ol p(a) 
+ _ ) (3.19) 
(n—1)! da a+k? 


Thus p(k*) is not completely determined by the imagi- 
nary part alone; the second term on the right is a poly- 
nomial in #, and to omit (or separate) this term 
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physically means some sort of renormalization of p. In 
our formalism the boundary condition for v will serve 
to fix it. The “renormalized” p has a factor (k°+a 
and behaves as O(k*") for large k*. In other words, 
p(zz’) has derivatives (of order < 2m) of the delta func- 
tion at the origin. 


The Green’s functions p(xy) and p(zz’) do not have 
singularities of the above kind. But the quantity 
M (z2')= (0| T (ighyst(2),igdyst(2’))|0), (3.20) 


which is related to p(zz’) by 
(0 —p?)*p(22’)=1(0 —w*)b(22’)4+-M(2z’), (3.21 


has the representation 


| v* (u 
M (k*) 6.(k tay f dw, 
+p (w—p? 


1 


y*(w) u v3 vViw) ImM (- 


This corresponds to the choice a=y*, n=2 in Eq 


(3.19). We shall also meet with this situation later 
B. Three-Body Green’s Functions 
Let us take the three-body Green’s function 
p(xyz) = (0| T(x), Vy), ¢:(2)) 10), 3.23 


and define its Fourier transform 


p(pqk) is a function of three scalars p’, ¢°, &° in 
to the spin functions ys, (py)¥s, ys(qy), and r;. ys reflects 
here the pseudoscalar nature of the field ¢;. We may 
thus generally write 


p pas ,gBt,k 16( p+ 7-7 k B 


‘> 


Under the extended charge conjugationy—-Cy, Y--C-y 


¢—— 9%, p(xyz) goes into — (C~'p(yxz)C)"; this means 
for p(pqgk)"* the invariance under p++g, y—>— vy so that 
par must be symmetric: 

pra: (p2,92,k2) = pra (g?, pk). 3.27 


“ The spin matrices are transformed according to 0 +C~O« 


with Cy, C= —+,", C-'*s,C = —+;,7, etc 


YOICHIRO 
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Next we ask, as before, for the condition of producing 
a real process. In the first place, an incoming external 
line p, g, or k by itself can give rise to such a process 
just as in the case A. This means that py, must have 
factors of the form 


1 1 1 
P+m’—ie g+me—ie k'+me—ite 
where 
Mm;,M2=K OF >«+y, 
' (3.28) 
m=n or >3u 


(again excluding bound states). Next, it is possible that 
any two of the incoming particles together produce a 
real process by interaction (scattering). This would 
mean that there should be factors of the form 


1 1 1 


} 


p+q)y+me—ie (pt+k)’+me—ie (g+k)*+m?—ie 
But the conservation law (3.25) just reduces these 
factors to those in Eq. (3.28) so that we get no new ones. 
In order to proceed further, it is necessary to consider 
the equations of motion for p(xyz): By differentiating 
it with respect to x, y, and z successively, we obtain 
vyO+x«),( y7d+-«),( 


y\iu 


~ u*) 2p (xyz) 
igysto(x— y)b(x—z) 

+ig*ysr,(0| T (We;(x),¥(y)) |0)¥576(y—2z) 

+ igtysri(O| T (h(x), Poe(y)) |0)ys7.5(x—2) 
—ig*ysr<O T (9x) bysta(2)) 0)5(x—y) 
+ig*ysr,(0! T (Wos(x) Poe(y), Wrst (z)) | O)ysre. 
(3.29) 


Now we could apply the same argument as above to 
the 7 products appearing on the righthand side, and 
could conclude that they must contain the same fac- 
tors as Eq. (3.28). Hence the original p,- must neces- 
sarily contain the three factors simultaneously. In 
other words, 


Vy’ (Tw) 
Pra | Pg k dudivdw, 
p?+u)(¢+0)(k+w) 


which is the desired spectral decomposition. 


3,30) 


According to Eq. (3.28), ma has a point spectrum at 





he masses for real particles, and a continuous spectrum 
extending upward from the thresholds for various reac- 
tions. By Eq. (3.27), it satisfies the symmetry condition 


(3.31) 


Pa’ (UPw) = Wy» (DU 


To see the implication of the boundary condition at 
infinity, we again let the fields y, J, and ¢ go separately 
* or — ©, and suppose that they turn into almost 

free fields there. In this case the only interaction which 
can be measured by these waves will be that of the type 
igvystwe, where g defines the observed coupling con- 
stant. To be more precise, we mean by the adiabatic 


to + 
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procedure that only the first term of the right-hand side 
of Eq. (3.29) remains (understanding that contribu- 
tions of the same type from the rest have been incor- 
porated into it). Thus 


lim*p(pgk)= —igSr(p)ivsteS r(—g)Ar(k), (3.32) 
from which it follows that 
yn: (vw) = grnn-°S (14 — x26 (D— x*)b (tw — w*)+ 
with 
A a 
Vy 3.33) 
kK 1 


To find the relation between renormalized and un- 
renormalized quantities a systematic study is needed 
since it is more complicated than in the previous case. 
Deferring the details to the Appendix, we quote here 
only the main result whicl 


1 gives the unrenormalized 


fo urw)dudvdw = 97 ,Z47°Z 
3.34) 


goZe"Z 


, 
charge go: 


As is well known, there is in general an arbitrariness 


in defining the observed coupling constant, so that the 


above definition of &é 


Eq. (3.33), is not the only possi- 


ough it seems to be the most natural one in 


bility, th 


our scheme. A different quantity could be obtained, for 


example, in the following way. Suppose we take the 
equation of motior 
Me“ }ep VVZ 
/ j nla, ata > 2c 
and let y ‘'x) and ¥(y) recede to + = and ©, respec- 


tively. We then get the relation 


: pi tY57; q 3.36 
where | p) and g) represent one-nucleon states and 
ya"(xxw) the magnitude of v at the point spectrum 
u=v=x*. This is nothing but the matrix element for 


the “current” igyys7, and we may define the charge 


as the coefficient of iys7; in the static limit p g, k=0: 
(—1)"’ p 
g’ f } xxw)du 
4x? £ 
“ ; p 
g an Vy) KKU . 37 ] 
. 4, f 
g’ is thus directly related to an ideal measurement 


whereas g does not allow such an interpretation, since 


a real nucleon cannot absorb or emit a real meson. The 
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customary definition of renormalization due to Dyson® 
gives g’. 


C. Four-Body Green’s Functions 


There are three four-body functions which do 
not vanish identically. They correspond to meson- 
nucleon, nucleon-nucleon, and meson-meson scattering 
respectively. 

As the first example, we take 
= T (xysz’)—T' 


vy) T (s2'), (3,38) 


p\XVss } 


and its Fourier transform 


l 
p( pokk’) fe p2—iqy—ike—ik’ #5 ( yee") 
Ya \i6 
LW 
x (dx)*(dy)*(dz)*(dz’)*. (3.39) 
In view of the conservation law" 
ptgtk+k’=0, (3.40) 


we have six independent scalars of the momenta, for 
which we adopt 


p, g?, Be, k’, 
p+ b q+ k’\ or (p+ 


(p + q)? ae (k + Rk’), 
k’)t= (g+k)?, 


as will be found convenient below. In addition, there 


are three scalars formed with the Dirac matrices, which 


mav be chosen as 
tp iy i(p+k ¥ or ip k’, + : 
and the two isotopic tensors 6; and 7; =[7,,7; |/21 


hould be 


p si invariant under charge conjugation C: 
pq, YY, Ti — Tis; Obviously it is also invariant 


interchange C”: 
that C¢ 


form of p as 


kek’, ij, but we can 


easily see 1. Thus we may write the general 


p( pokk’) = i8(p+o+k+k)U+C’) 


<x > (ipy)(ip+ky)*(—igy) (ir 


h 


X prirarsra( Pg? kk, (p+g)?, (p+k)*). (3.41) 


We can then apply the argument of real processes to 


pr;--x4 and conclude that it must have factors 


P+if@+p +a kb”? 4+- ap’ 
1 1 1 
or ‘ (3,42) 
(pt+q)®+8, (p+k)*+3 (p+h’)?+ Be’ 
tu. x or ct+y), w,w’'=p’? or su)? 


2u)*, S2=«*? or > (ut+x)*.! 

Since p represents the irreducible correlation, no subdivision 

like p+q=0, k+k’=0 can occur, which is the reason for taking 

rather than 7 
* The thre 


pseudoscalar meso 


s for w. ‘ and s, are characteristik of the 


theory 





402 


The indicated behavior of the denominators 


larity is universal. To show this for 1 


j tl (p+k)?+ 8, 








Yotc 
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af sin< o 
at a singu Z 


which gives a factor exp[ —i| (pot ko) (xo 
similar to the previous cases. 


ry 
o—~ Vou" Zo ) 7 





example, we may choose Xo, 20> Yo, 20 OF Xo, 20 < Yo, 20, Since p(xyzz’) obeys an equation of motion 
so that 
. (yd+x).(- y7d+«),(O—p*)s C- p*),/p 
, : 
oz ) 0 j ¢ ’ f a {) 94t/~ e , 
T'(xysz ra Tyla . lly ¥ = g7{5(x—2)5(y—2' )ystip (xy) ¥57; 
n - o 
s me + (3 22, 1< rj } a ( 3.43) 
Ss O;T( o(z’))in\in'T(yg . 0) the first four factors always occur simultaneously, but 
—_ Y ¥ . ¥ ¥ . . . . e r . . 
B the last one is missing for the first term on the right of 
Eq. (3.43). At any rate we may write 
1 urww' $\5)\dudvdwdw'ds ds» 
v 3.44) 
a ~ i k k + 4] pD- J 7 31) P T k) TS 
if we understand that wa 4 Ma ave deita ~ finite, »y should have a point spectrum 
at i hnity x 6 1 I ant or t . . 
, v=yp 61 2 /$,)b(1— © /S2)+---, 
4(1 m/s (3.47 
, )  / 2) 4 
ues bone nail ion se Rica : . . . : , : m 
p(xyzz ) should enabie one to celine the dire ir-body whereby A is exactly defined. On the other hand, the 
interaction of the to we ¥ ¥ Ping unrenormalized Xp» is expressed by (see Appendix 
as the value ol 3 t the point spectr { K 
u ue, Ss ©. Since we exclude e€ existe eos v'\W,) II di »Z,Z35°* 
an interaction, however, v is zero at this point ’ 
' : 7 , AX 
he other four-body functions may be treated i “Xo. 3.4 
cir . ¢ cir eric ( ~~ matr f a 2 
nuar way. f ‘ I I € no y Matric As for p(xx’ yy’), we have two sets of y matrices and 
» Sevenndinndl enlt te : “Ss qi gir 7 
are involved. The resu three independent momenta which give 2X3=6 scalars 
> . P wo 
o(kikekol TRL of the form (py ; in addition, five s al irs may be formed 
F out of the y’s as is familiar in the 8-decay theory. In 
: the isotopic space, there are two scalars 1 and r-7’. 
} : } by ; { 
X pl ky’ ko" k °, (CR k k 3.45 : 
We put accordingly 
where p k tne Same structure as Eq 3.44): p pp’g . 0( p+ p +a ; 
y sl ” " . 
xE(1+C)(1—P) ¥ (py) (ip’y’)O 
p 
: » 
X{L1 p Le eas ont pt t es M}O 
x] 3.46 7, 7 Hm !\0Ol wm. ol )> 
- uy Ti T7 
: xo b? p'2 2 A!? (pt bh’ b+ , 3.49 
ind S” p runs over the per tions of 1. 2. 3. 4. In this , FP 94 94 I I } / 
case » does ive the i ons I O,:O,' stands for the five scalars 1-1, y,y,’, et r 
and 6(1— = provided that the meson-meson direct means the permutation pas+>p’a’s’, and C the charge 
interaction \/4 Ce dot S yt re auly exist which conjugation pe *q, p* oq’, ~ 7. 4 > Y’, O- iss 
means that the renormalized A is zero). In case A is_pay...a7 may be written as before 
. éu ludu'dvdv'ds ds, 
f Ar 350) 
al j j 4 4 p+ p’) +§ p+q)*+ 8: | 
, S ir t spectra as the case of ; : 4. RELATION BETWEEN THE SPECTRAL FUNCTIONS 
namie “ . O\nu x K ( K i . . . 
‘ oO lar the stn ure of the Gre s tions has been 
é(1 x . ; . . . 
caetermined in a way which refiects to a large extent 
We an a ~ ‘ 43 i ss : only the fundamental! assumptions of hei 1 theory Now 
does not occur at a 1 i « 3 yay . , 
» is exas given | ‘ . , , ve are going to take full account of the equations ol 
. : motion and see how they are translated to relations 
ry) hy Pry he >\u yy « vy 
x4 PP l x é Pd . . . 
2—Ai—Aa as analysis of Eq. (3.43) (or the relation betwee rent » functions 
iscusse ater L ms me t the na f a boundar 
constant ce But this will need a detaile« ition for » that can be imposed at our choice 
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between the various spectral functions introduced in 
the last section. 

According to Sec. 2, there are a set of equations which 
connect the Green’s functions of different order. If we 
substitute the parametric representation of the Green’s 
functions developed in the last section in these equa- 
tions, we should be able to obtain the corresponding 

a equations of motion for the spectral functions v. In 
explicitly carrying this out, we naturally meet with 
divergences due to the singularities of the Green’s func- 
tions, making the results meaningless unless they are 

. renormalized. Since in our representation of the Green’s 
functions their dependence on the relative coordinates 
or momenta is clearly exhibited by the energy de- 

nominators, such a renormalization procedure can be 

carried through explicitly without tampering with the 

v functions, and the ensuing relation between the » 

functions will be in a manifestly renormalized, diverg- 

ence-free form. We will discuss this procedure for each 


equation successively. 


(i) Let us begin with one of the lowest order 
equations: 
Yun K) zp ry 
10( x —ignars f olxyss3 v—z’)(dz")*. (4.1) 


Going to the momentum representation and using the 


formulas Eqs. (3.2), (3.4), (3.26), and (3.30), we get 


—j+ 


g , : , 
fro +k—p)dp’dk 
2r)* 


YT; ip'y) Ysr va uy)” yy’ (urw) 
x dudrdu 
(p*+t)(g°+7) k?-+w) 
. j 
3g 
i+ fu 
e 2n)* 


xf 


Assuming that the integrations in & and the other vari- 


van (urw) 


—i(p—k, y) P(—igy w 
dudvdw. 


4.2) 
| (p—k) +a 7 


ables can be interchanged in order freely, we may first 


carry out the integration 


-—] { 1 p — k, +))* 
J dk, \=0, 1, 
(2x) [(p—k)? +a }(k+ w) 


which is obviously divergent logarithmically. It is 
lowest order self energy 
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Fic. 1. A self-energy diagram 
corresponding to Eq. (4.3). 


p-k 


(Fig. 1) 
" gt 
> (p) [ws p—k)ysrjAr(k)dk 
2x)* 


if we put u=«*, w=y*, so that the renormalization could 
be carried out by the standard methods. Instead of 
doing this, however, we will again make use of the 
causality requirement in a trick originally due to 
Lehmann? 
I,(p) is the Fourier component of the function 
I(x) = iL (—7,0,Aer™ (x) JAr™ (x), (4.4) 


where Ap”, Ax 


tions with the masses «/u and 4/w, 


are the Feynman propagation func- 
and are defined 


conveniently as 


( Yup Ap” (x) =@(x)( 7,0,)°A\ (x) 
+0(—2x)(—v7,0,)"A™ (x), (4.5) 
Ar\”’ (x) =6(x2) A’? (4)4+06(— x) A” (x), 


A*(x) being a function containing only positive or 
negative frequency part: 


2r 


1 
A“ +(x) : fo th)b(k?+-u)e**dk. (4.6) 
ys 

We now ask for the “imaginary part” of J,(p) which 
expresses possible real processes. In the present case, 
a real process would mean that the incident wave of 
four-momentum p(po>Q) splits up into two “particles” 
of mass \/u and 4/0, four-momentum p—k (po~ko>O), 
and k(ky>O). Such a process certainly corresponds to 
the first term of 


Vu9,)* A(x) P(x) A™*(x) 


6 x)[ (— Vn JA™*(x) |A™ *(x) 
tL (—7,0,)4™*(x) JA™*(x) 
e(x) 


4. t/(. 


is Vu94)*S 4 "(x) ja w(x), 
? 
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which itself is part of J, (x 


we have simply to instead, we have to invoke the boundary condition 
change A* into A~. Thus 


(3.13) to renormalize v correctly. Thus 


3g 1 
vy; (u)=3b(u—n*)+ 
Sr? u—K* 


S(u'wu) 
, (9 
~ K yy (u'wu) ry: (u'rw) 
u 


2 S(u'wr) 


Ky (u'wr) 


X ra (u'uw) Idu’dedw, 


$/2 is the area of a nor iclidear le 1 wit! 


the three sides of is the 
ratio of tl 
tov—?p 
Cones 
now eas 


means of 


C(u’wu UK 


It has been so designed that, with a= x2 and n=1 or 2 
depending on the individual term, the integrals in Eq. 

4.10) are convergent, reduce to zero for u=x°. 
and that » satisfies the condition (3.16) if a similar 
condition holds for nm -. The second point is essential 
for the correct renormalization according to Eq. (3.13). 
rhe factor 1/(u—v) in the integrands is to be inter- 
preted as the principal value. 

The equation of motion for p(zz’) may be treated in a 


i , Similar way. We have namely 
As the last step, w ) , and F 


again the “imaginz 


compared for a given p, 


he relation between 
the »’s obtained except at the point 


ce. At u gl 
Vs - 5(yvy—z)(dx)4 dy)', 
p™ : . 
or substituting the parametric representation, 
ig 
5(p+qt+k)dpdg 


2r)* 


trl tysr, ipy)ysr;(—igy)*’ ] 
p? +a) (¢+6) (e+) 


X my (urw)dudedw, (4.12) 
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which is of the same nature as Eq. (4.2). We quote the 
final result only. 

re 

v(w) =5(w—p?) +——_ — 


u — pe 2 


2x 


S(urw) 
x| - Ay: (uew) ny (urw’) 


Ww 
2 S(urw’) 
- -- Ay: (uvw’) 
” , 


Ww 


(4.13) 
Xr», (wre) Jaded’ 


1 0 
Ay): (urw) ( ), 
0 3(w—u—?r) 


(ii) The three-body Green’s function p(xyz) obeys 
the equations of motion 


yO+«) 2p (xyzt) = - ig fw p(xy)p(siz 7) 
° 


; 


t+ p(xx as vy OL) (ys5ri)at ae | 


x 5(x’ 2) (dx’)*(dy’)4, 
of which we will consider here only the first equation. 
Going over to the Fourier component, we get 


(ipy+ x)p(pqk) ig 57 [ 7) pis(k)b(p+q-t k) 


1 


(2x) 


focoroniv' ss p'+k'’—p)dp'dk’}. (4.15) 
We may divide p into p, and p», corresponding respec- 
tively to the two terms on the right-hand side. Inserting 
the expression for p(q) and p,,(k), Eqs. (3.2) and (3.4), 
we find easily 


Pa (pak) = 


(—igy)*n (v)»(w) 
x f —drdw, (4.16) 


+ p){ k*?+-w) 


or using the representation Eqs. (3.26) and (3.30) for 
p(pgk), 


Ven (urw) = g(—«)'5(u—x*)n-(2)v(w). (4.17) 
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As for ps, it may further be divided into two correspond- 
ing to the two terms of Eq. (3.41): 


p(p’gkk’) =5(p'+¢+k+h’)(1+C) (ip’y™ 
X (i(p’ +k, v))*(— toy) (7) Mpageng, 


which we call ps’ and p,”. Let us first consider p;"". We 
have to carry out the integration'® 


—$ 
I (pqk) — 


(29r)* 


(ip’y)5(p’ +k’ — p) 


dp'dk’, (4.18) 


xf | 
(p’*+- ii) (R’?-+-wW) ((p’+¢)*+-41) 


which is similar to the lowest order vertex part repre- 
sented by the Feynman diagram Fig. 2, so that we 
would expect to find J, in the form 


[i(ap+bq), vy} 
p= f Lotion. 
(p +i) (¢?+8,) (+) 


Xf (myvyw,)duydt dw. (4.19) 


To obtain directly the renormalized finite expression 
for J,, we again avail ourselves of the method used in 
connection with (7). J, is the Fourier component of the 
quantity 


[ (v0, Ar™ (x—y) ] 
K Ar’ (x—2) Ar? (y—s). 


I, (xyz) = 
(4.20) 


Let us then ask for that part of 4, where all the three 
internal lines p’, k’, p’, +-& contribute to real processes. 
Suppose that po>O, ko<O (or po<0O, ko>O), and large 
enough to create real processes. In this case the internal 
“real” particles must be moving in the direction (o1 
and p’+q point 


/ 


opposite) indicated in Fig. 2. Since p 
to opposite directions seen from the external line g, 
q cannot create a real process under such circumstances. 
This means that when the two denominators p+, 
k”+4-w become zero, the third does not, which amounts 
to a certain restriction on the range of the values of u, w, 
and s,;. At any rate, the “imaginary part” of J, arising 
from the above mentioned process comes, using Eq. 
(2.5), from the e-independent part of 


—¥ 6(+ (x— y))0(+ (x—2))0(+ (y—2)) 


x[ (79,94 wt(y~— y) ja“ t(x - 2)A Ey z) 

l+e(x—y) lae(y—z) 

I ,0,PA*(2—-9)] 
) ? 


- “ 


5 “KA t(x— 2) Ave(y—z), (4.21) 


In case s;= ©, it reduces to the type of Eq. (4.3). 
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which leads to finally get 


’ 


16x? S*(14;0;w) 


Vat uty w)) 


XV mi-4 
X(—VatY uty 
4.5%7a = 2(u,;+u—w)o,— (u,;+2,—7 
Vy — 51) Uy 
(u;+u—w)(u,4 
) 


is the area of an Euclidean triangle with the 


lar relations 


VMatrVuZY wW12 
VUutYumrV y- 
Wit Wy >V/%}- 


e domain of the variables together with 


-V SITY P 
(4.29 
VurVutys 
lition simply indicates the threshold values 
k®, and —¢ for creating real processes. 


us obtain 


Equation 


| form, and we do 


not know 
analytic « 
OF ?, } q 
pole 
becomes im h is certainly convergent [ witl 


vithout use of the 
factor under ti 


modified formula (3.19) ] because of the triangular rela- 
ion (4.28). The 6 factors in Eq. (4.24) have dropped 
out also because of the triancular relation which effec- 
Hence the « in ?; should I [ tively takes care of them. J, being tl 


us determined, we 
above. al 


substitute it into the equation for 


du,dt du 1 ludrdwd: 


We put the representatior 1 the left-hand side, divide the whole thing by ipy+x, transform 

products of factors like 1/(¢°+ P+) on tl tht it ial fractions, and compare both sides (or their 

imaginary parts) for a given set of p*, ¢? an ill not write down the ensuing relation between yyay-”’ (4,0 
£ YI g 10) 


and pry---rg(urww's)Sy) since it is too con ue to the spin matrices. 
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We are left with p,’ that corresponds to the first term of Eq. (3.41). The integral to be considered is now” 


_ (ip’y)M[i(p’+k, vy) )%3(p’ +k’ —p) 
Dp2(pghk)= — | err ———__—___________dp'dk’, 
(2x)*J (p?+a)(k?+w’)[ (p’+9)?+ 8: (p' +h)?+ 8s] 


(4.32) 


which contains four denominators. A Feynman diagram for this is given in Fig. 3, where four external lines 9, k, k, 


and — p—2k=q 


f# ap+bg, vy) [i(cp+dg, y) P*— Ab(2—d,—A2) 
Ty no” $$ seunetl 
(p?+ ii,) (R2+-W,) (2+ D,) 


To the simultaneous “imaginary part” for the three 
denominators of Eq. (4.33) with po>0, ko <0, (p+k)o= 

-go>0, for example, corresponds the following part of 
Eq. (4.32): 


“Im” Daare 


2(mi)* 
f ip'’y)(i(p’ +k, vy) P25( p+ a)d(k?+-w") 
(23)* 


, 


X5((p'+4)?+51)6((p 


; 


+k)*+-52)0(p’)0(k’) 


-p'—k)a(—p"—9)} 
X5(p'+k’—p)dp'dk’. (4.34) 


xX {O(p +k)O(p + q)+6 


By a procedure similar to that for Eq. (4.22) as ex- 
plained in the Appendix, this yields 


“Im’’Jo 


g( 4,0) Wy 


\ w’)0 Vo tal w'— 52) 


V S20 MU V Sin u) |, 


—;— 4), 
2) + 2acu, 


+-2bdv;— (ad+ bc) (uy +01—w). 


, the integration reduces to the type of Eq 


k come in. We assume the representation 


(4.33) 


£\ yt iw, duyds ;dw). 


Finally, we piece together the equations for v4, »»’, 
and »v,” to get one for the total »,-. The renormalization 
has not been completely taken into account since »- 
may not yet satisfy the required boundary condition 
(3.33). If we “correct” it to the value Eq. (3.33) we 
get the properly renormalized equation. The remaining 
part of the spectrum is already correct, and will not 


be affected. 
5. DISCUSSION 


The significance of what we have achieved here seems 
to lie in several points. To begin with, the Green’s 
functions which have rather complicated transformation 
properties have been expressed in terms of the v func 
tions, or spectral functions, which are real scalar func- 
tions depending on scalar variables only. The Green’s 
functions thus obtained satisfy the various requirements 
of field theory, including relativity and causality. It can 
easily be seen that the formulas given in NI for some 
scattering matrices are compatible with the present 
results. Our new representations are more general in 


the sense that they show the complete dependence of 


q-k 





tH 


‘ 
\ 
% 
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Fic. 3. A Feynman diagram corresponding to Eq. (4.32). The 
arrows beside the lines indicate the direction of motion of the 
“free” particles when the real processes corresponding to the 
“imaginary” part considered in the text are realized. These real 
processes occur across either set, A or B, of broken lines (inter 
mediate states 
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the matrix on all the variables. The results of NI follow 
from the present ones, but the converse is not true.” 
As a matter of fact, our derivation of the formulas in 
Sec. 3 is not to be regarded as a proof; if we start from 
the fundamental assumptions I to IV, we do not know 
a priori whether we may use Eq. (3.17) rather than 
Eq. (3.19) to express the general Green’s functions in 
terms of the v functions. Thus in order to confirm our 


formulas we would have to show that they are actually 


consistent with the equations of motion connecting 


different Green’s functions. This was done in our paper 
up to the four-body functions. 

One undesirable character of the old formulas was 
that the density functions p introduced there did not 
seem to be uniquely defined, and there was no physical 
reason to prefer one over the other. In the present case, 
on the other hand, the v functions have a well-defined 
meaning since they may be related directly to matrix 
elements of the “real pro esses.” 

As for 


tained two remarkable results. One is that the equations 


he problem of renormalization, we have at- 


vy functions are in a manifestly re- 


j 
and 


of motion for the 


normalized form, involve only renormalized con- 


stants. The other is that renormalization can be per- 
formed by making use of causality, together with the 


boundary condit 


ion for the held operators at infinity,” 


instead of going through the usual subtraction pro 


cedure To put it more pre¢ 1Sé ly. t} e rea} ‘or dispersive 


part of 1 


a renormalized Green’s function is determine 


it, 


from the imaginary (or absorptive) part via causality 


part is connected with the 


Part of the imaginary 


corresponding part of different Green’s functions via the 
equations of motion; the rest is theoretically at our 
disposal, being of the nature of a boundary condition 


(or inhomogeneous terms in the equation) which is 
fixed by the given fundamental constants, namely the 


} 


e couplings, and 


masses and th which finally controls all 


the quantities. The definition of the coupling constant 


Is more or less a matter ol convenience, and there is no 


absolute reason to prefer one to the other™: it 


* The 


Mk lb(p+i 


Ideas related to ours LIsO Deer [> H 
and W. Zimmermanr « imento (1952 
Symanzik, and Zimmermar uo mento 1, 205 
sigruifcance of Causality bl Y 
noticed by Stueckelberg 
and T. A. Green, Helv 

2G. Kallén, Nuovo cin 


ann, 
The 


normalization has been 


1955 


Stueckelberg 
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be sufficient if the relation between different coupling 
constants were known. 

The equations of motion for the v functions are the 
fundamental relations in our theory, which should pro- 
vide us with all the necessary information about the 
system, though we do not know yet whether they have 
meaningful solutions at all. Neither are we quite sure 
whether the present renormalization is completely 
equivalent with the usual one. In the lowest approxima- 
tion it seems to be the case (except for the slightly 
different definition of g), but it is well known that a 
self-energy operator calculated to a certain approxima- 
tion can give rise to spurious singularities of p(xy) or 
p(zz’) which may violate causality. It would thus seem 
that causality is necessary as an additional requirement 
to perform a consistent calculation if one believes in 
microscopic causality at all. 

Kallén'’ has investigated the nature of the renormal- 
ization constants, and has shown in particular that we 
run into contradiction if all the constants are assumed 
to be finite. In the present paper, not much attention 
has been focused on this problem since we have been 
trying to do away with unobservable quantities. The 
relation of the v functions to the renormalization con- 
stants is discussed briefly in the Appendix. 

To make a complete study of all these points men- 
tioned above, it would be necessary to extend our 
formulation to the Green’s functions of all orders which 
are connected by the equations of motion. This will be 
done in 


1 
cated, 


a separate paper. Though somewhat compli- 
there seems to be no essential difficulty. It 
would also seem possible to give a similar formu- 


lation for the relativistic wave functions such as 


0! T (W(x), ¢(z),---)| P) which have been studied ex- 
tensively.* Among other things, the bound state or 
scattering problems may be handled conveniently in 
our formulation, and a new insight into the boundary 
condition may be obtained. 

The author would like to acknowledge his gratitude 
to Professor Goldberger and Dr. Freese for their interest 
and enlightening discussions. 


APPENDIX 


1. Renormalization Constants 


In order to study the various renormalization con- 
stants we must start from the renormalized Lagrangian 


(2.9) which leads to the equations of motion 


- a 1 — a 
yOr Kiy= igZ3'Ziystigw — bw, 


u*) p= 1gZ Zire 
— duo; ~\Z Zeiger, 


and the commutation relations 


(War (r) Warr’) =Z27 (Ya) ag. (7-1 
d dt |=iZ; §45(r—r’). 


cm 1 Aw. (¢’ 
LOi\l), Coals 


(A2) 
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The equations of motion for the Green’s functions 
become thus 


(y9+ xo)p(xy) = —iZ6(x— y) — igZe*Zyysr5 
x (0! T(e#(x),0(y))|0), 
(DC —po®)p(22’) = iZ 5-5 (2— 2’) +-igZs71Z, 
«x (0 T (Wyeth (2), ¢;(2')) 0 
—AZ31Z,(0| T (gig? (z),¢;(2’))|0) etc., 


(A3) 


where we have put 


Ko=Kt+bx, poe =y*+su’, (A4) 


denoting the mechanical masses. 

We will treat all the constants Z;~', dx, and dy? as if 
they were finite quantities. Taking the Fourier trans- 
forms, we substitute the parametric representation on 
the left-hand side. But this time we rewrite 


(ipy) nity 
t(ipy +0) f du 
p+ 


(UV, Kg) 


di. 
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pretending convergence of each integral on the right. 
Comparing this with the right-hand side of Eq. (A3), 
we see that the first terms of Eq. (A5) must correspond 
to the first terms of Eq. (A3) since the other terms 
would have no singularities of the delta-function type 
if they were finite. Thus 


fo u)du= Zs", freee Ze% 


Next we differentiate Eq. (A3) once more and obtain 


(A6) 


(yO+ xo), 
iZ 31 ( 7 TA+ xo)d(x y) 
(gZ3'Z,)*(0| T(ysriga (x) Pysrye;(¥)) 10), 


> 


79+ Ko) p(xy) 


).(C —po*),-p(22") 


/ 
e ) 


ud yA 
(gZ3'Z4)*(0| T (Pysrh(s), Yretw(2'))|0 
NZ 572 8,8 (s 


(A7) 
2’ )[ (0! o,27(2)10 
+ 2(0} pige(z)|0) ] 
iAgZ 5 *Z ZO! T (gigs? (2), Wystw(2')) 10) 
+ (O| T (Prsrh (2), ¢) 912 (2"))|0)] 
+ (AZs'Z4)*(0| T (eige?(2), je F(2'))|0). 


The equations corresponding to Eq. (A5) become 


L» 
lu if ipy+ko)vidu+ if (or +-vo)du 
ii 


if du, 


i(k? +p f 
k 


Comparison with Eq. (A7) leads to 


KoZa fo u)du, 
fo — w)vdu ScAZ3 ‘LZ, 


uoZs” f w)wdw+5crZ3"*Z, 
viw) 

} 0) g(x) g(x) 0 ff dwdk. 
P+ wp 


If we take beforehand the Wick product® 


5.0 


CiPi\ Oi Se 
/ 2 2 2] 
+( 97) eu) +2 eign? J, 


in the Lagrangian, the term with c will be absent. 


(yd T Ko) 2\ Y 


tpy){ (K+) e+ 29} + 2eumy+ (+0) 


{A8) 


Now let us consider the three-body Green’s functions. 
The equations of motion read 


(y0+- xo)p(xyz) 


igZ7"Z(0| T (ysryeph (x), Wy), g4(2)) 10 
igZsZ [57 /(0| T(e)(x),¢s(2)) 10 
x 0] T(x) ,b(y)|0)4+-- 
j— po" )p\ zz 
= 1gZ3'Z (0) TW (x),b(y) Wrst (z)) | 0) 
igZs'Z,[(O| T(x) W(2)) |O)yeri 
xX (0! T(z), (y))|0)4+ +--+], 


aa os 
O-+ Ky) yp XYt 


= (gZ2'Z1)*y57{0| TWej(x), Won (y),ei(z)) |O)vere 
T 27+ *Ziyst A(x y) 


X (0! T(g;(x),es(x))|0), ete. (A10) 
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Finally we take p(z,---z,) which obeys the equation 
OC —po*)p(21-- +26 
= AZ i 7/0 T( an 

+ ig 0 oe Tre 
=AZ;7Z,[ 2(0! Tt 


A, 


(3.46), we con- 


\dw,;=2Z4Z; 


ZZ 
[] dw,= 202.254, 


defined l n Eq (3.47 


2. Evaluation of Some Integrals 


n easy way of evaluating the integrals in 


take Eq $7 Let 


ip’dk. (A15) 


are related to each other as shown in 

functions in the integrand demand 

f the vectors p’ and & be kept fixed as 

tor p itself, so that the triangle pkp’ 

pe al d can rotate in the four-dimensional 

around the vector p. We may thus write Eq. 


Al5 


iP, (A16) 


P is the apex of the triangle opposite the vector 


zed into two, namely 

| that resulting 

triangle (or the point P) ina 
e-like space ort! ogonal to it. 
ntegration gives the Jacobian 

(uw)*/S 


ratio of the area of a square with the sides 
to that of the parallogram (denoted by S$ 





STRUCTURE OF GREEN'S FUNCTIONS 


formed with the vectors p’ and k. The second integra- 
tion gives the surface area of a sphere 


4h’, 


where / is the height of the triangle seen from the 
base p. Thus 


nS 
So 4 = : - = 
rah i 
and S may be expressed in terms of the three sides of 
the triangle: 


(A17) 


| p” { b'k) (p?+k— p*)? 


Sta | = p/h? (A18) 


(p’k) | 
We have not been careful about the indefinite character 
of the metric in Minkowski space, but go is obviously 
a positive definite quantity. From physical considera- 
tion, on the other hand,we must have+/ — p?>+/u++/w 
which is contrary to the usual relation for the three 
sides of a triangle. S must then be 


S= {l(t /wlt+ PIL /u— fw) + Py}. 


For \=1, the vector p’ in ip’y gets simply projected 
onto the axis p as a result of the second integration, 
so that we get 


(A19) 


$1=clipy)So, 


t—R? p+w—u (A20) 


c= (pp’)/P 


Next take the integral in Eq. (4.22), 


g,/=>_ fo + p)0(Fk)O(+ p’)0(+ p’+9)0(+k’) 


x f ip’y ee) p”? +-)d p’ t q)’ +s) 
x5 (k+w)5(p’-+h'— p)dp’dk’ 
1 


- 4 
és 
S(uws)? 


x f (ion p'| —V/u)6(| p’+q)/ —s) 


X5(| k’| —w)d(p’+k’— p)dp'dk’. 


Fic. 5. Vectorial relation 
for the integral (A21). 


The vectorial relations are shown in Fig. 5. This time 
the three vectors p, g, k and the lengths of the vectors 
p’, k’, p’+q are fixed, so that the shape of the tetra- 
hedron in Fig. 5 and its base pg are fixed, while the 
apex P is movable with one degree of freedom in the 
four-dimensional! space. The integration may be factor- 
ized into that within the space of the tetrahedron and 
that in the complementary (space-like) space. The first 
yields the Jacobian 
(uws)'/A 
where A is the volume of the parallelopiped formed with 
the vectors p’, k’, p’+-q. The second gives the perimeter 
of a circle 
2xh’, 

where h’ is the distance between P and the base plane 
pak. Thus 

> (wws)! sf deep > 


, ehh! venats 
£mn 


Go 
S(uws)' A 


—~ 


=> 0(+p)0(+k), 


S being the area of the base triangle. 
The factor ip’y in 9,’ goes, as before, into its projec 
tion onto the plane pgk, so that 
9;'=[i(ap+bg, y) }9o. (A23) 
a and b are determined from 


(pp’)= ap’ +a(pq), 
together with 
(pp’) 
(p'9)= 
(pg bas 


(gp’) = a(pq)+-b¢, 


to 


= (p+ p'?— k’?) 
— (p?+¢ (p’+q)*) 2 = ( 
p+ ¢ k*) /2. 


2= (pP+w—u)/2, 


s)/2, (A24) 


gu 
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Connection Between the S-Matrix and the Tensor Force 
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CONNECTION BETWEEN 
The general position- and spin-dependent potential 
between two particles is of the form™ 


(1.1) 


U(r) =04(r)+2.(r)o1-o2+ 04 (7)Si2. 


When this is applied to the wave function of two spin 
} particles in a triplet state, whose two relevant radial 
components, of the /th the (/+2)nd angular 
momentum, may be combined in the row-matrix or 
vector 


and 


U=(u,w), 
and whose spin-angle components are 
V=(¥ 5.00" ,V 5.42.0), 
then, in matrix notation, 


VUYT=UVY’'. 


Here V is a real, symmetric (2X2)-matrix whose 
elements are functions of r alone. For /=09, 


{ 2v20; 
V= ; 
2V20, 0.—20, 


where” »,.=04+1,. Only two of the elements in the 
matrix V are independent. 

From the point of view of the S-matrix any restriction 
on V beyond symmetry and reality is unnatural. No 
criterion is known for the scattering to arise from a 
potential V that satisfies the condition necessary to be 
associated with the VU of (1.1). In order to remove this 
restriction, a spin-orbit potential of the form »,(r)S-L 
added to (1.1 


must be Such 


property 


a potential has the 


v,(r)S-LUY? 


J I S 0 
Le nu( )r 
: 0 P 1+2yY—-S 


Consequently, the potential 


U' =0a(r)+0,(r)o;-o2+ 07 (r)Siet+2,(r7)S-L, (1.2) 


when applied to a triplet state wave function, manifests 
itself as a matrix-multiple of the radial part, UV (the 
spin-angle matrix that always multiplies from the right 
being neglected (2X 2)- 
matrix function of r and otherwise unrestricted. The 


), where V is a real, symmetric 
matrix V and the set of three potentials v,, ,, and 0, 
stand in one-to-one correspondence to each other. 
Among the latter it is the tensor force alone that 
] 2)nd 


produces coupling between the /th and the (/4 


angular momentum. 


2. SOLUTIONS AND THE S-MATRIX 


In view of the statements in the introduction, the 
Schrédinger equation for the radial part of the wave 
function containing the components of angular mo- 
mentum / and /+-2 can, in the presence of the potential 
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v’ of (1.2), be written as follows": 


VW" (Er) + EY (Er) = (Ew) [rr *4+- 1) (1— P) 


+-7-2(14+-2)(14+-3)P+V(r)], (2.1) 
where 
0 0 
P= (2.2) 
0 1 


and V(r) is a real symmetric (2X 2)-matrix function of 
r;W(E,r) isa (2X2)-matrix whose rows are individually 
vector solutions of (2.1). “A solution of (2.1)” will 
always mean such a square matrix of two vector 
solutions. 

In the space of 
define a norm: 


(22)-matrices it will be useful to 


Mai), (2.3) 


VU 2 max | 


a 


which obeys both the triangle and Schwarz’s in- 
equalities. Furthermore, we use the notation IN(s) for 
valued) whose sth 


(matrix functions 


absolute moment exists": 


the class of 


U (ryeMm(s) tf drr*|M(r)\ <m, 


rhe assumptions on the potential will not be entirely 
fixed. For the main purpose it will be assumed that 
Ver(O)F)on(5), although for 7=0 it will suffice that 
Vem (0) (4+46), 6>0. For the one 
theorem concerning the behavior of the S-matrix at 


(2.4) 


purpose of 


low energies (see the end of this section) we will need 
Veo (0) 9 (214-6). The only other assumption, needed 
in Sec. 5, will be 


x 


i) drr| V(r+-R)—Vi(r)| <CR®, for some 6>0. (2.5) 


Several different kinds of solutions of (2.1) will be 


used. The first is G(k,r), (k°=E), which vanishes at" 


" Differentiation with respect to r will be indicated by a prime; 
r is the radial distance in units of A/mcv2, E the energy in units 
of mc, V the potential in units of mc; m is the reduced mass if 
(2.1) describes the interaction between two particles. The first 
derivative with respect to 4, where = £, is denoted by a dot, 
the second by a dash 

4 The symbolism customary in mathematics is used : “e” stands 
for “is a member of;” “CV” stands for the intersection of two 
classes, i.e., the members of off on, are all elements which are 
both in 9m; and in Mz. 

4 It is well known that, in contrast to the scalar case (i.e., with 
no coupling between different angular momenta) in general no 
“regular” solution can be defined for the tensor force without 
interference with the logarithmic term. (There is one regular 
vector solution without a logarithm, but the second row of the 
matrix solution generally contains log r.) It is correspondingly 
difficult to define this solution by a boundary condition. The 
obvious integral equation for this solution diverges at r=0 unless 
the existence of large negative moments of the potential is as- 
sumed. If to the inhomogeneity of this integral equation, however, 
a judicious (V-dependent) multiple of the solution of (2.1) with 
V =0 is added, the integral is made to converge. The result is (2.6). 


“ 
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r=(). It is defined by the integral equation If we define a Wronskian matrix” 
: eee [b; v ) =O(r)v" (r)—' (r)¥7(r), (2.13) 
Gtk) =Gol ky) + 21+-3) dit 1—P)} (1)Go(k,r) 
which is independent of r if both ® and W satisfy (2.1) 
oo (due to the symmetry of V), then 
+ f dtl G(k,t)V (1)G(k; tr) , 


[G;G]=0 (2.14) 

21+-3)t*(1— P)V (1) PGo(k,r) |, 2.6) , - : 

; ; . An “irregular” solution J(k,r) of (2.1) that for all 

which, if VeIN(0), has a unique solution obtainable by r>0 is an entire function of & and satisfies the equations 


successive approximations.'* The following functions 


(1;G]=1, (2.15) 


occur in (2.6): the free solution 


(1; 1}=0, (2.16) 


to 


k u,(kr 0 
Golky ° : , a ie in ae . 1 : Te 
a F by can be defined as follows. Let ¥;(k,r) and wW2(k,r) be 
4 isl R ae . . : #, 
two solutions of (2.1) fixed by the boundary conditions 


Vi(k,I)=P2'(RA=1, oa’ (k,1) =2(k,1)=0. 


and the Green’s function 


e(k: ty 0 gs ie Bey 
OC(b- tr ( ) I<y ze They are entire functions of & for all r>0. Let 
j . { _ ? 
) ir 


ici G(k,r)= M," (kW (kr) + M2" (k)W2(k,r), 
nere 
rik-ty k uj(h kr (kr 1,(k,r)= NalkWilkr)+Ni(Re(hv). 
1)'k[ wy (kr )w,( — kt In order for J,(k,r) to obey (2.15), N; and Nz must 
kr )w,( kt 29 satisfy 


4,(2 . V,(k)M1(k)+N2(k)M.(k)=1. (2.17 
, ) {) > : . ° ° 

wm \4), 2.1 Both M, and M; are entire functions of k. Moreover, 

r)=4 1)** v)+inu,(x) }, 2.12) shows that, for every ko, the only vector a with 


; mae sis ‘ —— he property M,(ky)a= M2(ko)a=0 is a=0. It is proved 
£110) ire t Sit Ss ri SSE] : - i 
.. \ Appendix B that under these circumstances there 
functio spher ¢ 4 ons, a spner ii th y » . : , ,47 
Hankel { o the fens ; The ¢xist two matrices V, and Nz which solve (2.17) and 

annkel ! > il h respectiveiy ! . ° . . 

; " are entire functions of k. Because of (2.14), the 

solution Gla DI 6) and (2.1 s*’ an even, entire 


with y= Imk, I (kr) =[— N2(k)+A (k)Mi? (k) Wilkyr 
l P (y kr l P k ’ Sin kr Le] l +{Ni(Rk)+A(k M.7(k W2(k,r), 


Ok P is | k x where 
2.11 b T(h } 
PG(k yr) =P k sin(kr—42nl)1 A(k Va(h)Ni" (k)+ BR), 
tO(k-“el*'r) |, as [Ri = and B(k) is symmetric and an entire function of &, is 
and then an entire function of & for all r>0 and it satisfies 
. ) , oth 25 nd (2.16 
1— P)G (kr) = (1— P){C (214-1) both (2.15) and 286). 
\ further solution of (2.1) is defined by the boundary 
+Olr'*?)). as r—A) : ’ ? 
»12 condition 
} , was . 7” . fc. \* */ 
PG (kyr) = PU (214-5 ry lim exp[i(kr— 42) |SF (kr) =1, (2.18) 
LOlr }, as r—0 — 
where 


* See Appendix A for the proof 1 0 
* See, for example L. 1. Schiff, Quantum Mechanic McGraw & (2 19) 
Hill Book Compan Inc., New York, 1949), + 77 tf. The a, : ee 


fun ns w#; and % are identical with those used by Walter Kohn, 

Revs. Modern Phys. 26, 292 (1954) and are called j; and m; ir = : a 
reference 6 If Veon(3), F(k,r) is an analytic function of & in 
Nn entlens aaalvttcle —— when annlied % ‘ i ~ 

rhe notions analyticity, ¢ uity, ete., when a 4 Imk <0, continuous for Imk <0, except at k=0; at the 
itrix valued function, are always meant to hoid ior eact atrix . ’ 
element latter point, 


* Such a regular « luti m can presumably be defined under the K(k) F (kyr) =F, (kr), (2.20) 


genera aiverges 





; wetehe 
It will, however, in the following be convenient to have an With 


equation for G whose series of successive approximations cor K (k)=k(1-—P 4+-R'+2P. (2.21) 








verges. Therefore it was assumed t! Vem (0 
* Throughout this paper, ations O and e will be used to * A superscript T will stand for transposition, an asterisk for 


mean a meérix all of whose elements are O or complex conjugation 
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is continuous. The asymptotic behavior in Imk<0 is 
the following"*: 


F(k,r)=exp[—i(kr—4nl) ]8+O(re'"""), 
k#0, (2.22) 


as fo, 


F,(0,r)= (21-1) !!1— P) [1+ 0(r-**) ] 
+ (2/4+-3)!!P[r-**1+o0(r*)], r-@, (2.23) 


F (k,r)=exp[—i(kr—4nl)]6+0(|k|e-!"!"), 
as |ki—>02, r>0. (2.24) 
If's Vem(2), then” PF,(0,r) exists (for r>0); if 
Vem(4), so does (1—P)F,(0,r). If Vem(3), then 
PF (0,7) =0 and? PF,(0,r) exists; if Veon(5), then, 
for 1>1, (1—P)F.(0,r)=0 and (1—P)F.(0,r) exists. 


The same is true for the first derivative of F with 
respect to r. 
The solution F (k,r) satisfies, for Imk <0, 
CF (k,r); F (kr) ]=0, (2.25 
and for Imk=0, 
[F (kr); F(—k,v) ]=2i(—1)'l; (2.26) 
for real k it also has the property 
F(—k,yr 1)'F*(R,r). (2.27) 
By means of the definitions” 
F (k) =(F (kyr); G(R) \K i(k), (2.28) 
F'(k) = —([F (kr); [ (kyr) JKR), (2.29 


G(k,r) can readily be expressed in terms of F(k,r) and 


F(—k, r), for Imk=0: 


G(k,r) = (21k) 7K, (k-)[ (— 1)!F 7 (k)F(—R, r) 


FT ( om k)F(k,r) }. 


(2.30) 


Similarly, F(k,r) can be expressed in terms of G and J, 
for Imk<0: 
F (kyr) =F'(R)Ki(R)G (kyr) + F(R) KURO) (k,r). 


(2.31) 


The function F(k) is of fundamental importance in 
the following. It is analytic in Imk <0, continuous for 
Imk <0, except possibly at k=0, where 


F(R) =KAUR)F(R)K Uk), (2.32) 
however, is continuous. The statements following (2.24) 
apply to F,(0): If Vem (0) (2), then PF,(0) exists; 
if Vem(O)Fm (4), so does (I—P)F,(0); if Vem(0) 
(mn (3), then PF,(0)=0 and PF,(0) exists; if Vem (0) 
(yon(5), then, for 1/21, (1—P F.(0)=0 and (1—P) 
< F.(0) exists. Furthermore, if Vem (0) (1), then 


F(k)=14+O0(k"), as |k'— = in Imk&<O0. = (2.33) 


In contrast to (2.27), F(k) has the property that for 
real k 

F(—k)= F*(k). (2.34) 
% The functions F(#) and F’() of (I) although defined differ- 
ently, satisfy (2.28) and (2.29) mutatis mutandis. 
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Finally, insertion of (2.30) and (2.26) in (2.14) yields 
the relation 


FT (k)F(—k)=FT(—k)F (a). (2.35) 


The S-matrix™ is obtained from (2.30) and (2.35) as 


S(k)= F(R) FO (—R). (2.36) 


Owing to (2.35) it is symmetric, and due to (2.34), 


S(—k)=S*(k)=S-“(k), (2.37) 


which, together with its symmetry, demonstrates its 
unitarity. 

It is well known that for central potentials sufficiently 
small at infinity, the asymptotic phase (jlog ImS) of 
the /th angular momentum tends to zero at k=0 as 
k*+!, provided there is no bound state (of angular 
momentum /) with zero binding energy.* The general- 
ization of this theorem to the present case is given in 
the remainder of this section. 

It is proved in Appendix A that, if Vean(O)N m2 


+6), then 
ImF,(k) = (l— P)O(k#+)+ P O(R*), as k-0. (2.38) 


Suppose now that detF,(0) #0. Then, owing to (2.36) 
and (2.34) 


S(k) = Ko(k)[1+iImF,(k) (Ref, (k))™ 
x1 
O(R**") 
1+( 
O(k'+8) 
The modification of this statement in case detf’,(0)=0 
will be given in part (d) of the next section. 


iImF .(k)(ReF (Rk) yolk) 


O(R***) 
), as k-0. 
OCR) 


(2,39) 


3. BOUND STATES AND RESONANCE 


a. k#0.—Suppose that for k= ko, Imk <0, detF(k) 
=(), so that there exists a vector a #0 for which (2.31) 
yields 
(3.1) 


aF (kor) = aF’ (Ro) Kil ho)G (ho,r). 


The vector solution uF’(ko,r) of (2.1) thus vanishes 
both at r=Oand r= ~ ; at the latter point exponentially. 
This means that —&¢* in an eigenvalue of (2.1), or the 
energy of a bound state. One can show from (2.15), 
via (2.12) and similar estimates for G’, that 
I (kyr) = (1— P)L(21—1) !'¢-"14+-0(r-) 7] 
+ PL (21+-3) ! 9-414 0(r-)), 
as r—); (3.2) 


consequently, 


limb/ (k,r) =0 implies b=0. (3.3) 


% See C. Moller, Kgl. Danske Videnskab. Selskab, Mat.-Fys. 
Medd. 22, No. 19, 19 (1946). 

* This theorem was proved rigorously for central potentials 
in m(2/4-2), by David S. Carter in a Ph.D. thesis at Princeton 
University, 1952 (unpublished) 
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which satisfies** 


rangeP,,=kernel(1— P,,)=kernelF(—iK,). (3.10) 


It describes the mixture of angular momenta for which 
K,2 is a bound state energy, in the sense that if the 
ratio of the two components of the bound state wave 


¢ 


: ) 
tion is asymptotica!ly equal to c, then 


unt 
3.10’) 


related to the probability ratio of 


the two states in the sense in which the ground state of 
the deuteron is a 4° D-state. The connection between 





the two strictly speaking, involves the potential. 

If {—K,?}, n=1, ---, L, O<Ki<---<K_z, are the 
bound state energies and P, the corresponding pro- 
ections fulfilling (3.10), then one defines a matrix 


R= R_(k) as follows: 


It was proved i I), Sec. 3, that F ind Sw» have all 
e releva roper sof F and S: / R) 1S inalytic 
for Imk <0, continuous for Imk<0, except at k=0, 


las k'—*; Sy is unitary and symmetric 





and satisfies (2.37). In additio1 owever, Fy~'(k) is 

so analvt rIimé<O 

b, k=O, 1>1.—It is evident from (2.23) that for 
i 1, F,(0,r i S square egrable at infinity. It 
s erefore aga ear from (2.31 i necessary 
and sulhoent cor d tion tor k ) to be the energy of a 
Db 1 state, is that detF, 0 (0): i.e., that there exist 
1 vector a#0 so that aF,(0)=0 and therefore 

aF (07)=aF, (0)G(O47 3.15 

It is now, however, not true that &F,-'(&) is continuous 
it k=O. We shall prove that &*F,-'(k) exists at k=0 
i 1 su and ) Vy il k 0 is an eivgeny alue. it does not 

i s eT 

A ‘ 2 he range a atrix 
\ s ‘ there exist ve $ S at 

VW is set of all x so that +V By a 

‘ i a tent atrix, ” f 





CONNECTION BETWEEN S&S 
Consider the system 
aF ,(0)=0, aF +bF,(0)=0. (3.16) 


By (3.15) both aF,(0,r) and aF,’(0,r) vanish at r=0. 


Moreover, since F,(0)=0, by (2.31), 


bF .(0,r) = bF /(0)G(0,r) + bF,(0)7 (0,7), (3.17) 
, 0 
aF (0,r)=a—(F .' (k)G(k,r) |x 0+ aF(0)7.(0,7). (3.18) 
Ok? 


The second equation in (3.16) then shows that aF,(0,r) 


+b5F,(0,r) vanishes at r=0 and so does its derivative. 
Consequently 

f(r)=[aF,(0,r -aP (0.r)+6F,(0.7 ~) r—0). (3.19) 
rhe differential equation (2.1), on the other hand, 
yields? 

f(r 2aF.(0,r)F,7 (O.r)a’, (3.20 
which is certainly nonpositive (a and F,(0,r) being 
real). Now, as r= 

CaF (O.r -aF (O04 Tl aF .o(0.r -aPF (Or ), 


and similarly, 


aF,(0,r) ; bF’.(0,r) 0 
Therefore {(0)= f(« 0. Since (3.20) states that f(r) 
is monotonic, it follows that f’(r)=0 and hence by 
3.20), 
aF ,(0,r)=0. 
As r—o, (2.23) shows that 
detF’,(0,r)— (21-1 2/+-3)!'r-*, 


Th 


iverse of 


and therefore a=0. theorem of (I), 


tates that the 


ther 
nen st 


Appendix A, 


M (k)=F,.(0)+4FF, 
has exactly a double pole at k=0. Since F.(0)=0, and 
Fok 1+ M-'(k) RCA M—(k (3.21) 
where 
ROR k as k—(, 
it follows that 
Qo=limkF, (3.22) 
k-> 
always exists and 
E=0 is an eigenvalue if and only if Qo#0. (3.23) 
The sufficiency follows clearly from the fact that 
F(O/=0. 
The bound state at k=0 can now be removed as in 
the previous procedure. Let Po’ be a projection that 


satisfies (3.10) with respect to F,(0). Then 


(3.24) 
7 As (I), 
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will be used in the same way as the other R,’s. We form 
F4(k) == Roo(R)F,(kR) (3.25) 


and find that F,,(k) and F,;~'(k) both exist at k=0. 
One can then write 


F(k)= Ro" (Rk) F(R), (3.26) 

where 
Ro(k)= Kolk 1) Roo (Rk) Ko(k), (3,27) 
Fy (Rk) = Ko(k™) F(R) Ko(k). (3.28) 


; 


Instead of choosing P»’ symmetric, we make it such that 


(1— P)P,' P=0, (3.29) 


which is always possible.** With that choice of Po’ 
Ro D )= 1, 


and consequently F,(#)=1. 
(3.24) now replaces the first line in (3.11). 
Sw of (3.14) will, if 
general not be unitary or symmetric. 
that in contrast to the discussion in (1), 
S-matrix. For / 


(3.30) 


Equation (3.27) with 
The matrix 
in 
It will be noticed 
Sec. 3, Po’ is 
> 1 one always has 


=0 is a bound state energy, 


independent of the 


S(0)=1. (3.31) 

c. k=0, l=0.—Contrary to the case of no coupling 
between angular momenta, where E=0 never is a 
bound state energy for /=0 [if Veom(2)],** and for 


121 it is a bound state if and only if f(0)=0, in the 


present case E=0 may or may not be an eigenvalue if 


F.(O) is a singular matrix. Equation (2.23) shows 
that, while PF,(0,r) is always square integrable, 
(1—P)F,(0,r) is not. The criterion for a bound state 


at E=0 is therefore that PF,(0,0) As before, it 
follows from (2.31) that a necessary and sufficient 
condition for the existence of a bound state of zero 


(0) 
If det/’,(0)=0 we distinguish three cases: 


binding energy is that F, 


(1) The case of a bound state” and no oR by 
this we mean (l— P)F,(0) #0, PF,(0)= 

The case of a bound state and a resonance at the 
same time; then F,(0)=0; 

(3) The case of a resonance and no bound state, 


PF (0) #0, detF,(0) =0. 


(2) 


i.€., 


In the following we assume that VI (0)()91(4), in 
which case F,(0) exists, PF,(0)=0, and PP,(0) exists. 


We now wish to prove that Qo, (3.22), exists. 


ad If the | kernel of F,(0) is represented by (1,C), then 


7, 0 0 
Pim(t4 4); 
if it is (1,0), then P,’=1—P; if it is the whole space, then Po’ = 1. 


* See V. Bargmann, Proc. Natl. Acad. Sci. U. S. 38, 961 (1952). 
® This occurs in the lower row of F,, if 1/0. It must be remem 


bered, though, that the first column refers to S-components and 
the second column to D-components 
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. j 
Consider the system i simple pole at 
i! d we can write 





| ) 34 % ence Ov, of (3.22) exists 
SeTtiO .) oe 
Moreover, neither in case (1) nor in case (2) can 
F(k)F’T(—k)—F'(k)I f ikl 3.33 U-'(k) have a simple pole at k=0, because then 
3.32a) would, by (I), Appendix A, imply a=0; in 
If this is r ed by K ¢ K b) ¢ ; - ‘ : ' 
bho uses. however, the second component of a@ 1s ’ 
rioht re ie () s ma ‘ : : 
e right, a quite undetermined by (3.32a). Conversely, if M-(k 
3 must force a=. 


F AO/F./T(0)—F.O)F )—FJ(O)F, 1s a simple pole at k=0, then (3.32a 
FL(O/F )=2(1—-P 3.34 But since PF’,(0)=0, the lower row of F, 
ye and PF,(0)#0; we are then in case 


not Zero ana 
Consequently, (3.23 


(O) can then 
(3) 


Multip ition | ion the left and 1 ) e rignt ind E=0 jis not an eigenvalue. 
( by (3 holds also for /=0. In addition, in view of the statement 
r (3 38 


ia(1—P)a’ 2bF (O)F, 
BT ()\\qT=O , alate fee Sen 3.40) 


p , 2 26 ] 

} +3 ] f t , We are yXA 4 position to remove € singularity 

| P0 ‘ ; . a: k=0 as before. Again one forms F,:(k) by 

onseque y . : 
2 >< } ) 


1) PF.(0)=0, (1—P)F,(0) 41 


' 32h) reduces t 1— P)P,'=0 3.43 


dF, 0) both exist is straight 


previous proof in (1), 


~ , , 1% lor S co tm 
S 3. Ry of (3.27) with Roo of (3.41) again satishes 
) 5 si) 
Pigs } Gilkey AF (OVT(Os 33 I ise (3). there is a connection between the kernel 
’ f FO) a e § atrix. One 1 write 


1 aoe +" a i k V_ sh 
2 29 aT ”  anetel eve ‘k(0) does not » 
polic I ( t 
3 i : yA U 
F(O)=F,(( , 
| | | 
Vf Ff l—P)I PF (0 9.3 R(O)F.(0)+.V_.1—P)F.O 
Wi F (OYR(O)+ 1—P)F ODN l 
/ \f ! ere R(O)F,(0)=lim®(k)F.(0) as k-0. For a modi- 
e \ iriy ft t opta » 














CONNECTION BETWEEN 





The equality of the ranges of Py and Po”, together with 
(3.43), determines the former uniquely. For the S- 
matrix itself, therefore 


S(k) = Ko(k“)[1—2Po"+ 0(1) JKo(k 
=1—2(1—P) Po" (1— P)+ (1— P)o(1)(1—P 


+Po(l P+ (1—P)o(k*?)P+P otk 2)(1- P), 


and thus, because it is symmetric,™ 


S(0)=— 6. (3.46) 


d. Generalization of (2.39).—-In case detF,(0)=0 we 
now write, for /2>1 and case (1) of /=0: 
S(k)= Kot (1—k-* Po’) L1+ iRoo* ImF,(ReF 4) | 
X[1—iRoo ImF,(ReF..)7 }' (1— k* Po’) K 
= Ko [1+ 21 ImF,(ReF .)"'(1—k* Py’) 


doce i % (3.47) 


P for 1=0. This leads, for 17> 1, to 


a) a 1\ \ 
S(k) 1+( ) as k-0, (3.48) 
OCR ) 


and for /=0, since it is symmetric, to 


writes 


In case (2) of 1=0, one 


Roo(k) = (1— RP) (1— ik (1— P))[1— 2i(k/k2—1)P] 


and proves similarly as in (3.47), if VeiMm(4+6), 


0<6<1, that 
Ob) OCR) 
S(k &-+ ( . 3.48") 
Otk Otk 
in case (3), 7=0, finally 
Otk OU 
S(k &4 ( ) 3.48/” 
LOC) OF 
e. The Determinant.—Consideration of the determi- 


nants leads to a connection between the S-matrix and 


the number of bound states. If one defines an asymp- 


totic phase continuously between k= ~ and k=0, as 
} log detS (k)=in(k), (3.49 
then it is shown as in (I), end of Sec. 3, that if m is the 


number of bound states (counted twice if more than 


one mixture has a bound state at the same energy), then 
n ()+ ) n(x) 


, for /=0, if k=O is a resonance, 


3.50) 


® ¢€ is defined in (2.19) 
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4. SPECTRAL FUNCTION AND POTENTIAL 

The completeness relation is derived as in (I), Sec. 4. 
We shall give here only the necessary changes for the 
present case of the admixture of higher angular mo- 
menta. In the integral on the left hand side of (I), 
(4.2), the contribution due to the small semicircle in 
(1), Fig. 1, will now not vanish. Equation (I), (4.13) 
will therefore be modified to read 


- , 
F(r)=29r wf wae f dt (t)G™ (k,t) 
x r—e€ 


<x F.7(k)Ry2(k)F o(— Rk) TG (hr) 


2f dt (1)G? (O,1)OoF -(0,r) 


e 


2 >, [ ats | 
hus 
newl of, 


‘ 


NG,7(NC.G,(r), (4.1) 


where & denotes the principal value of the integral, 


G,(r)=G(—1tK,, r), and 
C,=—O,F.'(—ik,) ff acG.ngrine. 
x 
Jf ero. nl FonP QW" (4.2) 
with 


0, lim (#+K,2)Feo"(R), (4.3) 
—iKs 


x 
mM k) KARE (R)K AR) 
The matrix C, is real, symmetric and positive semi 
(4.2) holds for Ao=0 


From (2.31) one obtains 


definite Equation also and 


defines ( 


OoF .(0,r) CG(O.7), 


so that the last two terms in (4.1) can be combined 
into one sum of the form of the last term, m running 


from 0 to L. In view of (3.23), Co has the same con 


a bound state at k=0 as C, has with one 


nection with 


atk tK «. 
In the first term of (4.1), 


eLP.T(k) K(k) (—k)] 


(RF (—R)K i(k) RF OR) K(k) |". 
0; owing to (3.40), 


0. The principal 


As a 


For />1 this obviously exists at k 


it also does for / value sign can 


therefore be dropped in (4.1) result the com- 


pleteness relation becomes 


for E,/)dP(E)G(/ E,r) =b(t—1), 


(4.4) 
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comparison potential V;, and 


(Sis.r)= - far E.s) 


x dP; E) P(E) Gily Ew), (4.12) 


r 


then there exists a matrix function &(s,r) which is the 
unique solution of the integral equation 
R (s.r) +Q(s,r) +f dUS(s NR (tr)=0, s<r, (4.13) 
and satisfies 
2(d/dr)K(r,r) = V(r)— V(r), (4.14) 
eu 5. CONSTRUCTION OF V FROM S 


The potential V(r) can now be constructed from a 

given S-matrix, Z bound state energies, K,°, and L 

real, symmetric, positive-semidefinite matrices A, 
Except for (3.50), all these quantities are independent 

for of each other. From A, one obtains, via (4.8) or (4.9), 
P,,; by means of the procedures of Sec. 3 one then 


16 removes from S the bound states and, for /=0, the 
resonance at k=0 if S(O &, forming Sy. We then 
define 

1.7 ik ~ th 

F yo(k)=K Fy (k)K ' 5.1) 
k—1 k—1 
tad and 


ik —tk 


Swo(k)=K Sw(k)K (5.2) 
7 k—i k+1 
the The functions Fyo(k) and Fyo'(k) are analytic for 
and imk<0 and continuous for Imk <0. Moreover, 
Fye(o)=1. (5.3) 
1.9 ; ; 
The new S-matrix can be written 
k+1 
S wo(k) =F no(k)K Fy —k), (5.4) 
k—-1 
$10) and, although in general not unitary or symmetric, 
it satisfies 
nust Swolk)Swol(—k)=1, (5.5 
and 
Swo(a)=]1 5.6) 
11 : 
Sxo(—k)=Swot(k (5.7 
After the transformation 
and = 
= (k+1)/(k—1), (5.8) 
a 
If the which takes the lower half plane into the interior of 
ible the unit circle, (5.4) becomes, in the notation of (I), 
Se 5 
MU (1)=@.(1)N (DO 18 (5.9 
where, with ‘=z for |z| =1 
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and 


N(s)= (1—P)+ Pz’. (5.11) 


It is proved in Appendix C that if Ven(4+-6) and 
(2.5) is satisfied, then M fulfills a Hélder condition. 
The Plemelj theorem,*** quoted at the end of (I), 
Sec. 5, is therefore applicable. Accordingly, Eq. (5.9) 
can always be satisfied with a matrix NV(z), 


) = 5, 2*%, (5.12) 


the integers u,, or “indices,” being uniquely (up to 
permutations) determined by M (i). The solution #, (2) 
as well as the indices are obtainable by solving a 
Fredholm equation. Since the present situation is in 
general not the “‘normal case” of (1), Sec. 5, the reader 
is referred to references 34 and 35 for the procedure of 
solving (5.9) and obtaining the indices. If the latter 
have the values 0 and 2, (5.9) and (5.11) together have 
a solution and one obtains Fyo(k), Fy(k), and F(R). 

Once F (k) is obtained, the spectral function is formed 
via (4.5), (4.6), and (4.3). Equations (4.12) to (4.14) 
then lead to the potential. The latter will automatically 
be symmetric, since P(E) is so.** If the potential so 
constructed is in IN(O)F IN (5) (for/=0, NO) Fan (4+8) 
is sufficient), then it will have S(k) as an S-matrix 
and K,?, P, as bound state energies and projections. 

If the indices do not have the values 0 and 2, then 
there exists no “short range” potential (i.e., €N(5)) as 
either Fwo(k) or Fyo'(k), or both, will be forced to 
have a singularity at k=0." So long as Fyo"'(k) is 
continuous at k==0, the Gel’fand Levitan equation can 
be solved and a potential found. If, however, F.yo-'(k) 
has a singularity at k=0, then one has to shift the 
latter, if necessary, to several different points on the 
negative imaginary k-axis (so that at each point 
F yo (k) has exactly a simple pole), 
the same time Fyo(k) will become 


where they produce 
bound states; at 
infinite at k=O. 
One can, in such a manner, always find an F(k) for 
which the Gel’fand Levitan equation (4.13) can be 
solved and a potential constructed. Unless the S-matrix 
is such that the indices are 0 and 2, that potential will 
not be of short range and, in addition, it may produce 
more bound states than were originally contemplated.™ 
The author takes great pleasure in thanking Dr. Res 
Jost for many fruitful and stimulating conversations. 
Appendix B, indeed, is entirely his work. 
* J. Plemelj, Monatshefte Math. und Physik, 19, 211 (1908 
“N. I. Muskelishvili, Singular Integral Equations (Croningen, 
Holland, 1953), pp. 381 ff 


* See (I) for the proof 
7 One writes 


and thus distributes the extra powers of z onto #,(/) and @,77(f"). 
“If F.(k) is O(k*) at k=0, then more bound states will not 
alter (3.50 
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APPENDIX A 


The purpose of this appendix is to supply a number 
of existence proofs and inequalities that are essential to 
the support of the body of the paper. All of the esti- 
mates below will rest on inequalities satisfied by the 
solutions of (2.1) with V=0. We shall list the essential 
properties of these functions first. 

The following are well known": 


uy(x)=[ (214-1) 11} s+ O(2), 





v,(x) = — (21—1) !!a "+ O(a"), asx—0, (A.1) 
w,(x)= (21—1) !!a*++- O(a"), ~=1D>0; 
u;(x) = sin(x—$al)+O(a*e!™*"), ] 

—cos(a— }al)+O(a-*e!¥™*!), pas!x|—+0. (A.2) 
wy (x)= t'e*#+O0(xel™*), J 


If v=Imk, one then easily obtains the following 


inequalities® ; 
\k r l+1 
u;(kr)| <Ce'” ( ) : (A.3) 
1+ \kir 
1+/\kiry\! 
v(kr)| <Ce'” ( ) , (A.4) 
kir 
1+ \kiry! 
w, (kr) <cer( ) (A.5) 
kir 
The Green’s function obeys the following®: 
r r 1+\kii\! 
gi(k; tr)| <Ce'rlr-é ( ), 
1+/kir\1+(/kir t 
for ¢<r. (A.6) 


In addition we require an estimate for g;. By considering 
separately the cases where [k/t<1 and |k|/21, one 
obtains in a straightforward manner, for Imk=0, 


kit r 1+/k\ty\! 
gi(k;tr)| <C ( ) 
(1+ \kir)?\1+/kir t 


(Sr. (A.7) 

For the purpose of proving the convergence of the 
successive approximations [ Liouville-Neumann series, 
or Born expansion] to (2.6) and estimates on G, we 


rewrite (2.6): 
AG(k,r) = o(k,r) +f dtAG(k,f)V (G(R; tr), 4.8) 
0 
where 
AG(k,r) =G(k,r) —Go(k,r), 
and 


r 


(kr) Jf deuenv ogee; ty) 
214-3)" (1— P)V (1) PGo(k,r) | 


+ 2+3) f dt t"(l— P)V (1) PGo(k,r). (A.9) 
1 





ROGER G. NEWTON 


: turn, is dominated by the series }, é 


if Ve(O), then ") and hence the 
A &) converge 


b and r. Further- 
n(O)FymM1), ther 


} 


‘ set ol 
‘ ' 
en resubstit 


f entire functions 
nverges for all finite & 


_it is itself an entire 
\Moreover. 


\.12) show that 


the differ- 
aiso shows that 
_ and therefore, with 
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(A.14), 


[G;G]=0 (A.15) 


For later purposes we need an estimate on G(&,r), 
where & is real. Differentiation of (A.8) with respect to 
yields 


AG(k,r) vient f dtaG(k,t)V (G(R; (A.16) 


ir), 
where 


V(k,r) -s(k)+ f dtAG(k,t)V (t)S 


One obtains from (A.10) that 


kit kir 
f(k,t,r) <cr( )( ) 
1+ikit 1+ /\kir 


As a result of this and similar estimates on the other 
integrals in (A.9), it is easily found that, for Imk=0 


(1— P)d(k,r) 


r r 
<C\h ( ) (14 ), 
1+/\kir 1+ i\kir 
- , 
Pdl(kr)|<Clk ( ) 
i+ ikir 


The second term on the right of (A.17) is estimated by 
means of (A.7) and (A.12). If Ves(0), 


(A.18) 


then 


| faa ~ P)AG(k,t) V (t)9"(k; t7)| 


r 142 y ? 
<Cik ( ) (14 ). 
1+ \kir 1+ (\kir 
if dtPAG(k,t)V (t)G(k; t,r)| 
r “re r 
<CIk ( ) ( 4 ) (4.19) 
1+\kir 1+ \kir 
j 


The integral equation (A.16) leads from (A.18) and 
(A.19) to (A.20) in the same fashion as (A.8) does from 
(A.11) to (A.12). 


|(1— P)AG(£,r) 


r re 
cc) 
i+ kr 


PAG(kr) 


r ’ r ’ 
<C\k “( ) (14 ) 
1+/\kr 1+ kr 


This completes the inequalities needed from G(k,r) 
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For the purpose of estimating F(’,r), we write 


= 


F (kyr) = F o(k,r) +f atF (Rk,)V(OG(R; 7,4), (A.21) 


r 


or < 

AF,(k,r) = o(k,r) +f diAF (k,t)V(OG(R;1,0), (A.21’) 

where ; 
AF (kv) =F (kr) —F o(k,r), 


Cs) 


(t= f dF (kV (G(R; 1,0), 


r 


F (kyr) =k'| (1— P)w, (kr) + PRwi,2(kr) ] 


According to (A.5) and (A.6), for v= Imk< ( 


1+ | k|ry 2 
l P ¢ kr) Lé ( ) 
r 


If we now write 


AF (kr) = > F™ (k,r), 


n=O 


¥e kr), 


ks)= fae "DiRAV(DG(R; 7,1), n>1, 
he 
ie r 
1+ kit 
. t 
A fal 
, a 


is dominated by the series 


» 
f,(r) cf dt} V (fl tes), n>1 


oa P)F™ (kr), 
si 


then >> T t,, where 


Then &(7)=CLCSp*dt t| V(t)| }*/n! and ¥ &,.<C’, if 
VM (1). Consequently the Born series of (A.21) con- 
verges for all r>0 and all k for which Imk<0. (For 
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t is required that VeN(3).) Thus, F,(k,r) is, for 
all r>0, an analytic function of & for Imk <0, co 
tinuous for Imk<0. Moreover, it satisfies the following 
nequalities : 

I+ kr 

1— PAF. (kyr Ce r ) 

r 
a : 
4] u ) 
: 1+ kit 
4.23 

l+ kr 

PAF Jk Ce ) 

r 
Z ; 
<f u( ) 
i+ ki 
| r Imé ). theretore is 7 ‘7 
F.(k.v)= Folks =) 
é A k ‘) ’ b xl) 
\.24 
PF Oy W—A)IA— P)lr'1+olr 
+-3)(21+1)Plr Il+o(r \ 
Vy here let ed by » 19 
For every r>0. as f ZL 0 
Fiky t OC Rie"! 4.25 
We to prove the existe e of F. kr)a 
estimate r re k. A f g e differentiate 
\21 respect to k: 
ph Rg Wik.) + 1tF Ch b . f \.26 
» ’ f r)-+ / j k-¢ 4.2 
\ 
(fr 0),) 
1—P)i key 
r f y >] \ 2s 
Pt ’ (ry 
i ¢ A 7 i \ 5 viel rr r {) 


t 
P\i | ’ 
' ; 
) J ’ . 
r 
i } R-¢ 


,. NEWTON 


Therefore, for r>ro>0, |k| <ko<m, 
1—P)(k,r 
Cr, l=0, if Vem (4) and if Vea (5), 
4Cr( (ki +r"), if Vem 4),| 
S ; ‘ F {/2! 
UCr( ki +r“) !k!, if Vem (5), 
Pik 
por(lk| +r), if Vem(2), 
1Cr({k| +r)" | k|, if Ven (3) 
A.30) 
The inequalities (A.30) lead to estimates on F,(k,r), 
via (A.26) in the same way as (A.22) leads to (A.23 
For the existence of PF.(0,r) it is sufficient that 
VemN(2), while for that of (I—P)F,.(0,r) we require 
Vem(4). If Ven(3), then PF,(0,7)=0 and PF,(0,r) 
exists; if Vein (5), then, for />1, (1—P)F.(0,.r7)=0 and 
(l1—P)F,(0,r) exists. The same is true for F,(k,r) and 
therefore for F,(k), if in addition Vem (0). 

For the purpose of further estimates it is convenient 
to introduce an integral representation for F(k). We 
write 

F (Rk) =[ F o(k,r); Glkyr) |+[ AF. (kr); Gk 
The last term vanishes as r—>~. Since, moreover, 
[F o(k,r); G(R; hr) =F (kt), 
and 


[ Fo(k,r); Pui2(kr) J=kP, 


one obtains from the integral equation for G, (2.6), 


For the convergence of the last integrai we require 
Vem (0 If VedN(1), then (A.12) shows that the last 
term in (A.31’) is O(k-*) as |k|—+=x. The first term is 
O(k as |k —~, if VeM(O). Therefore, if Van(O 
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fon (1), then 


F(k)=1+O(k"), as |k' = in Imk<0. (A.32) 


We further wish to estimate the derivative of F(R). 
The first term in (A.31’) contains expressions such as 
k- po2(k), where 


x 


ex(t)= f dtV 29(t) wry 2( Rt) urs o( RE). 


The boundedness of gz. is readily proved. For the 
derivative we write 
x ' 
(—1)'? sint+a;(x), l even 
1+ 
“(x)= 
x v 
}(—1)¢"! ( cosx+a;(x), 1 odd, 
( 1+2 
w(x) =e *B8,(x), 


and easily prove the following inequalities (for real x) 
from (A.2) and (A.5): 


i 


gn 1+2x 
ay\x) <C , 6i(%)) *< c( ). 
1+)" x 


~4)*e-*! 


ra] ki sd t 
sinkt ( ) a.s(t)|| 
Okt 1 4 bi 


for even /, and a similar expression for odd /. The first 


and third terms are O(k"') as |ki—o if Vem(0) 
x (O(k if Veon(1—4)). Consider the second; 

xi(x)=B,(x)[x/(1+2) }! 
is bounded, and 

xi (x) <¢c/(1+ |x 
Therefore, with x/|k|~'=&, 
xi(h(t+ £))—xr( kb) 

=a| xi (Ri Sc/(1+ [RDP <c/ (tik ). 


One then proves precisely as in (I). (C.5) to (C.7), 
from (2.5) that the second term in ¢x is O(k~*) as 
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k|—+2. Therefore 


¢22(k)=O(k™) as |k| 


One proceeds similarly for 


x 
¢goo(k)= f dtV 11 (t)w,( Rb), (Rb), 
0 


~ 
¢o2(k) f dt\ 12 t)w, (Rl) y,0( 0), 


x 


¢20(k) f dt\ 1(t)[ wry 0( Rt) my ( Rt) — (214-3) (ki) ry. 
0 


geo requires a little extra care; there one sets 


girl 


w(x) =[ (20+1) 11] ( )+n( 
1+2'* 


and obtains 


Wr42(x)u,(x)— (214+-3)a = — (214-3) 


+ (21-43)! lay (x) +o 0(x em u(x), 
whose integrals exist separately. The first two terms 
contribute O(k"') to the &-derivative, and the last 
O(k-*). 

Consequently, the first integral in (A.31) yields, 
when differentiated with respect to k, O(k~*) as |k| >. 
The derivative of the second is clearly O(k~*); that of 
the last consists of two parts: 


For |k| >ko>0, by (A.5) and (A.12), 


j « j 
J duh ok V (AG* 


<cf dt| V()| (t+) k|)|k| @<C’ Jk! 


if Ven(O)Nym(1); 


ff araovoaeray Clk 


by the use of (A.20). Therefore it follows that 


F(k)=O(k~*), as |k!—+ in Imk<0. (A.33) 

The function Fwo(k) of (5.1) combines the features 
of F,(k) at the origin with those of F(k) at infinity. 
It is continuous and has a continuous derivative for 
all real &, and it satisfies (A.32) and (A.33). It was 
proved in (I), Appendix C, that therefore F yo(k), when 
transformed to the unit circle, Holder 
condition, (I), (C.15). 


satisfies a 
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l=0. It follows from (A.30) and (A.26) that 


V én (4+-4) also implies A.35a) for 121, and 
PCF (kr) —F.(0,r C\ki* (A.35b 
or alll. Asa onsequence, 


1+-O(k*), as k-0 


he transformation 


5.8) to the unit circle, Syo satisfies a Hélder condition: 


. 


yrovided t i Ves $-+-6 and J obe Ss 25 
\ further eorem 18 obtained by ft ik ng tne imagi- 
ry part o \ 3] 
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\ rices € 1o0llo g are lerstood to be 
rices over the ring of entire f ns of a complex 
variable i ill elements are ire functions The 
subseque ree theorems were proved by O. Helmer.‘ 
Theorem 1.—Every finitely generated ideal (in the 
ring of entire f yns) 1S a princip le 
{ai,a tr }={u]} 
rhe f on wu is the irges mon divisor” of 
the set {ay, vy} and we also us¢ e notation 
fa tr} r¥t The common eros ot! {a ‘ a} and 
eir licities determine u 
Theorem 2.—If {a1,---,a,}=u, then there exists an 
nX<n)-matrix with the vector (a a,) as its first 
row and yse determinant is u 
Corollary.—Every matrix A a can be made 
triangular by means of a left multiplication by an 


is a set with 


the definitions: An ideal 





that if it contains a, and 8 is ar member of the 

g $ ains Ba y the set (a, ary} 
it every member ol the ideal nation” of ay, » ae 
cients in the ring. : s an ideal generated 

gle ement. We fon, ir} for the 
rated by the functions {a,, tr} i generated 


he whole ring 





unity is, of course, t 
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invertible matrix T: 
[Bir Biz +++ Bin 


| 


| 0 Bee a Bon 


0. 0) sare 


e Proof—We prove this by induction. For n=1 the 
4 statement is trivial. Let [a:,a01,:--,anj=u and 
> avou=n, with [a1,---,a,}=1, which is always pos- 
sible; let 7; have the vector (a:,:--,a,) as its first row 
and let 7; be invertible. The matrix 7,4 has then in 
its left upper corner a divisor of all elements of its first 
column. By means of a subtraction of suitable multiples 
of the first row from the other rows (which can be 
accomplished by left multiplication by an invertible 
matrix), a matrix of the following kind can be obtained: 
1 
0 
a 
8) 
One then applies the induction hypothesis to A}. 
Remark.—If the first column of A vanishes, then 
there exist invertible matrices 7 and 7” so that 
0 £8 ; Bi, 
0 O 8B _ 
B=TA 
a a 0 
and 
0 0 0 0 
6 6. #8 o. * 3 
RB T’A 0 0 Roe” B:. 
0 O 0 Bus 
Theorem 3 (Elementary divisor theorem).—To every 
matrix A there exist two invertible matrices 7, and T» 
J so that 
. € 
0 
) € 
{ 
T,AT,;=N ; 
0 € 
0 


where ¢; is a divisor of €2,, 
We can now prove the following 
Theorem.—Let M, and Jf be 


with the property that for every 


two (nXn)-matrices 
it follows from 
and M,(zo)a=0 


rtible if 7 


ring of entire functions 


M j(zo)a=0 


exists and is a matrix 
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that z=0. Then there exist two matrices V, and NV: so 
that 


N\M,+ NM, a 1. 


In other words: the left ideal Y= [{M,,M.} generated 
by 47, and M, is the entire ring. 

Proof.—Again we proceed by induction. For n=1, 
the theorem is equivalent to Theorem 1. 

Clearly, [7,M,S,T:M,S}=MS, if T, and T; are 
invertible. We assume the Due to 
Theorem 3 and the corollary to Theorem 2 we may, 
then, assume that the generators of YtS are of the form 


same about S. 


€) 
€ 0 
aii aie Qin) 
, € ; 0 ae on | 
M, = ’ M, —) ° e 
0 's 
0 0 0 Gan 


0 


The hypothesis of our theorem evidently still holds for 
M, and M,. If it is applied to a column vector whose 


only nonzero component is the first, it follows that 


[1,011 } :. Says 1. 


With these one constructs the matrices 


i.e., there exist a and 8 so that ae,4 


a 0 0 8 0 0 
0 0 
Ay 1 Lie . 0 : 
0 0 
a. 0 0 « 0 0) 
0 0 
te 0 An= |: 
0 0 


The matrices 


M,"=AyM+AwM?7, Me’ =AnM;'+AnMy, 
for which 
M '=AywM,;'—AwM,", Ms {9M 1"+AuM.”, 


generate the same left ideal as M,’ and M,’. Both are 
triangular: 


1 Bay Bay -: Bats » 
0 és 0 . 0 
M,"' = \0 0 € . 0 
0 0 0 0 
0 ay ad a f in 
QO aes’ aes” oa 
Yf,!'= |0 0 @ias"" an.” 
0 0 0 Can 
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MyN_2=0, MoN_14+-M,\ 0, 
1 1 matrices VM al Vf 


MoNot+MyN 





ind the same equations with the order of M and NV 
reverse 
APPENDIX C Suppose that M-'T has a simple pole at z=0. Then 
V_»T=0. Multiplication of the last equation in (C.2 
ren Let M be al nXn)-matrix value by a the left and 7 on the right then vields. by 
analyuc | 1 neighbor ad OF Unt righ C.1) and the second and first equatio C.2 
#() tor 7 ' ¢ , ”) except j 
{) er r \f 


‘is obtained 
equations il ee. i 


VI > ) ations in a4 
e order of M and NV reversed 


wit! 
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Angular Distribution of Gamma Rays 
in Coulomb Excitation* 


G. Breit, M. E. Eset, anp F. D. BEeNepict 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 


(Received August 2, 1955 


ISAGREEMENT of the angular correlation 

coefficient a2(¢) of Alder and Winther' (AW) 
with experiment has been recently reported.? By means 
of improvements it has proved possible to remove most 
of the discrepancy. The work made use of the following 
steps. 

The correspondence® between the semiclassical (SCT) 
and the quantum mechanical theories (QM) combined 
with numerical agreement‘ for zero excitation indi- 
cated the likelihood of a similar connection of QM and 
SCT radial matrix elements (RME) for finite excita- 
tion. It has been ascertained that QM and SCT values 
of the RME are nearly the same, provided SCT values 
for mean energies and only the integrals of Eq. (2’) 
of reference 3 are used. 

On account of the disagreement between the signs of 
cross product terms in the AW formula with their 
numerical work and with a published® quantum formula 
for a2, the SCT and QM formulas have been rederived. 
The AW formula was confirmed except for a sign in 
front of the whole coefficient of P,. Calculations have 
been carried out for Pt employing the excitation energy 
AE= 330 kev of Pt™. The combined effect of Ruther- 
ford scattering and of admixture of Pt'®* with AE= 358 
kev was inferred to be small by comparison of SCT 
calculations employing the signs of AW’s numbers with 
calculations of McGowan and Stelson? on the effect of 
Rutherford scattering in which they use the sign just 
mentioned. The agreement with experiment is usually 
within the combined spread of statistical errors and 
differences between multichannel and single-channel 
values, as shown in Table I. 
rasLe I. Comparison of angular factor a2; with experiment for 

Pt for three proton energies E,. 





E, Gt a: 

Mev Theory Experiment 
3.0 0.72 0.71 +0.03 
40 0.56 0.59 +0.03 
5.0 044 0.472+0.012 
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The somewhat arbitrary exaggeration of the experi- 
mental error appears justifiable in view of the absence of 
corrections for AE= 358 kev and Rutherford scattering 
corrections with cross term sign opposite to that of 
AW formula. Agreement with experiment regarding the 
slope of the (a2,£,) curve is improved mainly by the 
correct cross term sign; agreement with the absolute 
value of the experimental a; is improved by the change 
to the QM formula. After the present work was 
completed, the authors were kindly informed by Dr. 
L. C. Biedenharn of a slip in his derivation found 
independently and agreeing with the signs used here. 

* This research was supported by the Office of Ordnance 
Research, U. S. Army. 

1K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953). 

? P. H. Stelson and F. K. McGowan, Phys. Rev. 98, 249 (1955); 
F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955). 

*G. Breit and P. B. Daitch, Phys. Rev. 96, 1447 (1954). 

*Daitch, Lazarus, Hall, Benedict, and Breit, Phys. Rev. 96, 
1449 (1954), 

* L. C. Biedenharn and C. M. Class, Phys. Rev. 98, 691 (1955); 
Biedenharn, McHale, and Thaler, “Quantum Calculation of 
Coulomb Excitation” (preliminary version). 





14-Mev (n,«) Cross-Section Measurements 


Biosser, C. D. Goopman, T. H. Hanpiey, 
AND M. L. RANDOLPH 

Oak Ridge National Laboratory, Oak Ridge, Tennessee 

(Received July 27, 1955) 


EASUREMENTS have been made of the 14-Mev 

(n,a) cross sections of the isotopes Zn, Zr”, 
Zr“, and In'*. The results obtained differ radically 
from the trend reported in a previous survey of (n,a) 
reactions' and, in contrast with the earlier work,' are 
in order-of-magnitude agreement with the predictions 
of the statistical theory of nuclear reactions.? The 
agreement with statistical theory is (on the basis of 
these four measurements) of approximately the same 
degree as was found in a survey of (p,q) reactions® done 
at this Laboratory. Measurements of additional (n,a) 
cross sections are being made to ascertain the range of 
validity of the trend indicated by the four measure- 
ments reported here. Results of these additional meas- 
urements along with a more complete account of the 
present work will appear in another paper. 

Cross sections were measured by a comparison 
technique in which the activity resulting from the 
reaction to be measured is compared with the activity 
resulting from a reaction of known cross section. For 
the known cross section, the value of 110 mb‘ for the 
14-Mev (n,p) reaction on Fe** was used. Targets 
consisted of a sandwich formed from a foil of zinc (or 
Zr, In, etc.) between two 1-mil iron foils. The activities 
of the front and back iron foils, which were equivalent 
to within about 2%, were averaged to determine the 
neutron flux passing through the target material in 
the center of the sandwich. After bombardment, the 
target material (atomic number Z) and the material 
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; for much useful discussion. The Cockcroft-Walton 
accelerator of the ORNL Biology Division provided 
the neutron source for these experiments. 

7 
1 E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953) 
? J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
° ° (John Wiley and Sons, Inc., New York, 1952 
‘Dp J Coombe (to be published 
” . ‘ Neutron Cr Sections, U. S. Atomic Energy Commission 
. Report AECU-2040 (Technical Information Division, Depart- 
. neces ment of Commerce, Washington, D. C., 1952), Supplement 2 
* Brolley, Bunker, Cochran, Henkel, Mize, and Starner, Phys 
Re 99 330 (1955 
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Mass Values of the K Mesons* 
4 R. W. Brrce, J. R. Peterson, D. H. Stork 
+ AND M. N. WHITEHEAD 
+ , 3 ; g 2 
Radiation Laboratory, University of California 
3erkeley, California 
(Received July 25, 1955 
DDITIONAL data have been obtained from the 
stack of emulsions! exposed to 114-Mev K mesons 
i i > ’ r ; - , 
ortinne erved i ’ laid t: @ oe ae . it the Bevatron and from another stack exposed to 


fere | for t g irtial (n,a 170-Mev K mesons. Both exposures were made with 
. ome the use of the strong-focusing magnetic spectrometer.” 
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The authors w h to express their deep indebtedness MAS ELECTRON MASSES) 
to Dr. B. L. Cohen for suggesting this ¢ xperiment and Fic. 1. Masses of 459 K; and 55 +r mesons found in stack 16 
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Fic. 2. Masses of 177 K, and 16 r mesons found in stack 17 


\ 

In the preliminary report, the stopping point of each 
K_ meson was used to determine its lateral position, 
and hence its momentum. We have now calculated 
the masses of all the K mesons in the first stack (stack 
16), using the lateral position where the track was first 
picked up (about 3 cm from the end) to determine the 
momentum of the particle. The results plotted sepa- 
rately for K, and +r mesons are shown in Fig. 1. The 
distribution includes 459 K;, mesons, 42 r mesons, and 
13 alternate decays of r mesons into one charged pion. 

Of the fifteen + mesons in the preliminary report, 
three were found to have large angle scatters causing a 
large error in the projected range. These few events 
caused most of the apparent mass difference between 
the r and K, mesons. These events represent a large 
statistical deviation from the number of scatterings 
predicted using nuclear area for the interaction cross 
section. In the much larger sample of K;, mesons, such 
a fluctuation is unlikely. 

In the emulsion exposed to 170-Mev K mesons 
(stack 17), each K meson track has been followed back 
to the stopping proton position to determine its mo- 
mentum. The results shown in Fig. 2 include 177 K, 
mesons, 12 + mesons, and four alternate decays of +r 
mesons. 

The mass values obtained in units of the electron 
mass are 


THE 


Stack 16 Stack 17 
Kr 971+1.3 962.941.9 
rT 978+4 965.4243.8 
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The uncertainties given are a/\/V, where = ((A*))* 
is the root-mean-square deviation from the average 
mass and .V is the total number of events in the distri- 
bution. 

The absolute values for the masses include systematic 
errors due to uncertainties in measurement of the 
momentum of the A particles, to the errors in the 
proton range measurement, and to scattering and 
ionization loss in the air path. In addition, the resolution 
is somewhat broadened from that expected, by multiple 
scattering in the window of the Bevatron tank and in 
the emulsions and by aberrations of the strong focusing 
lens. Relative masses of the mesons should not be 
affected by the above errors. However, a different 
interaction cross section for the + and K, particles 
could cause a range shortening of one with respect to 
the other and hence an apparent mass shift. 

A more complete report of this work will appear in 
the summary of the International Conference on 
Elementary Particles held in Pisa, Italy, in June, 1955. 

* This work was performed under the auspices of the U. S 
Atomic Enetgy Commission 


' Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and 
Whitehead, Phys. Rev. 99, 329 (1955 

? Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev 
99, 641(A) (1955). 





New Radioactive Isotope Scandium-42t 


H. Morrnaca® 
f Physics, Purdue University, Lafayette, Indiana 


(Received August 12, 1955 


Department! « 


HE nuclide Sc® is of interest for several reasons: 


(1) Because of its probable configuration, Ca® 
plus one neutron and one proton, a reliable theoretical 
treatment should be possible. (2) In analogy with three 
known 0*—0* transitions in the positron decay of Al**, 
Ci*, and K**, 
(3) From the analogy to Li® and F'* the lowest T=0 
state may be expected to have spin 1*, if one extends 


it may also decay by a 0*—0* transition. 


the prediction of King and Peaslee.* 

It cannot be predicted, however, whether the 7'=0 
or the T7=1 state would be the ground state since these 
states lie very close in neighboring similar nuclides. 
The separate positron decay of these states, which 
occurs in Al’**, Cl*, and K**, is rather unlikely because 
of the small spin difference. So the lower level will 
determine the half-life of the positron decay. If the 0° 
state (7 =1) is lower, the decay will proceed by a pure 
Fermi-type super-allowed transition and its half-life 
will be about 0.6 sec.’ But if the 1* state is lower, the 
half-life of 0.6 sec is expected only under the assumption 
of perfect LS coupling which is more or less unrealistic 
for such a heavy nucleus. Therefore, a somewhat longer 
half-life is expected from the 1* ground state. A T=0 
state with higher spin is safely rejected since it would 
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result in a longer-lived activity which would have been 


detected during the course of many other studies 


In order to search for a short half-life due 
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only the half-life of the possible 0*—0* transition® is 
known. Since this increase in log ft value, or the failure 
of omplete overlap of T=1 wave function, is noticed 
in the measurements of Hunt and Zaffarano® on Cl* 
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New Type of Selection Rules in 3 Decay 
of Strongly Deformed Nuclei 
G. ALaca* 
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TABLE IT. Selection rules for first forbidden transitions. 





The list of selection rules for allowed and first 
forbidden § transitions associated with these quantum 
numbers is lables I Il? We 
ourselves to the transitions with A/ = AQ, ie., 
rotational branchings and A-forbidden transitions.’ It 
= K) there 
are also selection rules on the other quantum numbers. 
We shall refer to those transitions which are permitted 
the 


numbers as unhindered transitions, “‘u.”’ 


given in and confine 


we omit 


is seen that besides the selection rules on Q 


with respect to selection rules of all quantum 
The transitions 
which are permitted by the selection rules on Q and /, 
but other 


quantum numbers we shall call hindered transitions, 


forbidden because of selection rules on 
“A. 

In Tables III and IV, we list the data for allowed and 
first forbidden transitions in odd-A nuclei in the region 
1I5S0<A <19. 


Mottelson and Nilsson? where 


ation is that given by 
find the 


The classific 


one aiso can 
reierences to the experimental literature 

Tables LI and IV that the 
transition is 
For 


(only two 


From one can see 


hindered or unhindered nature of the 


lected in the 


t experimental /f/ value. 


allowed transitions the unhindered group 


examples) have log//<3.9, while the hindered group 


Taste Ill he 


1SSiluCcalion ¢ tne 


table lists the experimental ft values and 
allowed $ transitions in the region 

eformed nuclei. In columns 1, 2, and 3 are listed the 
{ parent and daughter nucleus, and the excitation energy 


populated in the daughter. The asymptotic quantum 


\, mz, A, 2) corresponding to t 
nns 4 and 5; the number in brackets 


orbital assignments of 
2 are given in colur 
entilying number I! 


Column 6 gives the hir 


r these orbits employed in the same 
classification 


The 


gered or unhindered 


ransitions resulting fr these quantum numbers 


experimental ji value is given in the last column 
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TaBLe IV. The table lists the experimental ft value and theo 
retical classification of the first forbidden transition in the region 
of strongly deformed nuclei. The material is arranged in the same 
manner as in Table ITT. The first part of the table corresponds to 
the AJ=0 or | transitions: the last two transitions listed have 
Al=2 


Excit Orbit Add 


Parent J Daughter of final Parent Daughter class 


Sim's eEu 
ems aku'# 
esEutes «Gd 
aEu'* aG 


a 
aml On ee 


“PAS 


o- 


nwee 


LAPEER POMS ADU SEAN | 
eT en ee de ae de 

te Oo be Pe fe Be he Bs es ts ts ts 
Pree eeere tee ee & 


Bee es Be Les Bo ee we Se bes See ee we ee 


x 


ne 
= 


~~ 


> 
ne 


0.209 


have 6.0<log/t<6.8. The first forbidden transitions 
with Al 
while 7.2 « 


0, or 1 have 6.0<log/t<7.7 if unhindered, 
log ft<8.3 if hindered. The one example of 
first Al=2 


8.2, while the single hindered transition of this 


an unhindered forbidden transition has 
log ft 
type has log fi2 8.7. 

The 


help in the discussion of electron-capture transitions 


lection rules here discussed may also be of 


where often the disintegration energy is not known and 
therefore the ff value may not be available. Thus in 
5/2—) to Lu’, 


the transition to the excited (J=5/2+-) configuration 


the electron capture decay of Hf'”® (J 


at 342 kev is found to compete successfully with the 
higher energy transition to the 7=7/2+ ground state.® 
This may be understood in terms of the nucleonic states 
involved which are for Hf'”® (5,1,2,5/2) and for the 
Lu'” ground state and excited state (4,0,4,7/2) and 
(4,0,2,5/2), 
tion is hindered while the excited-state transition is not. 

It is a pleasure for me to thank Dr. Aage Bohr and 
Dr. Ben R. Mottelson for suggesting this problem and 
Further, I 
Nilsson for 


respectively. Thus, the ground-state transi- 


for their continuous interest and advice. 
wish to thank Dr. K. Alder and Dr. S. G 
many helpful discussions. 


* At present at the Institute R. Boskovié, Zagreb, Yugoslavia 

‘A. Bohr and B. R. Mottelson, Beta and Gamma Ray Spectros 
copy, edited by K. Siegbahn (North Holland Publishing Com 
pany, New York, 1955), Chap. 17 and the references given there 

*5. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat-fys 
Medd. 29, No. 16 (1955); B. R. Mottelson and S. G. Nilsson, 
Phys. Rev. 99, 1615 (1955). See also the more detailed report of 
this work to appear in Kongelige Danske Videnskabernes Selskab, 
VM atzmatish-{ysiske Meddelelser. 

*A more detailed report on the calculation of ff values for 
strongly deformed nuclei is in preparation; see also G. Alaga, 
dissertation, University of Zagreb, 1955 (unpublished 

‘ Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

*Similar selection rules for certain 7 transitions have 
found by S. G. Nilsson (private communication). 

* Burford, Perkins, and Haynes, Phys. Rev. 99, 3 (1955 


been 
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Inelastic Scattering of Neutrons from 
Iron by Time-of-Flight* 


SYSTEM of 
deve ioped ] 
n resulting from the scatt 


5 Mev energy Dy 1ror 


, 


The cross section for inelastic scattering to a partic- 
ilar level may be determined by comparison with the 
differential (m,p) scattering cross section. This is 
1ccomplished by using a polyethylene scatterer viewed 

h an angle that the energy of the neutrons 
illy scattered from hydrogen is the same as the 
interest. Thus, for 
energy used 
he elastic scattering from 
the same 
from the 850-kev 


approximation, corrections to the 
‘ring cross section for multiple scattering 
in the samples may be balanced 

vice of the dimensions of the iron and 
scatterers. Assume that elastic scattering 
irbon does not change the average path 
itron in the i 1 and polyethylene 


e corrections m: made approxi- 


the transmission of the iron sample, 


ly of inelastic scattering and absorp- 
f the polyt yiene, taking 
hydrogen. In the 

hese transmissions 


ompensation 1S 


e spectrum resulting from the sca ing of primary 


ns of 2.45-Mev energy by polyethylene a 
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thought to leave no more than 2 or 3 percent uncertainty 
in the cross section obtained directly from the com- 
parison. 

The cross section obtained from many runs for 
excitation of the 850-kev level in Fe** by neutrons of 
2.45-Mev energy scattered at 90 degrees is 0.0850.003 
barn/steradian, taking account of the relative abun- 
dance of Fe** in natural iron. 

Thanks are due J. L. McKibben, R. K. Smith, and 
R. Hood for help and suggestions in various phases of 
this work. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

' Earlier measurements using this technique with oscillographic 
recording of the data are described by the author [L. Cranberg, 
Los Alamos Report LA-1654, April, 1954 (unpublished) ] 

An early application of this principle to millimicrosecond 
techniques is described by N. F. Moody, Elec. Engr. 24, 289 
(1952). The circuit used in this work was designed and built by 
C. W. Johnstone, W. Weber, and H. Lang, Los Alamos Scientific 
Laboratory, following suggestions by J. L. McKibben, Los 
Alamos Scientific 
Laboratory. 

*G. W. Hutchinson and G. G. Scarrott, Phil. Mag. 42, 792 
(1951). A modified m¢ lue to J. D. Gallagher, following 
suggestions by J. L. McKibben, Los Alamos Scientific Laboratory, 
was used in this work 


‘R. Sinclair, Phys. Rev. 98 


Laboratory, and J. H. Fraser, Chalk River 
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Scattering of 30- to 95-Mev Photons 
by Protons* 


C. L. Oxtey anv V. L. TELEGp1 


Instilute for Nuclear Studies, The University of Chicago, 
Chicago, Illinois 


(Received August 5, 1955 


E have measured the elastic scattering of gamma 

rays by hydrogen, a process which has received 
theoretical attention' as a of information re 
garding the proton. The the 98-Mev 
bremsstrahlung from the betatron with beam pulse 
stretched to 100 microseconds. The collimated beam 
was brought in vacuum through a heavy shielding 
wall with an inset electron-sweep magnet. The target 


source 


source was 


.@) L - er, a) ; 2 - 
30 60 90 120° 150 180° 
1. Experimental points and theoretical curve of 


differential cross sections 
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was styrofoam-walled, with thickness 0.18 g/cm* or 
0.0043 radiation length. The liquid hydrogen was in a 
cylindrical container five inches in diameter, with axis 
perpendicular to the three-inch diameter gamma beam. 
The hydrogen was 0.84 g/cm? or 0.014 radiation length 
thick. 

The detector was a converter-telescope. A 2.1-g/cm* 
carbon filter preceded the anticoincidence plastic scintil- 
lation counter which was then followed by a 7.4-g/cm* 
lead converter and a threefold telescope with 5.2 g/cm?* 
of aluminum absorber interspersed. The central effi- 
ciency of the counter was calculated using the measured 
electron efficiencies at several energies and partial 
thicknesses of lead. Edge effects were accounted for by 
comparing the efficiency of the counter with over-all 
and central illumination by the 98-Mev bremsstrahlung. 

The bremsstrahlung flux from the nickel target was 
put on an absolute scale with the induced C" activity 
in polyethylene foils and the data of Barber, George, 
and Reagen. 

Data were collected at angles from 50-150 degrees. 
Approximate counting rates were three per minute with 
target full and two with target empty. The resulting 
cross sections are shown in Fig. 1. The counter efficiency 
has been adjusted for the energy loss to proton recoil 
This correction is substantially independent of gamma 
energy and ranges from —13 percent at 150 degrees to 
—3 percent at 50 degrees. The product of efficiency 
and number of quanta in the bremsstrahlung spectrum 
rises from a threshold near 20 Mev to a value which 
remains constant within 20 percent from 40 to 89 Mev, 
so the cross section reported is approximately evenly 
weighted over this range with mean energy of 64 Mev 

At small angles, multiple effects will become evident 
Of these, the conversion of gammas and subsequent 
large-angle bremsstrahlung is expected to be most 
important. Scattered-electron counts at most are three 
times the gamma counts and the anticoincidence is 
more than 98 percent effective. Shower effects may be 
distinguished experimentally by their quadratic de 
pendence upon target thickness. We have not varied 
the hydrogen thickness, but have used carbon targets 
of several thicknesses. The effects thus observed have 
been transposed for hydrogen and result in the cor 
rection indicated by the downward arrows in Fig. 1 
The correction is uncertain on this basis and its angular 
dependence is more rapid than is expected for large 
angle bremsstrahlung. We with 
variable hydrogen thickness to clarify the small angle 
data. 

Shown in the figure is the theoretical scattering from 


plan experiments 


a point proton with the static anomalous moment.’ 
Deviations are expected, and these are calculated to 
be a decrease in the cross section due to the interference 
between the Thomson scattering and the scattering 
from the proton’s meson cloud. These are of the order 
of 15 percent at 64 Mev. Our absolute error is estimated 
as about 15 our measurements, we 


percent. From 
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that from the 
} 


lo not greatly exceed the expected amounts 


conclude deviations Powell 


any 


cToss 


section ¢ 


and that the range of angles 90 degrees and above, 


where our measurements should be valid, there is no 


marked change in the angular distribution from that 


of Powe 


* Pesearct Ipp y a jou 
Naval Research and the U. S. Aton 
‘For example M. Ge 
Rev. 96, 1433 (1954 and R. H Capps 
Phys. Rev. 99,931 (1 
? Barber, George, and Reagen, Phys 


+ J. L. Powell, Phys. Rev. 75, 32 (1949 
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955) with previc 










Angular Distributions of Protons 
from Be*(He’,p)B" 


L. Buttock, anp W. I 
Vaeal Research Laboratory, Washington, D. ¢ 


Ww" N nuclei are bombarded with heavy particles, 
the resulting nuclear reactions may take place 











Kunz 














by the formation of a compound nucleus or by some 


direct process s s stripping or possibly by a combi- 
nation ol these 
bound 


are the incident particles 


processes. Alpha particles, being tightly 
| 


tend to torm a con they 


oosely bound, generally enter into and (dn 


d,p 


reactions by a stripping process.' It is of considerable 


nterest, therelore, to determine whether particies with 
as H® and He 


ntermediate bindir 
| prow ess or 


energies suc! 
iclei will enter into reactions by a direct 
by compoynd nucle Studies of the angular 
} 


distributions of tritons from (d,/) reactions on Be’ and 
C" seem to indicate that H?’ particles can be formed by 
a direct process.’ Similarly, the angular distributions 
of the protons from (He’,p) reactions may be useful i 
determining the mechanism of He’-induced reactions 
Proton groups tron e Be He*,p B" reaction have 
been previously observed.? The angular distributions of 
these protons have bee nvestigated at this laboratory 


Nav al 


(sraafi generator 


using a muitipiate scattering chamber WIth the 
Research Laboratory 2-Mev Van de 
4 thin beryllium evaporated on a 10-microinch 
2 Mev 


from the ground state 


| ‘ +} 
nickel backing was bombarded w F 
beam ana he reaction protons 


i +} 


and the first excited state of Be were detected 
200-micron Ilford C-2 emulsions. Slits subtending a 
0.12-degree angle from the target were placed in front 
of each emulsion, and the total number of tracks for 
each proton group was counted in each plate 

Figure 1 represents the center-of-mass angular distri 


butions of the protons which leave B" in the ground 


state (curve f») and the first excited stat 


Interpretation of these curves awaits theoretical 


} } 


. but it is to be noted that the curves exhibit a lack 
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Fic. 1 
and first excited I 
for 2-Mev He’ particles 


The angular distributions of ground-stat 


e proton (po) 
from the Be*(He?,p 


B" reaction 





tate protons (); 


of symmetry about 90 degrees, indicating that the 
reactions do not proceed exclusively through the 
formation of a compound nucleus unless levels of 
opposite parity contribute. 

rhe angular distributions of the protons for the 
second and third excited states of B" are also being 
investigated. 

1 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955 

2F. A. El-Bedewi, Proc. Phys. Soc. (London) A64, 947 (1951); 
Holt Blair, Simmons, Stratton, and Stuart, Phys. Rev. 95, 
1544 (1954 

Moak, Good, ar 





1 Kunz, Phys. Rev. 95, 614(A) (1954 





Coulomb Excitation Directional Correlation* 


M. Goupster, J. L. McHate, anp R. M. THaer, University 
f California, Los 
La {lam s, Ne 


{lamos Scientific Laboratory 
We rk ) 

AND 
The Rice Institute, Houston 


Received August 1, 1955 


L. C. Bo Texas 
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ALCULATIONS of Coulomb excitation using 
classical trajectories'? are in good agreement with 
experiment for the total cross section ; for the directional 


orrelation,? however, significant discrepancies between 
the 


ulations for the limiting case of 


is approximate 
‘ mind 


theory and 


experiments are 
‘Quantum cal 


o energy loss* indicate that this discrepancy might be 
resolved by similar quantum calculations for the general 
case. It is the purpose of this note to show that this 
e case. 
Utilizing the formalism and mathematical techniques 
giver 


1) elsewhere,* the Coulomb excitation gamma corre- 
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lation for Cd"* has been calculated. This case provides 
a clear-cut test of the theory, since the transition is 
pure electric quadrupole, the lifetime of the excited 
state is very short, the energy loss is large, and the 
experiments used separated isotopes. The particle 
parameters,’ a,, which enter into the directional corre- 
lation has been calculated and the results are shown in 
Fig. 1. Curves (a) and (6) are for thin targets, whereas 
the data shown were obtained with thick targets. An 
approximate thick-target correction has been applied, 
curves (a’) and (0’), using the method discussed in 
reference 4. The present calculations are less reliable 














Ee im Mev 


versus energy of the 
representing the 
repre 


rS d2 and a, 


Fic. 1. Cd" particle paramete 
incident The scale for the curves (a), 
parameter a:, appears on the left; that for the curves (6), 
senting a4, appears on the right. The data are due to McGowan 
unprimed curves are 


proton 
I 


targets. The 
de approximate thick 
the 


and Stelson, and are for thick 


for thir the primed curves inclu 


The 


region where the present calculation 


targets, 
curves show 
reliable 


target corrections dashed portions of the 


s are least 


for the lower proton energies; the curves are shown 
dashed in this region. Accurate results near threshold 
require other techniques, and such calculations are in 
progress. 

In the course of analyzing this experiment, an error 
in the literature became apparent. In the calculations 
of both references 2 and 5, the cross terms for a, and 
two of the three cross terms in a, were used with the 
wrong sign. (The correct formulas are given in reference 
6.) Because this error introduces large changes in 
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previous results, no comparison with the classical case 
will be made here. 

The good agreement between theory and experiment 
illustrated in the accompanying figure is encouraging 
for the use of Coulomb excitation correlations in nuclear 
spectroscopy. To this end, tables of particle parameters 
are being prepared to assist in analyzing such data, 

The authors would like to extend to Dr. McGowan 
and Dr. Stelson their thanks for permission to use their 
data in advance of publication. Thanks are due to 
Mrs. Bertha Fagan and Mr. John T. Mann for assist- 


ance in coding and running this problem. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

1K. A. Ter-Martirosyan, J 
22, 284 (1952). 

2K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953); 96, 
237 (1954); CERN Report T/KA-AW-1, October, 1954 (unpub 
lished ). 

> P. H. Stelson and F. K. McGowan, Phys 
(1955). 

*F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955 

+L. C. Biedenharn and C. M. Class, Phys. Rev. 98, 691 (1955 

* Biedenharn, McHale, and Thaler, Phys. Rev. 100, 376 (1955 
Modern Phys. 25, 


Exptl. Theoret. Phys. (U.S.S.R.) 


98, 249(A 


Rev 


7L. C. Biedenharn and M. E. Rose, Revs 
729 (1953) 


Polarization of 350-Mev Neutrons 
Elastically Scattered from Nuclei* 


Ropert T. Srece. 
Carnegie Instilute of Technology, Pilisburgh, Pennsylvania 


(Received July 25, 1955) 


HE large polarization observed in the elastic 

scattering of protons from nuclei! is fairly well 
explained by the spin-orbit potential predicted by the 
shell model of the nucleus.? Therefore, one expects 
similar polarization effects to be present when high- 
energy neutrons are scattered in the same way. This 
report describes such an experiment performed with 
the 350-Mev, sixteen percent polarized neutron beam? 
of the Carnegie cyclotron. 

Figure 1 shows the apparatus for detecting the 
scattered neutrons. (Actually two such counter arrays 
were used on opposite sides of the beam). Counter A 
was in anticoincidence with the triple telescope BCD. 
Neutrons converted in the eight-inch polythene block 
were counted if the recoil protons penetrated the copper 
absorber, which was thick enough to stop 320-Mev 
protons originating at the center of the CH». The 
uncertainty in the neutron energy caused by the thick- 
ness of the converter and the broadness of the incident 
spectrum resulted in a rather poor separation of elastic 
from inelastic scattering events. However, the thick 
converter was necessary to bring the counting rate up 
to a reasonable level. 

The scatterers were 34 inch diameter cylinders, 1} 
inches thick, mounted with their axes parallel to the 
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wEUTRON 


etaw 


1. Apparatus for detecting the neutrons scattered from 
350 Mev. A, B, C, and D are scir ters 


nuclei at tilla®ion cour 


neutron flux was most intense 


rhe 


circul 


beam over a 3} 


ir region; its intensity pattern was studies 
with a probe counter as described previously.’ An 
unpolarized beam proceeding along the same axis was 
ised to look for spurious asymmetries 
lable I shows the asymmetry vs angle for neutrons 
, 
l: 


, Al, Cu, and Pb. The 


corresponding polarizations. In 


scattered from ( ist column of 


this table displays the 


ts for carbon are shown for both the 


npolarized beams; also plotted are the 


ults for protons as obtained by the 


rhe 
fairly well for the elements investigated, though details 
polar 


' 
experimental re 


Berkeley group.* neutron and proton results agree 


of the proton results, such as the dip in the Al 


ization i 16 


ingular resolution and accuracy of the 


were not observable with tl} limited 


“iit 
neut 


ron data 

The magnitudes of the observed cross sections at 10 
with the measured values for protor 
the rh the 


jug 
tor was somewhat uncertain. Also significant were 


consistent 


efficiency of the neutron 


angular variations of these cross sections, which 


ndicated that for light nuclei the neutrons detected at 
und 15 ehich } 


had been elasti- 
scattered, with a larger proportion of 


were mostly i 


inelastic 
its entering at 20°. For example, the neutron 
10°, 15°, and 20 


while the proton results‘ 


were 


counting rates from carbon at 
in the ratios of 1.00:0.30:0.13, 
313 Mev 


gave 1.00:0.25:0.06 at 


\€ mm peoRer 

Fic. 2, Asymmetry ets angle for neutrons scattered from carbon 
Large crosses= unpolarized beam. Large circles= polarized beam 
Triangles are data from protons scattered by carbon at 313 Mev, 
with representative error at 19°. (See reference 4 
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Since the magnitudes of the polarization of neutrons 
elastically scattered from light nuciei agree with those 
for protons, it is reasonable to suppose that the signs 
also agree, especially in view of the spin-orbit origin of 
these effects. Our observation was that the neutron 
intensity scattered to the right (as seen by the incident 
beam) is greater than that scattered left when the 
beam has been produced at 20° to the right in a p-m 
exchange reaction. One concludes that the sign of the 
polarization of such a neutron beam is the same as that 
of a proton beam elastically scattered to the right, 
i.e., the average spin is downward (P<0).5 This 
polarization direction would also confirm an earlier 
assumption’ that the neutron polarization in n-p scat- 
tering has the same sign (as well as the same magnitude 
at all angles) as the proton polarization in p-n scat- 
tering.*:7 


Tase I. Data on polarization in 350-Mev elastic scattering 
of neutrons. Errors are statistical standard deviations from 
counting only 
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We wish to thank G. Hinman, B. Bloch, and R. 
Zener for aid in taking data, and many members of the 
laboratory for helpfui discussions. 


* Supported in part by the U. S. Atomic Energy Commission. 

' Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954 

*See, for example, Fernbach, Heckrotte, and Lepore, Phys 
Rev. 97, 1059 (1955 

* Siegel, Hartzler, and Love, Phys. Rev. (to be published). 
The scattering table and method of measuring asymmetries are 
described in this paper 

*R. D. Tripp, thesis, University of California Radiation 
Laboratory UCRL-2975 (unpublished). 

*L. Marshall and J. Marshall, Phys. Rev. 98, 1398 (1955). 
We use the same convention as these authors, namely, that 
positive polarization has the sense of kyX k, 

* However, the signs of the beam polarization and of the n-p 
polarization assumed in reference 3 should both be reversed, so 
that P,, is negative for small c.m. scattering angles, as is Pps. 

7 J. Tinlot, E. M. Hafner, ef al. have performed an experiment 
similar to the one reported here, but with a neutron energy of 
~200 Mev. See E. M. Hafner, Proceedings of the Fifth Annual 
Rochester Conference (Interscience Publishers, Inc., New York, 
1955), p. 148 
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Nuclear Hartree-Fock Calculations* 


M. ROTENBERG 
Department of Physics, Massachusetts Institute of Technology, 
Cambridge, Massachusetis 
(Received August 15, 1955 


WO self-consistent calculations for 184 nucleons 

(NV =Z=92) have been carried out. The assumed 

two-body internucleon interactions were Gaussian and 

Yukawa, plus exchange. The Hartree-Fock equations 

were solved by assuming square-well wave functions 
and iterating as shown below. 

If the potential between two nucleons is of the form 


f (rie) 1 +xP (rire) + yP (5152) +2P (bite 


and if V=Z, the Hartree-Fock equations read 


*(2) f(12) 9; (2)dre 


>FE.g,(1), (1) 


Fic. 1. Collective potentials using various amounts of exchange, 
t, with Gaussian interactions. In actual calculation, =z, y=zs=0 
[see Eq. (1)]. The solid lines represent potentials calculated 
using square-well wave functions. The dotted line is the ¢=4 
potential calculated from the eigenfunctions of the §=4 solid-line 
potential well. The x’s are points on the = 5 potential caiculated 
from the eigenfunctions of the £=5 solid-line potential well. The 
self-consistent potential is evidently closer to §=4 than f=5 
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Relative Density 


@ 


4 6 
Fic. 2. Density of nuclear matter in the various potential wells 
of Fig. 1. The dashed line is the density distribution of 186 non 
interacting nucleons (four particles to each state) placed in a 
square-well 32-Mev deep and 8.2 107" cm radius 


where x, y, and z are the strengths of the position-, 
spin-, and charge-exchange operators, respectively, and 
r, s, and / are the position, spin, and charge coordinates. 
Magnetic and Coulomb interactions have been neg 
lected and the last term in Eq. (1) is the Slater' average 
of the usual exchange term. The ¢,’s are the spatial 
part of the single-particle wave functions. 


Equations (1) were solved by first using square-well 


wave functions to compute the integrals. The square- 
well radius used was 1.44'!X10-" cm and the depth 
was adjusted so that the top particle, the 3s state, was 
bound by 10 Mev. New wave functions were found by 
assuming the form of a polynomial times an error 
function, and minimizing the Hamiltonian by varying 
the coefficients in the error function. The coefficients 
in the polynomial were determined by orthogonality 
conditions. These new wave functions were used to 
recompute the potential, and so on. The Massachusetts 
Institute of Technology high-speed digital computer 
was used. 
In the Gaussian case,? with 
{(712) = — 55.6 exp(—riz?/2) Mev 


(radial distances in units of 10- cm), square-well wave 


functions seem to be a good approximation to the self- 
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consistent wave functions as seen in Fig. 1 and Fig. 2. 


Rapid convergence resulted when 


r+2y—22=4 2 
and 
tx—2y+2z2=16 3 
These are the minimum Wigner conditions for satu- 
ration 
On the other hand, the Yukawa case,? with f(r.) 


— 35.6, exp(—ri2/1.4) |/ri2 Mev, converged slowly, 
but the most 


values of the ex ange 


} iit for the 
strengths. We think that more 
had we 


ible solution resulted Same 





rapid onvergence Wo ld have resulted ised 


primitive orbitals with long tauls 
The interesting result is that the rms radius of both 
nt collective potential and the particle 


other: 6.44 


tively in the 


ithin a lew percent of each 


6.23 (in nits of 10°" cm) respe 


Gaussian case, and 5.90 and 6.16 respectively in the 


potential Goes not extend beyond 


the particles because the exchange forces cancel the 
direct force n the outer regions ol ther ileus 

It is important to point out that only integer values 
of the ex ange strengths were used, as seen in Fig 1 
and 2. The right-hand les of Eqs. (2) and (3) are 
probab y Slightly greater t $ and 16. For this reason 
the differences in the radi quoted in the last paragrap 
is not gnu int ot t one ma issume tl} it matter 
ind potential rad ure e same 

If the rms radii of the particle densities are compared 
lo thre nilor det I I xlel, R r 1 we obta l 


r 5 y ii 
ro= 1.37% 10°" and 1.31 10- cm for the Gaussian and 


Yukawa cases, respectively. 


The 90 to 10 percent fall-off distance of the matter 
density, fs obtained for the Gaussian case is about 
»7*«10 cm whi is compatible with the fall-off 
obtained by Hofstadter ef al.2 for gold, about 2.4X 10 
cm. The value of r btained with Yukawa inter 
i 3.110 I 

Dre fiered an argument in favor of long-range 
attractive and short-range repulsive forces in order to 
account tor the ¢ repancy 1 


between neutron and 
electron measurements of the nuclear radius, yet pre 
j 


serve a mogene xture of neutrons and protons 
In ur 5 Ve ised repuisions (exchanges of 
the same range as the ract s and obtained the 
Same radius tor tter a 1 potentia This is in agree 
ment with Drell’s result 

The author wishes t exte nis appreciatio ) 


Weisskopf, and 


ouragement and 


fessor V. I 
Professor 


advice during ¢ purse f this problem 
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?]. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949 

? Hofstacdte Hal Kr “ i McIntvre. Phys. Rev. 95, 
$12 (1954 

‘Ss. D. Dre this issue [Phys Rev. 100, 97 (1955 
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Strong Pion-Pion Interaction Model Applied 
to Pion-Nucleon Scattering in the 
1-Bev Region* 

Gyo Takepat 
Department of Physics, University of Wisconsin, 
Madison, Wisconsin 


(Received August 9, 1955) 


HE total cross section for scattering of pions by 
protons has been measured using high-energy 
pion beams at Brookhaven.' The x~—> cross section 
shows a pronounced maximum at about 900 Mev, while 
the x*—p cross section shows a minimum at about 
600 Mev. (See Fig. 1. 
aspects of the x*—p cross section in the 1-Bev region 
based on a strong pion-pion interaction model. 
(1) A nucleon 


and a virtual pion cloud, whose probability of having 


Here we discuss the qualitative 


is a compound system of a nucleon core 





more than one pion is neglected. 

2) There isa strong interaction between the incident 
pion and a pion in the cloud. In particular we assume 
the presence of a resonance state of the two pions, 


when they make the isotopic spin 7=1 state.’ 
(3) The incident pion and the nucleon core do not 
strongly, because the wavelength of the inci- 
in a small 
Using the impulse approximation for the pion-pion 


region. 


nteraction and assuming the charge independence of 


our system 


the total cross sections are given by 


o(pyr P{ (2/9) Go+46,+ (5/18) &2} (1) 
and 
a(p,r P{hG,+ 84}, (2) 


one-pion state in the 


where & is the probability of the 


cloud and ar is the pion-pion collision cross section for 
’ a 
f 
= 
ft 
| 
4 








Fic. 1. The pion-pion cross section averaged over the mo 
entum distribution of the bound pion. The dashed curves 
o(x~,p) and o(x*,p) are experimentally measured curves of x* 
tions ytons. (See reference 1.) The solid curves P@,; 

are oO from the o(x*,p) curves by using Eqs. (1) 

and the assumption @)=@:. The dot-dashed curve is the 

PG, to PXK12ek* (P=0.40), the maximum P-wave 


cross sec 


tion of the incident pion with the bound pion 
ng the internal motion of the bound pion. 
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an isotopic spin 7 (=0, 1, or 2) state of the two pions. 
Gr is the average of or over the momentum distribution 
of the pion cloud. 

Since the wavelength of the incident pion in the 
center-of-mass system of the two pions is still large 
(~2h/m,c) even at 900-Mev incident energy, only S 
and P wave interactions of the two pions are sufficiently 
strong to explain the large pion-nucleon cross sections 
in the 1-Bev region. 

Assuming = és, we obtained @¢, and ®é> from the 
experimental values of o(p,r*). (See Fig. 1.) @é@, is 
much larger than ®é» and shows a pronounced peak at 
about 900 Mev.’ Applying the one-level formula to the 
p-wave pion-pion scattering (T= 1), 


o, = 12eh*(I'/2)?/[ (e—eo)?+ (L'/2)*], (3) 
where X and ¢ are the wavelength and the energy of the 
incident pion in the center-of-mass system of the two 
pions, and neglecting the internal motion of the pion 
cloud, we can reproduce the @é, curve between 500 
Mev and 1100 Mev, if ®=40°%, e~155 Mev, and 
= 50-90 Mev. 

The Doppler effect due to the internal motion of the 
pion cloud brings an additional width into the ®é@, 
curve. For simplicity, we consider the case where the 
width due to this Doppler effect is larger than I, 
replacing Eq. (3) by 


o = 1290? (xl /2)5(e— €0) (3’) 


where Ao is the wavelength corresponding to the reso- 
nance energy €9. @é, is given by averaging Eq. (3) 
over the momentum distribution of the pion cloud. 
take a 
¢ exp(—ag*/m,’), the experimental @¢, can be obtained 
by taking a=6-10 and [T'=55-40 Mev with e155 
40°7,. Because of the large effect of the 
internal motion of the pion cloud, only a very narrow 


If we momentum distribution of the form‘ 


Mey and @- 


distribution of the pion cloud can be consistent with 
the experimental 4. 

Our model predicts also the following features of 
pion-nucleon scattering. Since the probability of the 
pion cloud having more than one meson is small, the 
inelastic pion-nucleon scattering is predominantly one- 
pion production until the incident pion energy becomes 
high enough to produce a pion by a pion-pion collision. 
If the latter becomes appreciable when the pion energy 
in the center-of-mass system of the two pions is larger 
than 340 Mev, then the two-pion production in the 
pion-nucleon scattering becomes appreciable for a larger 
energy than 1.7 Bev. 

If the pion-nucleon scattering occurs only through 
the 7 =1 state of the two pions, the ratios of the various 
types of inelastic scattering are 


o(ptar pte +r) :o(ptr—nte +x*): 
o(p+a-—n-+ 2x") =1:1:0 


THE EDITOR 


and 
o(n+fr 


n+ +2"): 0(n+-2 p+ 2x) =1:0 
when there is no final interaction between the pions 
and the nucleon, while 

n+ e+e): 


»n-+- 2a”) = 17: 26:2 


o(pt+r ptr +n):a( ptr 
o(p+r 

and 
o(n+e untae +n): 0(n+er 


>p+ 2x) =13:2 


when either one of the two pions composes a T=} 
isobar state with the nucleon after the two-pion inter- 
action. These ratios are consistent with the experi- 
mental data.* The ratio between the elastic scattering 
and the inelastic scattering depends on the strength of 
the interaction between the pions and the nucleon 
after the two-pion interaction. 


* Supported by the Wisconsin Alumni Research Foundation. 

t Now at Brookhaven National Laboratory, Upton, New York 

1 Cool, Madansky, and Piccioni, Phys. Rev. 93, 637 (1954); 
Shapiro, Leavitt, and Chen, Phys. Rev. 92, 1073 (1953). 

?F. J. Dyson [Phys. Rev. 99, 1037 (1955)] has proposed 
independently a similar model which assumed the presence of a 
resonance state of the two pions in 7 =0 state. We are obliged 
to him for sending us his manuscript before publication and for 
comments he made on this paper. Also we are very grateful to 
Dr. M. Ross who informed us about Dyson’s work 

* The arbitrariness of the assumption do=@, does not change 
these qualitative conclusions about (@, as long as only S and P 
wave interactions are considered 

‘ This is proportional] to the probability of a pion in the cloud 
for having a momentum between g and ¢+dg. The momentum 
distribution can be taken to be spherically symmetric, since the 
direction of spin of the nucleon is averaged out 

5 This difficulty was pointed out to the author by Dr. O. 
Piccioni, who had suggested a similar model several years ago, 
and by Dr. M. Ross. If the strong pion-pion interaction works 
only when the bound pion has a very small momentum, this 
difiiculty might be solved. This possibility was suggested to the 
author by Professor F. J. Dyson 

*W. D. Walker (private communication ) 


Spatial Extension of the Proton Magnetic 
Moment from the Hyperfine Structure 
of Hydrogen 


W. M. Moetrerine, Physikalische Institut, Heidelberg, Germany 
A. C. Zemacu anv A. Kuiern,* Harvard University, 
Cambridge, Massachusetts 
AND 
F. E. Low, University of Illinois, Urbana, Illinois 

(Received July 18, 1955) 


NTIL recently the measurement of the hyperfine 
splitting of the ground state of hydrogen, used in 
conjunction with the theoretical formula,' has provided 
the most accurate means of ascertaining the value of 
the fine structure constant, a= ¢*/fc. In this note, we 
propose to employ the formula, together with an inde- 
pendent measurement? of a, to estimate a “magnetic 
radius” for the proton. 
The doublet separation, Avy, can be represented to 





tern ol 
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tr but or 
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metric function with total strength unity, 
dr f(r)=1, (2) 


to insure the correct value of the magnetic moment. 
It follows that 6 has the value 


6=27/do, (3) 


where d9=a(h/mc) is the Bohr radius and 


; fo rf(r) (4) 


is the first moment of the distribution of magnetization. 

In general, we may expect 7 to lie between the nucleon 
and meson Compton wavelengths. Thus the relative 
correction to Eq. (1) may be as large as 5X10~*. On 
the other hand the direct measurement of fine structure 
has yielded a value of a~'= 137.0365+0.0012, accurate 
to 1X10-*. If we remark that a(m/M) |In(M/m) is of 
relative order 3X 10~°, we realize that Eq. (1) is suff- 
ciently precise to permit an estimate of 7. Inserting 
the recent experimental value of Avy,® the value of 
’cR, from the fine structure measurement,’ and all 
other atomic constants from the review article of 
DuMond and Cohen,® we obtain 


3.26 10~*) In(2ky/M 2af/a 2.6+ 20.0) 10 $ (5) 


where the uncertainty follows from the error in a’. 
For any reasonable value of ko, say ko~M, we may 
assert that the value of 7 is bounded from above by the 
inequé lity 


7F<2.5(h/Mc), (6) 


as determined by the experimental error in Eq. (5). 
The upper bound thus established lies barely within 
the limits of error for the proton “size” deduced from 
the electron-scattering result of Hofstadter and Mc- 
Allister.” It should be recalled, however, that the latter 
experiment measures (r*), for a combination of the 


arge and 


magnetization distributions 





\ detailed account of the calculations is in prepara- 
ion and will be submitted later for publication. 
* Currently at the University of Pennsylvania, Philadelphia, 
R. Arnowitt, Phys. Rev. 92, 1002 (1953); W. A. Newcomb and 


peter, Phys. Rev. 97, 1146 (1955 
Dayhoff, Triebwasser, and Lan Phys. Rev. 89. 106 (1953 


References to all significant previous work will be found in 
f ‘ 
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R. Hofstadter and R. McAllister, Phys. Rev. 98, 217 (1955 
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